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Decision-Making Method with Incomplete Knowledge under Uncertainty

——S5-S Dominance

Tomoo TakecUcHI* and Hajime Axasur
J

In the decision-making by maximizing the
expected utility, it is important to identify
utility functions and to assess the probability
distributions for each alternative. In practice,
however, it appears very difficult to do this
in many cases. Therefore, it becomes neces-
sary to develop decision-supporting method on
the basis of the obtainable partial knowledge
of utility functions and probability distribu-
tions. One such method is by using the concept
of dominance. The notions of dominance that
can be applied to the maximum expected
utility criterion are: (a) Stochastic Dominance,
by which the alternatives are ordered by
comparing structure of their probability distri-
butions under partial knowledge of utility
functions, and (b) Statistical Dominance, by
which the alternatives are ordered by com-
paring utility function values under partial
knowledge of probability distributions. In this
paper, stochastic dominance is first surveyed.
Then, statistical dominance by Fishburn is
extended, and by coupling the extended sta-
tistical dominance with stochastic dominance,
Stochastic-Statistical (S-S) Dominance is deve-
loped. This dominance can be applied to the
cases where only partial knowledge is available
of both utility functions and probability dis-
tributions. Finally, the derived conditions for
the S-S dominance are applied to an invest-
ment decision problem of stocks in Japan in
order to see the feasibility of S-S dominance.
By adding a reasonable criterion for incom-
plete knowledge of probability distributions,
we can select the best alternative from among
115 alternatives on the basis of the risk aver-
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sion. It seems clear that S-S dominance does
work as decision-supporting method under
incomplete knowledge.

Keyword : stochastic dominance, statistical domi-
nance, S-S dominance, decision-supporting method,
expected utility
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Bl TRARBRIIE SNV, BMOWBHRELT
P2y for k=12,n-1 (1)
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n—1) OFEDH LT,

E[A]lzELB]

T AT, H=(Hi, H, -+, Ha-1), L=(La, Ls, -+,
L.-1) TO et ER (Statistical Dominance) @ ZE
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- EO LI KKELNS.
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DIAFHFIBEALOREICK U THEBFICER D -,

HRANEEEE R

W19k 6 5

DBEYIALD. FiZl, ()T () ok#EE ()R
() OFfTFEEDY. €T, EFFFIM%E

1 0: .............. 0
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REBRERIIZERS  OREEETOBEBIER
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LFROBKEING E1CkT 2 FRIIESNT, 19k
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E[u, F12E[u,G] for YueU: (10)

TH 15513, H=(Hi, H, -+, Ha-1), L=(L1, Lo, -+,
L.-1) T® i % S-S Bfr (-th degree S-S Domi-
nance) DEWT, /M FRIAMH G LOBATHS L&
WY,  FE>.G [H=(Hi, Hs, -+, Ha-1), L=(L1, Lo,
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for Yz€[a,b], YjEK
BRI IR, FI>aG [H:(oo,'---, c0), L=(La,
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(b) E:( Iij>Sx{Gz(t)—Fz(t)}dt
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PER D 1078 513, FE>2G [H=(oo, ...,00), L=(L1,
Ls, -, La-1)] TH 5.
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for YjeK
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(RIERR)

%9, (@) KOPVWTEHT 3. Tl BL”
(8)R &b, FFE>1G [H=(oo, -, 0), L=(Ly, Le,
o La-1)1 HSRD LD 72D DBEF LR

élpkck(z)gélam(x) for Vzela, bl
(11)
Th5D TIT, X7 IWPBIUEE~NS b
R(z) ##hF P=(P1, P, -, P) BT
R(z)=[Gi(x)— Fi(z), Gfz)— Fox), -+,
Gilz)— Fa(z)]"
EEL L, ()R
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PTR(z)=0 for Yz&[a, bl (12)
LB, Licts -, (4)ROERD 7 REFTHIM
ZRWT, EE2 LERIERTLCEICLD, FH
3 (a) OEBEBRLIT B, R (12) 2D o,

JEHE3 (b) et LTid, EEL (D) BLU(8)R&
D, F¥>sG [H=(cd, -, c0), L=(L1, Ls, -, La-1)]
DD LD 725 DSBS EMZ

z Pks (GA&) = Fu)} de=0 for “ze&[a,b]
THEBEDD, BEH~s v Rx) %
R)=[ {1610~ o) dt,gx{Gz(t)—Fz(t)}dt

y S:{Gnm—mz)} dz]T

EBLTERED, () EFEBEICEHESN 5.

T 3 (¢) I LT, EEL () BXU (8)
HK&b, Fi>3G [H=(0o, ---,c0), L=(L1, La, -+,
La-1)1 DSEED SL e D MED ki

22§ 6u0- Py aray=0 for vz eta b1

D
kZ:ZIPk {,UFk_ﬂGk} =0

ThHoh0, BE~NY MV Rilz) B & OCEEE~RY
MV R 2 Fh

Rl(x)=[S:S: (Gu(t)— Fu(2)) dedy,
S’Sy {GxO)— Fu(2)y dedy,

z oy T
2 Sa (Gult)— Fule ey |
BIO
Re=[pri— pc1, pra— e, -+, trn— pten]”
L%, Rz) BXLY R DENFNITHLT, (a)

EHEBRICERT I LI YR, GEBEK)
% 2]
B OEREMRE He (=12, -, 2—1) ITH LT

(a) {Gilzx)—Fi=)

-1
( T i){cz(x)—F,(x)}zo
I=j+1\t=; Hs
for Yzefa, bl, VjeK
DRI I, FE>\G[H=(H, Hy, -+, Ha-1), L

) §1G0-Fuenar

z (1 D cw-raa

1=j+1\k=j H:

HE B HHMERRX

#19% H 65

for Yzela,bl, VjeK
WO HIE, FE>.G [H=(H, Hy, -, Ho-1),
L=(,--,0]1 Tdk 3.

(o) § T ici0-Fuvraeay

> (lnl i)S § (Gid)— Fi(1)) dedy

I=j+1\k ij
=0 for YzE€[ab], VjEK
DBERDILE, »D
-1
=0
{pri— ﬂcj}+_jz:+1(kH]Hk>{#Fl rei} =0

for vVjeK
WD DI 51X, Fi>:G [H=(H, Hs, -, Ha-1),
L=(,:,0]1 Tk 5.

(FIERA)

FH 3 OFIERFICHBNT, (4)RD n RIEHTHIM %
AVBZRLIZ(TIRO M ZAN5 L, o7 FAkk
ICEE & 5. GERIH)

SD DBEIILS - T, EHE3 D (a), (b), () Fk
ZR2o (a), (b), (c) OBABEZAENLIR S-S B
firf) (First-degree S-S Dominance Rule), 2 ¥& S-S
EALH] (Second-degree S-S Dominance Rule) k&
U3k S-S EALAI (Third-degree S-S Dominance
Rule) EMERC EiCd 5.

5. & A

AW TRELK S-S BiditdE o SRREIEF

HLELUTOFHEERIES 2cnic, FHEIBLUR
20 S-S BN EHRARESMNRENEICERT 3.
Fio, S-S BAAIE T B ewic, FE 1o SD R
dR—HEICE-RT 5.

—¥B_FIREEAAD e S IER Il U 115 %
FTHRERRET 5. BRo THEIRICE T 5 EMINES
= Rr %

Sr—S7-1)+D7
RT:( ST—I)
L, COFERMMRERTFMBE]RLELTS. KL, St
BEU Dr Bzhzh T F£Hick T 2 REkiEs £
UEEEERDT. Lk ->7T, COFMIGEE Rr
B A(T-1) FORETHEBAL, THEORMETZO
BEFRH U7 & & OBAIEKRYS D ORIRE2EDL LT
Wa.

BABEGAREEESE LT2E0 & S RRERE
Z=EZ 5. Bk (1969 £~1980 4F) O¥ET — X iT X
LEMNRREZER T -2 L, K’ (19814F) o
FRIRSRICET 2HRISH/ETH L, T OHRNT

(13)
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Table 1 States of nature for each year

Table 3 Efficient alternatives (company numbers)

Year 1969 19707"1971 [ 1972 ] 1973 ]7157477 Ratios of Occurrence
Stateof Nature | Ny | & | M | M | M | M Company | 51001 01| 1 | oo | o0 | oo
Year 1975 | 1976 ‘ 1977 f 1978 ‘ 1979 ; 1980 Ll o | o | o | t | 10100
State of Nature | M N N N N, Ny 3 — — S S, T S S
15 SST|ST|ST| — | — | —
16 ST|ST|ST| s | — | —
I X BRI & 185 S A RET 5. T 7 o T st lstl st
T, SD AlT LTI, #— b7 4 ) ABRBET 1L 23 — = | = |sT|sT| S
7o =T, HIOHERSIT 2B ED RIS L O—HE 2 S 1S |STIST) —
SECTEUTE S bOLREST 3. —F, S-S A AN I I D Dl il
TR LT, BEREE RIEREE R O8NS X Ok 38 sT st STl s | - | =
Eino o0 HRORECHEIL, SHROREKCSE 39 S| s |sT|ST| — | —
U 2 UWIADSRMD SR FBED Th 5 DOREI 4 - T~ |STsT|ST
B BERREEO—HAH TN TE 5, £HR o I T Rl Dl By i
DIRIEICH T 5 RO LRI RATH 5 =3 5. . | _lsTlsT!sT ST
BRORE N, =1, 2) BT 2E8 % Vs £953 55+ — | = |sT| s | s s
&, SD HNEH 2 Pk, S-S BATRlIC T 2 8 o1 — | — |ST|ST|ST|ST
FERICEOT, & DRDRED LRWEE 202N o I I i b i D
Pi=Y\[(Y1+Y3), Pa=Yo/(Y14Y2), 510 b b ALk 77 | _lstlsT|sT
= Hi=Li=Y1/Y> B ENREERRTHD, 79* S,T|S,T|S,T|S,T ST|ST

RIOFAICH T 2EBRIZE 572 BINTOEOR
MEWD.

FGEERMEIS SO MinE HARDIRE N & L, JE#m
% Np &9 5% &, 1969 4£~1980 SEDLLER BT 5 HR
DIRAEEL Table 1 X3t ->TE Y, Yi=T, Vo=
5TH5. HROWRE N: (=1, 2) KETZEDE
ISR E NS BRI~ £ 7z ERINSEE <)
(1=1,2,j=1,2,---,Y:) £958&, ZEERADOREICH
THEHHEE Filz) 2

J
Fi(zi)= l;]lff(xz) for i=1,2, j=1,2,---,Y;
(14 a)
Zig,

1
fi(xz): Y:
0 otherwise

THZoNG. BEHRIBEMIcH LT, 19X T

for z:=x!

(14 Db)

S : Efficient alternative in the sense of Second-
degree S-5 Dominance

T : Efficient alternative in the sense of Third- .
degree S-S Dominance :

*: Efficient alternative in the sense of TSD

—: Alternative dominated by others

NEINIENHEHEEES I R2 D S-S &
RREERT 2 &, BxORKRERLK H XU/
ARl L B80T, foflHick > TEES L
P REBZEDORKIZ Table 2 O X S5ICis 7. Kk
L, ¥EIMAR 115 81 o ofihE&E%RpHd. SD HI
T B RRRBEDI S Table 2 D Hk OFNITR
TNTWVWAE, Fi2, 2k S-S BAAl, 3%k S-S EAL
AlB Xt TSD AliC & 3 305RE 75 SIAERS © —I 23
Table 83 {TREN TS, T T, HROREDER
WERFIRICHT 2 TFHICT ES, FHEELSDTD
25, [TNTOER T B/NMEREE T3 LTy

Table 2 Efficient sets by first, second, third-degree S-S dominance rules and SD rules

Ratios of H ’ 0.01 0.1 1 o o oo .
Occurrence L | 0 0 0 1 10 100
. Size 57 57 92 109 93 93 86
First Degree (%) (49. 6) (49. 6) (80.0) (94. 8) (80. 9) (80. 9) (74.8)
Size 7 7 15 49 39 37 12
Second Degree (%) (6.1) (6.1) (13.0) (42.6) (33.9) (32.2) (10.4)
. Size 4 4 12 22 16 15 6
Third Degree (%) (3.5) (3.5) (10. 4) (19.1) (13.9) (13.0) (5.2)
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B RTH 22 BT L] S0 558230
TECEE, BETHAEEEDNS. CORFBEMM
T5&, Table 3 X0, 2RBIT3 K S-S FALAN
TEob, )27 EROERREEOBRT &
@,%ﬁ%ﬁm®%~o®%MC&%C&ﬂf%a
COEIIT, FHERL S CICHERIHEDORELER
IKEDSSBBREXBETHE LT, S-S BlilEos
FEIEISETH B & h3bh - 1.

6. #&

HNRHARAMOBREICE S BEOEERENE
ZBWT, BRBABORER LTI % BEORERS
MONERHEICRETEETHB. LidS-1T, BE
B 2 BEEA O ICHER S BROREBICHE
2 LITE-T, HEREBROBRI = I EREDOR
D LEBHEROES & iy, TERICKT 3HE
L ERPUEE OBRITRERE (R ER O IER) B
DE, REWROBELIC K » CTREEDRITIEE
DHETD S-S BEEEOBERLEE, ERoBRIE
MECEATESERREIEFETH 5. L,
HETHAMBEHICE SV TV ERY, REO—
DORBELBETEZLRMPLT, Bl ok
BRICK > TERBINTOEN I ERE O B R

bl

BESNG. COTER, HORELBHRICESE
BEEDBA K TS 20, BELEENSEIEET

HFE L ZIBINER RO REZD B4 B X
, BROBBRELZIVFZICT 2LV EKRTOE
1 BHEORBRELETBEE LTRICEHE55. S-
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