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Abstract (deutsch)

In der vorliegenden Arbeit wird das inverse Regressions Model Y = H f(X) + ¢ fiir
verschiedene Klassen nicht linearer Hammerstein Integral Operatoren H betrachtet.
Wir diskutieren insbesondere das Problem der Identifizierbarkeit in Abhéangikeit des
Integralkernes. Vorgestellt werden Schatzer fiir parametrische Funktionen f mit Un-
stetigkeiten verschiedener Ordnung, wie beispielsweise stiickweise Polynome mit Knicken
oder Spriingen, bzw. Splines mit freien Knoten. Konvergenzraten und asymptotische
Normalitat der Schatzer werden entwickelt und an einem Datenbeispiel aus der Rheologie
illustriert. Eine Erweiterung des Models auf Funktionen f aus Approximationsraumen
von parametrischen stiickweise stetigen Funktionen wird diskutiert.

Abstract (english)

We consider the inverse regression model Y = H f(X) + ¢ for several classes of non-
linear Hammerstein integral operators H. In particular identifiability depending on the
integral kernel is discussed. We introduce estimators for parametric functions f with
discontinuities of certain order including piecewise polynomials with kinks or jumps or
free-knot splines respectively. We derive rates of convergence and asymptotic normality
of these estimators and a data example from rheology illustrates the results. An ex-
tension of the model for functions f from approximation spaces of parametric piecewise
continuous functions is presented.
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Chapter 1

Introduction

Let X = (21, ...,x,) be a (possibly random) vector of n € N design points in an interval
(a,b), for a,b € R. We consider the inverse regression model

y; = H fo(z;) +¢; fori=1,..n, (1.1)

where € = (&1, ...,&,) denotes the independent identical distributed observation error,
which is assumed to be independent of X with mean zero. Further, H denotes a Ham-
merstein integral operator H : Ly([a,b]) — Ls([a,b]), defined by

ﬂweﬂﬂwa/wmeww@. (1.2)

Note, that H is in general nonlinear and can be written as a composition H = ® o L of
a linear integral operator ® : Ls([a,b]) — Ls([a,b]) and a possibly nonlinear so called,
Niemitzky operator L : La([a,b]) — Ls([a, b)), defined by

ﬂ%e@@szmwww, (1.3)

and

fG)— LF() = L)), (1.4)
respectively. We are concerned with reconstructing the unknown function fy from the
observations (X,Y) = ((x1,v1), .-, (Tn,Yn)) given by the model in (LCT]).

Example. In order to emphasize the relevance of the model in ([1]), we introduce an
example from rheology. Here, one is interested in the relaxation behavior of polymers
after expansion. This behavior is described by the relazation time spectrum, which is
known to be a piecewise linear and continuous function on [a,b] € RT \ {0}, with two
change points, where the slopes of the linear pieces may change. More details about
the physical background can be found in [47]. The relaxing process cannot be observed
directly, but indirectly as an image under an integral operator H as in (LZ), where ®



1 Introduction

Figure 1.1: The logarithm of design points plotted against the logarithm of the noisy
observations.

2,2

is as in ([3)), with kernel p(z,y) = and £ as in (), with £f(y) = y~'e/W)

(with constant ¢ # 0). Additionally the data are assumed to be disturbed by some noise,
as for instance measuring inaccuracy (see Figure [I).

The aim is now to reconstruct the piecewise linear function describing the relaxation
time spectrum from this observation (red line in Figure [[2). Thus, we want to estimate
the change points and slopes of this function. This will be done by choosing these
parameters such that the image of the corresponding function under the operator H
in (C2Z) minimizes the sum of the squared distance from the data, that is we use a
parametric least squares estimator. As it will follow from the general results in this thesis,
this estimator converges with rate n~'/2 to the true kink function. Furthermore, we will
show that the corresponding estimator for the parameter vector, consisting of slopes
and kink locations, is asymptotically distributed according to a multivariate normal
distribution. This distribution will be used to calculate (1 — «)-confidence bands for the
estimated function, i.e. an area around the estimator, which contains the true function
with probability 1 — a (e.g. the green area in Figure [[2).

1+ x2y?

Inverse problems. Motivated by this example, we intend to come up with a general
regularization theory for reconstructing piecewise continuous functions from perturbed
images of integral operators of type (LZ). These operators are well known to generate
ill-posed problems. For the concept of well- and ill-posedness being a basic task in this
thesis, we want to give a short introduction, based on the formulation of Kress in [35,
Def. 15.1]. According to this definition, an equation

Ap = f,

with an operator A : U — V from a subset U of a normed space X into a subset
V of a normed space Y, is called well-posed if A is bijective and the inverse operator
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Figure 1.2: 0.98-confidence bands for the estimated relaxation time spectrum

A7l V — U is continuous. Otherwise, the equation is called #ll-posed.

This definition, dating back to the concept of Hadamard (see [29]), covers three types
of ill-posedness: nonexistence of a solution (A is not surjective), nonuniqueness (A is
not injective) and instability (the solution ¢ does not depend continuously on the image
f). Among these three types, instability is the most delicate to deal with. In this case,
small errors in the data may cause arbitrary large errors in the solution and therefore
for instance, make computed solutions, based on direct inversion, useless.

However, in general the three types of ill-posedness are not independent. For example
stability follows from existence and uniqueness, that is bijectivity of the operator, if A
is continuous and U is compact. Furthermore, this example reveals that well-posedness
is a property of the operator A together with the solution space X and the data space
Y, including their norms.

General problem. As mentioned above, Hammerstein integral operators can generate
ill-posed problems. To be more precise, we have to deal with two inverse problems, i.e.
the linear one, given by the integral operator in (L3J) and the nonlinear one given by
the Niemitzky operator in (LZ]). This offers the opportunity to handle these problems
separately. To this aim we consider the reduced linear inverse regression model

yi = (Pfo)(z;) + g fori=1,...,n, (1.5)

where X and ¢ are as in ([CIl) and f, = £fy. We assume that the operator £ satisfies
appropriate conditions, which allow the reconstruction of a function fo from the image
L fo. In other words, in this thesis we will concentrate on the linear inverse problem,
that is the reconstruction of fy from ([CH), which due to its ill-posedness requires ap-
propriate regularization. Starting with a simple least squares estimator, we will present
three different regularization strategies, depending on the a priori knowledge on the true
function fy:

We begin with the case, where fo(y) = f(y,6p) is piecewise continuous, with known
number of change points, determined by the parameter vector 6y, € O, with compact

11



1 Introduction

© € R? for some d € N. This class covers the polymer example above as a special case.
Here the regularization consists in the restriction on the parameter set to be compact.
Subsequently, we consider the case, where the number of change points is finite but
unknown, where we regularize the least squares estimator by penalizing the number of
change points. Finally, we extend this function class to so called approximation spaces,
which are characterized by a common upper bound for the speed of approximation by
piecewise continuous functions, where in addition to the number of change points, we
penalize the Lo-norm of the estimated function.

Injectivity. As already mentioned above, injectivity of the operator ® conditions well-
posedness of the corresponding inverse problem and is a key ingredient in the consistency
proofs in this thesis. We consider two basic classes of operators in ([L3)), namely operators
with product kernels p(z,y) = ¢(zy) and operators with convolution kernels p(z,y) =
¢(z —y). In both cases we give conditions, which assure injectivity of the corresponding
integral operator.

The requirement on a product kernel is based on a general form of the Mintz Theorem
(cf. [7]), which extends the original statement about denseness of monomials in the
space of continuous functions to Ls-spaces. Moreover, we present two injectivity result
for operators with convolution kernel in terms of the kernels Fourier transform. In this
context, we additionally introduce an injectivity condition for general symmetric and
positive definite kernels (not restricted to any of the above classes), which is based on
the theory of native Hilbert spaces. We remark, however, that the asymptotic results of
this paper are not restricted to this selection. They are valid for every injective integral
operator as in ([[3)) with piecewise continuous kernel and Lipschitz continuous image
Of € Ly(la,b)).

However, in some applications (as e.g. image inpainting), there often occur integral
operators, which are not injective. In such cases, one may use minimum norm solutions,
for example, to obtain practicable estimators. This concept will not be treated in this
thesis. For more details we refer e.g. to [49].

Known number of change points. For the case, when f; is a parametric piecewise
continuous function fy(y) = f(y, 6p) with known number of change points, under certain
assumptions on error and design, we show an n~'/4-convergence rate of the least squares
estimator fn(y) = f(y, én) Furthermore, we obtain n~'/2-rates for the convergence of
the estimated parameter 6, to the true parameter 6y and show that it is asymptotically
distributed according to a multivariate normal distribution.

The exact specification of the considered class of functions is crucial: it turns out
that it suffices to assume existence and uniform Leo-boundedness of the first derivative of
0 — f(y,0) in the parameter vector § € © for almost every y. This condition allows for a
general estimate of the entropy of the class of parametric piecewise continuous functions,
which is an important ingredient in the proof of consistency. This property also implies

12



continuous differentiability of the mapping 6 +— ®f(y, ), which in turn paves the way
to the second order expansion of the expectation of the score function, required for the
proof of asymptotic normality.

The applied techniques furthermore cover the case where we consider subclasses of this
parametric functions, that allow for dependencies among the parameter components of 6.
Such dependencies occur, for example, if fj is additionally known to be continuous, that
is fo has a known number of kinks (as in the introductory example from polymer physics).
We show, that the continuity assumption on f, improves the convergence rate of the least
squares estimate f (y,én), where the improvement depends on the smoothness of the
pieces between the kinks. (Here, “pieces” means the restricted function f(y,0) |yeir )
for some interval [1,72) C [a, b] between two change points 71 and 75.) For example, a
restriction to kink functions with Lipschitz continuous pieces yield convergence rates of
n=1/2

For functions with known number of change point, we investigate the asymptotic dis-
tribution of the estimated parameter 6, for calculation of a confidence ellipsoid, which
in turn generates confidence bands for f(y, én) (c.f. the introductory example). Because
we have to deal with many parameter components, this leads to the non trivial task
of constructing simultaneous confidence bands. Remarkably, it turns out, that an ap-
proximative method, based on the studentized maximum modulus statistic, proves to be
the best way to determine confidence bands for functions with abrupt changes as jumps
or kinks. Here, “best” means not only with respect to the computational effort, but
also concerning the width of the resulting bands: the exact confidence ellipsoid for the
parameter estimate would lead to more expanded confidence bands in comparison with
the bands corresponding to the actually more conservative set, based on the studentized
maximum modulus statistic.

Unknown number of change points. When the number of change points of the
objective function in ([CH) is not known, we employ penalized least squares for estima-
tion. Here we use the number of jumps as penalty term, which yields a minimization
functional, known as Potts functional. We show that under the additional assumption of
subgaussian tails of the error distribution, the number of change points can be asymptot-
ically estimated correctly with probability one. Thus, this case asymptotically coincides
with the case of known number of change points.

Approximation spaces. Finally, we disscuss the extension of the considered function
set to approximation spaces A of piecewise continuous functions. These spaces are
defined by their approximation properties, that is all functions of an approximation space
have common upper bounds (depending on an index «) for the error of approximation
by the respective function set. A known example are Besov spaces, which are generated
by approximation by trigonometric polynomials (cf. [1& Thm. 9.2, Chap. 7, §9]). In
general, characterization of approximation spaces of a given function set is quite involved
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1 Introduction

and will not be discussed in this work. We refer to the book of deVore and Lorentz [1§]
instead, which gives a detailed discussion of this problem.

If the function fj in (CH), is contained in such an approximation space, we will employ
a least squares estimator, which is penalized by the number of change points and the
Lo-norm. The minimization is carried out over the set of piecewise continuous functions
with finite but arbitrary number of change points. We will show that this estimator is
consistent and under certain source conditions converges up to a rate arbitrarily close to
n~Y*, provided f, can be approximated fast enough. We note, that by the assumption,
that fp is contained in an approximation space, we leave the domain of parametric
problems. This does not only imply more advanced penalization strategies and worse
convergence rates.

A further consequence is that now the degree of ill-posedness of the operator has a
sustainable impact on the convergence results. This is expressed in the fact that we
need fy to satisfy certain source conditions, depending on the smoothing properties of
the operator. That means, the higher the degree of ill-posedness, the more rigorous is
the smoothness assumption on fy. If we do not impose smoothness assumptions the
penalized least squares estimator would still converge, but possibly with arbitrary slow
rate (cf. |21, Prop. 3.11]). This is a general difference to the parametric case, where the
convergence rates do not depend on the spectral properties of the operator.

Related work. Next we want to compare our results to existing literature. The
Hammerstein equation of second kind appeared in the earlier 30s (cf. [30]) as a general
model for study of semi-linear boundary-value problems. The kernel ¢(z,y) typically
arises as the Green’s function of a differential operator. Generally, if the kernel is positive,
then methods of positive operators are applicable to study solutions of Hammerstein
equations see, e.g. [2] or [23] and for application of further methods [3] and [50].

There exists a vast literature concerning estimation of change points in direct as
well as inverse problems. The discussion of the inverse setting started with Neumann
[40], who considered the case, where the function of interest is bounded, has one jump
and is Lipschitz continuous elswhere. He estimated the jump location at a rate of
min(n~ Y@ =1/ (B+3/2)) wwhere 3 > 0 depends on the decreasing speed of the Fourier
transform of the noise density in his observation model. In connection with two phase
regression, Hinkley [32] obtained a n~'/2 rate for an inverse regression model with con-
volution kernel ¢(z,y) = Ly oo)( — ). Similar results were obtained by Feder [24] for
more general regression models. Most recently we published an analysis of the regression
model in (CH) in [9], where the kernel ¢ is a Lipschitz continuous convolution kernel and
the objective functions are step function. The results in this thesis, cover this setting as
a special case.

A generalization to piecewise smooth non parametric functions, has been developed
by Goldenshluger et al. in [27], where the rates of convergence depend on the Fourier
transform of the error density as in the model of Neumann [4(], we mentioned above.

14



Jump penalized least squares, as we used them for estimation in the case of unknown
number of change points, were introduced by Potts [44] for a binary spin system to
more than two states. Further, Boysen et al. in [L0] aim for approximating a regression
function by piecewise constant functions. In contrast to the present model in ([CH), they
consider the direct case, i.e. the case H = id, where their framework covers the case,
when the true function fj is contained in an approximation space, too. Under different
error assumptions, they obtain similar rates of convergence, with a slightly less rigorous
regularization.

Outline. We start with an introduction of the used notation and assumptions in Chap-
ter @ In particular we give a rigorous definition of piecewise continuous functions used
throughout this thesis. In Chapter Bl we give a detailed classification of integral opera-
tors @ and especially disscuss the question of injectivity. In Chapter ll we will introduce
the least squares estimator and its asymptotic behavior, in the case, where the func-
tion of interest is piecewise continuous with known number of jumps. Subsequently,
in Chapter B we discuss the application of this results in general and for the special
example of rheology, mentioned above. In Chapter il we consider the case, where the
number of jumps is not known and study the asymptotic behavior of the jump-penalized
least squares estimator. The case, when the true function is contained in an approxi-
mation space of piecewise continuous functions is discussed in Chapter [ Finally, we
collect some technical tools and important results concerning native Hilbert spaces and
empirical processes in the Appendix.
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Chapter 2

Definitions and assumptions

In this Chapter we are going to fix the notation used throughout this thesis and introduce
basic definitions and assumptions. In particular we will establish the class of parametric
piecewise continuous functions.

2.1 Model and notations

Norms and measures Throughout this work we assume that a,b € R, a < b and
r,k € N\ {0}. Moreover, for functions g, f : [a,b] — R, we denote by || f||L,(as) the
Ly-norm and by (f, g) 1,(j,)) the corresponding inner product. The essential supremum
is denoted by ||f|l.c and additionally we define the empirical norm and the empirical
inner product by

72 =257 f@ ) and - (figha = = 7 o)y,

where x4, ..., T, are given design points. Accordingly, we define the empirical measure as
P, :=n"1t3""  0,. Foravector Y = (yi, ..., yn), with a slight abuse of notation, we use
the expression ||Y||,, which means || """ | v;14,|/,. The same holds, if a vector of length
n occurs in the empirical inner product.

For vectors 6,6;,0, € R? we use the Euclidean norm ||, and the maximum norm
0|0 and by (0;,0;) C R? we denote the segment between 6; and 6y, that is (6y,6,) :=
{9 € Rd | 0= 01 + t(@g - 01), for ¢ € (0, ].)}

For a measure P we denote the expectation of a measurable function f by
Ef =Epf := /fdP.

Convergence in probability and in distribution For d € N, a sequence of random
vectors X,, € R% some constant ¢ € R? and a random vector X € R?, we write

Xnic and XnLX,

17



2 Definitions and assumptions

if X,, converges in probability to ¢ and X, respectively. Furthermore, convergence in
distribution is denoted by

X, P.x :
if X has a distribution with standard code, such as N (0, 1), then also by X, 2, N(0,1).

We say that X, is bounded in probability, denoted as X,, =: Op(1), if for all £ > 0,
there exists some M > 0 such that

limsup P(|X,| > M) < e.

Moreover, we introduce abbreviations for terms, that are bounded in probability or
converge in probability to zero. For a given sequence of random variables R, we agree
upon

X, = 0,(R,) means: there exists Y, such that X,, =Y, R, and Y, P, 0;

X, = O,(R,) means: there exists Y], such that X,, =Y, R, and Y,, = Op(1).
This means, that the sequence X, converges in probability to zero or is bounded in
probability at the “rate” R,, respectively. For deterministic sequences X,, and R, the
stochastic O-symbols reduce to the usual o and O from calculus. Note, that for a random
variable a,, there may occur the notation a,, < O,(1) (or a, < 0,(1)). This precisely
means, that there exists a random variable X,, = Op(1) (or X,, = op(1)), such that
a, < X,, which in turn implies a,, = Op(1) (or a, = op(1)) only if a,, > 0 for all n € N.

Some rules of calculus for this symbols are summarized in Section Bl in the Appendix.

Assumptions The following assumptions fix up the conditions of the model in ([CH)
with respect to the error € and the design X.

Assumption A. (Assumptions on the error) Throughout this thesis we assume, that

A1: the vector € = (ey,...,&,) consists of independent identically distributed random
variables with mean zero for every n and E(¢?) = 0% < .

In some situations the error is additionally assumed to satisfy the following sub-
gaussian condition.

A2: ¢ satisfies A1 and there exists some a > 0 such that E(ef1/*) < co.

Assumption B. (Assumptions on the design) The design points z1, ..., z,, are indepen-
dent of the error terms 1, ...,e,. Moreover there exists a function s : [a,b] — [s,, s/

with 0 < s, < 8, < 00 and fabs(:c)dx = 1 such that

Z(4)
= / s(z)dz + 0;

with v, 1= max;—1,»|d| = op(1). Here z(;) denotes the i-th order statistic of 1, ..., .

3| .

Assumption B covers random designs as well as fixed designs. If the design points
1, ..., T, are nonrandom, the o,(1) term above is to be understood as o(1).

18



2.2 Piecewise continuous functions

2.2 Piecewise continuous functions

In this section, we introduce the definition of the main object of this thesis, i.e. para-
metric piecewise continuous functions. To this end, we begin with the definition of
parametric functions, which afterwards serve as support-functions for the continuous
pieces of the piecewise continuous functions.

Definition 2.2.1. Assume that U C R” is compact, with V° = ¥ and choose M > 0
such that |V < M for all 9 € V. Let

fila,b] x¥ — R
(y,0) — §(y,?)

be a function satisfying the following conditions:
i) y— f(y,9) is continuous for all 9 € U,

) U = (-, 9)|[p1,p0] 5 ingective for all a < p1 < py < b and the partial derivatives
%f(y, V) exist for 1 < j <r and ally € [a,b] and they are continuous iny € [a,b]
as well as in ¥ € ¥, and

iii) there exists a function g € Lo([a,b]), such that for j =1,....r

d

— M| <

o 0)] < o),

for almost every y € [a, b].

Then, F = {f(-,9) | ¥ € U} is called a family of continuous parametric functions
with parameter domain W.

For example we consider the family of constant functions
Fr={x—f(z,9) =9 |9 €V CR, |J| <M}, (2.1)
or the family of linear functions
Fri={x = f(z,9) =0 + 02 |9 € U CR?, 9| < M}, (2.2)

In the following we could also assume that F is the union of a finite number of
families satisfying the conditions of Definition 221l where the parameter sets ¥ may be
different (especially they may have different dimensions r). However, in order to keep
things simple, we restrict Definition EZZ1] to one family of parametric functions, only.

Given a family F, we now define parametric piecewise continuous functions.

19



2 Definitions and assumptions

Definition 2.2.2. Assume that F is a family of continuous parametric functions, as
defined in Definition [ZZ1, with parameter domain V. A function f € Ls([a,b]) is
called a  parametric piecewise continuous function (pc-function) with k change
points, if there exists a partition a = 19 < 1 < ... < Tpe1 = b and parameter vectors
9L, 98 € U such that

k+1

f('719177_17---7 y Tk ﬁk—i_l Zf Tz 1,7i)

where § € F. The collection of all parametric piecewise continuous functions with k
change points generated by F is denoted by Fila,b] (or shortly by Fy).

In general we write

0 := (V0,7 .., 0% 7, 0"

and note that 6 lies in the compact parameter set
O = (¥ x [a,b))" x ¥ C RY,
with d = (k + 1)r + k. Thus
Fe={/(0)] 0 €0},

where f(-,0) == 27 (-, 9) 1}y, ry, with f € F.
Accordingly we define
= U Fk[a, b]
k=1

Thus the families Fr as in (Z1]) and Fy, as in ([Z2) generate the set of step functions

k+1
Ty = {f(> Q) - Z f('aﬁi)l[nﬂm) fe fT} ) (2'3)
i=1

and the set of piecewise linear functions

k+1
Ly = {f(,@) = Zf('vﬁi)l[ﬂ'—lm) fe fL} : <2'4>

We call the set J(f) := {r | i € {1,...,k} such that ¥* # 9"} change points of
the function f € Fj; and denote its cardinality by £7(f). Hence, pc-functions are
continuous on the intervals [r;_1,7;), { = 1, .., k+ 1 with continuous continuations on the
closed intervals [1_1,7;]. We denote the left-side limit in a change point 7; by

f) = lim f@)

20



2.2 Piecewise continuous functions

Moreover, we call a change point jump, if f(r,,0) # f(r;,0), and kink, if f(7,,0) =
f(7;,0) and say kink function (or jump function), if f has kinks (or jumps) in all change
points.

Note, that for a function f € Fj; with less than k& change points there possibly are
more than one parameter vectors generating the same function. That means, for a
certain function f(-,6y) € Fy the implication f(-,0) = f(-,0p) = 6 = 6, is true, if
and only if §7(f) = k (cf. Definition ZZZT], 7). If uniqueness of the parameter vector
is required, this implies, that we have to confine ourselves to functions from F, with
precisely k change points. For example, consider the subset T, C Ty (cf. E3)) of
piecewise constant functions, with precisely k& jumps, i.e.

Ty :={f € Tu | [f(77.0) — f(:,0)] > 0} (2.5)

and the subset Ly C Ly, (cf. ([4)) of piecewise linear functions with precisely k kinks,
le.

Lp={fely |0 =07t — (W5 —0)r_y, and 95 L #0905, i =2,....k+1}.  (2.6)

As in the case of kinks there may occur dependencies among the parameter components,
such that actually the number of parameters, which determine f(y,#) is smaller than
the dimension of 8. Therefore we define a so called reduced parameter vector.

Definition 2.2.3. Let F be a family of continuous parametric functions as in Definition
ZZ1 and let © C R? denote the parameter domain of the set Fy, of pc -functions generated
by F (cf. Definition [ZZ2A). For a subset F, C Fy. a parameter set O c RY, with
d < d, is called a reduced parameter domain of F, if there exists an injective and
continuously differentiable function h : © — O, such that

Fp={f(-n(0)) € Fy |0 <6}

For a function f(-,6y) € Fy with f(-,60) = f(-,h(6y)) for some 6y € © we call 6y the
reduced parameter vector of 0.

Note that, if we consider a class of pc-functions Fy as in Definition 222, which
is generated by a parametric class F as in Definition 2211 such that for all f € F it
additionally holds, that (y, ) — f(y,¥) is continuously differentiable, then the condition
f(r;7,0) = f(m,0) often implies local existence of a function A as in Definition by
the implicit function theorem. More precisely, if f(y,6p) is a kink function in such a
space, the function

F:6 — R
0 — F(0) = (f(r,9") = §(11,9%), ooy F(70, 9°) — (i, 0FF1))
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2 Definitions and assumptions

vanishes in 6. Due to the differentiability of the map 6 — F'(#), the implicit function
theorem implies, that there exists a function h and a reduced parameter domain © as
in Definition 2223, with © C (0)e; € R¥*, where I C {1,...,d}, if the Jacobian
0/(06;)1¢1F (6o) is invertible. )

This, for example holds for the set Ly (cf. (Z8) and Example 222). There we have
92 = 91 4 (92 —92)7; and choosing the reduced parameter vector 6 = (91,9, 71, 92) and
the function h(f) = (91,0, 71, 0! + (95 — ¥2)71,93) satisfies the conditions of Definition
223

2.3 Integral operator

Now we want to introduce some further notation and specifications concerning the inte-
gral operator ¢ in (3).

If & acts on the set Fy C Ly([a,b]), it can be considered as a map acting on the
parameter space ©, by

b
0 BF(.0) = / () f(y,0)dy. (2.7)

The special classes of integral operators ® in ([[3)), which we are going to discuss in
this thesis, have to satisfy the following Assumptions.

Assumption C. (Assumptions on the integral operator) The integral operator ® in
([C3) satisfies the following conditions.

i) the operator ® : Ly([a,b]) — La([a, b]) is injective,

ii) the kernel ¢ : [a,b]*> — R is piecewise continuous with finite number of jumps
and

iii) the function ®f(-) : [a,b] — R is Lipschitz continuous with uniform Lipschitz
constant ¢|| f||, such that the constant ¢ only depends on the kernel ¢.

Conditions 7) and 4i) are essential for the consistency proof for the estimator of fj in
the following chapters. Condition iii) especially will be needed to estimate the Ls-norm
of ®f by means of the empirical norm. In Chapter Bl we introduce some special classes
of operators satisfying Assumption C.

Moreover, we want to mention, that the results of this paper can also be formulated
for an operator ® : Ly([a, b]) — Lo(I), with I C R which does not need to coincides with
the interval [a, b], but for ease of notation we only discuss the case, where I = [a, b].
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Chapter 3

The integral operator

This chapter is concerned with the specification of the considered operator classes. We
will introduce assumptions on the Niemitzky operator (([C4l), which allow to transfer the
results for the linear regression model in ([CH) to the nonlinear model in (CI]). Moreover,
we will discuss conditions for injectivity of the linear operator in (L3)). Subsequently we
will introduce special conditions, which assure that Assumption C is satisfied, for two
classes of kernels, namely product and convolution kernels.

3.1 Hammerstein integral equations

As mentioned in the introduction, our aim is to estimate fy from observations Y as in
(C1). We approach this by solving the linear inverse problem in ([CH), which results in
an estimator for Lf, (here £ denotes the Niemitzky operator in (L4)). This estimator
is then used to reconstruct fy. The main concern of the upcoming chapters is the linear
model in (CH). Therefore, we shall now consider suitable conditions on £, such that a
stable reconstruction of fy from an estimator for Lf; is possible.

Assumption D. For £ as in ([C4) it holds, that

1.) the operator

‘C:LQ([aab]) - LQ([avb])
fo— Lf(y) = L(f(v),v)

is injective,

2.) for every x € [~R, R], with a constant R > sup cp, ||fllo (given by Lemma E2ZF),
the mapping

L(z,-):[a,b)] — R
y — L(z,y)

is continuous and
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3 The integral operator

3.) for every y € [a, b], the mapping

L(,y):[-R,R] — R
v — L(z,y)

is continuously differentiable, with derivative L,(z,y) = £ L(z,y), that is con-
tinuous in y € [a,b]. Furthermore, there exists a constant [, such that for all
r € [—R, R] and almost every y € [a, b]

The introductory example from rheology (cf. ChapterH) constitutes a special example,
where the operator £ satisfies Assumption D. In general any composition Lf(y) =
91(y)g2(f(y)) of functions g; € C([a,b]) and go € C*([—R, R]), such that |g;(y)| > 0 for
all y € [a,b] and g5 is injective, meets these conditions, too.

For an operator satisfying Assumption D we obtain the following

Lemma 3.1.1. Let £ be an operator satisfying Assumption D and let Fy be a set of pc-
functions as in Definition[ZZA. Then, the image set Fy, := L(F}) satisfies the conditions
of Definition [ZZ24.

Proof. Tt is straightforward to verify that for a function set F as in Definition ZZ2ZT] the
set L(F) again satisfies 7) and 4i) in Definition EZZT] whenever £ satisfies Assumption
D. In order to show, that also i) holds, we apply the chain rule, and obtain for all
feFand j=1,...7, y € [a,b], that

0

Lm(f(y,"t?),y)a—% (y, )| < lg(y),

’%L(f(%ﬁ),y)’ =

which proves the claim. This means, that for a set F, satisfying the conditions of Defi-
nition ZZ7, the corresponding image set L(Fy) =: Fy is a set of pe-functions satisfying
the conditions of Definition as well, with ¢g(y) replaced by lg(y). O

Consequently, we can transfer the results for the model in ([CH) in Chapter Hl to obtain
an estimator f(y,0,) of a function fo(y) = f(y,00) = L(f(y,00),y), with fo = f(-,0,) €
F). Since furthermore, f(y,6y) and f(y,6,) are generated by the same parameter 6,
this yields an estimator f(y, ,) for f(y, 6,) simultaneously. So, considered as parametric
problem there is no difference between both observation models. Or more precisely, the
classes F, in Definition are chosen, such that the model in ([L1]) can be formulated
in term of the model in ([CH).

We want to emphasize, that it is a necessary condition for a consistent parameter
estimate, that the parameter 6 is unique (cf. Lemma EEZR), that is, for all § € O,
f(y,0) = f(y,0) implies = y. Due to condition 1.) in Assumption D, this is equivalent
to f(y,0) = f(y,0) implies 6, = 6.
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3.1 Hammerstein integral equations

However, if this “injectivity” condition does not hold, which happens if f € F}, has less
than k change points, we may obtain a consistent estimator of f (y,00), whose parameter
vector does not converge. So, intending to estimate fy, a “parametric” argumentation
as above fails. In this case, we can apply the following result.

Lemma 3.1.2. Suppose that L is an operator satisfying Assumption D. Then, the map

[ — Lf,

15 continuously invertible.

Proof. By condition 1.) the map L|g, is injective. In order to show its continuity,
consider a sequence of functions {f,, }nen C Fy, with || f, — follzo(ap)) — 0, for n — oo.
By condition 3.) in Assumption D and the mean value theorem, it holds that

IL(fu(y),y) — L{fo(y), v)| < [(fuly) — fo(w))]!

for any y € [a, b], with [ as in condition 3.). Hence, we have

|Lfr — Lfollaap) < Ulfa — follLa(ap) — 0, for n — oo,

which means, Llg, : (Fi, | - ||z2(t)) — (L(Fr), || - [|2o(as))) is continuous. We will
see in Subsection 2], Lemma EE2Z2 that the set Fy, is totally bounded. Since it also
contains functions with less than k jumps, it is additionally closed and hence compact.
Altogether, this proves that L|g, : Fj, — F is a homeomorphism, i.e. it is continuously
invertible (see [33, Thm. 3.3, Chapter 16]). O

Hence reconstruction of fy from Lf, under this conditions constitutes a well-posed
problem, which finally allows for estimation of fy from ([LT]) by solving ([CH) and subse-
quently inverting L.

In Chapter B, we also consider the case where the number of change points is not
known, intending to estimate this number correctly. Then we have to consider the set
F. = L(F). This set, in general, is not compact and thus, we cannot argue as above,
that £ : Foo — Fo is well-posed. But since we are only interested in estimating the
number of change points, which is invariant under transformation by £, i.e. fo € F
and L f, € Fo always have the same number of change points, considering the model in
([C3) or the model in (CI]) makes again no difference.

Finally, we note, that in general we can not transfer the results for the model in ([CH)
to the model in (L)), if fp is a function in an approximation space A%, as in Chapter [0
The reason is again that compactness of the domain of £, in this case A®, is violated. So
the theory in Chapter [ would yield an estimator for L fy, but the reconstruction of f
itself in turn, leads to a possibly ill-posed problem. So the results of Chapter [ cannot be
transfered to Hammerstein integral equations, unless the operator L satisfies additional
assumptions. For example, we could use the following modification of condition 3.) in
Assumption D.
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3 The integral operator

3*.) For every y € [a, b], the mapping

L(y): R — R
x — L(z,y)

is continuously differentiable, with derivative L,(z,y) = a%L(:E, y), that is contin-
uous in y € [a,b]. Furthermore, there exist constants l,,; > 0, such that for all
z € [—R, R] and almost every y € [a, b], it holds that

b < Lo (2, y)] < L

If this condition is satisfied, the inverse function theorem implies, that there exists a
continuously differentiable inverse L™!(-,y), of the map = + L(z,y), which is defined
on the image of L(-,y) : [~ R, R] — R pointwise for all y € [a,b]. The derivative of L=*
can be calculated as

L (2y) = L (5 y) = (Le(L7 (2, 0) ) <

Now, in order to show continuity of the inverse operator £~!, we again consider a
converging sequence f, € Lo([a, b]) with || f,— fol| o(la,p)) — 0 for n — oo with || fullee < R
for all n € N. Then it holds by the mean value theorem, that

1L fo = L7 follaqasy = 127 (fa(®),¥) = L7 (Fo (W), W Loty < 6 = foll La(an)-

Hence condition 3*.) in addition to Assumption D, yields well posedness of the inverse
problem generated by the Niemitzky operator £ also in the case, where f; is contained
in an approximation space A®.

3.2 Injectivity results for integral operators

Reconstruction of the true function f; from the observation model in ([CH) requires
injectivity of the integral operator ® (cf. (L3)) as claimed in Assumption C. Since by
Lemma BZTl, pc-functions are Lo-identifiable, we just need to claim injectivity of the
operator in Ly. The following theorems give some conditions on the kernel ¢, that assure
Lo injectivity of the corresponding linear integral operator ®.

Product kernels We start with the discussion of integral operators with product
kernels ¢(x,y) = ¢(xy) with expansion ¢(zy) = > oo, a;(zy)’. The next theorem es-
tablishes a connection between injectivity of an integral operator and the expansion of
its kernel. The main argument in the proof is given by the Full Mintz Theorem for
Lo-spaces, proven by Borwein et al. in [[1]:
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3.2 Injectivity results for integral operators

Lemma 3.2.1. (Full Miintz-Theorem) Suppose that I C N and that 0 < a < b. Then,
span({y'}1), is dense in Ly([a,b]) if and only if

Z i = 0.
el
Proof. This follows directly from [@, Thm. 4.2.6]. O

Theorem 3.2.2. Assume that 0 < a < b and that ¢(x,y) = ¢(xy) is a product kernel
defined on [a,b*. Assume further, that there exists an interval [py, p2] C [a%,b?], with
PL < 2, such that ¢ has an absolutely converging expansion ¢(z) = E]Oil o,z for all
2 € [p1,p2). If J:={j € N:a; # 0}, then, the operator in (L3) is injective if

> it =oe (3.1)

If a®> = py and b* = py, then the converse is true, i.e. ([Z1) is a necessary condition.

Proof. By assumption, the expansion of ¢ converges absolutely on the compact interval
[p1,p2]. Hence it converges uniformly, and integration and summation can be inter-
changed, which leads to

vfw) = [ ey =30 [ o)y

=:cj

for all z € [2, 22]. In order to see that the right hand side of this equation converges

absolutely and uniformly, note that

o0

2

j=1

(e 9]

> laylmax(lal’, o).

j=1

o / bajyff@)dy' < ' / fw)dy

The integral ‘ fab f (y)dy‘ is finite, because f is an Lo-function (cf. (L3)). Furthermore, for

x € [2, B2], br as well as ax are contained in [py, pp]. This implies absolute convergence

of the sequence Y2, || max(|al?, [b]7)[x? by assumption and we can apply Lemma
and obtain

Of(x) =0 for all x € [%,%2] & ijcjzofor all x € [%1,%2}
J

& ¢;=0forall j (LemmaRZT)

b
& / oy’ f(y)dy = 0 for all j € J. (3.2)
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3 The integral operator

Now we can apply the Full Miintz-Theorem [1] (see Lemma BZTl), which states that the
set {y’} is dense in Ly([a,b]) if and only if 3=, ="' = oo. With help of Gram-Schmidt-
orthonormalisation we obtain an orthonormal system of polynomials p; of degree j, such
that we obtain from (B2) and Lemma B2

1. of(zr) =0« f:pj(y)f(y)dy =0VjeJand
2. span({p; }jes) is dense in Ly([a,b]) < >0, i7" = oc.

Finally, it follows from [35, Thm. 1.28] that fabpjf(y)dy =0 for all j € J implies f =0
if and only if {p;}, is dense in Ls([a, b]). Together with 1. and 2., this proves the first
claim. In order to prove the second claim, observe that p; = a? and p, = b? implies that
(B2) is valid for all = € [a, b] and thus the claim follows from the argumentation above,
since all implications hold in both directions. O

Positive definite symmetric kernels The next theorem is formulated within the
framework of native Hilbert spaces N, associated with a kernel ¢. A short summary
on native Hilbert spaces can be found in Section B3 For more detailed information we
refer to [54].

Theorem 3.2.3. The integral operator ® as defined in [L3), with continuous positive
definite symmetric kernel ¢ (cf. Definition[833), is injective on a subset F C Lo([a, b])
if and only if N,([a,b]) is dense in F

Proof. Assume that v =0 for v € F. Using Theorem B34, this is equivalent to
0= (f, qn})/\@([a,b}) = (f, U)LQ([GJ)]) fOl“ all f c ./\/;,([a, b])

This in turn is equivalent to v = 0 if and only if v € N,([a, b]). 0O

Note, that the kernel in Theorem is not restricted to specific classes as for
instance product or convolution kernels. In this sense, the range of possible applications
of Theorem covers arbitrary operators with “general” kernels as defined in ([C3).

From a practical point of view, this general approach is only applicable, if the corre-
sponding native space is explicitly known. More precisely, we have to know the Ls-closure
of the respective native space. This means, it suffices to show that it contains a set of
functions, which is dense in Ls([a, b]) (with respect to the Lo-norm) as for example the
set of step functions or polynomials or functions from C*°([a, b]) with compact support.

There is a great amount of kernels with known native Hilbert spaces, given by the
reproducing kernels of known Hilbert spaces. This is a consequence of [54, Thm 11.11],
which states, that any Hilbert space with reproducing kernel coincides with the native
space of this kernel. Thus, any integral operator with kernel ¢(z,y) = &(z,y)g(y), is
injective, if g € La([a,b]) with g(y) > 0 for all y € [a,b] and @(z,y) is the reproducing
kernel of a Hilbert space, which is dense in F or even in Lo, with respect to the Lo-norm.
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3.2 Injectivity results for integral operators

For example, we consider a class of integral kernels

cosh(x — a) cosh(b — y)g(y) i<r<y<b
(2, y) sinh(b — a)
e\r,Yy) =
cosh(y — a) cosh(b — x)
<y<z<
sinh(b — a) gly) a<y<z<b

with g as above. The kernel p(x,y)g ! (y) is the reproducing kernel of the Sobolev space
H'([a,b]) defined as in (FH) (see [H, Ex. 13]), which in turn, by [54, Thm 10.11] is the
native space of this kernel. Since H'([a, b]) is dense in Ly([a, b]) it follows from Theorem
B23 that the integral operator with kernel ¢(z,y)g ™! is injective on g(y)F. Thus, since
g is a known positive function, the integral operator with kernel ¢(z,y) is injective on
F.

Finally, Lemma gives an example, how the native Hilbert space of a positive
definite and symmetric convolution kernel can be characterized by means of the Fourier
transform of the kernel, which will be applied in Lemma B32) to deduce injectivity of
special integral operators in the following section.

Convolution kernels For integral operators with convolution kernel ¢(x, ), such that
there exists an analytic function ¢ € Lo(R) with ¢(z,y) = ¢(z — y) for (x,y) € [a, b]?,
as for instance the Gaussian kernel ¢(z) = (2r02)~/2e~(/9)°/2 for some o > 0, we have
the following injectivity result.

Theorem 3.2.4. Let ® be an integral operator as in (L3)), with convolution kernel
o(x,y) = ¢(x —y). Assume further, that ¢ is analytic on R and denote its Fourier
transform by ¢. Then, the operator ® : La([a, b)) — Ls([a, b)) is injective, if ¢ vanishes
at most on a set with Lebesque measure zero.

Proof. For the operator
(I)R LQ(R) e L2
[ / ¢(-—y)f(y)dy

it holds that (IDRf = 0 if and only if <I>Rf =0. Apphcatlon of 20, Thm. 3.9, Chap. V,
§3] yields ®r f gb f For f # 0, it holds that gb f Z 0 if gZ) vanishes at most on a set with
Lebesgue measure zero.

Now consider a function f € Ly(R) with supp(f) C [a,b]. Then ®gf is an an-
alytic function by Lemma RZJ since ¢ is analytic and [a,b] is compact. Hence,
®f = Orf |op= 0 implies that ®pf = 0 on R by the identity theorem. Thus, the
claim follows from the first part. O
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3 The integral operator

3.3 Integral operators satisfying Assumption C

In this section we introduce two special classes of kernels, which will be shown to sat-
isfy Assumption C. Therefore we introduce the set of functions of bounded Variation

BV ([a, b)), i.e.

Pe

BV ([a,b]) := {f e, 0] = R | sup Z [f(@iga) = fla)] < 00}7

where P = {P = {1, ..., 2, } | P is a partition of [a, ]} is the set of all finite partitions
of [a, b].
Again we consider product and convolution kernels.

Assumption C1: (Product kernels)

i) It holds that 0 < a < b and there exists a piecewise continuous bounded function
¢ € BV ([a?,b?]) with finite number of jumps, such that p(z,y) = ¢(xy).

ii) Furthermore, there exists an interval [py, po] C [a?, b?], with 28 < £2 such that ¢
has an absolutely converging expansion
o(z) = Zajzj with a; € R forall j € N, z € [py, pa. (3.3)
=0

The set J := {j € N: a; # 0} satisfies the Miintz-condition

Zj_l = 00.

jed

One example of such a kernel occurs in the example from rheology, given in the in-
troduction, which will be discussed in detail in Section B2 The Gaussian kernel
o(x) = (27?02)*1/26*(”3/")2/2, mentioned above, is another well known example for a
kernel satisfying C1.

Assumption C2: (Conwvolution kernels)

i) ¢ € Ly(R?) N C(R?) is symmetric and positive definite and there exists a function
(b € L2<R)7 such that ¢<x7y) = ¢(I - y) and (b |[a—b,b—a]E BV([G’ - b7 b— CL])

ii) There exist constants 0 < ¢; < ¢ and s > 1/2, such that the Fourier transform

~

¢(x) decays algebraically, i.e.

a(l+]a’) < (@) S (1 + o), weR
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3.3 Integral operators satisfying Assumption C

Note that in Assumption C2, condition i) implies 7), if s > 1. This is due to the fact,
that a kernel ¢ satisfying i) is contained in the Sobolev space

H*(R) = {u € Ly(R)

/(1 + |z?)*a(x) P dz < oo} (3.4)

by Lemma and thus ¢ |4—pp—q) Is contained in
Hé([a —b,b —a]) := {u € Ly([a,b])| Fu € H*(R) with v =¥ |ja—pp—a]}- (3.5)

For s > 1, it holds that H*([a — b,b — a]) C BV ([a — b,b — a]) (see e.g [22, Chap. 5.1,
Ex. 1]) and hence ¢ € BV ([a — b,b — a]).

In [9] you can find some examples of kernels, which satisfy Assumption C2, as e.g.
the Laplace kernel ¢(z) = 2e71*! or kernels of the type ¢(z) = (1—|z|)} for p=2,3,.. .,
where x, denotes the positive part of x.

In order to show, that integral operators of type C1 or C2 satisfy Assumption C we
need the following Lemma.

Lemma 3.3.1. Let f € Lo ([a,b]) and ® be an integral operator with kernel ¢ €
Loo([a, b]?), that satisfies one of the following conditions:

i) o(x,y) = ¢(xy) is a product kernel with 0 < a < b and ¢ € BV ([a*,b%]), or
ii) o(x,y) = ¢(x — y) is a convolution kernel, with ¢ € BV ([a — b, b — a]).

Then, the map v —— ®f(x) is Lipschitz continuous on [a,b] with uniform Lipschitz
constant c|| f||oo, such that ¢ only depends on the kernel ¢.

Proof. In the following let  + 0 € [a,b]. Under condition ¢) and i) the function ¢ is
of bounded variation on [a? b?] and [a — b, b — a] respectively. That means, there exist
monotonically increasing and bounded functions ¢, ¢, such that ¢ = ¢; — ¢y (cf. [31],
Thm. 91.7]) and ¢ = @1 — ¢y respectively. So in both cases we obtain

b
|@f(x) = df(x+6)] = /(wl(x,y)—wl(x+5,y)—@z(x,y)+w2(x+5,y))f(y)dy‘

b
< HfHoo/ lo1(z,y) — o1(x +6,y) — pa(x,y) + @2z + 0,y)| dy

IA

b
1l [/ 01(5,y) — o1+ 0,)| dy

+/ab pa(x, y) — 2z + 6, y)| dy} :
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3 The integral operator

Since ¢; and ¢, are monotonically increasing functions, we can interchange integration
and norm, which, for i = 1,2 and ¢ satisfying i), gives

r—a z+d—a
¢i(u)du — / ¢i(u)du

z—b +d6—b

2161[| il oo-

/\¢i<x—y>—¢i<x+a—y>\dy _

IA

So we have
1D f(x) = f(z+ )] < 2[| flocl6] (|01 ]loc + [ P2][o0)-

If v is as in ) we have 0 < a < b and obtain

bx 1 b(z+0) 1
/a E@'(U)d?ﬁ—/ ¢i(u)du

x a(z+9) T +0 '

bx 1 1
. (5 - x+5) du

1 a(z+9) bz
il (u)d (u)d
- < [ et x| [ o
(b—a)

—a b

< ||¢i||oom|5|+2a||¢i||oo|5|
b— b

(P52 42 holelo
a a

b
37 il

/ab pi(zy) — ¢il(z + 5)y)dy‘ _

VAN

+

)

IA

IA

Using monotony of ¢; and ¢, again we can interchange norm and integral to get

/ <¢i<xy>—¢i<<x+6>y>>f<y>dy\ < Sl [ lostay) - oxta+ )l

IN

b
171l / oi(zy) — 6ul(z + )y)dy
3161l | 18

IN

for ¢ = 1,2. This finally yields

[@f (z) = f(x + 0)] < 32| llc0] ([ 1]loc + [ P21 0c)

Now we are ready to prove the following
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3.3 Integral operators satisfying Assumption C

Corollary 3.3.2. Assume that the integral operator ® in (L3
a) satisfies Assumption C1 or
b) satisfies Assumption C2 or
¢) has an analytic convolution kernel as in Theorem [3-2.7,
then ® satisfies Assumption C.

Proof. From Theorem and B2 we directly obtain injectivity for conditions a)
and ¢). Lemma together with Remark claims, that for a kernel fulfilling
Assumption C2 the corresponding native space N,([a,b]) coincides with the Sobolev
space H*([a,b]) (cf. BH)). For this class of kernels Theorem immediately yields
injectivity for condition b). So Assumption, 7) is satisfied in all three cases.

Condition i7) of Assumption C follows directly from Assumption C1 and C2 and
under condition ¢), it follows from the fact that the kernel is analytic.

Finally, application of Lemma B3] yields uniform Lipschitz continuity, i.e. claim ii7)
of Assumption C, for all three cases as well, where we took into account, that analytic
functions are contained in BV ([a — b, b — al). O
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Chapter 4

Known number of change points

In this chapter we consider the case, where the true function fy in (CH) is a parametric
piecewise continuous function as in Definition 22,2 with known number of change points,
ie. fo € Fy, with k£ € N known.

4.1 Estimate and asymptotic results

In order to reconstruct fy from ([CH), we use a least squares estimator, i.e. a function
in Fy, whose image under ¢ minimizes the empirical distance to the observations. This
estimator will be defined in the following Subsection LTIl Subsequently in Subsection
we present some results concerning the asymptotic behavior of this estimator,
namely consistency, rates of convergence and asymptotic distribution of the estimated
parameters. The proofs of these results are added in Section

4.1.1 Estimate

We begin with the definition of the least squares estimator fn, such that ¢ fn minimizes
the empirical distance to the observations Y in ([CH) with respect to the space Fy. That
is, f, € Fy and

1@ f, = Y2 < min |®f — Y2+ o(n™"). (4.1)
fEF

From Definition 227 it follows, that there exists a parameter vector 6, € ©, such that

k+1

Fay) = f(y,0,) = Zf(yﬂ")lﬁifl,m-

Note, that the parameters J% and #; also depend on the index n.
The minimum on the right hand side in (1) always exists (see Corollary EEZ4)), but it
does not need to be unique. Note, that we do not assume, that the minimum is attained,
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4 Known number of change points

but only that the functional above can be minimized up to a term of order o(n~1). This
allows for numerical approximation of the minimizer and gives an intuition of the needed
precision for the asymptotic results to be valid. Furthermore it assures existence of a
minimum, even if we minimize over the non-compact set F,, as needed in the case of
unknown number of change points in Chapter [l or for estimation of a function from an
approximation space in Chapter [0

In contrast to these methods, however, compactness of F; implies that we do not
need any further regularization to stabilize the inverse problem. To be more precise, the
restriction of possible estimators to a compact set, actually is the regularization, as on
a compact set the operator ® is continuously invertible (see Lemma EZ2). This also
explains, why the expansion to F., in Chapter @ and [ requires additional penalizing

(cf. (610) and (Z4))).

4.1.2 Consistency and asymptotic results

Now we investigate the asymptotic behavior of the least squares estimator in (f1]) under
the assumption, that the true function fy € F} has precisely k£ change points, that is
87T (fo) = k. Theorem LTl presents the main asymptotic results, which will be extended
in Corollary EET.2, for the case where f; is known to depend on a reduced parameter as
in Definition ZZ2.3 Subsequently, in Corollary ET.4] we show, that improved results can
be obtained, if fy is a kink function.

Before approaching the main results we require some more notation. Due to Lemma
R 24 iii) the function 6 — O f(z,0) as defined in (Z7), is differentiable for almost every
x € [a,b] with gradient

0
D == . 4.2
1,0) 1= £0f(2,0) (4.2
With this, we define the d x d matrix V}, by

Vil = [ D@Dy O)ysla)ds,  1<ij<d (43

where s is as in Assumption B.

Theorem 4.1.1. Suppose that Assumptions A1 and B are satisfied and that the integral
operator ® fulfilles Assumption C. Let fn(y) = f(y, én) be the least squares estimator of
the true function fo = f(-,00) € Fy as in {1), with 47 (fo) = k. If the matriz Vy, s
nonsingular, then

(i) V(0 — o) = N(0,0°V. 1),
(ii) |00 — Op]> = Op(n~2),

(iii) [®fy — ®fullsagasy = Or(n3)  and,
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4.1 Estimate and asymptotic results

(iv) | fo = fall a(asy = Op(n~7).

If fo depends on a reduced parameter vector 6y as in Definition E223, the gradient
D¢(x,0y) = %@f(:p, h(6y)) as in (2) can be calculated by the chain rule, due to the
differentiability of the function A (cf. Definition ZZ3) and we have the following corol-
lary.

Corollary 4.1.2. Suppose that the assumptions of Theorem[{. 11| are satisfied and that
the true function fo(y) = f(y, h(6)) is known to depend on a reduced parameter vector
Oy as in Definition [ZZ3 Then the results of Theorem [.1.1] are valid with 6y and 0,
substituted by the reduced parameter vectors 6y and 6,,.

Nonsingularity of the covariance matrix Vi, is essential for Theorem ELTT], to hold.
The next lemma gives a characterization of this property in terms of the partial deriva-
tives %f(y,ﬁé), i =1,...k+ 1, for the case, where f(-,6y) has precisely k£ jumps and
® satisfies one of the Assumptions C1 and C2. Moreover, it states that Vi, 1s always
singular, if f(y,6y) has a kink in some change point.

Proposition 4.1.3. Suppose that Assumption C1 or C2 is satisfied and f(-,6y) € Fy,
with f(-,00) = Zf;l £ 00) Iz, _1,m0.) (¢f. Definition[ZZ3), has k change points. Then,
the matriz Vy, ~as defined in {£.3) is nonsingular, if and only if f(-,6) has jumps in all
change points and for everya € R" andi=1,....k + 1,

a2
o

Hence, if the true function fj is known to be a kink function, it follows from Proposition
BT that Theorem BTl cannot be applied, since the condition of nonsingularity of
er0 is violated. So this case requires restriction to a reduced parameter domain © as

in Definition E2ZZ3 Then, we obtain the following improved asymptotic results, which
depend on the modulus of continuity of the considered function class F (cf. Definition

22.7)) defined as

F(o98) Iy o) =0 implies  a = 0. (4.4)

v(F,0) :=sup sup [f(y1) —f(y2)]- (4.5)
fEF |y1—y2|<é
Corollary 4.1.4. Assume that the conditions of Corollary [[.1.9 are satisfied, but the
true function fo(y) = f(y,0(00)) is a kink function and let v be defined as in (D). Then
the results of Corollary[[.1.9 are valid, with the improved rate

1fo = Fulliaas)) = Op(n™2 + 0~ 3w (F,n"7)). (4.6)

In the discussion of the introductory example from rheology in Subsection B2, for
instance, we obtain rates of order n~1/2 in the case, where f; € Ly (cf. (EH)) is a
piecewise linear function with two kinks, i.e. the case, where F = F, is the set of linear
functions with bounded slopes as in (22). More general, we obtain rates of n=(!T®)/4 if
F is a set of Holder continuous functions with exponent 0 < a < 1.
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4 Known number of change points

Remark 4.1.1. (Application to the observation model in (ICTI))

As discussed in Section Bl Theorem EET1] as well as Corollaries and T4l also
hold for the model in ([TI), if £ in () satisfies Assumption D. This is formulated in
the next

Corollary 4.1.5. Under the conditions of Theorem [[1.1}, let L be as in (L) satisfy
Assumption D and Efn =Lf(y, én) be the least squares estimator of the function L fy =
Lf(y,00) as in @T), with fo € Fy and 8T (fo) = k. Furthermore let H = ® o L and
define Dy(x,00) and Vey, as in @) and @3). If Viy, is nonsingular, then

(i) /1 = o) = N(0,0°V; 2 ),
(ii) |00 — Op]s = Op(n~2),
(iii) | H fo — H full1aasy = Op(n~2)  and,

(iv) [[fo— ]EnHLQ([a,b}) = Op(n_i),

Moreover, if fy depends on a reduced parameter Gy as in Definition[ZZ3, the same holds
with Oy and 6, substituted by the reduced parameter vectors 6y and 0,,. In particular, if
fo is a kink function depending on a reduced parameter 6y, we obtain

()™ || fo — anLg([a,bD = Op(n_% + n—iy(}", n_%)),
with v as in ([ED), if Vﬁf@o is nonsingular.

Remark 4.1.2. (Misspecification of the model and spline-regularization)

We will briefly discuss what happens, if the true function fy is not, as assumed an
element of Fy. In general, under the additional assumption of equidistant design in
Assumption B, it follows from Lemma BZ2.9, that the minimizer of ([]l) converges to a
pc-function ¢t € Fy, s.t.

19 fo = Pt 1 (tap < 00 [0 — Pgl|a(as): (4.7)

By Corollary EE2Z.4l the minimum at the right hand side always exists. Lemma
furthermore requires, that it is unique. To check condition (), leads to well known
problems of nonlinear approximation theory (e.g. see [11]). Note that, due to injectivity
of the operator @, the assumption of uniqueness of the minimizer ¢ is equivalent to
the assumption of uniqueness &t € ®(F}), which minimizes the Lo-distance from @ fj.
It would be of great interest, to relax the assumption of equidistant design as well as
improving the asymptotic law (&) for f, in Lemma However, this is beyond the
scope of this thesis and not treated here.

If F}, is the set of piecewise polynomial functions, this offers an interesting connection
to distributional asymptotics for splines. Since by the Curry and Schoenberg Theorem
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(cf. |15, Chap. VIII, (44)]), for fixed change points, we have that the set of piecewise
polynomials of degree p is equal to the B-spline space of order p with knots in {79, ..., Tj 41}
with multiplicity p, in the case of jumps and p — 1 in the case of kinks. Thus, in this
case, misspecification of the model, could be considered as spline approximation of fy
and thus leads to the well known “spline-regularization”. Although, here we actually
have to deal with free-knot splines, i.e. the knots are free parameters and not known in
advance, which causes a serious difference to B-splines, starting with the fact that those
spaces are not longer linear. It has long been known, that approximation of a function
by splines improves dramatically if the knots are free ([46], [16],[12]). However, free knot
spline approximation has not been as popular as might be expected by these results.
This is due to the so called lethargy property (see e.g. [34]) of free not splines, which
affects the stable and effective computation of optimal knots. Especially it means, that
intending to optimize the locations of free knots, one is usually faced with local optima
located on multiple or coalescent knots which correspond to a degenerate case.

Nevertheless, for example Jupp in [34] describes a computational strategy for the
minimization problem for approximation with free knot splines. In [ll], one can find
results about the asymptotic behavior of integrated mean square error (IMSE), by using
least squares and BIAS minimizing splines. In this context they determine an optimal
density for the knot distribution for a fixed knot number, which minimizes the IMSE.
Results similar to the asymptotic law as in Theorem EET.Tl for the respective estimators do
not exist. However, free-knot spline approximation is closely connected to approzimation
spaces, which will be discussed in Chapter [l For a general discussion on free knot spline
spaces as well as some remarks on their approximation spaces, we refer to [15, Chap.
XII, §4].

Concerning spline-regularization with fixed knots, in contrast, one can find some in-
teresting results on inverse problems which treat integral equations as in (CH) as e.g. in
[14], [41], [28] or [25]. For detailed informations about splines in general we again refer
to de Boor [11].

4.2 Proofs

The proof of Theorem EETTl and the corresponding Corollaries EET.2, EET4 and is
separated in three parts. We start by estimating the entropy number of the considered
function spaces in Subsection 2], which yields the basic arguments for the consistency
proof of the estimator in ([EIl) (Subsection EEZJ). In Subsection we give the proof
of the asymptotic results in Theorem EETT] and Corollaries ET2, LT A and ET.H. Finally
we add the proof of Proposition separately in Subsection 24

The proof of Corollary EET.2, under dependency assumptions of the components of
0 (cf. Definition ZZZ3]), will be given as a draft only. This is due to the fact, that it
proceeds analogously with the required derivatives obtained by application of the chain
rule. Thus an exact formulation would be more confusing than explicatory. However,
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4 Known number of change points

some details may be clarified by the discussion of the application of Corollary and
T4 to a special example in Section B2, where we provide an explicit calculation of the
respective derivatives and the resulting covariance matrix Vy,.

4.2.1 Entropy results

In order to show consistency of the least squares estimator fn in Equation (), we
apply uniform deviation inequalities from empirical process theory. To this end, it is
necessary to calculate the entropy of the space of interest.

Definition 4.2.1. Given a measure P, a set of P-measurable functions G and a real
number § > 0, the j-covering number N(6,G, P) is defined as the smallest value of
N such that there are functions gi, ..., gy with

1

min (/(g — gj)zdP)§ <9, forallged.

1<j<N
Moreover, the 6-entropy H and the entropy integral J of G are defined as
H(5,G, P) =log N(6,G, P) and

5
56.6.P) = max (5. [ #(0.6.Pyau),
0
respectively.

If P is the Lebesgue measure we will write H(J,G) and N(4, G) instead of H(4, G, P)
and N(9,G, P).

The entropy will be of specific use, with respect to two aspects.

First, in terms of empirical process theory, the fact, that the considered function class
has finite entropy, as we will show, means that this class is Donsker, which loosely
speaking names classes of functions for which uniform central limit theorems can be
obtained (for details see e.g. [53, Chap. 19]). In this framework, calling F) Donsker
names the basic property of this class, which finally yields consistency and asymptotic
normality of the estimator in () (see Theorem EETT)). In [53] it has already been
shown, that parametric classes as F in Definition are Donsker, if the respective
parameter set is of finite dimension and bounded. But the entropy number calculated
there, is not as exact, as it is needed later on in the situation, where we do not know
the number of change points (cf. Chapter ). Therefore, although at this point only
finiteness of the entropy is required, we will calculate shaper bounds, in order to resume
it afterwards in Chapter

Second, from an inverse problem point of view, the knowledge of the entropy of Fy
will help to show its compactness, which in turn is needed to prove continuity of the
inverse of the operator (L3) as well as ([LA). Thus, the entropy number also is a usefull
tool to deduce stability of an inverse problem.

Now we start with the estimation of the entropy of the set Fy.
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4.2 Proofs

Lemma 4.2.2. Let Fy, and d = (k+ 1)r+k be as in Definition[ZZ2A. Than there exists
a constant Tr > 0 depending only on the considered function class F in Definition [ZZ]],

such that
VdTr +§ )

Proof. For 61,0, € O, with A = 6; — 6, we can use the differentiability stated by
Definition EZZT], to obtain the first order expansion

of
oY

(2, 97) = §(,95) = (95 = 05)' 2 (2, 9)

for ' € (9%,93). This yields

k+1

Hf<7 91) - f(7 92)”%2([a,b]) < Z |H(7’l921> - f(a 19@2)”%2([0,&)
i=1

< sup ~f(-, 9" 97 — V55
Sty 9% e 15

< |AjZR?

< dIARR?,

with R as in Lemma Assuming w.l.o.g., that M in Definition satisfies 2M >
b — a, it follows that

sup |01 — Os]oo < 2M,
9179266

for all # € ©, independent of the number of change points. Together with the preceding
equation, this implies that the the d-covering number of F;, depends only on the number
of balls with radius §(Rv/d)~! which are needed to cover a subset of R, with diameter
bounded by 2M, which can be estimated by (4MRv/d + §)*/6¢ (cf. [14, Lem. 2.5]). So
finally we get

H(6.F.) < dlog (M) |

J

and the claim follows with T = 4M R. O

The function class Fj, generates the set
G :={®f |0 € Oand f € Fila,b]}, (4.8)

where @ is a known integral operator with kernel ¢ as defined in ([L3). So, we will use
the entropy of Fy, to estimate the entropy of Gy in the following Lemma.
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4 Known number of change points

Lemma 4.2.3. Let Gy, be defined as in ({{.8). Then there exists a constant T > 0
independent of k such that T > || g Lo (ap)) for all g € Gy and for all 6 > 0

@) | (49)

H (6, Gy, P,) < dlog < 5

with d =r(k+1) + k.
Proof. For all A = 6; — 6, with 6,6, € © we obtain by Holder’s inequality, that

o500 - 0s 0912 = =3 ([ elonn)(rio.00 - .0

1 n
< S el a1 00) = S5 00) gy
=1
< (0= )l .00~ F02) sy

Using Lemma EEZ2 consequently implies

5
H(5,Gy, P) < H(—Fk)
Vb —allgllo

" <\/d<b—a>Tf||so||oo+a)
og ; .

IA

Remembering that by definition T > (b—a)R > (b—a) supsep, || flloo (cf. Lemma 827

i)), choosing T' = [|¢¢]|oc max(vb — a,b—a)Tr = (b—a)|[¢llsc supsep, | flloo = |9l La(ia)
for all g € G completes the proof. O

Further, we find that by Lemma FL23 the set (G, || - ||») is totally bounded. Since Gy
also contains functions ®f with f € Fy, such that £7(f) < k, it is additionally closed
and hence compact, which directly yields

Corollary 4.2.4. Let Y be as in (LA) and Gy as in ([{.8). Then, the functional

IR Ge — RY
f — [|of =Y

has at least one minimizer in Gy,.

4.2.2 Consistency

As claimed above, the entropy results of Subsection EEZT] can be used now to show
consistency of the least squares estimator in (fLJl). First, we show consistency of the
image ®f,,.
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Theorem 4.2.5. Let @ be an operator satisfying Assumption C and fo = f(-,00) € Fj.
Furthermore, assume that Assumption A1 and B are met. Then, for f, = f(-,0,), the
least squares estimator in ({{1), it holds that
| f = @ folln = 0p(1).
Proof. Due to Inequality (1) we have
1@ fn = Y7 < |0fo = Y2 +o(n™).
Inserting Y = ® f, 4 ¢ leads to
1©fn = @ foll = 2(Bfr — @ fo, &)+ |lell < [z + o(n™")

which is equivalent to

1©fu = @foll7 < 2(Pfo—@fo,e)n+o0(n")

= 2((®fn)n — (P fo,€)n) +o0(n7")

< 4sup |{g.)ul +o(n).
9€Gy

Lemma EEZ3 gives boundedness of the entropy H (6, G, P,) uniformly in n, for all § > 0
and so n" H (8, Gy, P,) — 0 as n — oo. With this result it follows from Lemma BZ2,
that sup,cq, [(9,€)nl = op(1). O

As stated by Assumption C iii) the functions ®f are uniform Lipschitz continuous
for all f € Fy. This directly implies convergence in Ly-norm:

Corollary 4.2.6. Under the assumptions of Theorem [{.2.] one has

| fro = P foll Lo (ap)) = 0p(1).

Proof. Since the design in Definition ([LH) is assumed to satisfy Assumption B the claim
follows directly from Theorem EE2ZH and Corollary K226l O

The next lemma states stability of the inverse problem of reconstructing fo from @ fo,
ie. if ®f, is close to ®fy, than f, is close to fy, too.

Lemma 4.2.7. Under the assumptions of Theorem [.2.] it holds that
19 = @foll agiany = o(1) implies [ f(-00) = f(-,00) | agrany = o(1).

Proof. The operator ® : (Fy, |||/ zo(at)) — (L2([a, b)), |||/ zo(a,e))) is linear and bounded
and hence continuous. According to Assumption C, 7) it is injective and it follows from
Lemma B2, that the set (Fy, || - |[£.(ap)) is totally bounded. Since it also contains
functions with less than k£ change points, it is additionally closed and therefore compact.
Hence @ : Fy — {®f € Ly([a,b]) : f € Fi} is a bijective continuous mapping from
a compact set to a Hausdorff space, that means it is a homeomorphism (see [33, Thm.
3.3, Chapter 16]). O
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The next lemma states, that convergence of a sequence of functions f,, = f(-,0,) € Fy
to a function fo = f(-,0p) € Fy implies convergence of its parameter vector 6, to 6y,
if fo has precisely k change points. This is a necessary condition, since otherwise there
may by more than one parameter vectors, which generate the same limit function.

Lemma 4.2.8. Assume that fo = f(-,60) € Fj, with $7 (fo) = k and let {f(-,6,,) }nen be
a sequence in Fy. Then

17 (- 00) = F G 0n)ll ooy = 0(1) - implies 6y = Onfoo = o(1).

Proof. Due to the definition of J(-) in Subsection 222 the assumption §7(fo) = k
implies that f(-,0p) has precisely k change points. That means, f(-,60) = f(+,0) implies
0 = 0y, i.e. forall Oy # 6 € © we have [|f(-,00) — f(-,0)||Lo(ap) > 0. Now assume
that || f(-,00) — f(-,0n)||Lo(jap)) = 0(1) but that there exist a subsequence {0, }nen and
a constant ¢; > 0, such that |6y — 0k, |0 > ¢1 for all n € N. Since © is compact, we
can choose a further subsequence of this subsequence, which converges to some 6
0. W.lo.g we assume lim,,_, \é — Ok,]c = 0. By construction [0y — é|oo > ¢; and
so uniqueness of y implies || f(-,00) — f(',é)HLg([a,b}) > ¢y > 0 for some constant cy.
Continuity of the map 0 — || f(-,0) — f(-,00)||L2(a,p)), Stated by Lemma BZZ implies
existence of some ny € N, such that for all n > ny we have

1
1f(00) = f(-, Okl La(a)) > 52 > 0.

This is a contradiction to || f(-,600) — f(-,0n)||Lo(jap)) = 0(1) and the claim follows. O
Corollary 4.2.9. Under the assumptions of Theorem [{.2.] it holds, that

1G5 00) = f( O0n) | Laia)y = 0p(1).
Moreover, if the true function fy has exactly k change points it also holds, that

00 — 0|00 = 0p(1).

Proof. This follows from Theorem EEZH by application of Lemma B2 and 28 together
with Lemma O
4.2.3 Asymptotic normality

In this subsection we investigate the rates of convergence of the least squares estimator
fn(y) = f(y, én) in (LJ]) and especially show asymptotic normality of the corresponding
parameter estimate 6,,, which finally leads to the proof Theorem EET.Tl To this end, we
focus on the stochastic process ||Y — @ f,||2 = n! S (g — ® f,(x;))? for the random
observations (Y, X) as in (([CH), which henceforth we write as the empirical expectation

E,ﬂ’n(.’ R (9) = ’I’I,_l Zm(wl, Yi, 9),
i=1
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(cf. Chapter B), with m defined as

m(z,y,0) = (y — ®f(z,0))>. (4.10)

By definition of the least squares estimator, we have, that 0, is the minimizer of the
map
0 — Enm(7 "y 0)7

if y is a random variable satisfying y = ® fo(x) + £; as in Model (CH), with Ee; = 0 and
Ec? = 02 and the expectation of m(-, -, 0) can be calculated as

Em('? ) 9) = E(@f(, ‘90) - (I)f(v 9:71))2 + o’
B(0/(.,0) — BF (-, 0,))> + Em(-,, ). (4.11)

By Lemma BZ7 the function 6 — m(x,y,0) is almost everywhere differentiable with
derivative 0/00 m(x,y,0) =: m(z,y,0) = 2(f(x,0) — y)Dy(x,0), with Ds(z,6) as in
([E2), such that

Eriv(-, -, 00)1n(-, -, 00)" = 40°EDy (-, 00) D¢ (-, 00)" = 0?4V}, . (4.12)

In general, for proving asymptotic normality of the parameter estimator, empirical pro-
cess theory requires, that the function 6 — m(z,y,6) is twice differentiable, in order
to obtain a second order expansion of this function. But according to [53, Thm. 5.23],
rather a second order expansion of the expectation Em(-, -, ), instead of the function m
itself, is needed. In the case at hand, the function m in ([I0) is just once differentiable
(a.e.) by Lemma So we have to use another way to obtain a second order expan-
sion as needed in [53], than by using the second derivative. This will be the main topic
of this subsection, which aims at the application of a modified version of the mentioned
result in [53]. The only difference between this modified version, i.e. Theorem
and [53, Thm. 5.23] is, that the assumption of twice differentiability of 6 — Em(-,-,0)
is weakened here, following an explanatory note from the author in connection with this
theorem. The conditions of Theorem EEZTO meet all requirements of the proof, given
there, i.e. it follows by the proof of [53, Thm. 5.23] without any change.

Theorem 4.2.10. For each 0 in an open subset of Euclidean space let (z,y) — m(z,y,0)
be a measurable function such that 0 — m(x,y,0) is differentable at 0y for P-almost
every (x,y) and such that, for every 0, and 0y in a neighborhood of 0y and a measurable
function m with Em? < co

im(z,y,61) — m(z,y,0:)| < iz, y)|0h — 0. (4.13)

Furthermore, assume that the map 6 — Em(-,-,0) admits an expansion

Bm(-,-,6) = Bm(-,-,00) + 5(0 — 80) V(0 — ) + ([ — 0l.c).

45



4 Known number of change points

at a point of minimum 6y with nonsingular symmetric matriz V and remainder term r,

such that
(0= _ o

lim
60—0]sc—0  |0g — O]%

IfE,m(-,-,0,) < infgE,m(-,-,0) + op(n~t) and 0, L 0, then
. 1 &
O, —0p) = -V '1— n(xi, i, 0 1).
vn( 0) \/ﬁ;m(ﬂf Yir o) + op(1)

In particular, the sequence \/ﬁ(én — 0) is asymptotically normal with mean zero and
covariance matriz V=2 Er(-, -, 0p)m(-, -, 0p)'V L.

Proof. Along the lines of the proof of [53, Thm. 2.23]. O

Now, first we want to show the Lipschitz property [I3) of 0 — m(z,y,0) for m

defined as in (EI0).

Lemma 4.2.11. Let Assumption A1 and B be satisfied and ® be an integral opera-
tor with piecewise continuous kernel operating on the set Fy. Then, for the function

m(z,y,0) in {.10) and for every 6, and 0y in © one has
Im(z,y,61) —m(z,y,0:)] < m(y, z)|01 — Oz, (4.14)
with a measurable function m with En? < co.

Proof. By Lemma the function 6 — & f(x,0) is differentiable for almost every
x € [a,b], with derivative Dy(x,0) as in (B3). From the mean value theorem it follows
for some 6 € (61, 0,), that

[2(y — ©f (2,0))Dy(x,0)(61 — 62)]
2(y + C))[Cd|61 — b2,

|m(x,y,01) - m(x7y792)‘ S
<

where we took into account, that for the constants C' and R in Lemma BZ4 vi) and i)
together with (B3)), it holds that
C=(b=a)lellck = [[2f]|o

for all f € Fy.

Defining m(z,y) = oo if x lies in the null set, where ® f(z, 0) is not differentiable and
m(z,y) = dC2|y + C| else, implies the Lipschitz condition (EIdl). Remembering that
y=®f(x,00) +e1 < C+ ||, we obtain

m(z,y) < 2d(|e1] +20)C,

almost everywhere. Since Ee} < oo, and hence Eleg;| < oo, this finally yields Er? <
0. U
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In the proof of the next lemma, we derive a second order expansion by using differen-
tiability of 6 — Em(-, -, 0).

Lemma 4.2.12. Assume that the conditions of Lemma [{.2.11 are satisfied. For the
least squares estimator 6, in [{1) of the true parameter 6y, define

Ay = (én — o)
and the d x d matriz Vi, = ED¢(-,0)Dy(-,0)" (cf. ED) and EF)), for any 0 € ©. Then
Em(-,-,0,) = Em(-,~,00) + ALVy, Ay + B(|An]),
with remainder term h, such that

_ h(|A]%)
lim A2nle) )
A0 A2, 0

Proof. As in (EIT]), we have
Em(" ) én) =0’ + E((I)f(’ 90) - (I)f(7 éN))Q = Em(" ) 90) + E((I)f(’ 90) - (I)f(7 éN))Q

By Lemma BZ4, the map 6 — ®f(z, ) is almost everywhere differentiable with deriva-
tive D¢(x,0). Thus, it follows from the mean value theorem, that for some 6,, € (6, 6,)

E(®f(-00) = ©f(-6n))° = E(A,Ds(-6,))

— E(ALDs(6,))* + [ A OE(D; (-, 60) — Dy
A2 O(E(D; (-, 0) — Dy

))l2)
)I).

Continuity of 6 + |[E(Dy(-,0))|> stated by Lemma BZ4 v), together with [53, Lem.
2.12] yields lima,,|..—o0 [E(Dy(-,00) — D¢(-,6,))|2 = 0 and the claim follows. O

'7én
'7én

The preceding lemmata show that the conditions of Theorem are satisfied.
Hence we are ready to proof the asymptotic results presented in Theorem ETT and

Corollaries ET.2, EET.4 and EET.H in Section EET2.

Theorem E.T.1]

Proof. Tt follows from definition of 6, in @) as well as from Lemma EZZ3, FZZ1T and
EZT2 that the conditions of Theorem EE2T0 are fulfilled. According to this theorem,
together with (IZ), the sequence /n(f, —0y) is asymptotically normal with mean zero
and covariance matrix

<2Vf90)71E[m<.’ " eo)m(v Y 90>t](2vf90)71 = 0’2Vf;017

which proves (7).
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4 Known number of change points

By [53, Cor. 5.53], the Lipschitz condition from Lemma EEZTT and the expansion in
Lemma yield ().

Again using the gradient Dy(z,60) in (D) (cf. B2ZD), for almost every = € [a, b], we
get a first order expansion

Df(x,00 + Ay) = Of (x,600) + AL Dy (x,6), (4.15)

with 6 € (6y,0,). Using this expansion and taking into account, that |A,]e < [Ans, we
get

(2, 00 + An) = f (@, 60) | 1a(at) < |Bnloo 50D [[Ds(:, 0)loo(b — )
€
< (b—a)COp(n~2) = Op(n~?)

where C' > suppeg i=1_all(Df(+,0))illc as in Lemma B2 Now (iii) follows from (i1).

For the proof of (iv) recall that the maps ¥ — f(x,9"), i =1, ..., k+1 are continuously
differentiable (cf. Definition ZZZ]). This, together with Lemma and skipping the
indices 0 and n for the parameter components 9 and 7;, the mean value theorem yields

k+1

R maX(Ti,ﬂ') ) . a . 2
”fO - fn”%g([a,b}) = Z/ |:(,192 - ﬂl)taﬁzf(y7’192):| dy

1 Jmin(r;—1,7i-1)

1=

k o~ ' N
+ Z |:/ (f(yv 1914_1) - f(yv 192))2171->7°idy
=1 Ti

- / Z(f(yv 192) - f(yv 192A—H))2]-7'i<7°idy:|

k
< |AR(k+1)rR2+ > ARr — 4
i=1
= O(|Auls) = Op(n2). (4.16)
Where R is defined as in Lemma BZA and 9% € (¢, 9) for i = 1,..., k + 1. O

Corollary

Proof. Due to the differentiability of A in Definition the needed derivatives in
the proof of Theorem EETTl can be calculated by application of the chain rule. Hence
Corollary follows analogously to the proofs in Subsections EE2T], and
by substituting the required derivatives respectively. Note that for the same reason the

technical results in the Appendix as in particular Lemma also apply to f(y, h(é))
0
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Corollary H.1.4]

Proof. Statements (i) - (iv) from Theorem EI] are valid for the reduced parameter
vectors 0y and 6, by Corollary LA In order to show (ZH), we skip the dependencies
of the parameter components, for the sake of simplicity and consider the pieces f(y, ¥")
instead of f(y, 9 (A)) for all i = 1,....,k + 1, keeping in mind, that for all occurring
derivatives we actually need to apply the chain rule.

Now f has a kink in 7; for all ¢ = 1,.... k. W.l.o.g. we assume, that 7; > 7;, then we
have

/ (1t 0~ §(.90) dy < / (197 = s, 0]
+ [f(ri, 0) = (i, )] + |57, ) = §(7, 0)| + [f(73, 07) — f(y,%l)Qdy.

Again using the differentiability of the map ¥ — f(y,9) as in the proof of Theorem
BT (iv), we obtain [f(7;,9") — f(7;,0%)| = O(|9" — ¥']). The term |f(r;, 9"+1) — f(7;, 0%)]
vanishes because there is a kink in 7;. Finally, remembering the definition of the modulus
of continuity v in ([EH), we get

sSup (|f(yvﬁl+1) - f(TiaﬁiJrl)L |f(7_za’l§l) - f(yv’glﬂ) = V(fa |Ti - 7A—Z|)

yE[Ti,7i]

and thus, it follows from (i), that

/n <]((y719i+1) - f(y,ﬁi)>2dy = O(n — 5 W(F, |7 — 7]) + [9F — §))?
= Op(n 2(W(F.n72)’ +n7")).

Since this holds for all i = 1, ... k, together with (EI6), this proves (ELHl). O

Corollary

Proof. (of Corollary ET.H) As described in Section Bl the function Lfj is contained
in a pe-function set Fy as in Definition with 7 (Lfo) = k, because L satisfies
Assumption D. Hence application of Theorem LTIl implies (i), (i7) and (i7i). Then (iv)
follows from (i7) analogously to the proof of (iv) in Theorem EETIl The second part of
the Corollary follows for the same reasons from Corollaries and EETA, where (iv)*
again follows from (éi) as in the proof of (EL6) in Corollary EETAl O

4.2.4 Nonsingularity of Vj

In order to prove Proposition we need the following
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4 Known number of change points

Lemma 4.2.13. Suppose that 0 # g € Ly([a,b]) and a = yo < y1 < ... < Yy, <
Ynt1 = b. Let further o(x,y) be an integral kernel fulfilling Assumption C1 or C2. For
a, B, .., Bn € R it holds

o [ et waldy+ Y Aot =0

if and only if o =0=0;, foralli=1,...,n.

Proof. We are going to discuss the two kinds of kernels separately.
Assumption C2: Define the set of real Schwartz functions as

S(R) :={f € C*(R): lxlliinoo|:p"f(m)(:p)| =0 Vn,m=0,1,2,..}.

By [9, Lem. 5.1], the native space of a kernel satisfying C2, contains the subset of all
functions from S(R) with support in [a, b],

{f € S(R) : supp(f) C [a,b]} € No([a, b]).

In particular, this implies, that for any interval [¢,d] C [a,b] there exists some test
function ¢ € N,([a,b]) satisfying supp(¥)) = [c,d]. Thus, taking into account that
191 2o(jap)) 7 O, we can choose p, 6; € S(R) such that

/ p()g(y)dy £ 0 and

p satisfies
ply) = if y € {1, ., yn} UR\[a, ]
0i(ys) # 0 and
and 0; satisfies
di(y) =0 if y € R\(Yi1,¥ir1),

for all i = 1,...,n. As elements of the native space, p and all §; for : = 1, ..., k, can be
interpreted as function by

p(y) = (P, 2, ¥))No(lat])
and
0i(y) = (6is (-, ¥)) Nt

as shown in Lemma B39 Applying the inner product of the native space (p, -)x,([a.)
to both sides of the equation

a/ o(-y)g(y)dy + Zﬁm(uyz-) =0
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4.2 Proofs

yields

b n
o / 020l o9 )y + 3 Bl o 4oty = 0.
a =1

Hence

b
a/ p(y)g(y)dy =0

and therefore o = 0, since fab p(y)g(y)dy # 0 by definition. This implies
> Bipl i) =0
i=1

applying the inner product (d;, -) A7, ([a,)), We obtain
Bibi(y;) =0 = (=0 V i=1,..n

Assumption C1: Using the expansion in Assumption C1 gives

b n b n ‘
0=a [ ety + Y fiele.) = 3 e [a JRZOLEDS ﬁiy;] |
a i=1 a i=1

jedJ

for all » € [2, £2]. By Lemma this is equivalent to

b n
a/ v g(y)dy + Zﬁzyf =0 Vjeld (4.17)

i=1

By the Miintz Theorem for C([a, b])-functions in [§, Thm. 6.2, the condition >*._,j~" =
oo implies, that the set of monomials {y?},c; is dense in C([a, b]), with respect to the
supremums norm. Since S(R) C C([a, b]), the functions p and ¢; from the first part of the
proof, can also be interpreted as uniform limit of linear combinations p(y) = > et 7
and &; = > . vy, for i = 1,..,n, with appropriate coefficients y; and v§. Hence,
together with equation (EE17), we obtain

b n A
0 = Zﬂja/ Ya)dy+ Y Y Byl
jeJ a jeJ i=1

b n
= a/ p(y)g(y)dy+ZﬁiP(yi)

b
= « / p(y)g(y)dy
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4 Known number of change points

and thus o = 0. Consequently, ([EI1) yields

i=1
and hence i )
ZVéZﬁiij = Zﬁz‘@(%) =0 Vi=1,..,n,
jeJ i=1 i=1
which again implies 5; = 0 for all i = 1, ..., 0. .
Proposition

Proof. Assume that h € R% The matrix Vi,, in (E3) is nonsingular, if

b
W'V, h = / (R'D¢(z,00))*s(x)dz =0 <« h=0.

So assume that h*Vy, h = 0. This implies [|A*Dy(x, 00)| 1, (ap)) = 0, because s > s, > 0,
by Assumption B. It follows from (B3) together with the assumptions on the kernel
¢ and Lemma B3] that the components x — (Dy(x,6p)); are at least left- or right-
continuous for all z € [a,b]. Thus h'Dy(-,6y) = 0 and equivalently

b
/a<p(-,y)' > hia%f(yﬁo)dy
i#0 mod (r+1)
N bl T b0) — f(r60) = 0. (4.19)

i=0 mod (r+1)

If f(-,600) has a kink in 7; for some ¢ = Omod (r + 1), it holds that f(7,,6y) —
f(7i,60) = 0 and the second term in (LIJ) vanishes for all h € R?, with h; = 0 for all
j # i and h; arbitrary. Thus the matrix Vj, is singular if f(-,6p) has a kink in some
change point, which shows the first part of Proposition LT3

If in contrast, f(-, ) has exactly k jumps, it holds that f(7,,6y) — f(7;,6p) # 0 for all
i =0mod (r + 1) and Lemma yields h; = 0 for all ¢ = 0 mod r 4+ 1 and moreover

b
9 _
/a o y) | > hia—ﬁif(y’%)dy =0.
170 mod (r+1)

By Corollary B:32, the integral operator associated with the kernel ¢ is injective and
thus the preceding equation yields

0
| Z hla—ezf(’ 90) =0 a.e.
17#0 mod (r+1)
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4.2 Proofs

and thus,
r 9 i
D v 50010 %0 mimamn) =0, (4.20)
J

j=1
fori=1,...,k+ 1, where we took into account, that every function f € F (cf. Definition
P27T) is continuous. That means hg_1)pi1y4; = 0, for ¢ = 1, k+1, j = 1,...,7,
if the partial derivatives a%;f(-, V) 1ir,_1 70405 J = 1,...,7 are linear independent for all
i=1,...,k+ 1, as @) claims. So we have h = 0 and thus nonsingularity of ero, if
(2 is satisfied. If conversely (B4 is not satisfied, there exists h # 0 such that (E20)
holds, which implies that Vy, is singular. Altogether, this finally proves the claim. [
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Chapter 5

Application

5.1 Confidence bands

Statement (7) in Theorem EETT] implies that the quadratic form
no (0 — 00)Vy,, (0 — 0o)"

is asymptotically distributed according to a y?-distribution with d degrees of freedom.
This is still true if o and er0 are replaced by consistent estimators 7, and Vy, , respec-

tively. Hence we are now able to determine a (1 — «)-confidence ellipsoid for 0, in R¢
by

(60 = 0)(Vy, )0 — 0)" < X3(1 - ). (5.1)

n

Here x%(1 — «) denotes the (1 — a)-quantile of the y*-distribution with d degrees of
freedom. By maximizing and minimizing f(y, 6) over 6 inside this confidence ellipsoid, we
obtain simultaneous confidence bands for fn As far as the calculation of this confidence
bands is concerned, we have to account for the fact that (depending on d) a possibly
great amount of parameters has to be dealt with. This complicates the calculation
of confidence bands for fn So we choose one of the common methods for approximate
confidence sets, such as Bonferroni, Scheffée or studentized maximum modulus statistics.
For computation of these statistics and corresponding confidence sets, we refer to the
book of Miller [39]. As our simulations show (cf. Figure (), the studentized statistic
proves to be the most advantageous in the case of discontinuities. To make this obvious,
we calculated confidence bands for the most simple example, namely for the estimator
of a step function with one jump, using the approximative statistics just mentioned and
the exact x? statistic in comparison. Therefore we generated n = 100 noisy observations
of the image ®h, of the step function

h(y) = 41,02 + 102
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T T T T
0.0 0.1 0.2 0.3 0.4 o 20 a0 60 80 100

Figure 5.1: Left: confidence bands for the estimator h,, (red) of the true step function
h (black) using Scheffée (pink), Bonferroni (green), studentized maximum
modulus (yellow) and Chi-squared (blue) statistics. Right: respective confi-
dence bands for the estimation of the operator image.

with integral operator ® as in Definition [[3, with a = 0, b = 1 and Laplace kernel
o(x,y) = 0.5 1*=l that is

1
(I)h(ZL‘) = / 0.56_|$_y|41y<0.2 + 1y20,2dy + €.
0

with normal distributed error €, with variance 2 = 0.05 and mean zero. We calculated
the least squares estimator h, defined by (ET)) and, using the covariance matrix Vy, in
(E3), obtained 0.95-confidence bands for h and ®h.

Figure B] shows, that the studentized statistic (yellow) leads to less conservative
confidence sets for the parameter estimate, than Bonferroni (green) and Scheffée (pink).
This is due to the fact, that in all three cases, the confidence sets are cuboids, which side
lengths depend on the quantiles of the distribution of the used statistic. This so called
critical value, is allways lowest for the studentized statistic, as long as the number of
parameters is lower than the number of observations (cf. [39]). So the confidence cuboids
for 6, are nested, with the cuboid of the studentized maximum modulus statistic as the
least conservative of them.

The comparison of the studentized statistic and the exact Chi-squared statistic does
not lead to similar obvious results. The reason is that the boundaries of the respective
confidence sets for én, namely cuboid and ellipsoid respectively, intersect. Hence for
further comparison, we consider the surface area of the corresponding bands, generated
by the exact and the approximative method, as a further criterion. Remarkably it is
the approximate and not the exact method, which yields the narrower bands. Figure
Bl shows, that the bands from the studentized statistic predominates even the exact
bands obtained from the elliptic confidence set. Since furthermore the confidence sets
based on the studentized maximum modulus statistic are the most straightforward to
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5.2 Example

calculate, it seems to be altogether the best choice for computation of confidence bands
of pc-functions.

5.2 Example

In this subsection we are going to discuss an application of Corollary EET4 to a prob-
lem from rheology. The aim here is the determination of the so called relaxzation time
spectrum (see [47]). The relaxation time spectrum is a characteristic quantity used in
rheology which describes the viscoelastic properties of polymer solutions and polymer
melts. Given this spectrum, it is very easy to convert one material function into another
one. Additionally, many theories are based on the spectrum or provide predictions about
its character (see for example [2€]). Unfortunately, the relaxation time spectrum is not
directly accessible by experiment. It is only possible to infer the spectrum from noisy
observations of their image under a nonlinear integral operator defined as follows (see

).
Definition 5.2.1. Let 0 <a <1 <b< oo and c # 0.

H : Ly([a,b])) — Lo([a,b)])

S

Tx?y? eTWqy.

So, we have to deal with a Hammerstein integral H = ® o £, with
boo,2,2
x7y
o = e d
1) = [ Ty

and

L) = y eI,

Note, that the exponential operator £ and the linear operator ® obviously satisfy
Assumption D in Section Bl and Assumption C1, respectively.

The function f describing the relaxation time spectrum, is known to have the inter-
pretation f(-,0) = f(log(-),0), such that f(-,6) is continuous and piecewise linear with
two kinks (see [44]). This means that f is an element of Ly as defined in (28) with
reduced parameter vector 6 = (91,91, 71,92, 7, 93) (cf. Definition EZZJ). For simplicity
we rename 0 as 0 = (bo, by, 11, b2, T2, b3). Then we have

L, = {f € Ly([log(a),log(b)]) | f(y,0) = bo + bry + ba(y — 71)+ + bs(y — )+, 0 € O},

where O is assumed to be compact. Then, the true function fo(y) = f(y, 6p), we intend
to estimate, is an element of the set

Llog = {f(y> 0) - f(log(y)v 9) | f € i‘Q}a
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5 Application

Figure 5.2: 0.95- and 0.80-confidence bands for the estimated function fn plotted against
log(y)

which obviously satisfies the conditions of Definition 222
In [47] it is assumed, that the observation model coincides with (ILTl), where Assump-

tions A1 and B on error and design are fulfilled. In the considered case this is equivalent
to the model in (L) with fy substituted by L fy, namely

yi = Hf(z;,00) + £ = OLf(24,00) +&; for i =, ..., n.

Figure [M shows n = 98 noisy observations from the operator in Definition B2l acting
on the unknown function fy € Lj,. Hence, as described in Section Bl and Corollary
EETH in Remark LTl the results for (LH) from Chapter B, can be applied to gain an
estimator for 6 and therewith for f(y, 6y). More precisely, for the least squares estimator
Lf(y,0,) = Lf(log(y),0,) of the function Lf(y,0) = Lf(log(y),0) as defined in (@),
application of Corollary EET.H yields

A D _
Vn(0, —6y) — N(0, o—2vﬁf§0), (5.2)
where ¢* = E(¢?) and Vij, € R%*® as in ({3) is taking the form

b
Vs ) = | (Deg)ia,b0)(Des)s (. 60)d, (5.9
fori,7 =1, ...,6, with gradient D, as defined in (). Applying the chain rule, we have
0 0

(Deg(x,60))i = 7-PLf (y, b0) () H f(y,b0)(x)

90, ~ 90,

b 2
= Ty cf(y,00)
- C/a 1T+ a2y @O (df (y, 00))idy, (5.4)
for i =1,...,6, where
1

log(y)
—baljer g

(log(y) — Tl)l[efl,b]
—b31 e p)

(log(y) — T2)L[em py

df (y,0) =
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n = 100 n = 1000 n = 5000

Figure 5.3: Empirical coverage probability of confidence bands for the estimated kink
function for observations with o2 = 0.01, different sample sizes n = 100,
n = 1000 and n = 5000, each with 10* simulations (red lines). The x-axis
shows the nominal and the y-axis the empirical coverage probability.

First of all, we have to check, that the matrix V. fo, 1 (B3)) is non singular. To this end,
analogously to the proof of Proposition EET.3, we have to show, that the components of
Dry(x,6p) in (BA) are linearly independent. Because of the injectivity of the operator
® (see Corollary B:32) this follows, if the components of df are linear independent, i.e.
if for 6y = (69,09, 7,09, 79, b3),

a1 — aslog(y) + [as(log(y) — 7)) — cabf]1

0
[e"1,b]
+las(log(y) = 73) — asby]l g, =0 Vy € [a,0]
implies a; = 0 for ¢ = 1,...,6. Remembering that by # 0 # b3 and 77 < 779, since
otherwise fy has less than two kinks, this is obviously the case.
Moreover, since fj is a kink function, Corollary EETH, (iv)* yields the improved rate

1 fo = FullLaas)) = Op(n~7). (5.5)

Note that the above rate in (H) follows from the fact, that the logarithm (on the com-
pact interval [a,b] € RT) as well as functions in Fj, (cf. ([Z4)) are Lipschitz continuous
and hence the modulus of continuity v(Fz,n~/?) (cf. (EF)) is of order O(n'/?).

Figure shows the estimated kink function with 95%- and 80%- confidence bands,
calculated by using a studentized maximum modulus statistic as discussed in Subsection
BTl (For details see [39, p.70ff]), from the associated data of relaxation time spectrum
(see [47]).

We evaluated the speed of convergence, i.e. quality of the approximation by the
asymptotic law from Theorem in this special example, by performing a simulation
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study (see Figure[5.3). Here we used the Operator from Definition 2Tl operating on the
space of kink functions with one kink. For n = 100 the confidence bands are very anti-
conservative. For increasing n the empirical coverage approaches the nominal coverage.
From n = 5000 the procedure begins to give reasonably useful results.
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Chapter 6

Unknown number of change points

In this chapter we consider the case, where the true function f; in ([CH) has a finite but
unknown number of change points, i.e. the case, where f; € F.. In this case it obviously
does not suffice to apply a least squares estimator as in (B1l), since then the number of
change points is likely to diverge. To avoid this, we additionally penalize the number of
change points. The resulting minimization functional is called Potts functional. For an
application of this functional in a direct problem, i.e. when ® = id in ([L3]), where the
estimated functions are step functions, we refer to [10].

6.1 Estimation and asymptotic results

We consider the minimizer f,\n of the Potts functional:
12 fr, = Y2 + At T (fr,) < in [[©f = Y[ + AT (f) +o(n™) (6.1)

where A, is a sequence of positive parameters converging to zero and for the true function
fo, the number of change points 8.7 (fy) is assumed to be nonzero (otherwise take £.7(f)+
1 in (E7) instead for technical reasons).

The next Theorem states, that for a large range of regularization parameters (\,)nen
(see [B10), the correct number of change points is estimated with probability tending to
one. That means, for large enough n, the estimators f, in @) and f,, in (1) coincide.

Theorem 6.1.1. Suppose that Assumptions A2, B and C are satisfied. Let fy € Fy
and choose {\, }nen such that

1
A — 0 and A ,ni+e — 00,

for some € > 0. Then, the minimizer f, of {Gd) satisfies

P(:7(h) =17 () — 1.
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6 Unknown number of change points

6.2 Proof

From (E7]) we obtain the basic inequality

1®fr, — ®foll2 < 2B fo — Dfrs )n + Mt T (fo) — 1T () + o(n ). (6.2)

Hence, as in Chapter ll we have to consider the behavior of the empirical process (P fo —
) f,\n, £)n- Again, we gain a bound for this process, by calculating the entropy of the
respective function space. This will be done in Subsection Subsequently, in
Subsection we introduce the proof of Theorem B TTl

6.2.1 Entropy results

We aim to calculate the entropy number of the function class
Gy :={®f € Ly([a,b]) | f € Fso }

To this end we use a result from empirical process theory in [51], which is added in the
Appendix in Section B4l Lemma BZT]

Lemma 6.2.1. Suppose that Assumptions A and A1 are satisfied. Then, for all ®f €
G = {®f € Lo([a,b]) | f € Fx}, there exists a constant Ty, independent of 47 (f),
such that

(@F.2)u] = Op(n~5)ET (2 <1 +log <T1 T I ”")) . 63)

Proof. For a fixed number of change points k, we find from Lemma for Gy as in

(X)), that

9

with d = (kK +1)r + k and a constant 7', independent of k, that satisfies T' > || g|| £, ja,0))
for all g € Gyj. Taking into account, that e(u='v/dT + 1) > e and hence log((TVd +
wyu)z < log(e(TVd +u)u=1)z < log(e(TVd + u)ut), we obtain
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§
J(6, Gy, P,) = /Hl/z(u,Gk,Pn)du
0
§
\/3/ 1+ log <w> du
0 u

= Vd [u +(TVd + ) log(TVd +u) — u log(u)]z
~ Vd ((T\/E(log(T\/a +8) — log(TVd))

451+ log(TVd + 6) — 1og(5)))
< 2e,VEI(1 + log(Terktdy),

IA

where ¢; = v/2r + 1 is independent of k. Here we used the mean value theorem to obtain
log(TV/d+ 6) —log(TVd) = 6(TVd+6)~' < §/(T+/d) for some é € (0,6). By Theorem
R there exists a constant ¢, only depending on the constant « in the sub-gaussian
error condition A1, such that

s
Vnp > ¢ (/ H1/2(u, Gy, P,)du Vv 5)
0

implies

n

=1

np?
>p) < e (- o).
2

P( sup
FEGL,|| flln<é

Consequently for all £ > 2010271_%, with 77 = T'c; it holds

P ( sup  [(f,€)n] > tVkS (1 + log (@)))

FEGy, [IflIn<s
nt?k(1 + log (Tt yy2 nt?
<cpexp [ — 5 < cexp|—— |,
&)

2
where the right hand side is independent of k. Thus

2

[(f,€)n] _ 1

sup — Op(n 2)’
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holds uniformly for all k. For all ¢ € G, this implies

(g, &)l
VEI(9) gl (1 1 log (Tl . ”g”ff”g”"))
< s [(f,€)nl — Op(n )
T ey loo [ Tv/#I@+lgll 87(9)+glln ’
1 Llote VET@lglla | 1+ 1og | ——p7r——
and the claim follows. O

Lemma 6.2.2. Suppose that the Assumptions of Lemma[GEZ1l are satisfied. Then
-3 —€ 1 €
(@F.2)u] = Op(n B |07 (5T (£)) 3042
Jor any e > 0.

Proof. By construction of T3 in the proof of Lemma it holds T} > ||®f||,, for all
f € Fo. Since furthermore §7(f) > 1, we have

1+ log (Tlvﬂj(fH”@f”") < 1+log (M) §C<1+'1Og< tiJ(f)))’

1] 1] 1]

with ¢ = log(277) > 1. Together with Theorem this implies

(@)l = Op(n™ VETD @Il <1 T log ( LI >>> . (6.4)

1Sl

Now observe, that \/z(1 + log(z)) < cz'/?*¢ for # > 1, ¢ > 0 and ¢ > max(e ', 1).
Moreover, if ¢ is large enough and x > 0, then z(1 +log(z™!) < cx!~¢. Combining these
results, remembering, that £7(f) > 1 and ||®f||,, < T3, it follows, that

TS (1+1ogBT ()2 2f1,1))
< 2T (NF0f Nl (1+108(8T (£)1) + 1T (A1l (1 + log(@f ;)
and thus
TEH@f I (14+10GT(DFIOFIY) < I0FInT (N + 8T (N[0 f

<
< (I@f]s + DRI (D f]Le
< (TE+ DRI (f)2 || @ f]|Le.

This, together with (64I), proves the claim. O
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6.2.2 Consistency
Before we start to proof Theorem the following statement is needed.

Lemma 6.2.3. Let fy € Foo and { fn}nen be a sequence in Fygzsy), with

||f0 - fn||L2([a,b]) = OP(l),
then
lim P(£T(fo) = 4T (f2)) = 1.

Proof. From the assumption || fo — fullzo(a5) = op(1) it follows that
JLI{}OP(Hfo = Jallza(apy £ p) =1forall p>0

and the claim follows by application of Lemma R 7), if additionally there exists some

p > 0 such that lim, ..o P(T (fo) = 4T (fn) | | fo = fallaap) < p) = 1. Thus, we have
to show, that there exist some p > 0, such that

17 (fo) = 4T (f) for all f € Fyg gy with [|fo = [l Loy < p- (6.5)
To this end, w.l.o.g. let §7(fo) = 1. Now we assume, that the contrary of (GH) holds,
that is for all p > 0 there exists f, € Fy7(y,), such that

fo = foll Laap) < pand §T(f,) = 0 < 4T (fo).

This means that f, € Fy for all p > 0. Since p is arbitrary we have lim, . || fo —
follaap) = 0, which implies that f, € F, converges to fy, if p converges to zero.
As shown in the proof of Lemma EL2T, the set Fy is compact with respect to the Lo-
norm and thus the limit function of f, has to be contained in Fy, which leads to the
contradiction

fo € Fy.

Now we are prepared for the proof of

Theorem [6. 1.7

Proof. Throughout the proof w.l.o.g we assume, that ¢ < 1. From Lemma and
E2), it follows that

Op(n= )|y, — Dfolln (6T (fr, — fo) 2+

(BT (fo) — T (fr,)) + o(n™h)

Op(n3)||®fy, — D folln 24T (fr,) 30+

Mt T (Fi,) + At T (fo), (6.6)

@ fr, — fol2 <

IA
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6 Unknown number of change points

where we took into account, that ), is assumed to converge slower than n~! and that
we have 17 (fo) < oo, which implies, that £7(fx, — fo) = Op(8T (frn)).

Choosing f = 0 on the right hand side of Equation (&) implies )\njjj(f,\n) <||Y|? =
Op(1) and hence, we have

17 (fa.) = Op(A1). (6.7)
We assumed that A 'n=Y/1+9 — 0, for n — oo, which gives
n~t = o(AL9). (6.8)

By Lemma we have that supcp_ || f]lc < R and thus
sup [ @ f[ln < flplloc it < 00 (6.9)
feF

Inserting (69), (1) and ES) into (GH), we obtain

|25, @holZ < op(0t )OPE I Bf, — Bfolli 1T (1)
AT (Fr) + Mt (o)
= (0p(M) = AT (Fr) + Mt T (fo) (6.10)

Since #7(fo) is bounded and by Lemma BT ii) we have (op(1) — 1)17 (fa) < Op(An).
This implies )
12fr, = @follz = Op(An)
and with Corollary B2Z6,
19 f5, = @f1IFs(ary = Or(An) +0p(1) = 0p(1): (6.11)
Again considering (E10) we find, that
0 < (0p(An) = A)8T () + AT (o),

which means )
(L+op(L)ET (fr.) < 8T (fo)-

Because £7(f) and $7(fy,) are integers, this implies P(17(fy,) < 87 (fo)) — 1 by
application of Lemma BTT] ¢i7). From Lemma E27 together with (GI1l), we obtain

1fo = Pralliagary = 0p(1), if 37 (Fr,) < 8T (fo), ie- fo, fr. € Fy()- That means, for
all p > 0 it holds, that

Tim P (Ilfo = Fulliagoay < p |87 (,) S 8T (o)) = 1
and Lemma BTT], 7) yields
1fo = FallLatiay = 0p(1).
Finally using Lemma this implies lim,, .., P (jjj(fo) = ﬂj(f)\n)) = 1, which is the

claim. O
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Chapter 7

Approximation spaces

In this chapter, we will discuss what happens if the true function fy in (CH) is not a
pe-function but can be approximated by those sufficiently well. To be more precise, f
is assumed to be contained in an approzimation space A%(F+). Such a space is a subset
of the closure of F,, whose elements can be approximated by pc-functions at a certain
rate, indicated by «. They have been studied in various contexts, as by Besov [6], who
studied approximation spaces of trigonometric functions (cf. [18, Thm. 9.1, Chap. 7,
§9]), by Butzer and Scherer [13] and Peetre and Spaar 42|, who pointed out relations
to the interpolation of operators, or by Lorenz [37], who considered the computation
of metric entropy of sets of functions. More details about approximation spaces can be
found in [1§].

For estimation we will use a least squares minimizer, which is additionally penalized
by the number of jumps and the Ls-norm of the objective function. We will show,
that in our observation model ([CH), this minimization yields a sequence of pe-functions,
which converges to the true function f, contained in an approximation space A“. That
means, it is possible to solve the ill-posed problem of reconstructing fy € A% from the
observation model in ([CH), by approximation with functions from F..

Under appropriate source conditions we furthermore determine how fast this sequence
converges. The direct problem, i.e. & = id in ([CH), has been studied by Boysen, Kempe
et al. in [10], where they considered the approximation space of step functions. They
showed, that in the direct case, penalizing the number of jumps suffices to obtain a
converging sequence of step functions. Moreover they obtain convergence rates of order
Op(Vn (2a+1)), where the regularization parameter -, is chosen such that, v, — 0 for

n — oo and y,nlog(n)™! — cc.

Considering the inverse problem in ([LH), we obtain (under a source condition) rates of

order Op()\f{/ 2(2a+1)) for the indirect problem and Op(/\%/ (2a+1)) for the direct problem,
where the regularization parameter ), satisfies A, — 0 for n — oo and \,n"/1+9 — .
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7 Approximation spaces

7.1 Definition
In order to define the approximation space with respect to a given set of pc-functions
we have to introduce some more assumptions on the function sets Fj, and F.

Assumption E. For all k¥ € N, the set Fy, (with the corresponding parameter set
O c R&+Dr+k) fulfills the conditions of Definition 2223, where additionally it holds,
that

e U =R" (cf. Definition ZZT]),
0e€Fy, Fy:= {0},
e aF;, = F,, for each a #0,

° Fk + Fk = ng.
We define F, = [J;2, F, respectively.
Note that under these conditions Fo, becomes a linear space. They are satisfied for
example if the function class F, which generates F., (cf. Definition EZZTI), consists of

polynomials of arbitrary but fix degree, such as step functions or linear functions, and
the respective pc-function spaces Fy, are free knot splines (cf. Remark EET.2).

Definition 7.1.1. Let Fy, be a set of pe-functions, which satisfies Assumption E. Then,
we define the approximation error Ax(f), by

Ak(f) = inf{llg = fllzagas) : 9 € Fila, 8]}
Further, for a > 0 the approximation space A“ = AO‘(FOO), 1s defined as

A% = {f € Ly([a,b]) : ilill) ECAk(f) < oo} (7.1)

_ In the following section, we will consider the bounded subset Foo,c C ]?‘oo, defined as
Foo,C = UZO:1 Fk,C; with

Fk,C = {f(,@) € Fk[av b] | |0|OO < C}v

where the constant C' < oo has to be chosen such that the true function f; is contained

in the closure Foo,C- Note, that by this restriction, Fk,C again satisfy the conditions of
Definition 222 such that we are in a similar situation as in the first part of the thesis.
Especially it follows from Lemma RZ2Z4] that here we also have a uniform bound

Sp | flloe < 00 (7.2
feFoo,C

and thus, there exists a constant K > 0, such that

sup [|®f[loc < (b—a)llellec sup [[fle := K < o00. (7.3)

fEFoo,c feFoo,C
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7.2 Estimate and asymptotic results

7.2 Estimate and asymptotic results

We now aim for estimating a function f; € A® from noisy observations given by the
model in (CH). To this end, we again employ the penalized least squares estimator in
(E0), that is, we intend to approximate fy by functions from F.,. The penalization of
the number of change points however, is not enough to ensure continuity of the resulting
regularization operator. But as we will show, we obtain a consistent estimator fn € Foo,Ca
as minimizer of the following extension of the Potts functional.

D fr — YHZ + AT (fn) + Nn”an%g([a,b])
< min ||®g = Y2+ X8T(9) + allgl o any +o(nh). (7.4)

geFoo,C

We use fn as abbreviation for f,\n,“n, so we have to keep in mind that the minimizer
depends on the two regularization parameters A, and fi,,.
For the estimator f,, we obtain the following asymptotic results.

Theorem 7.2.1. Let fo € A%, f, be as in (7A), \n such that X\, — 0 and \,n*/+9 —
0o for some € > 0, and pn, such that p, — 0 and AR 0 for n — .
The operator ® defined in (L3) satisfies Assumption C and the observation model (L)
satisfies Assumption A, A1 and B, with v, = Op(u,). Then

Sl

[®fo — P fullraaey = Opr(pn),

and R
an - f0||L2([a,bD = Op(l)'

Proof. Since fo € A% and since the constant C' is chosen, such that fy € Foo,Ca we can
find a sequence of functions fi, € Fy, ¢, with k, := |\, 1 (2a+1)j, such that

1 fi = SollZo(ay < O (k%) (7.5)

We use this rate to find an upper bound for the rate of convergence of ®f, and f,. To
this end, we first set g = f, in (Z4) and find

1 f0 — ®fo — el + N T (fa) + Mn||fn||%2([a,b])
<@ fr, — Pfo—ell? + Ankn + tinll i |0 qay) + 007 ),

and therefore

1@ fo = Dol < 19k, — @Soll7 + 21 (@ f — @i )l
+ Ak = 8T (£) + b fiou I Lataiy = 1 FallZs o)) +0(n ™). (7.6)
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7 Approximation spaces

By Holder’s inequality and keeping in mind that the kernel ¢ of the operator ¢ is
bounded, the first term of the right hand side can be estimated by

12 fr, = @folln < (0= a)llellZll fi, — follLqany = Ok,*). (7.7)
Moreover, setting g = 0 in ([C4]), we obtain
Ak T (fa) < 1@ foll7 + [lells < Op(1).
Hence we have £.7(f,) = Op(A\;!). Remembering that by definition 8.7 (fi,) < kn =
| A /@) | = O(A71), this means

n

8T (fa = fie) 4T (fa) + Eu = Op (A1), (7.8)
By assumption, it holds that n=/(+9\~1 — ( for n — oo. This yields the estimate
n~t = o(ALt9). (7.9)

Since 6, and 0y, are bounded by C', we can apply Corollary with e substituted by
€/2, which yields
A A ﬁ _l ~ b
2P fr = P fkns€)nl < (1T (fn) +kn)) = Op(n2)[| D fr — i, [ -
With [|®f, — ®fp, [ln < 28upfep o |Pflle < 2K from (Z3) and inserting (CF) and
([Z9), this implies

2 ¢ 1+€ 1—e

2 op(An® )O(An® )
= 0p(A)2T (f) + 0p(knAn). (7.10)
Applying (1) and (ZI0) to (ZH) now we obtain
H(I)fn - (I)fOHZ < OP()‘n)Jjj(fn) - )‘njjjA(fAn)
+Mn(||fkn||%2([a,b]) - ||f7L||%2([a,b])) + Op (k> + ky A +171)
= 1T () (0p(0n) = An) + il Fiu T atasy — 1Fall s ay) + Op (AT,

where we took into account, that k, = O(A,/®*™) and n=1 = O(\,).
From Lemma BRIl i) we obtain £7(f,)(op(An) — \n) < Op()\ia/(zaﬂ)). Hence we
can skip that term in the above equation and obtain

2@ fr = i)l < (BT (fa) + k) (2K)

12fn — @follz < Op(Aa™") + bl ful Lo sy = IallLaaiy) = Op (), (7:11)

N _2a
since || fi, 17, oz a0 | full7, (0 ave bounded by (Z2) and j,, dominates Ap™**. With
Corollary BZ8 and taking into account, that by assumption of the theorem v,, = Op(u,,),
for v as in Assumption B, this results in

19 fn = @ foll7 5 sy = Op (1),
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7.2 Estimate and asymptotic results

and proves the first claim. This can now be used to show the second one, since for all
g € Lo([a,b]) the first claim implies

(D fo — ® o, 9) Laas)] = | Fn — for @ 9) 1aaiy| = 0p(1). (7.12)

The operator ® : Ly([a,b]) — Lo([a,b]) is injective by Assumption C, ). Thus, the
range of its adjoint operator ®*(Lsy([a,b])) is dense in Ls([a,b]) (see e.g. [35, Thm.

15.8]). Therefore ([TIA) yields |(f, — fo,9) La(a)| = op(1) for all g € La([a,b]), which
we call weak convergence in probability, denoted as

fn ﬂ fO-
From (ZIII), we get

_2a ~
0 < Op(An™™) + il fralZtat)) — 1l 2o aty)

1 )\ia/(QaJrl)

and taking into account, that pu,; = o(1) by assumption of the theorem, this

gives
~ 2
1l Zoas) = 1 fenlinasy = Op(un ' A2™) = op(1). (7.13)

Finally (IZH) and (CI3), together with the weak convergence of f, vield

||fn - fOH%Q([a,bD

1ol 2w — 2(fns JO) Laa) + 1 foll T, (as)
2(fo = far Jo) Lattat)) + 1fnllZoasy — 10l Z, asp

2(fo — far fod La(an) + ||fn||%2([a,b]) — 1 fen o (0
+O(lfo = frallL2(at))
op(1). (7.14)

IA A

O

The next theorem shows, that the result of Theorem [ZZ1] can be improved, if we have
some a prioriinformation on the smoothing properties of the operator ®, more precisely,
if we know, that f, € ®*(Ls([a,b])).

Theorem 7.2.2. Assume that the conditions of Theorem [T.2_]] are satisfied, but now

we have that v, = Op(u2) and p, = O\, If additionally fy = ®*gy for some
go € Lo(la, b)), one has

||(I)fn - (I)fOHLz([a,b]) - OP()‘F)

and

1fn = follzaasy = Op(Aa""7).
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7 Approximation spaces

Proof. Tf fo = ®*go for some gy € Ly([a, b]) this yields
0 < |Ifa— folotam

< 2®fo = fn, 9o La(lak)) + ||fn||%2([a,b}) - ||fkn||%2([a,b])
+O(|| fo = frn |l L2(ap)))- (7.15)

Inserting (Z3) with &, = [An Y (QQH)j, together with Holder’s inequality, this gives
el ae)y = Ml Togaey < cll®fo = @fullLaqas) + Ol fo = frallLa(as))
= | ®fo — P fullra(an) + Or(A), (7.16)
where ¢ > 2|go|| L, (ja,p))- From Lemma it follows, that

|®f, — D follT,qay < sull®fn — @foll2 + Op(vn +n7")
~ _2a
= 5ul|®fn — @foll2 + Op(AT), (7.17)

2

with s, and v, as in Lemma B2, taking into account that v, = Op(u2) = Op(A2*™)
by assumption of the theorem.

Recalling ([CTT)) from the proof of Theorem [LZT] and applying (CI6) and ([ZId), we

have
2«

1D fr = @follToary < OPAT) + tasulll finll o an) + el Ta(as))
< Op(AE ) + ttnesul| @ fo — @ full Laas)) + Op (taXi™™")
= OP()‘F) + MnCSqu)fo - q)anLg([a,b}),

using j1, = O(A2**"). This in turn implies

F 2 2o _2a
(H(I)fn - ‘I)fOHLQ([a,b]) - %Csu,un> S OP()\ﬁoz-H) + i(sucﬂn)z — Op()\ﬁaﬂ)
and finally the first claim

||(I>fn — D foll La(ap) < Op(AZ™) 4+ O(pp) = Op (A1),
To prove the second claim, recall ([ZI3))

3 2o _a
sty = 1o Fagaay < Oplitn " ATTT) = Op(ATT).

Combining this result, with the first claim, ([Z3) with &, = O()\;l/(%‘“)) and ([Z13),
yields

1fn = fol Ty < cl®fo = @ falliagaen + 1 fullToqan) = el Zoqam)
+O(l fo = frallLa(ar))

— OP()\Tﬁ)a
which finishes the proof. O
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Example 7.2.3. (Approximation spaces of step functions) We consider the particular
instance of approximation spaces of step functions. As it was shown in [10, Ex. 2],
the class of Holder continuous functions with exponent o (0 < v < 1), is contained in
A*(T..), where T, is generated by the sets of step functions T}, from (EZ3) by means of
Assumption E. Thus, under the conditions of Theorem for the estimator f, € Too

in (IZ4), we have
1fo — fn”Lz([a,b}) = OP<)‘72Z(2Q+1) ).

Choosing « sufficiently large and ), close to n~!, then yields convergence rates, arbitrary
close to Op(n~'/%), which is the rate in the case where f; € T} for some finite k¥ € N

(see Theorem ET]T).

Example 7.2.4. (Spline approximation) We consider the set 15q,k of piecewise polyno-
mials of degree ¢ with k kinks, which satisfy Assumption E and the corresponding set
P, = Up2, Pyr- We know from [15, Thm. XII. (34)], that any function f € C?[0, 1],
0 < p < q can be approximated by piecewise polynomials of order ¢ with k kinks, with
fixed kink locations (i.e. B-splines as described in Example ELT2), at a rate of O(k~P).
Approximation with piecewise polynomials with free kink locations has to be at least as
fast as this rate. Thus C?[0, 1] is contained in the corresponding approximation space
AP = AP (15%00) of piecewise polynomials and Theorem leads to

||(I)f0 - (I)anLz([a,b]) - OP()‘F)

and

Ifo = fallagasy = Op(Aa™),

for the penalized least squares estimator f, € P, from (7).

Note, that these rates cannot be assumed to be the best possible, since approximation
by piecewise polynomials with fized kink locations cannot be expected to yield the best
upper bound for the convergence rates for approximation by piecewise polynomials with
free kink locations.

Indeed, there can be found better results. For comparison we want to mention the
paper of Cardot [14], who considered the same model as in (CH) with fo € C?[0, 1] with
similar assumptions on error and design. The spline fitting of fj is realized by minimizing
least squares with local roughness penalties and rates of order n=?/(»*1 are obtained
for the direct problem (with respect to the empirical norm), which is the limit of the
rates above for € — 0 in Theorem [C2l Convergence rates for the indirect problem are
not discussed in [14].
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Chapter 8

Appendix

8.1 The symbols Op and op

There are many rules of calculus for the op and Op symbols, which are applied without
comment (for details we refer to [53]). Here we mention some basic examples:

Furthermore, we often use the fact that

Op(l)
Op(1)
OP(]_)
Op(1)
RnOP(l)
R,Op(1)
Op(l).

X,, = Op(1) implies X? = Op(1) for p > 0.

This is a straightforward consequence of the definition of boundedness in probability,
using that f(x) = 2P is monotone for p > 0. The same holds for op instead of Op.
Finally, there are some more rules, which are more complex, given in the following

Lemma 8.1.1. Suppose that (2, %, P) is a probability space and that n € N.

i) If Ay, B, C X are sequences of events, then

lim P(A,) =1A lim P(B,|A,) =1 implies lim P(B,) = 1.

n—~o0 n—oo

n—0o0

ii) For an arbitrary sequence A, € R\ {0}, it holds that

op(1) =1 < Op(An).
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i1) If a, : Q — N is a sequence of random variables and b € N, then

an(1+o0p(1)) <b for all n € N implies lim P(a, <b) = 1.

n—~0o0

Proof. 1t follows from the conditions in ), that lim, .., P(B,|A,)P(A,) = 1 as well as
lim,, o P(AS) = 0. Hence we obtain the total probability

lim P(B,) = lim P(B,|A,)P(A,) + lim P(B,|AS)P(A%) = 1.

n—oo n—oo

In order to show i), consider a random variable X,, = op(1). If there is a subsequence
k, € N with X}, — 1 > 0 it holds, that

P([(Xe, = DA 1= 1) = P((Xk, — 1IN > 1)

as n — 00, since X, = op(1). So Xy, —1=0p(N\,). If X;, =1 <0=0p(N\,), then ii)
also follows.
Finally we want to prove #i7). From the assumption a,(1 + op(1)) < b, we obtain

a,(1+X,) <0, (8.1)
with some random variable X,, = op(1). Furthermore, the definition of op(1) yields

lim P(|X,| < (2b+1)71) =1. (8.2)

n—oo

Applying | X,| < (20+1)~! to (1) gives
an < (1+X,) 70 < 1= | X, |7 0 < (20 +1)(2b) "o =b+ L,
which means, that a, < b, since a,, and b are integers. Thus, we have

Pla, <b || X, < (20+1)"H =1

and together with (82), the claim follows from 7). O

8.2 Technical tools

The following lemmata are essential for the proofs in this thesis. They are added sepa-
rately because of their technical character. They mainly collect some properties of the
functions f € F, as in Definition and ®f € Ly([a,b]) with ® satisfies Assumption
C.

Lemma 8.2.1. Let f,g € Fx(a,b). If || f — gll1y(ap) = 0, then f and g are pointwise
identical pe-functions.
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Proof. By Definition the functions g, f € F, have finite number of changepoints
and they are right-continuous with existing left-sided limits in any y € [a,b]. Thus the
same holds for the square of the difference (f — ¢g)?, which means that ||f — g||z,(.0)
implies (f(y) — g(y))> =0 for all y € [a, b]. O

Lemma 8.2.2. Assume that g(-,0) € La([a,b]) and that 0 — g(y, 0) is continuous in 6y
for almost every y € [a,b]. Let ® be an integral operator as defined in (I3), with kernel
0 € Loo([a,b]?). Assume further that there exists a function § € Ly[a,b] and an open
neighbourhood U(6y), such that for all y € [a, b]

9(y, )| < g(y) VO cU(b).
Then, the map 0 — ®g(x,0) is continuous in Oy for all x € |a, b].

Proof. Let {0, },en be a sequence in © converging to 0y, and {g(y, 0,,) }nen the sequence
of corresponding functions. Since 6,, converges to 6y, w.l.o.g. we assume that 6,, € U(6y).
This means that for all z € [a, b] and almost every y € [a, b] one has

Tim (2, 9)9(y, 0n) = ¢z, y)9(y, b0)-

Furthermore, by assumption supy, i) [9(Y;0n)| < g(y), with g € La([a,b]) and by
dominated convergence (e.g. 4, Thm. 15.1 and 15.6]) we find

b

Jim (Dg(@,0n) — @g(w,b0)) = lim | o(@,y)(9(y, ) — 9(y; 00))dy
b
= [l ol )00 60) ~ 9080y
= 0,
for all = € [a, b]. =

Lemma 8.2.3. Let ¥ € R" and g(y,v) be a function, which is continuous in every y €
[a,b] C R and additionally continuous in V° for all y € [a,b]. Then, fora <73 <73 <b
the map

0= (7_171917 "'7197"7 7—2) — g(?/? 9) = g(yaﬁ)l[nﬁg)(y)

is continuous in 0° = (11,9°, 1), for all y € [a,b] \ {11, T2}

If furthermore there exists a neighborhood B(9°) C ©, independent of y € [a,b] such
that ¥ — g(y,9) is continuously differentiable for all 9 € B(9°) for all y € [a,b], the
map

(y,9) — g(y, V)

is continuous in [a,b] x B(9°).
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Proof. Since ¥ — g(y,9) is continuous in ¥°, we can find for every e > 0 a neighborhood
B.(9) C R", such that for all Ay, with ¥° + Ay € B.(9°)

l9(y, 9° + Ay) — g(y, )] < e.

If y ¢ {m,m»} there exist open neighborhoods U(m) and U(ry) in [a,b], that do not
contain y. Then for all A = (§;,Ay,dy) € R™™2, such that 0° + A € By, := U(ry) x
B.(99) x U(my) we have

|g<y7 '90 + A) - §<y7 '90)| = ‘g<y7 ’190 + Aﬂ)1[71+51,72+52)<y> - g<y7 ﬁo)l[ThTQ)(y)‘
= |g(y7 190 + A)]‘[TI,TQ)(y) - g(y7 190)1[7'1,7'2)(,3/” <¢g,
which proves the first claim.

If additionally ¥ — g(y, 1) is differentiable in ¥ € B(1¥°) for every y € [a,b], we have
for all ¥° + A € B(¥°), that

i 0
gy, P+ A) = g(y,9°) = > _ Al 559w ) +r(d),
i=1 ¢

with A)
. T
AT T
Furthermore y — g¢(y,?) is continuous on [a, ] and thus for all € > 0 we can find a
neighborhood U%E(y), such that for all y 4+ § € U%S(y) it holds

0.

1
|g(y700) - g(y+ 5a 190)| < gg'

a%ig(y,ﬁo)’ = ¢ > 0 define

Bi () = {0° + A € B() | |Alw < 55 and [r(A)] < Le}

and finally By := U%E(y) X B%E(ﬁo). Then, it holds for all (y + §,9° + A) € B,

lg(y +0.0° + A) = g(y, )| < gy +6,9°) = gy, )| + |Alec + [r(A)]

< 1 n 1 n 1
e+ -+ ze.
-3 3 3

.....

Bi (0°) = {9" + A € B(¢") | [r(A)] < ge} instead, will do it. O

The next Lemma presents a collection of properties of @ f(x, ) implied by the As-
sumption on the objective function f € F in Definition
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Lemma 8.2.4. Let ® be defined as in (I3) and satisfy Assumption C. Moreover assume,
that s is a density fulfilling Assumption B and that f € Fy, (c¢f. Definition[ZZZA). Then,

i) there is a constant R > 0, independent of k, such that

0
s (WOl Dl ) < R
J

ii) the map 0 — @ f(x,0) is continuous for all x € [a,b],

iii) the map 0 — ®f(x,0) is differentiable for almost every x € [a,b] with gradient
Dy(2,0) = 2f(x,0) as in €3,

iv) the map x — @ f(x,0) is Lipschitz continuous for all 0 € O, with uniform Lipschitz
constant c1 R, with constant c; depending only on the kernel o,

v) the map
|ED¢(x,-)], : ©—DR

/a ’ Dy, 0)s(a)d

0 +—

2

18 conlinuous,
vi) there is a constant C > 0, such that

sup  [[(Ds (-, 0))illoe < €.

0€0,i=1,...d

Proof. Due to Definition 2211 77) and the second claim of Lemma R23 for every f € F,
the mapping (y,d) — f(y,?) is continuous on the compact set [a,b] x U and therefore
we have a uniform bound for all f € F. Since f € Fy, is generated by functions in F this
implies that there exists a constant ¢; > 0, such that

sup || flloo = sup [[fllec < 1.
fEF feF

Similar, with g € Ly([a, b]) as in Definitions 22211, 7ii), we have

< 9l za(ap)) < c2
La([a,b])

sup  sup
fEF i=1,....k+1,
=1

.....

Lo([a,b]) feFj=1,...,r

Choosing R = max(cq, ¢) proves the first claim.
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To show the second claim, remember that 6 — f(y,#) is continuous in 6 for every
y € la,b] \ {70, ..., Tk+1} by Lemma and is uniformly bounded by R (cf. )). Hence
i1) follows from Lemma BZ2

The bound R from i) for f € Fy|a, b] together with Assumption C proves iv).

Using the bound from i) for the partial derivatives in addition with Definitions 22211
and ZZ7, yields the conditions for application of [20, Thm 5.7, Chap. IV], which claims
existence of the partial derivatives

o Ti 0 0 .

Ti—1

Furthermore, ® f(x,#) is differentiable in 7; for i = 1, ..., k by the fundamental theorem
of calculus, with

L (2,0) = ol 7) (77, 0) — (7,0)

and we obtain the gradient D = %@f(:p, 0), calculated as

| el 0)ay i#0mod (r+1),
Dy = (Dy(2,0)); = { Jo (83)
Sp(x’Tril)(f(T%’e)_f(Trj»l’e)) i=0mod (r+1).

In order to prove 7ii), we have to show, that the components of D¢(x,#) are continuous
in . Lemma B2.3 implies continuity of 6 +— 3?93]0(97 O)foralli=1,...k+1,5=1,..,r
and y € [a,b]\ {70, ...7k+1}. Thus, the integral f:f_l oz, y)

in 0 by Lemma BZ2 The map
0= o(@,7)(f(7,0) — f(7:,0)) = o2, 7:) ({7, 9") — (7, 9"))

is continuous for almost every z € [a,b], since as argued above, the pieces f(y, ") are
continuous in (y,9") € [a,b] x V. Additionally it was claimed, that the kernel ¢(z,y) is
discontinuous only in a null set. This in turn means that ® f(z, #) is continuously partial
differentiable in 6;, i = 1,...,d for almost every z € [a,b] and hence differentiable in 6
for almost every x € [a, b], which proves ii).

Statement vi) follows from (B3 together with the bound in @), by

(Di(2,0))illo < llplloc Rmax(2, (b — a)) = C.

8?93 f(y,0)dy is also continuous

sup |
0€0,i=1,...d

Finally, we again use (83)) to show v). As already shown, the components (Dy(z,6));
for i = 1,...,k, are continuous in 6, for almost every x € [a,b]. So, by dominated
convergence in the same way as in the proof of Lemma we obtain continuity of
the map 6 — E(Dy(-,0)); = ff(Df(x,G))is(:c)dx for any ¢ = 1,...,d. That means, the
Euclidean norm |EDy(-,0)|; is a sum of continuous functions and hence continuous in
0, as v) claims. O
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We often need to compare empirical norm and Ls-norm of some function. The follow-
ing result proves to be useful for that purpose.

Lemma 8.2.5. Suppose that s, v, and 6;, fori =1, ....n satisfy Assumption B and F C
Lo([a,b]) is a class of Lipschitz continuous functions, with uniform Lipschitz constant
k. Then it holds uniformly for all f € F, that

[ r@)sta)dn =13 @)+ Oplon + 7).

Proof. W.lo.g we assume that a =0 and b = 1. Let S(z) = [; s(y)dy, where s is as in

Assumption B. Note that S is strictly monotone and the inverse S—! is well defined on
[0,1]. For 0 < ¢ <d <1 we have that

S71(d)

d—c=S5(5"(d) = S(S7(c) = /Sl( ) s(y)dy > si(S7H(d) — S (c)) -

Hence S~ is Lipschitz continuous and so is fo S™! for any f € F (with constant x/s;).

.....

Consequently,
n [ RS My = )t [ ST - S8 )y
(i—=1)/n (i—1)/n
i [ ST ) - 57 - 8)dy
(

i—1)/n

and by Lipschitz continuity of fo S™! we obtain

< r/si(n"t 4 1y).

| HS Wy )
(i-1)/n

(2

Since s;, k < 00, substituting y = S~!(u), this implies

'%Zf(xi)—/o f(y)s(y)dy %Zf(xi)—/o F(S7H(w))du

< /{/sl(n_l + ),

which proves the claim, since x and s; do not depend on f € F. O

Corollary 8.2.6. Suppose that Assumption C and Assumption B are met. Let F C
Loo([a, b)) be a class of functions, such that there exists a constant cgp > || f||leo for all

f € F. Then,

Op(vn+17") + sil|Of I < 19FIIZ, oy < sull®FI7 + Op (v + 07",
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with constants sy, s, depending only on the design density (cf. Assumption B) (i.e. this
holds uniformly for all f € F). Especially this implies, that uniformly for all f € F,
with F., as in Definition [ZZ4, we have

op(1) + s FI% < NPT, any < sull FI + 0p(1).

Proof. By Assumption C, the functions ®f(z) are Lipschitz continuous for all f € F,
with uniform Lipschitz constant cgl|f||cc = cecr, With constant cg only depending on
the operator ®. Hence the functions (®f)?, f € F are also Lipschitz continuous with
uniform Lipschitz constant and application of Lemma yields

n

b
lz:(q’f(wi))2 —/ (Df(y))*s(y)dy

n <
=1

sup —O(n " +w).

feF

Finally, recalling s; < s(x) < s, for all y € [a,b] (Assumption B), this yields the first
claim. The second claim follows from the assumption v, = op(1), together with Lemma
RZ4 which yields a uniform bound for all f € F. O

Lemma 8.2.7. Assume that p1 < x < py and let {c, }nen be a sequence of real numbers,
such that the series Y -, c @™ converges absolutely on the interval [pi1, ps]. Then,

icn:p":O(:)cn:O Vn.

n=0

Proof. Due to the absolute convergence, we obtain by differentiation

o0 o0
E " =0 = E ne,z" =0
n=0 n=1

[e.9]

& Z(n + 1)cpz™ = 0.
n=0

Comparing the coefficients yields (n + 1)¢,11 = ¢, for all n € N. If 0 € [p1, po] applying
x = 0 yields ¢g = 0 and by induction the assertion. If 0 ¢ [p1, po], multiplying the
second equation above with x and subsequently comparing the coefficients again, gives
nc, = ¢,. That means ¢, = 0 for all n > 1 and therefore ¢y = 0. ]

Lemma 8.2.8. Suppose that ¢ € Lo(R) is an analytic function and f € Ly(R) has
compact support suppf = [a,b] C R. Then the convolution

- / (e — ) f(y)dy

s analytic.
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Proof. The aim is to show that for all g € R there exists an open neighborhood U(x)
and a sequence (a,)nen in R such that

| o=@y =Y ane — )"

n=0

for all z € U(xy).

Therefore, w.l.o.g we assume xy = 0. Since ¢ is analytic and [a, b] compact, there
exists a finite number of open neighborhoods U(zy), ..., U(x;), with xy, ..., x; € (=b, —a),
such that for all « = 1, ..., [, it holds that

l (3]
—b,—a QU and Za (z — ;)" for all z € U(x;).

n=0

So we can choose a partition a = 79 < 77 < ... < 73 = b such that x; € [-7;, —7;_1] and
[—7i, —Ti—1] € U(x;) for all ¢ = 1,...,1.. Hence, there exists a neighorhood U(0), such
that for all x € U(0)

x—y € U(x) for all y € [1,_1, 7],
for i =1,...,0. For any x € U(0) and all 4 = 1, ..., this means that

Slo—zi—y) = Y ay(z—x—y)
= D G (Z) (1) My + )"
= YY) vt (8.4)
k=0 n=~k

converges absolutely and uniformly for all y in the compact interval [r;_q,7;]. For the
last equation we took into account that

o0 n ) n B . o0 Z .
D ( )x’%—l)” My o) | < S Ja (] 4y + o)
n=1 k=0 k n=1

= > labl|l=l + ly + @il + 25 — ],

n=1

which converges, since by construction, it holds that |y + x;| + z; € [-7;_1, —7;] for all
y € [r;, 7i—1] and hence |z|+ |y + ;| + z; € U(z;). So we can interchange summations in

the (84).
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Finally, using that the convergence in (84) is uniformly in y € [r;_1, 7;] we can inter-
change summation and integration and get

/abqb(x—y)f(y)dy - ;/ﬂigﬁ;%(g)(—l)"k(y+x¢)nkf(y)dy

=Sy a(f)ert [ s i,

1=1 k=0 n=~k

J/

TV
—.pt
=:bi

for all # € U(0), which proves the claim with aj, = Y'_, bi..
0

Lemma 8.2.9. Assume that f € Ly([a,b]) with ||fllcc < R (R as in Lemma [§.27),
and that there exists a unique t € Fy, such that {.7) in Remark [[-17 is satisfied.
Furthermore, Assumption B holds with s = 1, i.e. xy = i/n+ 6;. For fn, the least
squares estimator from ({4.1), it holds that

1 = @ fol| 3 o)) = 0p (1)

and A
It = fallaqan) = op(1). (8.5)

Proof. By definition of fn we obtain
|©f +e— L2 < [|®f +e — Dt + 0p(n)
which yields
|©f = LIl < 1©F — Dt + 2(Dfy — Dty ) + 0p(n 7).

Since fn — t € Fy, application of Lemma gives an upper bound for the empirical
process , i.e. [(®f, — Dt,€),| = op(1). So we have

I1Bf = @falls < 19f — Dt + 0p(1)- (8.6)

Due to Corollary 26|, remembering that s, = 1 = s;, in this case, we obtain from (&8,
together with the minimization property of ¢ (1), that

1D f — D7, (ap) < 19F - ¢f7L||%2([a,bD < | f = BT, fazy) + 0r(1).

Consequently we find

1Bf — PtlZ,pasp) — 19 = @ SallZ,qaip| = 0r(1)- (8.7)
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Now assume that ¢ fn does not converge to ®t in probability. Then, we can choose a
subsequence (® f, )nen and ¢, d; > 0, such that P(||®t — ®f;, |2 > &) > ¢ for all n € N.
Since | ®f — ®t|, is the unique minimum, that means P(||®f — ®fy, |2 — || f — t][, >
dy) > ¢ for some 0y > 0. This, however, is a contradiction to (87), which proves the first
claim, that is

[Pt — D follLoap)) = 1PE — fu)llLa(as) = op(1).

According to the proof of Lemma B2, @ : Fo — ®(Fy) is a homeomorphism.
Therefore it has a continuous inverse, which yields convergence of f, to ¢ in probability
and hence the second claim.

O

8.3 Native Hilbert spaces

In order to prove injectivity of the operator ® in (L3)) under the conditions of Theorem
as well as for operators satisfying Assumption C2 we use results from the theory of
native Hilbert spaces. We will present the main definitions and some statements needed
in the proofs of these results. To find an overview on native spaces we suggest e.g. the
book of Wendland (2005) [54, Chap. 10]. A classical reference concerning reproducing
kernel Hilbert spaces is furthermore Meschkowski (1962) [38] and the very detailed book
of Berlinet/Thomas-Agnan (2004) [5].

Definition 8.3.1. Let H be a real Hilbert space of functions f : 0 — R. A function
w: Q2 xQ— R s called a reproducing kernel for H if

o(y,") €H  forall y e

and
fw)=(froy,))n foral feH andye

If in turn a symmetric positive definite function ¢ : 2 x  — R s the reproducing kernel
of a real Hilbert space H of real valued functions in ), then 'H is called the native space

of .

Lemma 8.3.2. FEvery positive definite function ¢ on a domain €0 has a unique native
space N,(Q). It is the closure of the space

M
F,(Q2) = {Zaicp(-,xi) o, e Rz € QM € N} ,
i=1

equipped with the inner product

<Zaj¢('axj)725j<ﬂ(',yk)> ZZQO T, Yk)-

N, 7=1 k=1
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The elements of N,(2) can be interpreted as functions by

f(@) = (f, (),
Proof. 4], Thm. §]. O

The next Lemma draws a connection between the native space of a kernel ¢ and the
image of the corresponding integral operator ® : Ly(Q) — Ly(Q), with compact Q C R?,
defined by

du(x) = / o(z,y)v(y)dy, v E Ly(Q), x€.
Q
Therefore, we use the following definition.

Definition 8.3.3. A continuous kernel ¢ :  x Q — C is called positive definite on
Q C R if for all N € N, all pairwise distinct X = {x1,...,xx} C Q, and all « € C\ {0}

we have
N N
Z Z ajapp(xj, ) > 0.
j=1 k=1

Lemma 8.3.4. Suppose that o is a continuous, symmetric and positive definite kernel
defined on a compact set Q0 C RY. Then the integral operator ® maps Ly(§)) continuously
into the native space N,(S2). It is the adjoint of the embedding operator of the native
space N,(Q) into Ly(R2), i.e. it satisfies

(f,0)ma@ = (f, ®U)n@),  FENL(Q), v e Ly().
The range of @ is dense in N,(£2).
Proof. [54, Prop. 10.28]. O
Lemma 8.3.5. Suppose that ¢ € Li(R%) N C(R?) satisfies
a(l+]a3) < [9(@) S eo(1+|af3)™",  zeR

with s > d/2 and two positive constants ¢ < ca. Then the native space N,(R?) corre-
sponding to p(z,y) = ¢(x — y) coincides with the Sobolev space H*(R?), and the native
space norm and the Sobolev norm are equivalent.

Proof. [54, Cor. 10.13]. O

Remark 8.3.1. For d = 1, Lemma together with [36, Thm. 9.1] implies, that
under the same decaying assumptions on the Fourier transform as in Lemma B33 it
follows that N, ([a,b]) = H*([a,b]) with equivalent norms.
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8.4 Empirical Process Theory

In this section we introduce the main results from empirical process theory as used in
the proofs of Lemma B2 and 20 There is a large amount of literature on this theory
especially on inequalities of the type of RZIl Some references are Pollard [43], van der
Vaart and Wellner [52], van der Vaart [53], van de Geer [51l], [17], and Devroye and
Lugosi [19] to mention a few.

The cited results are taken from van de Geer [51]. Note that the error condition
used in that book is weaker than Assumption A and A1, since it claims existence of
0 < Yy, 0¢9 < oo such that

lim max C2E(e5/%) < o2,

n—oot=1...n

In the following theorems G denotes some arbitrary function space.

Lemma 8.4.1. Suppose that Assumptions A and A1 are satisfied. Assume further that
G is a class of functions, with sup,cg ||9lln < R and there exists a constant ¢ depending
on Assumption A1 only, such that for all 6 > 0 satisfying

Vo > c</OR H(u,G,Qy)du Vv R) (8.8)

we have that

> 5) < CeFm (8.9)

geg 'n

1 n
P ( sup | = Y _ eig(a;)
i=1

Proof. See |51, Lem. 3.2]. O

Lemma 8.4.2. Assume that 4, ...,&, are i.i.d. with mean zero and E(e?) = 0% < oo.
Set Go(R) ={9 € G : |lgll. < R} and suppose that

1
—H(,G,.(R),P,) — 0 forall §>0,R>0.
n

Then
sup |{g,g)n| = sup eig(z;)| = op(1)
gEgn(R) gegn(R) i=1
for every R > 0.
Proof. This follows directly from the proof of [51, Thm. 4.8]. O
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