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ABSTRACT

The set of finite group actions (up to equivalence) which operate on a prism manifold M, preserve a Heegaard Klein
bottle and have a fixed orbifold quotient type, form a partially ordered set. We describe the partial ordering of these
actions by relating them to certain sets of ordered pairs of integers. There are seven possible orbifold quotient types, and
for any fixed quotient type we show that the partially ordered set is isomorphic to a union of distributive lattices of a
certain type. We give necessary and sufficent conditions, for these partially ordered sets to be isomorphic and to be a

union of Boolean algebras.
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1. Introduction

This paper examines the partially ordered sets consisting
of equivalence classes of finite group actions acting on
prism manifolds and having a fixed orbifold quotient
type. For a fixed quotient type, we show that the partially
ordered set is a union of distributive lattices of a certain
type. These lattices have the structure of factorization
lattices. The results in this paper relate to those in [1],
where those authors study a family of orientation revers-
ing actions on lens spaces which is partially ordered in
terms of a subset of the lattice of Gaussian integers or-
dered by divisibility (see also [2]). Finite group actions
on prism manifolds were also studied in [3].

Let M be a prism manifold and let G be a finite group.
A G-action on M is a monomorphism ¢ :G —Diff (M)
where Diff (M) is the group of self-diffeomorphisms of
M. Two group actions ¢:G —Diff (M) and ¢':G' >
Diff (M) are equivalent if there is a homeo-morphism
h:M —M' such that ¢'(G')=hop(G)oh", and we
let [¢] denote the equivalence class. If ¢:G —Diff (M)
is an action, let v, : M — M/¢ be the orbifold covering
map. The set of equivalence classes of actions on prism
manifolds forms a partially ordered set by defining
[¢']>[¢] if there is a covering v:M'—> M such that
Vg =V,oV.

A prism manifold is defined as follows: Let 7 =S'x S
be a torus where S' :{ze(C:|z| :l} is viewed as the
set of complex numbers of norm 1 and 7=[0,1]. The
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twisted /-bundle over a Klein bottle is the quotient space
W =TxI/(u,v,t)=(-u,v,-t). Let D’ be a unit disk
with 6D° =S' and let ¥ =S'xD’ be a solid torus.
Then the boundary of both ¥ and W is a torus S'xS".
For relatively prime integers b and d, there exist integers
a and b such that ad —bc=-1. The prism manifold
M (b,d) is obtained by identifying the boundary of V' to
the boundary of I by the homeomorphism y : 0V — oW
defined by v (u,v)= (u“vb,u"vd) for (u,v)edV =8"x
S'. The integers b and d determine M (b,d), up to ho-
meomorphism. An embedded Klein bottle K in M (b,d )
is called a Heegaard Klein bottle if for any regular
neighborhood N(K) of K, N(K) is a twisted /-bundle
over K and the closure of M (b,d)-N(K) is a solid
torus. Any G-action which leaves a Heegaard Klein bot-
tle invariant is said to split.

We describe in Section 2, the G-actions (up to equiva-
lence) which can act on a prism manifold and the seven
possible quotient orbifolds O, (3,8) for 1<i<7 where
p and O are some positive integers. For example, the
orbifold O, (B,5) is an orbifold whose underlying
space is a prism manifold with a simple closed curve as
an exceptional set of type k =g.c.d { s, 5} . The closure
of the complement of the exceptional set is a twisted
I-bundle over a Klein bottle. Section 3 gives necessary
and sufficient conditions for an orbifold of type O ( B,0 )
to be regularly covered by a prism manifold.

Let £ ( B,0 ) be the partially ordered set of equiva-
lence classes of G-actions with orbifold quotient
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O,(,6) . Define a set
D'(B,6)={(b,d)eZ" xZ" :gcd{b,d}=1b
divides ,/j’,g: 1 (mod 2),and d = or 2d = 5}.

We show in Sections 4 and 6 that the set D'(,5) isa
distributive lattice which is isomorphic as a partially or-
dered setto L'(3,5), and this implies that £ (3,5) is
also a distributive lattice. For 2<i<7, we show that
L (p,6) is isomorphic as a partially ordered set to a
union of lattices of type D'(x,y). In addition, we give
necessary and sufficient conditions for two lattices of
type D'(x,y) tobe isomorphic.

A G-action is primitive if it does not contain a non-
trivial normal subgroup which acts freely. These actions
determine minimal elements in the partially ordered sets.
We determine the primitive actions for each possible
orbifold quotient in Section 5.

In Section 6 we compute the maximum length of a
chain in the partially ordered sets L (/,5). Further-
more, if b, is the largest odd divisor of £ such that
gecd{b,,6}=1 and b, :Hl_k:lpf” is the prime decom-
position, then we show that D'(,5) is a Boolean al-
gebraifand only if / =1 forall 1<i<k.

When O, (m,n) is a prism manifold, we consider in
Section 7 a partially ordered set of non-cyclic subgroups
S(m,n) of m (O, (m,n)). We show that S(m,n) isa
lattice isomorphic to D' m,n) where the partial order-
ing on the groups is given by G, 2G, if G, is a sub-
group of G,.The meet G AG, = (GI,G2> and the join
G, v G, = G, "G, . Moreover we show that there exists a
sublattice A of S (m,n) which is a Boolean algebra,
and a lattice homomorphism S(m,n)— A which re-
stricts to the identity on A .

Section 8 is devoted to several examples which illus-
trate some of the main results.

2. Actions on Prism Manifolds

In this section we describe a set of G-actions on a prism
manifold M (b,d) which leave a Heegaard Klein bottle
invariant and their quotient spaces M (b,d)/G . We
obtain seven quotient types O, (3,5) for 1<i<7 where
p and O are some positive integers. It follows by [4]
that any G-action which leaves a Heegaard Klein bottle
invariant is equivalent to one of the actions in Quotient
type [i] for some 1<i<7,and M (b,d)/G=0,(p.,5).
By [4] these actions are completely determined by their
restriction to a Heegaard Klein bottle K. We begin by
describing G-actions on K and note that these actions
extend to all of M (b,d). We will list the actions by
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their quotient type.

Let ¥ (k) be the orbifold solid torus with exceptional
set the core of type k and let B(k)=V(k)/r be the
Conway ball, where 7:V (k) —V (k) is the involution
defined by 7(u,v)=(u,v). The Conway sphere
% =0B(k) has 4 cone points, each of order 2.

It is convenient to view the Klein bottle as the set of
equivalence classes

Kz{[ru]:l/ZSrSZ,ueSl,
|u|:1,—lu ~lu,—2u ~2u}.
2 2

1) Quotient type O,(B,5). For m=2n+1, define
actions ¢, :Z, —Diff (K) and B, :Z,, —>Diff (K) by

fod

a(1)([m])={mei'ﬂ and ﬂl(l)([ru])z{%ue““} where

1 represents a generator of the group. The quotients
K/a, and K/p are both Klein bottles. These actions
extend to the prism manifold M (b,d) and we denote
these extensions using the same letters to obtain

a,:Z, —>Diff (M (b,d)) and f, :Z,, —Diff (M (b,d)).
The orbifold quotient for these actions is denoted by
O (B,6)=V(k)u, W,, where W, is a twisted I-bundle
over the Klein bottle and y : 0V (k) — oW, is defined

p o
by ://(u,v):(u“vk,uyvk] where S and & are inte-

gers, and k=g-c-d { 5, 5} . It follows that the quotient
M (b,d)/e, is the orbifold denoted by O, (b(2n+1),d)
and the qoutient M (b,d)/p, is the orbifold denoted by
O, (b(2n+1),2d).

2) Quotient type O,(B,5). For m=2n define ac-
tions «, :Z, —Diff (K) and B, :Z,xZ, — Diff (K)

by az(l)[m]{rue"} and ﬂz(l,O)([ru])z[%u} and

T

B, (1,0)([ru])={rue"}. The quotients K/a, and K/p,

are both mirrored annuli. These actions extend to all of
M (b,d) and we obtain a, :Z,, —Diff (M (b,d)) and
fy: L, xZ,,—> Diff (M (b,d)). The orbifold quotient for
these actions is denoted by O,(,6)=V(k)uU, W,, where
W, =(Tx1)/(u,v,t)=(u,v,1—t) is a twisted I-bundle
over the mirrored annulus mA and y is defined as in Case
1. The orbifold quotient M (b,d)/er, = O, (2nb,d) and
M (b.d)/B, = O, (2nb,2d).

3) Quotient type O, (f,5). Define a; :7Z,%xZ,,,, -
Diff(K) and f,:Z,, —Diff(K) by

a, (1,0)([ru]) = [%u} .y (1,0)([ru]) = {—ruezz’i‘} , and
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T

By (1)([ru]) = {—ue“} The quotients K/a; and K/p,

are mirrored Mobius bands. These actions extend to the
prism manifold M (b,d) and we obtain o;:7Z,xZ,,,, —
Diff (M (b,d)) and pB,:Z,,— Diff (M (b,d)). The or-
bofold quotient for these actions is O,(,6)=V(k)u,W,
V(k)u, W, where W, = (Tx[)/(u,v,t) =(v,u,l—-1t) is
a twisted /-bundle over the mirrored Mdbius band mM.
The orbifold quotient

M(b,d)]ay = O, (b(2n+1)+d,b(2n+1)-d)

and

M (b,d)/B; =0

4) Quotient type O, (,B,é') . For m=2n+1, define
the action «, :Dih(Z,,, ) — Diff (K) by

a4(1,o)([m]){_mezfil} and %(o,l)([m]):Bg]

The quotient K/a, is the projective plane P? (2,2)
containing two cone points of order two. This action ex-
tends to M (b,d) and we obtain «, :Dih(Zan)—)
Diff (M (b,d)) . The orbifold quotlent is O,(8.6)=
B(k)u, W, where W, =%x1/(z,)= z,l—t) is the
twisted /-bundle over P’ (2 2) and ¥ is the homeo-
morphlsm of Z induced by w . The orbifold quotient
M (b,d)/a, =O,(b2n+1),d).

5) Quotient type O;(B,6). Define the following ac-

tions: «a; :Dih(ZZM) — Diff (K) where

a,(1,0) [ru]) = i

,(2nb+d,2nb-d) .

and o, (0,1)[ru] =[rit] ;

_ruleH-l

Bs :Dih(Z,,,,) — Diff (K') where

(
(
0)([ru]) = iue} and 4, (0,1)([ru]) =[] ;
(
0)([ru

Dih(Z,,.,)— Diff (K) where

2mi

)= rue“"*z} and ys(O,l)([ru]):[lﬁ};

7

and & :Dih(Z,,)— Diff (K) where

5, (1,0)([ru]) = _ruez":| and 5, (0.1)([ru]) = Bﬂ The

orbifold quotient for all these actions is the mirrored disk
D*(2,2) . All these actions extend to Diff(M (b,d)). If
W, =%x 1/(z,t) = (r(z),l—t) , where 7 is a reflection
exchanging a pair of cone points, is the twisted I-bundle
over D’ (2,2) , then the orbifold quotient for these ex-
tended actions is O, (3,6) = B(k)u, W, . We obtain

M(b,d)/a; =0 (b(2n+1),d),
M (b,d)/p, =

O, (b(2n+1),2d),
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M (b,d)[ys =0 (b(4n+2),d)

and
M (b,d)/8; = O, (4nb,d).

6) Quotient type O;(B,5). Define actions o, f; :
Dih(Z,,) — Diff (K) as follows:

i

a6(1,o)([m]):{%uen} and , (0,1)([ru]) =[] if
nis even,and A, (1,0)([ru])= {%uez} and

B (0.1)([ru]) :[117} if n is odd. The quotients K/a
r

and K/p; are both a mirrored disk O =D*(2) containig
a cone point of order two and two cone points of order
two on the mirror. These actions extend to the prism

manifold M (b,d) and we obtain «, B;:Dih(Z,,)—>
Diff (M (b,d )) The orbifold quotient for these actions is
denoted by O, (f3,6)=B(k)u, W, where

W,=% x[/(z,t) = (r(z),l —t) the twisted /-bundle over
the mirrored disk D*(2), and r is a reflection leaving
two cone points fixed and exchanging the other two cone

pomts The orbifold quotients M b d) /a5 and
M (b,d)/B, areboth O (bn+d bn—d).

7) Quotient type O, (ﬁ ). Define a, :Dih(Z,,) —
Diff (K) and g, :Dih(Z,xZ,,)—> Diff (K) as fol-

lows: a,(1,0)([ru])= {ruet”}, a,(0,1)([ru]) =[riz], and
$,(1,0.0)([ru]) = [_74 £,(0.1.0)([r ]){me'f} and

5, (0,0,1)([ru])=[rz] . The quotients K/, and K/p,

are both a mirrored disk O =D*(0) containig four cone
points of order two on the mirror. These actions extend to
the prism manifold M (b,d) and we obtain
a, :Dih(Z,,) - Diff (M (b,d)))
and
B, Dih(Z, xZ,,) — Diff (M (b,d)) .

If W, = le/(z,t) = (r(z),l—t) , where 7 is a reflection
leaving each cone points fixed, then W, is a twisted
I-bundle over the mirrored disk D?(0). The orbifold
quotient for these extended actions is O, (fB,6)=
B(k)u W,. We obtain M (b,d)/et; = O. (2nb d) and

M (b.d}/f, = O, (2nb,2d).

3. Prism Manifold Covers of Orbifolds

In this section we give necessary and sufficient condi-
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tions for when the orbifold O,(8,6), 1<i<7, is cov-
ered by a prism manifold. The proofs rely on Section 2.
Proposition 1. For the orbifold O, (,5,5) , there exists
a prism manifold cover if and only if either [ is odd or
0#0 (mod4).
Proof. Suppose S is odd. Then there exists a Z ;-ac-
tionon M (1,5) such that

M(1,6) > M (1,6)/Z,=0,(B.5).

If B iseven, writt f=2'S, where B, isodd. If &
is odd, then there exists a Z, -action on M (21,5)
such that

M(2,8)>M(2,8)/2, =O/(8.5).

Suppose now that f and o are both even where ¢ # 0
(mod 4). Write 6 =26, and f=2"f, where §, and
B, are both odd. Then there exists a Z,, -action on
M(Z'",50) such that

M (27,5,) > M (2",8,)/Z, =0 (2" 5,,25,).

For the converse, suppose that § and & are both even
and there is a covering M (b,d)— O,(f,5). Then ei-
ther b(2n+1)=p and d=6, or b(2n+1)=f and
2d =6 . Since [ is even, it follows that 2 divides b. In
the first case, 2 would also divide d, contradicting the
fact that b and d are relatively prime. If 6 %0 (mod 4),
then again 2 divides d giving a contradiction.

Proposition 2. For the orbifold O, (ﬂ, 5) , there exists
a prism manifold cover if and only if =0 (mod 2).

Proof. Suppose that =0 (mod 2). Write =2, .
Then there exists a Z,, -actionon M (1,5) such that

M(1,6) > M(1,6)/Z,, =0, (B.5).
For the converse, suppose that M (b,d)—O,(8,5). Then
either 2nb=p and d=3J,0r 2nb=pF and 2d=9.

Proposition 3. For the orbifold O, (ﬁ,é‘) , there exists
a prism manifold cover if and only if =0 (mod 2).

Proof. Suppose that f =06 (mod 2) and let d = #

Suppose that f+0 =0 (mod 4), and thus there exists
an integer n such that f+¢ =4n . There exists a Z,, -
actionon M (1,d) such that

M(1,d)—>M(1,d)/Z,,=0O;(2n+d,2n—d)
=0,(B.9).

If B8 %0 (mod 4), then write 2% Z 2541 for some

n. There existsa Z,;,,,, -actionon M (1,d) such that

=0 (2n+1+d,2n+1-d)

2n+1

M(Ld)—>M(1d)/Z
~0,(5.5).
For the converse, suppose that M (b,d)— O,(,6).

2(2n+1
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Then either 5(2n+1)+d = and b(2n+1)-d =5, or
2nb+d = and 2nb—d =0 for some n. Subtracting
the two equations in both cases, we obtain 2d = f-0 .

Proposition 4. For the orbifold O, ( B,0 ) , there exists
a prism manifold cover if and only if either [ is odd or
o isodd.

Proof. Since M (b,d)/a; always double covers
M (b,d) / a, , using a proof similar to that in Proposition
1 shows that there is a prism manifold covering of
O,(B.6) ifandonly if B or & isodd by [4].

Proposition 5. A prism manifold covering for the orbi-
fold O ( /)’,5) always exists.

Proof. Suppose f is an odd number. Then M (1,5)
admits a Dih(Z 5 ) -action whose quotient is O, (,6).
If  is even, we write S =2"f, where m>1, 6 =2"5,
where n>0,and S, and &, are both odd numbers. If
n=0or n=1, then M(Z'”,é‘) and M(Z’",é‘o) admit
Dih(Z i ) and Dih(Z2 o ) -actions respectively, whose

quotient space is O;(,5). If n and m are both greater
than 1, or if m=1 and n>2, then M (1,5) admits a

Dih(Z4(2mlﬂo)j or a Dlh(ZzﬁO)-actlon respectively,

whose quotient space is O, (3,6).

Proposition 6. For the orbifold O, (ﬂ,é‘) , there exists
a prism manifold cover if and only if =06 (mod ?2).

Proof. Since M (b,d)/p; double covers M (b,d)/a,
and M (b,d)/a; double covers M (b,d)/B; , the re-
sult follows by Proposition 3.

Proposition 7. For the orbifold O, (,5), there exists
a prism manifold cover if and only if #=0 (mod 2).

Proof. Since M (b,d)/a, double covers M (b,d)/a,
and M (b,af)/,B2 double covers M (b,af)/,B7 , the re-
sult follows by Proposition 2.

4. Poset of Actions on Prism Manifolds

Recall that two group actions ¢:G — Diff (M) and
¢':G'— Diff (M') are equivalent if there is a homeo-
morphism h:M — M' such that ¢':G'=hogp(G)oh™".
If ¢:G— Diff(M) is an action, let v, :M — M/p
be the orbifold covering map.

Let £ be the set of equivalence classes of actions on
prisim manifolds which leave a Heegaard Klein bottle
invariant. Now L is partially ordered by setting
[¢']>[@] if there is a covering v:M'— M such that
v, =V, ov. Note that the covering v:M'—> M is also
a regular covering.

For a pair of positive integers B and & let £ (f,5)
denote the equivalence classes of those actions whose
quotient type is £ (/3,8). Note that by Proposition 1 the
set £ (,8) is nonempty if and only if either A is odd,
or 0 #0 (mod 4). Unless otherwise stated, we assume
from now on that f and J§ are integers where either S
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isoddor 6 #0 (mod4).
Let

Dl(ﬂ,é'):{{b,d} €Z'xZ" :ged{b,d}=

b divides S ,gz 1 (mod 2)and d =0, or 2d = 5}.

It follows that D'(3,5) is a partially ordered set under
the ordering (b,,d,)>(b.d,) if b)|b and d,|d,. Let
D, (B.5) be the subset of D'(S, 5) consisting of all
ordered pairs (b,d)eD'(f,8) where d =&. Note that

D, (B,6)=D'(B.6) if & isodd. Moreover, if §¢0

(mod 2) and Bis even, then D'(f,5)=D'(B,5/2).

Proposition 8. Let (b,,d,) and (b,,d,) be elements
of the poset D' (,6',5). There exists elements (b,d) and
(b',d') in D' (ﬂ,5), such that (b,d)Z(bl,dl) and
(b,d)Z(bz,dz) , and (b',d')ﬁ(bl,dl) and (b',d’)S
(b,.d,).

Proof. Let b=gcd{b,b,}. Note that since d, =65
or 6/2 for i=1,2, it follows that if d :min{dl,dz},
then d|d,.. Thus b divides f and d is & or &/2. If
p/b is even, then it follows that 2 divides both 5, /b
and b,/b, contradicting b= g.c.d{b,b,}. Thus B/b is
odd showing (b,d) e D'(,5). Moeover (b,d)=(b,.d,)
and (b,d)>(b,.d,). Let b'=lcm{b,b,} and d'=

max {d,,d,} . It follows that /b is odd, and hence
(b',d")eD'(B,5) . Furthermore (b',d')<(b.d,) and
(0',d")<(by.,d,).
Corollary 9. D' (,6,5) is a lattice where for (b1ad1)
and (b,,d,) in D'(B.,5) thejoin
(b.d,) v (by.d,)=(gcd{b,b,},min{d,.d,}),
and the meet

(b.d,) A (by.d, ) =(Lem{b,b,} ,max{d,,d,}).

Furthermore, D) (ﬁ,é‘) is a sublattice of D' (ﬂ, 5) :

Proposition 10. Let (b,,d,) and (b,,d,) be elements
of D'(B,8) such that (b,,d,)>(b.d,). Then there
exists either a standard 7., -action o, on M (b,,d,),
or a standard 7,,-action B, on M (b,,d,), which
we denote by 6, and a regular covering

M (by,d,)—> M (b,,d,)]0 =M (b,.d,).

Proof. 1f (b,,d,)>(b,d,), then b,|b and d,|d,.
Furthermore d, =9, or 2d, =J and d, =7, or 2d, =9.

Now ]Ij—‘:m, B=0b(2n+1), and B=b,(2n +1) for

2

some integers m, n; and ny. Since b, (2n, +1) = b, (2n, +1),

it follows that (2n,+1)=m(2n, +1), and therefore m
must be odd. Since d2|d1, the only possibilities are
d =d, or 2d,=d,. If d =d,, then there exists a
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Z, -action a, on M (b,,d,) such that
M (by,dy) > M (b, d,) o, =M

If 2d,=d,, then there exists a Z
M (b,,d,) such that

M (by,d,)—> M (b,,d,)/ B =

(b,.d,).

-action B, on

2m

M (b.d,).

Proposition 11. Let (b,d) be an element of D' (ﬁ,5).
Then there exists either a standard 7.,,,,-action o, on
M(b,d), or a standard 7., 20s1) -action p, on M(b,d)
which we denote by ¢ , and a regular covering

v, :M(b,d)—>M(b,d)]p=0,(8.5).

Proof. Write §=2n+1. If d=06, then there is a

Z,,,, -action ¢, such that

M (b,d)—> M (b,d)]e;, =0,

(8.5).

If 2d =6, then there is a Z -action B, on M (b,d)

2(2n+1)
such that

M (b,d)— M (b,d)/B, =0, (B.5).

Theorem 12. For each pair of positive integers [ and
5, the poset L ( B, ) is isomorphic to the poset
D' (B.5).

Proof. Define a function f:D'(B,5)— L (B,5) as
follows: let (b,d)e D'(,5). There exists either a stan-
dard Z -action if d =0, or a standard Zz( ) -action if

o>

b

2d =5 on M (b,d), which we denote by ¢, such that
M (b,d)—> M (b,d)]o=0,(B.5).

Define f(b,d)=[p]e L (B.5).

Suppose f(b,d,)=[@]|=[p.]= S (b,.d,). Since ¢,
and ¢, are equivalent, there exists a homeomorphism
h:M (b,d,)— M (b,,d,) such that
@(G')=hop,(G)oh™. Since M(b,,d,) and M(b,,d,)
are homeomorphic, it follows that 5, =b, and d, =d,,
showing fis one-to-one.

Let [77] el ( B,0 ) . Then there exist a prism manifold

M(b,d) such that
v, :M(b,d)— M (b,d)/n=0,(p,5).

We may assume that b and d are both positive. By [4], #
is equivalent to one of the standard actions «; or S,
and M (b,d)[n =0 (b(2n+1),d) or O (b(2n+1),2d)
respectively, for some positive integer n. Therefore

gzl (mod 2) and d=06 or 2d=0.1f ¢ is either

a, or f,then f(b,d)=[p]=[n],showingis onto.
Suppose now that (b,.d,)>(b.d,). Let f(b.d,)=[¢]
and f(b,.d,)=[p,] where ¢ and ¢, are the standard
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L, (pp) a0

d j-actions respectively on M (b,,d, )
and M (b,.d,

g =1 or2. We have the coverings

Z
& ﬂ/b
) an

M (b,d,)—> M (b.d,)]p, =0,

and

M (b,d,)—> M (b,d))]e, =0

V(/>|'

By Proposition 10 there is a standard Zg( )—action o

by /by
on M(b,,d,) where £=1 or 2, and a regular covering
covering

M (by,dy)—> M (b,,d,)/0 =M (b.d,).

Bib _B
bl /bZ bl
lows that v, =v, ov,. This shows that [¢,]>[¢].

Corollary 13. £ (f,5) is a lattice.

We will now consider maximal and minimal elements
in D'(B,8). Write =2", where f, is odd. Then
the maximal element in D'(B,5) is (2",5) if 0 is
odd, and (2",5/2) if & is even. Note that if (b,d)e

Since these are standard actions and it fol-

D'(B,5), then 2" divides b and Z—bn is odd. In de-

scribing the minimal elements let b, be the largest odd
divisor of S, such that g.c.d{b,,6}=1.1If & is odd
or if n=0, then the minimal element in D'(A,5) is
(2" by, 0 ), otherwise the minimal element is (2"5,,5/2).

We say an element (b,,d,) is directly below (b,,d,)
or that (b,,d,) is directly above (b,,d,) if whenever
(b.d,)<(b,d)<(b,.d,), then either (b,d,)=(b,d)

r (b,d)=(b,.d,).

Theorem 14. Let (2"b,,6,/s,) and (2"¢,.5, /s, )

be the minimal elements in D'(f,,6,) and D'(p,.5,)

respectively where & =1 or 2, and let b, :H; pl
and c, =H;:1ql.'" be the prime decompositions. Sup-
pose one of the following holds:

1) 6, and o, are both odd.

2) o, and o, arebothevenand myn, #0.

3) 6, and &, arebothevenand m, =n,=0.

4) o, evenwith m;#0 and J, odd.

Then D'(f.6,) is isomorphic to D'(f,,5,) if
and only if k=s and after reordering m, =n, for
i=1,--k.

If 6, is odd and &, is even with n, =0, then

D'(,,6,) is isomorphic to D'(f,,5,) if and only if
k=s+1, after reordering m, =n, for i=12,---, k-1,
and m, =1.

Proof. We will first assume that 6, and &, are both
odd. Suppose [ :D'(S,.6 )—)D (,BZ, ,) is an iso-
morphism. Now (2'"0,51) and (

mal elements of D'(,.6,) and D'(p,,5,) respec-
tively, and f (2”’0 ,0, ) = (2”° ,52) . The elements directly

*,0,) are the maxi-
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below (2”’0,51) in D'(p,5,) are (2’”°p1,§1),---,

(2’"0 pk,é)'l) and the elements directly below (2"",52)
in D'(B,.6,) are (2"¢,.6,),-(2"¢,.5,). Since f
must take the elements directly below (2’"0,51) to the

elements directly below (2"“ ,0, ), it follows that k=
The elements directly above (b,,6,) in D'(f,,5,)
are listed as

(2" P T 6 ). (2" P T P60 )
GV N AR
Similarly the elements directly above (c,,d,) are
(2°q" ' T1,0q"6 ) (2" a2 T1,.,0" 6, )+
(2% 0 TLa ).
By reordering we may assume
£y L, re6) = (2040 ' T 9062
for 1< j<k . The number of clements in D'(f,,5,) is

H;(m[ +1), and this equals the number of elements in
D'(f,,6,) whichis [, (n +1). Let

D}(£.5)={(5.5) e D' (5.5):
(2 Pj"-”"H,ﬂp{”",él)ﬁ(b,ci)}~

Similarly let
D}(£..6,)={(:8) D' (5.58,):

(2”0 nj-1 mq’ ,5) (0,52)}.

It follows that f( (ﬂl, )) (,32, ,). Thus the
number of elements in D} (,31, ) which is

m 1. (m +1) is equal to n,J]. (n +1) the num-
ber of elements in D;(f,,5,).

[T..,(m +1) =TT (n +1) and
m; H#»/(ml. +1)=n, H#j(n,. +1),

Using the equations

we obtain
+1
B § (RTINS
n; _H(ml.+1)_ nj+l’
i%)
and this implies that m;, =n; for 1< j<k.

We now suppose that (2’"0 b0s51) and (2”0 c0,52) are
the minimal elements in D'(f,,6,) and D'(f,,5,)

m;

respectively, and b, :Hle pl and ¢, :H 4
the prime decompositions. If (b,5,)eD'(/,,6,), then

are
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b=2" Hk \p; where 0<s, <m,.Define
D86 =D (£,8,) by f(55)=(2"]1 .6 )

It is not hard to check that f'is an isomorphism. The proof
in cases (2) - (4) is similar.

We now assume that 6, is odd and o, is even with
no = 0. Since the argument is similar to the previous case,
we will sketch the proof. The elements directly below
(2%.,6,) in D'(B,8) are (2" p,8,), (2" pe.d))
and the elements directly below (1,6,/2) in D'(,,6,)

are (¢,,6,/2),--.(4,,6,/2),(1,8,). It follows that k=5 +
1. The elements in D'(/3,,6,) directly above (2’"" b0,51)
are

(2,,,0p1m|—1H#1pim,-’é'l)’(z’”o - IHmzp’ ’ ) o
(2”’0 . IHi;tkpimf’é‘l)’

and the elements directly above (c,,8,) are

(40 ' TT.a"6 )@ ' T1,00"65) s

(@ T )
(¢y»6,/2) . By relabeling we may assume that

/(2P T, p6)=(a) ' T1L., 46 )
for 1<j<k-1 and
72" p L, 260 ) = (c:6,/2).

Now [Tt (m +1)= ZHk_](nl.+1), and for j<k-1 we

have m, H (m +1) H’, ,(n.+1).

Using these two equations we obtain m, =n; for
1< j<k-1. The number of elements greater than or

equal to <2m0 = Hiikpl ,51) and (00,5/2) is
m[].,(m +1) and Hk_l(n.+l) respectively. Since
these two numbers must be equal, it follows that m, =1.

For the converse suppose that b, —H _, pi" where
m,=1 and ¢, =[]._ ¢" If (b, 5) is any element in

D'(A,.6,), then b=2”’°Hi:1p, where 0<s, <m,,and
5=0 orl.Let f(6,8)=([Ta"/2) i 5 =0,
and (H ! ;1,5) if 5, =1. It follows that f is an

isomorphism.

For a pair of positive integers B and &, let £’ ( B,0 )
denote the equivalence classes of those actions whose
quotient type is O, (B,6). Let

D (5.0)-]

b divides g,

b,d)eZ" xZ" :gcd{b,d}=

S R

=0 (mod 2), andd:50r2d=5}.

Copyright © 2012 SciRes.

It follows that D*(3,5) is a partially ordered set under
. . b
the ordering (b,,d,)2(b.d,) if by|b,, b—'zl (mod

2
2), and d2|d1.

The proof of the following theorem is similar to that of
Theorem 12.

Theorem 15. For each pair of positive integers [
and &, the poset L’ (B,8) is isomorphic to the poset
D*(B,5).

We will now consider the structure of the partially or-
dered set D*(B,5). Write f=2"bb where b, and
b, are both odd and b, is the largest odd divisor of [
which is relatively prime to 6.

Theorem 16. For each pair of positive integers [
and &, the poset D*(B,8) is a disjoint union of lat-
tices given by

D*($.9)

VLD (2" by, )
D' (b,,0)

UM DN(2"by,6/2)u D' (b,5) if g # 0 (mod 2)

if 5% 0 (mod 2)
if 5 =0 (mod 4)

Proof. We first assume that ¢ is odd. Note that for
1< j<m, we have (2’”’jb0,§)eD2 (8.6). 1t suffices
to show that if (2"/b,,5)> (b,d), then (2"/b,,5)=
(b,d) and hence (2"7b,,5) is a minimal element,
and if (b,d)eD’(p3,5), then (b,d)=(2""b,,5) for
some unique j where 1< j<m . Suppose (2’""’ b0,5) >
(b,d),and thus 2"/b; divides b, & divides d, and

=T is odd. Now d divides o, which implies d =9.
0

Since b divides S =2"bb and g.cd{b,56}=1, it fol-

lows that b must divide 2"b,. Write b=2")" where

b" is odd. Now ———

0

and by divides b’. Note that »=2""/p" divides 2"b,.
Thus b' divides b, showing that b'=5,, and there-
fore b=2""h,.Let (b,d)eD*(B,5).Since & isodd,
it follows that d =& . As above we have that b divides

m

being odd implies w=m— j

2" b .
2" b, . Furthermore, 5 . must be even. We may write

b=2"b" where 0<r<m-1, b' is odd, and b' di-
vides b,. Therefore (b,d)> (2’b0,5) .

We now assume that & is even and we write 6 =2"¢'
where &' is odd. There are two cases to consider: n > 2
and n = 1. Suppose first that n > 2. Now (b,,5)e
D*(B.6). We will show that (b,,5) is the minimal
clement in D?(,5). Suppose that (b,d)e D*(p,5)

and (b,),6)2(b,d) . In this case d =5 . Also since bﬁ

0
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and b, are both odd, it follows that b is odd. Since

gcd{b,6} =1 and b is 0dd, it follows that b divides b, .

Thus b=b0, showing that (b,,5) is the minimal ele-
ment. Now let (b,d)eD*(3,5). Recall that d =5 or
2d=06. If d=0, then since b and d are relatively
prime, b must be odd. Furthermore, b6 must divide b,,

and thus (b,d)>(b,,5). If 2d =5, then d :§:2”’15’

and d is even since n > 2. Now b and d=2""5" are
relatively prime, which implies that b is odd. Again we
have that b must divide b, so that (b,d)>(b,,5) . This
shows that (b,,5) is the minimal element and

D*(B,6)=D'(b,,5). We now consider the case when

n=1.Note that (2"7/b,,5/2)eD*(B,5) for1<j<m

—1and (b,,6)eD?(B3,5). We need to show that these
are the minimal elements in D*(3,5), and if (b,d)e
D?(B,5) then either (b,d)> 2””jb0,5/2) for some
unique j or (b,d)>(b,,5). The proof to this is similar
to case 1.

Remark 17. Note that by Theorem T each
UL D (2" b,,5) and D' (2" b,,8/2) is a dis-
Jjoint union of isomorphic lattices.

For a pair of positive integers f and & with >0
and B+5 even, let £ (B,5) denote the equivalence

classes of those actions whose quotient type is O, (3,5) .

Let
D3 (ﬁa5)={(b,d)eZ+xZ+ :d:%)

ﬂ+5}
—r

It follows that D*(3,5) is a partially ordered set under

ged{b,d} =1,b divides

. . b
the ordering (b,,d)>(b,,d) if b,|b and b—l =1 (mod
2
2).

Theorem 18. For each pair of positive integers 8 and
S with f>6 and p+3 even, the poset L (,B,5)
is isomorphic to the poset D’ (ﬁ,5) .

Proof. Let (b,d)eD*(f,5) and let m:%. Ob-
serve that bm+d = and bm—d =0 . There exists a
standard Z,,, -action ¢:Z,, — Diff (M (b,d)) such
that

M (b,d)]p =0, (bm+d,bm—d)=0,(p,5)
where ¢ =, if misodd and ¢ = f, if m is even. Define
f:D(B,8)—> L(B.5) by f(b.d)=[p]eL(B,5)

Suppose that (b,,d)>(b,d). Let ﬂz_f:ml and

1

ﬂz—l:é‘ =m, and let ¢ :Z,, _)Diff(M(bl’d)) and
>

Copyright © 2012 SciRes.

@, 1 L,, — Diff (M (b,,d )) be the standard actions. It

2my

b .
follows that m, =m, [b—lJ, and therefore Z,, isasub-
2

b
group of Z,, . Furthermore, (g, (1))é = (1), which

implies that [@,]>[¢] and thus f is order preserving.
The proof that f'is one-to-one and onto is similar to that
in Theorem 12.

We will now consider the structure of the partially or-

dered set D°(B,5). Write gzl”y where y is
odd. Let b, be the largest positive odd divisor of y
which is relatively prime to d = ? .

Theorem 19. For each pair of positive integers f3

and 6 with >0, f+0 even, and d:#,the

poset DS(,B,5) is a disjoint union of isomorphic lat-
tices given by

D3(ﬂ,5)={

Proof. Suppose first that f—0 #0 (mod 4) (equiva-

UL, D (2" byd) if B %0 (mod 4)
D} (by,d) if B—6=0(mod 4)

lently d is odd). Note that 2/h, divides p+o for

0< j <m, and since d is odd we have g.c.d {2"b0,d} =1.
It follows that (2-/’ bo,d) eD*(,5) and (2»’ bo,d) isa
minimal element of D' (2"b0,d). Let (b,d)eD*(pB.5).
Write »=2p" where b is odd. Since b divides

g =2"y it follows that 0<k<m and b’ divides

y . Furthermore, b’ and d are relatively prime. Since
b, is the largest positive odd divisor of y which is
relatively prime to d, it follows that b' divides b,.

Hence (b,d)eDl(Zk bo,d) for a unique k. Now sup-
pose (b,d)eDl(ZkbO,d) for some k. By assumption

d:@. Since b divides 2°b, and 2b, divides

2"y = %, it follows that b divides p+s , and hence

(b,d)e D’ (8,5).
The proof for f—5 =0 (mod4) is similar.
Corollary 20.

£(5.5)= UL, D (2" by.d) if =5 #0 (mod 4)
"D (by.d) if f—&=0(mod 4)

For each pair of positive integers f and o, let
c ( B, ) denote the set of equivalence classes of actions
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on prisim manifolds whose quotient space is O, (53,5).

Theorem 21. £'(f,8)=1D.(p.,5)

Proof. 1If [go] el (,8,5) , then ¢ is equivalent to
as :Dih(Z,,,,) — Diff (M (b,d)) for some integers n,
b, and d where S =b(2n+1) and 6 =d. Since (b,d)e
D!(B.,5), define a function f:L'(B,5)—> D, (B.5)
by f([(/)]) =(b,d). It follows easily that f is an order
preserving surjection.

For each pair of positive integers £ and o, let
c ( B,0 ) denote the set of equivalence classes of actions
on prisim manifolds whose quotient space is O ( B,0 ) .
We now consider the structure of the partially ordered set
L£(p.5). Write p=2"bb, where b is odd and b,
is the largest odd divisor of £ that is relatively prime to
0.

Theorem 22.
L (B.9)
UL, D' (27b,,6) if 0 (mod 2)and m>1
D! (,,5) if §=0(mod 4)and m>1

D'(2",,5/2) L D! (B.6)if g #0 (mod 2) and m > 1

if m=1

D' (b,,6)

Proof. Suppose that § #0 (mod 2). Let [(p] e L(B.,9).

We have a covering M (b,d)— O;(B,6)=M (b,d)/p
for some positive integers b and d. Now ¢ is equlvalent
to either of the standard actions a, y; or J;. The
action f is impossible since 6 is odd. We will de-
fine a function f:L(B,6)—>U" ODIE2’bO,5) as fol-
lows: if ¢ is equivalent to s, then b(2n+1)=2"byb,
for some n and d =& . Since b and d are relatively prime
and b, is the largest odd divisor of £ that is relatively
prime to ¢, it follows that b divides 2"b,. Thus
(b,d)eD'(2"b,,5) and we let

7o) =(ba) <D (2°1,.6).

If ¢ is equivalent to y;, then b(4n+2)=2"byb, and
this implies that b must divide 2"'5,. Thus (b,d)e
D' (2’"’1b0,5) and we define

f([0])=(b.d) D' (2"'5,.5).

If @ isequivalent to J, then 4nb=2"b)b, for some
n. Write n=2"n, where n, isodd. This implies that b
divides 2"*7?h, where 0<k<m—2. This shows that
(b,d)eD'(2""7h,,5) and we define

7o) =(0.d) e D' (2" 25,5).

We now show that f is an order preserving bijection.
Note that there do not exist integers n, n', b, and b,
such that b'(2n'+1)=2b(2n+1), or b'(2n'+1)=4nb,
or 2b'(2n'+1)=4nb, if either b divides b' or b’ di-
vides b with odd quotient. This implies that f is one-to-
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one. Furthermore if [goz]z[gol], then ¢, and ¢, are
both equivalent to either «, y; or J;. From this it
can be shown that f([p,]) > /([@]). To show fis onto,
suppose (b,d)eD' (2"b0,é') for 0<j<m.Let

J

0 =2n'+1 for some positive integer n'. If m=j,

then B =2"bb =b(2n'+1)b,, and since b, is odd we
may write J =b(2n+1). Hence there is an action

a; : Dih(Z,,,,) — Diff (M (b,d))

such that M (b,d)/as = O;(B,5), and thus f([a5]) =
(b,d). Similarly, if j=m—1 orif j<m—1, we ob-
tain actions y; and Js-actions respectively. This shows
that f'is onto.

If 6=0 (mod 4), then if m = 1 there exist only p;-
actions, and if m > 1 there exist only J;-actions. For

g;t 0 (mod 2), if m = 1 there exist only f; and p,-

actions, and if m > 1 there exist only f; and O;-actions.
If f isodd and o is even, then there exist only o

and f -actions. The proof in all these cases is similar to
the above.

For each pair of positive integers S and & with
B>6 and B+ even, let L°(B,5) denote the set
of equivalence classes of actions on prisim manifolds
whose quotient space is O (4,5).

Theorem 23. For each pair of positive integers [
and &, the poset L[° (ﬁ,&) is isomorphic to the poset
D’ (B.5).

Proof. Let [p]e L’(B,5)+1. Now ¢ isa Dih(Z,)-
action on a prisim manifold M (b,d) and is equivalent
to o, ifnisevenor pf ifnisodd. Furthermore,

M (b,d)]o=0;(bn+d,bn-d),
and therefore f=bn+d and d=bn-d . It follows
that (b,d) e D*(f3,5). Define a function f: L' (f3,5)—
D*(8,6) by f([e])=(b.d).

Let (b,d)eD’(B,5). Therefore bn:ﬁ

a-P-

75 for some neZ . This implies bn+d = f

o and

and bn—d =0 . If n is even there exists an ¢ -action,
and if n is odd there exists an g -action. Therefore f is
onto.

Let f([a])=(b.d,) and f([p,])=(b,.d,) and
suppose f([¢]) =/ ([(p2 ])- Then (b,.d,)=(b,.d,) and
hence b, =b, and d, =d,. We also have bn +d, =f
and b,n, +d, = so that n =n,. Recall that ¢ and
@, are equivalent to either an @, or f; -action. If
n, =n, is even, then both of them are equivalent to an
o, -action, otherwise they are both equivalent to a f -
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action. Hence ¢, and ¢, are equivalent showing f is
one-to-one.
If [gol] < [goz] , then there is a covering map

v:M(b,,dy)—> M(b.d,)

where d, =d,. Hence, (2n+1)b, =b, for some neZ
which shows b2|b1 is an odd number. Therefore, we
conclude (b,d,)<(b,,d,) showing f is order preserv-
ing.

For each pair of positive integers f and o, let
L' (B,5) denote the set of equivalence classes of ac-
tions on prisim manifolds whose quotient space is
O, ( B, ) The proof of the following theorem is similar
to that of Theorem 23.

Theorem 24. For each pair of positive integers f3
and &, the poset [ ( ﬁ,&) is isomorphic to the poset

D*(B,5).
5. Primitive Actions on Prism Manifolds

Let ga:G—)Diff(M(b,d)) be a G-action on a prism
manifold M (b,d) with orbifold covering map

v, :M(b,d)—> M (b,d)/p.

We say that ¢ is primitive if G does not contain a non-
trivial normal subgroup which acts freely on M (b,d )
Therefore for any nontrivial normal subgroup H of G, if

@, = 9|, : H > Diff (M (b,d)),

then M (b,d)/p, is not a manifold. In this section we
determine when an action is primitive.

Theorem 25. Let 0:Z, — Diff (M (b,d)) bea Z,-
action on the prism manifold M (b,d).

1) If 6 is equivalent to ¢, then @ is primitive if
and only if for every prime divisor p of m, d =0 (mod
p).
2) If O is equivalent to S, then 6 is primitive if
and only if b is even and for every odd prime divisor p of
m, d =0 (mod p).

3)If @ isequivalentto a, or f,,then € is primi-
tive if and only if either m =2", or if p is any odd prime
divisor of m, then d =0 (mod p).

4) If @ is equivalent to «,, then € is primitive if
and only if either m =2, or if p is any odd prime divisor
of m,then d =0 (mod p).

Proof. We may suppose € =¢,. Then m=2n+1
and if Z, is a subgroup of Z,k and 6, :9|Z/ L, >
Diff (M (b,d)), then M (b,d)— O,(bl,d) =M (b,d)/8,.

Furthermore O, (bl,d) is a manifold if and only if
ged{bl,d} =1. Assume that @ is primitive and let p
be a prime divisor of m. Consider the subgroup Z,.
Since g.cd{b,d}=1 and @ is primitive, it follows that
ged {bp,d} = g.c.d{p,d} = p. Thus p divides d. Now
suppose that every prime divisor of m also divides d and
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let Z, be a subgroup of Z, . Let p be a prime divisor
of I. Since [ divides m, it follows that p divides m. Hence
by assumption g.c.d{bl,d}#1, showing that 6 is
primitive.

For part 2), suppose that 6= 3. Then m=2(2n+1)
and if Z, is a subgroup of Z, and 6, :6|Z/ 2, >
Diff (M (b,d)) , then either /=2s+1 and

M (b,d)— O,(bl,d)=M (b,d)/6,
or /=2(2s+1) and
M(b,d)—> O, (b(2s+1),2d)=M (b,d)/6, .

Furthermore O, (b/,d) is a manifold if and only if
ged{bl,d}=1;and O, (b(2s+1),2d) is a manifold if
andonly if g.c.d{b(2s+1),2d}=1.

Assume first that @ is primitive. If p is an odd prime
divisor of m, then the same argument used in the ¢,
case shows p divides d. Now Z, is a subgroup of Z,
and we have a covering

M (b,d)—>O,(b,2d)=M (b,d)|Z, .

Since @ is primitive, O, (b,2d ) is not a manifold, and
since g.c.d{b,d} =1 it follows that 2 divides b. For the
converse suppose that b is even, and if p is any odd prime
divisor of m, then d =0 (mod p). Let Z, be any sub-
group of Z,, . If [ is odd, the proof that @ is primitive is
identical to the ¢, case. If /is even, then
gcd{b(2s+1),2d} #1, showing that @ is primitive.
To prove part 3), suppose that 6 is equivalent to «,.
Therefore m=2s and a,:Z, — Diff (M (b,d)) is

i

defined by a,(1)([ru])=|rue* | where [ru] is any

point in the Heegaard Klein bottle K and 1 denotes a
generator of Z, . If Z, is any subgroup of Z, and
a=a,|, :Z, — Diff (M (b,d)), then

2mi

a(l)([ru]) =| rue ! | where 1 denotes a generator of Z,.

We now suppose that ¢, is primitive and p be an odd
prime divisor of m=2s. Letting /= p, we obtain a
covering M (b,d)— M (b,d)/a =0, (bp.d). Since a,
is primitive g.c.d {bp,d} #1, and since
gcd{bp,d}=gcd{p,d},it follows that p divides d.

Suppose m=2".Then [/=2" and

a(l)([ru]):[ruezt] :[mezt1 } Now K/a is a mir-

rored annulus, showing that M (b,d )/a is not a mani-
fold, and thus ¢, is primitive. Suppose now that m # 2",
and if p is an odd prime divisor of m, then d =0 (mod
p). Assume there is a covering

M (b,d)— M (b,d)/a=0O,(bl,d) (Note that the quo-
tient space cannot be O (bl,2d) by definition of «,
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and f,). It follows that / is odd. Let p be any odd prime
divisor of /. It follows that p divides m, and hence by
assumption p divides d. Thus g.c.d {bl,d}#1, showing
a, is primitive.

We now suppose that 0= ;. In this case m=4s
and B, :Z, —Diff (M (b,d)) where

i

By (1)([ru]) = {lueh} .If Z, is asubgroup of Z, , let
r

B =P\, :Z, > Diff (M (b.d)). Assume first that ¢ is

primitive. Suppose p is an odd prime divisor of m and
consider the primitive subgroup Z, of Z,. Here /= p,

2mi

and since 2% is even we have ﬂ(l)([ru]):{rue” }
p

Since S is a primitive ¢, -action on M (b,d), it fol-

lows by the above that d =0 (mod p). Now suppose

m=2" and let Z, be a subgroup of Z,. Then [=2'

m

and ,B(l)([ru]):[rueztl]. In this case S is an «a,-

actionand M (b,d)/ is not a manifold.
Now suppose that every odd prime divisor of m also
divides d. Let Z, be a subgroup of Z,. If / is odd, then

2mi

% is even and ﬁ(l)([ru]) ={rue’:| which is an ¢, -

action. The result follows by the above that £ is primi-
tive, and thus & is primitive. Now suppose / is even. If

2mi T
% is even then ﬂ(l)([ru]) = {ruel} = |:rue’l, which

isan a,-action; and if n is odd then

2mi L
A)([ru]) = {lue ! } = {lue v }, which isa 3, -action.
r r

In either case the quotient is not a manifold. Hence € is
primitive.

We now prove part 4) and suppose € = «, . Therefore
m=2(2n+1) and @, :Z,,,., — Diff (M (b,d)) where
2mi

a, (1)([ru]):{%uez"“] If m=2, then K/a; is a

mirrored Mobius band and the action is primitive. So
suppose that m #2. Assume first that ¢, is primitive
and let p be an odd divisor of m, and hence p divides
2n+1. Consider the subgroup Z, and let
a=ay, :Z,— Diff (M(b,d)).
4mi

Then a(l)([ru]):{rue”}, and we have a covering

M(b,d)— M(b,d)/a = O (bp,d). Again as above since
a, is primitive, p must divide d.
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We now suppose that for each odd prime divisor p of
m, d=0 (mod p). Let Z, be a subgroup of Z . If/
is odd we obtain a covering
M (b,d)— M (b,d)/Z, =0, (bl,d), and as above if p is
a prime divisor of / we obtain g.c.d {bl,d} #1. Thus the
action is primitive. If / is even then /=2(2s+1), and

2mi

if :a3|Z[ then a(l)([ru])=[%ue““} In this case

M(b,d)/Z, =0, (bl,d) , which is not a manifold show-
ing that the action is primitive.

Proposition 26. Let 6:Z,xZ,, — Diff (M (b,d))
be an action on the prism manifold M (b,d ) where
m>2.Then @ is primitive if and only if either m =2",
or if p is any odd prime divisor of m, then d =0 (mod
p)-

Proof. We may assume that 8= f,, and therefore
,82|sz =a, . Suppose that £, is primitive. This implies

that «, is primitive and the result follows from Theo-
rem 25. Now suppose that either m =2", or if p is an
odd prime divisor of m, then d =0 (mod p). Note that
this implies by Theorem 25 that «, is primitive. Let H
be a subgroup of Z,xZ,, and f= ﬁ’2|H. If

Hm(Z2 x{l}) #1, then M(b,d)/ﬁ is not a manifold.
So we may assume that H ~(Z,x{1})=1, and hence /
is a subgroup of Z,,. Since a, is primitive, M (b,d)/S
is not a manifold showing that £, is primitive.

Proposition 27. Let 0:7,xZ, — Diff (M (b,d)) be
an action on the prism manifold M(b,d). Then 6 is
primitive if 0 is equivalent to either y;, Py or o,.If
0 is equivalent to B, or p, then 6 is primitive if
and only if b=0 (mod 2).

Proof. If 6 is either y,, B, a,, p, or ps, then
any subgroup of Z, xZ, restricted to a Heegaard Klein
bottle K is a product of the following homeomorphisms
where [ru]eK : [ru]—)[rue"q, [ru]—[rit], and

1 . . .
[ru] — | —u |. The only fixed-point free action on K is
r

. G ..
the homeomorphism [ru]—)[—ue’"] By definition of
r

¥s, Bs or a,, they do not contain this homeomor-
phism, and hence they are primitive. But the actions S,
and S, do contain this Z, subgroup and we obtain a
covering M (b,d)— M(b,d)/Z2 =0 (b,2d). Since
O (b,2d) is a manifold if and only if 2 does not divides
b, the result follows.

Proposition 28. Let 0:Dih(Z,,)— Diff (M (b,d))
be an action on the prism manifold M (b,d) form > 2.

1) If @ isequivalent to either o, or «,,then @ is
primitive if and only if for every prime divisor p of m,
b=0 (mod p).

2) If @ is equivalent to S, then & is primitive if
and only if b is even and for every odd prime divisor p of
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m, d =0 (mod p).

3) If @ is equivalent to either y;, J&;, a4 or a,,
then @ is primitive if and only if either m =2", or if p
is an odd prime divisor of m, then d =0 (mod p).

4) If 6 is equivalent to S, then @ is primitive if
and only if either m =2 or, if for each odd prime divi-
sorpofm, d=0 (modp).

Proof. We may assume € is either «, or s, and

thus m=2n+1 and 0|, =¢,.1If 6 is primitive, then
0|, =c is primitive, and the result follows by Theo-

rem 25. For the converse, suppose that H is a subgroup of
Dih(Z,)=Z, o Z,. If HNZ, =1, then M (b,d)/H

is not a manifold. So we may assume H NZ, =1, and
thus H is a subgroup of Z, . Hence H =7, for some /
with / dividing m. By Theorem 25, ¢, is primitive, and
so M(b,d)/H is not a manifold. Thus e, and a;

are primitive. The proof for the other cases is similar to
Theorem 25.

Proposition 29. Let

0:Dih(Z,x Z,, ) — Diff (M (b,d)))

be an action on the prism manifold M (b, d )

1) If m>2,then @ is primitive if and only if either
m=2", or if p is any odd prime divisor of m, then
d =0 (mod p).

2)If m=1,then @ is primitive if and only if =0
(mod 2).

Proof. We may assume that 6 = £, . Since
/37|Zz%m = f,, using Propositions 26 and 27, a proof

similar to that used in Proposition 28 proves the result.

6. Lattice Structure

In this section we compute the maximum length of a
chain in the partially ordered sets £ (/4,5). In addition,
we give necessary and sufficient conditions for D'(3,5)
to be a Boolean algebra.

Theorem 30. Let (b,,d,) and (b,,d,) be elements
of Dl(ﬂ,5), and so di =06, where ¢, is 1 or 2 for
i=12. Suppose (bz,dz)z (bl,dl) . Then b, divides
b and &, 2¢.

1) If & >¢, then there exists (b,d) in D'(B,5)
such that (b,,d,)>(b,d)>(b,.d,).

b . .. .
2) If & =¢,, then —- is prime if and only if there

2
does not exist (b,d) in D'(S,5) suchthat (b,,d,)>
(b,d)>(b.d,).
Proof. Since (b,d,) and (b,,d,) are elements of
D'(B,6) for i=1,2, it follows that g.c.d{b,.d,}=1,

b, divides /S, b£=1 (mod 2), and d,s; =5 where

i

& =1 or 2. By the definition of (b,,d,)>(b,.d,), we
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have b,|, and d,|d,. Now D5 hich implies
d, &

£, 2¢8.

Suppose &, >¢& . Thus ¢,=2 and & =1, hence
2d, =d, . Now (b,,d,)eD'(5,5) and
(by.dy)> (b, dy) > (b.d,) showing (1).

We now suppose that ¢, =¢,, and thus d, =d,. Sup-
pose there exists (b,d) in D'(B,5) such that
(by,dy)=(b,d)>(b.d,). It follows that d, =d =d,,

b b b

b,|b and b|b, . Therefore i-—lz—l. Note that —-
b, b b b,
is prime if and only if either (b,d) equals (b,,d,) or

(b.d,).
Corollary 31. Let [(pl] and [(02] be elements of
L(B.6), such that @ :7,, —>Diff (M (b,d)) and

¢,:Z,, —>Diff(M(b,.d,)) where m; is odd and &,

is either 1 or 2. Suppose [g)z] >[¢1]. Then b, divides
b and &, 2¢, .

D If ¢ =2 and & =1, then there exists
[(p] el (ﬁ,é‘) such that [goz] > [go] > [wl].

) If ¢ =¢, and Z—l is prime, there exists no
2
[(p] el (ﬁ,é‘) such that [goz] > [go] > [wl].

Recall that the maximal element in D'(f,5) is
(2",5) if & is odd, and (2",5/2) if & is even. To
obtain the minimal element let b, be the largest odd
divisor of S such that g.c.d{b,,6}=1. The minimal
element is 2”b0,§) if either 6 is odd or if n=0,
otherwise the minimal element is (2" by,5/ 2) .

Theorem 32. For the partially ordered sets L (ﬁ,é)
where 1<i<7 and i#3,6, let f=2"p"py - p}*
and & =2"p/" py?---p/* be the prime decompositions.
Let b, be the largest odd divisor of B relatively prime
to 8. Thus, b,=plp2---pk where [,=0 if and
only if min{nj,mj}>0 and [, =n; if and only if
min nj,mj}=0. Then the following chart gives the

length of a maximum chain in each L (ﬁ,é‘).

The maximum length of a chain

Ordered set Conditions Max. length
£(p.0). £(p5). ‘
. . 6#0 (mod?2) AR
L (ﬂ,é) (Z )
L£(p,8), L(pB,9), §
) 6=0 (mod?2) ALY
L (ﬂ,g) (Z )
L£'(,6) none (Z;L)H
5 6#0 (mod2)andn=0 k
£(s.0) orn>1 (z”‘l)-'—l
L(B,5) 5=0 (mod2andn=0 (Y. 1)+2
APM
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Proof: We will consider first £ (,5). Since L (3,5)
is isomorphic to D' ( B,0 ) we will prove the result for
D'(3,5). Suppose that fand & are both even, and thus

(by,5/2) and (2",5/2) are the minimal and maximal

elements of D' (B,5) respectively. We may construct a
chainin D'(p,5)

(by-0/2) <(bypi'6/2) < (Bypi?,8/2) <+
<(bp.8/2) << (2" p,,0/2) < (27.5/2)

such that dividing any two consecutive first coordinates
yields a single prime in the prime decomposition of 5, .
Now the length of this chain is (z;li)+l. Since any
maximal chain must contain both the minimal and
maximal elements, it follows by the above theorem that
this is a maximal chain. The other cases for D'(/,5)
are similar.

For the case £'(f,5) note that £’ (f,5) is iso-
morphic to D’ ( B, ) , which by Theorem 16 is equal to
VLD (2" by,5) if §#0 (mod 2); D'(b,,8) if §=0

(mod 4); or D' (2" b,,5/2)LD' (b,58) if g;& 0

(mod 2). By Remark 17 each u;’.’:lD1<2m’j b0,5) and
D' (277 b,.5/2) is a disjoint union of isomorphic
lattices. The result now follows by applying the above
D'(B.5) case.

By Theorem 21, L£'(3,6)=D.(B,5).1f & is odd then

D, (B,5)=D'(B.5), and the result follows by the above.

If & is even, then a chain in D, (,5) can be con-
structed as the above where the second coordinate is re-
placed by 6 proving this case also.

By Theorem 22, £’(f3,5) is isomorphic to
UL, D' (2by,5) if 6#0 (mod 2) and m > 1; D! (b,,0)
if 5=0 (mod 4) and m > 1; D'(2"b,,6/2)UD!(.5)

if g#o (mod 2) and m > 1; or D'(b,,5) if m=0.

Using the above results, the first three cases give the
maximum length of (Zf:11;)+1~ When m=0, then

there is no restriction on & . Thus the maximum length
is (X0,4)+1 if & is odd and (X} 4)+2 if & is

even.
For the remaining case, it follows by Theorem 24 that

L' (p,8)=D*(B,5), which in turn is isomorphic to

L*(,5) . The result now follows by the above.
Theorem 33. For a pair of positive integers 3 and

o with f>6, f+06 even, let ’825:2'”;/ where

y isodd. Let b, be the largest odd divisor of y rela-

tively prime to d=’8 and let y=2"p/'p;---pk

and §=2"p{ p?---pl be their prime decompositions.
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Thus, b, = plip2---pk where [,=0 if and only if
min{sj,tj} >0 and |, =s,; if and only if min{sj,tj} =0.
For the partially ordered sets £3(/5’,5) and 56(/)’,5)

the maximum length of a chain is (Zil l[.)+1 .

Proof:. By Theorems 18 and 23 it follows that £’ (3,5)
and L£°(B,5) are both isomorphic to D*(,5), which
is equal to u;'.’:lD'(Z’”’f bo,d) if B—5#0 (mod 4) or
D! (,8,5) if f—0=0 (mod 4). In both cases the maxi-
mum length is (Z; [ ) +1.

A lattice L is a distributive lattice if for any a, b, ¢ in L,

an(bve)=(anb)v(anc).

Proposition 34. D' (ﬂ,&) is a distributive lattice
where for (b,,d,) and (b,,d,) in D'(B,5) the join

(b.d,)v (by.d,)=(g.cd{b,b,},min{d,.d,})

and the meet

(b.d,) A (by.d,) = (Lem{b,b,} ,max{d,.d,}).

Proof. By Corollary 9, D'(f3,5) is a lattice. A com-
putation using the following equation

max{l,min{m,n}} = min{max{l,m} ,max{l,n}}

for any positive integers /, m and n, shows that D'(3,5)
is a distributive lattice.

Remark 35. If we represent the minimal element by
(2" b0,5/8) and the maximal element by (2”,5/5) where
& 1is either 1 or 2, then for any element
(2"b,d)e D' (B.5) we have

(2"b,d)v(2"b,.6/¢)=(2"b.d)
and
(2"b.d) A (2".5/)=(2"b.d).

A lattice (B,A,V) is said to be a Boolean algebra if
the following hold:

1) B is a distributive lattice having a minimal element
0 and a maximal element 1.

2)Forevery aeB, avO=a and anl=a.

3) For every ae B there exists a'eB such that
ava' =1 and ana =0.

Proposition 36. For the partially ordered set D' (f3,5)
let b, be the largest odd divisor of f such that

ged{b,,6}=1 and let b, :H; p be the prime
decomposition. Then (Dl (ﬂ,5),/\,v) is a Boolean
algebra ifand only if I, =1 forall 1<i<k.

Proof. Suppose that /, =1 for all 1<i<k. By Remark

35 above and Proposition 34, it remains to show (3) of
the definition. Let (2"4,d,) e D'(8,5). Now 2"b|2"b,
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and so let b, :Z—O. Observe that g.c.d{b,b,} =1 and

1
Lem{b,b,} =bb, =b,. If either n#0 and & is even,
orif § isodd, then all the elements in D' ( B,0 ) have
the same second coordinate—either /2 in the first
casc or O in the second case. In this case

(275 d ) A (2"D,.d, ) =(2"Dy. )

and (Z”bl,dl)v (2" b,.,d, ) = (2",0’1 ) . The remaining case
is n=0 and § even. If d, =& then let d,=45/2,
and if d, =6/2 welet d, =6 .1t follows that

(2" b,.d, ) A (2" b,, dz) gives the minimal element and
(2” b, d, ) v (2" b,.,d, ) gives the maximal element.

We now suppose that (Dl (ﬂ,5),/\,v) is a Boolean
algebra. Suppose there exists an /, >1. The minimal
clement in D'(f,5) is (2"b0,5/5) where & is either
1 or 2. Now (2”b0p,71,5/5) is an element of D'(f,5)

and (2"b0p;.1,5/g)>(2"b0,§/5). There exists a com-

plement (2" b,d ) such that
(2"b,d)A(2"Byp;',5/2) = (2", 6/¢)

and so Lem{b,p;',b} =b,. It follows that p; divides b.

We also have (2"b, d ) v (2" b, p;l) equal to the maximal

element (2" , 5/3), andso g.c.d {Z"b,Z"bop;'} =2" . But

since [, >1, it follows that p; divides b, p,‘,l, giving a
contradiction.

Proposition 37. Let I=(b,,d,){ be an ideal of a
lattice. D' (B,5) such that (b,,d,) is directly below
(2”,d ) which denotes the maximum element in the lattice.
If (b,d,)A(by,d,))el, then (b.d))el or (b,,d,)el
and 1 is a maximal ideal.

Proof. Let (b,d,)A(b,,d,)el=(b,,d,)¥ . Suppose
both (b,,d,)el for i=1,2. Since there is no element
between (b,,d,) and (2”,d), we have
(bod,)v (byody) =(2".d), where g.c.d(b,,h,)=2" for
i=1,2. This says that b, and b, do not have a com-
mon odd prime divisor for i=1,2.

On the other hand, (b;,d,)A(b,,d,)<(b,.d,) so that
by|lem{b,b,} . Since b, and b, do not have any
common odd prime divisors, this forces b, =2". As

(by.dy) = (2”,do) is not the maximum element, d, =2d.

This result is possible only when the second coordinate is
allowed to have an even number, otherwise it would be
contradiction. Note that the second coordinate is an even
number so that we must have n=0, and hence
(by»dy)=(1,2d). In addition, both b, and b, must be
odd numbers. Now, (b,d,)A(b,,d,)<(by.d,) implies
d, =2d should divide max{d,,d,}. It follows that at
least one of d, must be equal to 2d . We may assume
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d,=2d and thus (b,d )=(b,2d). Since b is an
odd number and b, =1, this shows (b,d,)<(b,.d,)
telling us (b,,d,) eI, which is a contradiction.

Remark 38. The converse of Proposition 37 is false.
For example, consider D' (45,1 l). (9,1 1) s a prime
ideal but not maximal.

Corollary 39. Let I =(b,,d, )\ be an ideal of a lattice
D'(B.0) such that (by.d,) is directly below (2".d)
which denotes the maximum element in the lattice. Let
L= {0,1} be a lattice where the partial ordering on L is
defined by 0<1. Then the following are true and
equivalent.

1) [isaprime ideal.

2) D'(B,8)-1 isaprime filter.

3) There is a homomorphism ¢: D' (/5’,5)—[ with
I=¢7"(0).

Proof. Condition (1) follows by Proposition 37, and
conditions (2) and (3) follow by lattice theory (see for
example [5]).

Proposition 40. Let I=(b,,d,){ be an ideal of a
lattice D' (ﬂ,5) and (2",d denotes the maximum ele-
ment in the lattice. Suppose that if (b,,d,) A (b,,d,) €,
then (b,d,)el or (b,,d,)el. If D'(p,5) is a Boo-
lean algebra, then I is maximal and (b,,d,) is directly
below (2",d).

Proof. Since D' (ﬂ,5) is a Boolean algebra, / is
maximal. If (b,,d,)<(b',d") < (2",d) , then
(by,dy) Y= (b',d") L . This shows (b,.d,)=(b',d").

7. Group Lattice Structure

Let m and »n be relatively prime integers with »n>1. De-
fine the group m(m,n) to be

Tt(m,n) = <x, y| oy =xT X" = 1> .

Let V" and W denote a solid torus and a twisted I-bundle
over the Klein bottle K respectively. Recall that the prism
manifold M (m,n)=V U, W , where 0V is identified
to oW by a homeomorphism  :0V — oW defined

by w(u,v):(usv’",u’v"), where s and ¢ are integers

satisfying sn—tm=—-1 . The fundamental group of
M (m,n) is m(m,n).

Theorem 41. Let H be a normal subgroup of n(m,n).
Then, either H is cyclic or H is isomorphic to n(b,d)
for some relatively prime integers b and d satisfying the

following conditions: b divides m, % =1 (mod 2),d=n

and n(m,n)/H =2, or 2d=n and n(m,n)/H =Ly
Furthermore, there exists a realizable isomorphism ¢

of n(m,n) such that if d=n then ¢(H):<x,yb>,
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and if 2d =n then ¢(H)=<x2,yb>,

Proof. Let H be a normal subgroup of m(m,n). Let
v:M — M (m,n) be the regular covering correspond-
ing to H. Choose a component W of v~ (W) and let
Vv, = V|W W :— W . Since W is a twisted I-bundle over a
Klein bottle K and v, :W — W is a covering space, it
follows that 7 is either T'xI where T is a torus or a
twisted /-bundle over a Klein bottle. Note that each
component of v (V) is a solid torus. If W is TxI,
then there are two components of v (V) whose
boundaries are being identified with 8(T x I ), and thus
M is a lens space. In this case m, (M )=H is cyclic. If
W is a twisted I-bundle over the Klein bottle, then there
is only one component of v (V) whose boundary is
being identified with OW , and hence M is a prism
manifold. In this case M =M (b,d) for some relatively
prime integers b and d. Furthermore there is a group ac-
tion G on M (b,d) such that M (b,d)/G =M (m,n).
Now v™'(K) is a G-invariant Klein bottle. Hence by
[4], the G-action is equivalent, via a homeomorphism %
of M(b,d), to either a standard Z,,,, -action with
m=(2r+1)b and n=d, or astandard Z,,, -action
with m=(2r+1)b and n=2d. These standard actions
arise from the coverings of M (m,n) corresponding to

m

the subgroups <x, yb> and <x2, yz respecttively.

Now £ projects to a homeomorphism of M (m,n) real-
izing ¢.

Theorem 42. Let TE(bl,dl):<xgl’yb|> and

m

n(bz,d2)=<x52,ybz> be subgroups of n(m,n) where
& =1 or2. Then
n(bl,dl)mn

bz,dQ):n(b,d):<xmax{g"€2},yb>

(
where b= ged{b,
generated by m(b,

b,} and d =min{d,,d,}. The group
.dy) and w(b,,d,) is

n(b',d'):<xmin{‘g"52},y”'> where b'=l.c.m{b1,b2} and

d'=max{d,,d,}.
Proof. Let b= gcd{b,,b,}. Note that we have

2o
[ybi ] =y? for i=1,2. This shows that
T[(b’d) — <xmax{€1,€2}’yb>
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is a subgroup of m(b.d,)nn(b,,d,)=H . Since H
contains 7(b,d), it follows that H is not cyclic. By
Theorem 41, H is isomorphic to n(/,n) or =(,n/2).
Furthermore, b divides / and / divides b,, and since
b=g.cd{b,b,}, it follows that b=I.1If d, or d, is
n/2 , then since H is a subgroup of w(b,,d,), it follows
by the above Theorem 41 that H =m(/,n/2). Since
n(b,d) is a subgroup of H, we must have d =n/2
showing m(b,d)=H . We now suppose d,=d,=n,
andthus d=n and H =n(l,n).]It follows that
n(b,d)=H .

Let J be the group generated by n(b,,d,) and n(b,,d,).
Now x™"-2 ig clearly a generator of J and n(b',d').

m

P
Since (yb'j =", we have J contained in n(b',d").

To show m(b',d") is contained in J, we use the easily

verifiable equation g.c.d {bﬁ’bﬂ} lLem{b,b,} =m, and

1 2

by using b'=lcm{b,b,} we have g.cd nn =ﬂ,.
b | b

Since there exist integers s and ¢ such that b—s + b—t = o
1 2

m S m 4 m
we obtain [ yb1 J [ yb2 ] =y proving the result.
Let S(m,n) be the collection of subgroups

n(b,ﬁ):<x‘g,y”> of m(m,n) where £=1 or2.
£

Theorem 43. S(m,n) is a lattice of subgroups, and
there exists a lattice isomorphism S(m,n) -7 (m,n)
which sends an element n(b,d) in S(m,n) to the
element (b,d) in D'(m,n).

Proof. If m(b.d,) and =(b,,d,) are elements in
S(m,n), define n(b,d,)<n(b,,d,) if n(b,.d,) isa
subgroup of 7(b,,d,). For n(b,d,) and =n(b,,d,) in
S(m,n), define

n(b,dy)vn(b,,d,)=mn(b,d)"n(b,,d,)

and n(b,d,)An(b,,d,) to be the group generated by
n(b.,d,) and n(b,,d,). By the above Theorem 42,
S(m,n) is a lattice. Furthermore, the map which sends
an element 7(b,d) in S(m,n) to the element (b,d)
in D'(m,n) is alattice isomorphism.

Corollary 44. S (m,n) is a distributive lattice, which
is a Boolean algebra if and only if the prime decomposi-

tion of m is ZjHj;l D -
Proof. This follows by Propositions 34 and 36 and
Theorem 43.
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For the following propositions write m = p“m, where
p is an odd prime relatively prime to m; .

Proposition 45. Let n(plb,ﬁj and n(pb,ﬁj be
& &

subgroups of n(m,n) where [>1. There exists a sur-

Jjection y, : n(plb,ﬁj - n(pb,ﬁj .
£ &

m

Proof. Since n(p’bjﬁjz xé"yp[b and
£

n( pb,ﬁj = <x’S , y”"> , define a function
£

v, :n(plb,ﬁj - n(pb,ﬁj
& &

m m

by wl(xs):xf and y,| y"" |=y" . Clearly y,

preserves the first relation in n( plb,ﬁj. To show that
£

v, preserves the second relation, it suffices to show that

yQ"H”’x" =1.Write p'"' =2s+1, and note that

yzplflm _ (yzm )2s+1 _ (yzm )Zs (me ) _ (y4m )S yzm — y2m ,

. -1 .

since y*" =1.Thus »*” "x" =y*"x" =1, showing that
v, is a homomorphism. Since y, takes generators to
generators, it is also a surjection.

Proposition 46. Let ﬂ{plzbz,ilﬁﬂ{pl‘bl,ij be
& &
subgroups of n(m,n) where I, 21, 21. There exist sur-

Jjections v, :n(p”’bi,i] - n(pbi,lj for i=12 and
' &, £

i i

a homomorphism H:R(pbl,iJ—)n(pbl,lj, such
& &

that the following diagram commutes where Vv and v

are inclusions:

n(plzbz,lJ L)

&
% v
v, o
n(pl'bl,i] N n{pbl,ij <« n[pbl,ij
& & &
Proof: Let

Copyright © 2012 SciRes.

n i i n
n| pb,,— |=(x2,y"" Y (X7, y?" Vx| pib,— |.
& &
Note that b, divides b, , ¢, <¢g
Proposition 45, there exist surjections

v, n(pl"b,-,ij - ﬂ[pb,»,ij
! & &

m m

plfb- pT
"=y . Define a

and /, <[ . By

defined by w, (x‘g" ) =x", y |y

function ‘93“[Pb1»£]_>“[}7b1a£} by 6’<x€1)=x5‘

& &

m m \7
and H{yph]:[yple where 1211_12. Let x“ =c,

m

and y”" =c,, and note that the relations in this group

n
— _ 2 - .
are cc,c;' =c;' and ¢l =1. Write p'=2s+1
and observe that

!
P 2s+1 s
(cfpb‘ ) - (cfpb‘ ) - (C;tpbl ) (cf”b' ) =t

since ¢, ”" =1. Therefore
L1 ;o L1
2pb e | _ (2000 \P e _ 20 Le
6| c™c, —(c1 ) et =Mt =1.

Clearly @ preserves the other relation, showing that 6
is a homomorphism.

Since p"b, divides p"b and &, divides &, it fol-
lows that the inclusion homomorphisms v and v are

defined as follows: 17(x‘92 ) = (x‘g‘ )%T and

[
A
m m I
n o |7
5|, P20 | | ,rth

Vy _y s

€2

v(x‘g2 ) = (xg1 )‘71 and

b
m by
v ypbz — ypbl .

One can easily check that

v, olj(xgz)Z(xgl )i% _ 90‘/0!//12 (xsz)

and

m p(H)m m

v, o7(y" )= y =0ovey, yr

which verifies that our diagram commutes.
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Proposition 47. S(pmy,n) is a sublattice of
S ( pkm0 , n) , and there exists a lattice surjection

W S(pkmo,n) - S(pmo,n) induced by the the family
of group homomorphisms {l//l} such that ¥ restricted
to S(pmo, n) is the identity.

Proof. 1t is clear that S ( pmo,n) is a sublattice of
S(pkmo,n) CIf n(b,d) IS S(pkmo,n) , then b=p'p
for some /< k . By Proposition 45, there exists a surjec-

tion y, : n(plb’,ﬁj - n(pb’,ﬁj . Define
& &

‘P(n(plb’,ﬁjj:n(pb',ﬁj. By the commutative dia-
£ £
gram in Proposition 46, it follows that ¥ is order pre-
serving.

Theorem 48. Let m =2ij:1 p' be the prime de-

composition. Then S(2ij:1p[,n) is a sublattice of

TTE m . . L
S (2’ Hi:] " ,n) , and there exists a lattice surjection

TTE m Tk
¥ 8(211_[1_:119,. ,n) - 5(2’1_[1_:1 p[,n)
induced by a family of group homomorphisms such that

Y restricted to S(Z-fnlepi,n) is the identity.
Proof. Apply
¥, S(2 [T, plon) > S(2/ . T, 2 on)
repeatedly defined in Proposition 47 for 1<r<k to

obtain the result where W is the compositions of those
Y, ’s.

8. Some Examples

In this section we present several examples which illus-
trate the main theorems.

Example 49. O,(315,14). This example illustrates
Theorem 12 that L[ (315,14) is isomorphic to
D' (315,14).

Copyright © 2012 SciRes.

Example 50. O, (1155,11). This is a Boolean lattice/
algebra by Proposition 36 since 1155=3x5x7x11.

M(1,11)

M(105,11)

01(1155,11)

Prime ideals are: (3,11)4, (S,II)i« and (7,11)¢
Their complements are lters which are: (35,11)T,
(2L,11) T and (15,11)T respectively.

Example 51. O, (126,20). Since 6=20=0 (mod 4),
this example illustrates Theorems 15 and 16 that
£ (126,20) = D*(126,20) = D' (63,20) .

95(126, 20)

Example 52. O, (5040,20). This example again illus-
trates Theorem 16 and also that D* (5040,20) is iso-
morphic to D*(126,20).

04(5040, 20)

APM
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Example 53. O, (5040,5). This illustrates Theorem 16 isomorphic lattices
that D*(5040,5) is isomorphic to a disjoint union of D'(63,5)uD'(126,5)UD'(252,5)U D' (504,5).

02(5040, 5)

Example 54. O, (5040,10). This example illustrates Theorem 16 that ui;lDl (2’63,5)&)1)1 (63,10) .

M (3,10)
M(12,5) X M (56,5)
M(9,10) ; o (42, 5)
M (36,5 (168, 5)
M (126, 5)
M(63,10) M (504, 5)

95(5040, 10)

Example 55. O, (5030,10). This example illustrates £'(126,10) = D! (126,5).

Theorems 18 and 19 that
M(2.5)

£} (5030,10) = D* (5030,10) = D! (63,2510) .

M(1,2510)

A4(3,2510)I<::::::j:i:::::lﬂ4(7,2510)

A(Q 9KR1N) A(91 9KR1N)

\1(9,2510) M(21,2510)
M (63, 2510)

04(126, 5)

03(5030, 10)

Example 57. O, (630,5). This example illustrates
Example 56. O,(126,5). This example illustrates Theorem 22 that
Theorem 21 that L (630,5) =D' (63,5)UD1 (126,5).

Copyright © 2012 SciRes. APM
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05(630, 5)

Example 58. O, (5040,10). This example illustrates Theorem 22 that £’ (5040,10) = D' (1008,5)u D (5040,10).

M(16,5) M(1,10)

NI(AQ N A(119 E) A ( ) M(7.10)

VI (40,0 114,9) J \Py +¥)
M (144, 5) M (21, 10)

M (1008, 5)
01(5040, 10) 95(5040, 10)
05(5040, 10)
Example 59. O, (63,5). This example illustrates Theo- M(1,10)

rems 19 and 23 that

£°(63,5)=D'(17,29)UD' (34,29).

M(1,29) M(2,29)

M(17,29) M (34, 29)

03(63,5)

05(63,5)

Example 60. O,(126,20). This illustrates Theorems

16 and 24 that 02(126, 20)

£7(126,20) = D*(126,20) = D' (63,20). 07(126,20)

Copyright © 2012 SciRes. APM
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Example 61. This is an example of “crush” to illustrate

Theorem 42.
M(1,7)
M(3,7) M(5,7)
M(15,7) M(25,7)
M(45,7) M(75,7)
M(225,7)
U Apply v,
M(L,7)

M(3,7) M(5,7)
M(15,7) M(25,7)
M(73,7)

U Apply v,

Copyright © 2012 SciRes.

M(1,7)

M(3,7) M(5,7)

M(15,7)
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