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�����������������������������������®¬ 110, ò 3¬ àâ, 1997
Ǳ.�. �ã¡¨∗��������� �������� ��� ���������Ǳ������ � ������� Ǳ�����������Ǳ®ª § ®, çâ® ª¢ â®¢ ï ¤¨ ¬¨ª  ¬®¦¥â à áá¬ âà¨¢ âìáï ª ª á«ãç ©ë© ¯à®æ¥ááá ¥§ ¢¨á¨¬ë¬¨ ¯à¨à é¥¨ï¬¨ ¢ ä §®¢®¬ ¯à®áâà áâ¢¥, ® â®«ìª® íâ®â ¯à®æ¥áá ®¯¨Äáë¢ ¥âáï ¯á¥¢¤®¢¥à®ïâ®áâï¬¨, â.¥. ¢¥à®ïâ®áâï¬¨, ª®â®àë¥ ¬®£ãâ ¯à¨¨¬ âì  àïÄ¤ã á ¯®«®¦¨â¥«ìë¬¨ â ª¦¥ ¨ ®âà¨æ â¥«ìë¥ § ç¥¨ï. Ǳà¨ íâ®¬ í¢®«îæ¨ï á®¢¬¥áâÄ®© äãªæ¨¨ à á¯à¥¤¥«¥¨ï ª®®à¤¨ âë ¨ ¨¬¯ã«ìá  ¢ â®ç®áâ¨ á®¢¯ ¤ ¥â á ¤¨ ¬¨ª®©äãªæ¨¨ �¨£¥à  ª¢ â®¢®© á¨áâ¥¬ë.1. ��������Ǳ®¯ëâª¨ à áá¬ âà¨¢ âì ª¢ â®¢ãî ¤¨ ¬¨ªã ª ª á«ãç ©ë© ¯à®æ¥áá ¨¬¥îâ ¤®«Ä£ãî ¨áâ®à¨î (á¬. [1, 2]). �¨ ¯®à®¦¤¥ë ä®à¬ «ì®©   «®£¨¥© ¬¥¦¤ã ãà ¢¥¨¥¬�à¥¤¨£¥à  ¨ ãà ¢¥¨¥¬ ¤¨ääã§¨¨. �«ãç ©ë© ¯à®æ¥áá ¯à¨ íâ®¬ à áá¬ âà¨¢ ¥âáï ¢ª®®à¤¨ â®¬ ¯à®áâà áâ¢¥.� ï â®çª  §à¥¨ï ¯à¥¤«®¦¥  ¢ à ¡®â¥�®© «  [3]. �â  à ¡®â  ®á®¢     ¨á¯®«ìÄ§®¢ ¨¨ äãªæ¨¨ �¨£¥à  [4]. �à ¢¥¨¥ ¤¨ ¬¨ª¨ äãªæ¨¨ �¨£¥à   ¯®¬¨ ¥â ª¨¥Äâ¨ç¥áª®¥ ãà ¢¥¨¥ ¤«ï ¥ª®â®à®£® ¬ àª®¢áª®£® ¯à®æ¥áá  ¢ ä §®¢®¬ ¯à®áâà áâ¢¥ ¬¥Äå ¨ç¥áª®© á¨áâ¥¬ë. �¤ ª® á ¬ íâ®â ¯à®æ¥áá ¥ ¡ë« à áá¬®âà¥. �¥«ì  áâ®ïé¥© à Ä¡®âë { ¤ âì ï¢®¥ ®¯¨á ¨¥ á«ãç ©®£® ¯à®æ¥áá , äãªæ¨ï à á¯à¥¤¥«¥¨ï ¬£®¢¥ëå§ ç¥¨© ª®â®à®£® ¢ â®ç®áâ¨ ¯®¤ç¨ï¥âáï ãà ¢¥¨î ¤«ï äãªæ¨¨ �¨£¥à .Ǳà¨ íâ®¬, ®¤ ª®, ¥®¡å®¤¨¬® ®â¬¥â¨âì á«¥¤ãîé¥¥ ®¡áâ®ïâ¥«ìáâ¢®. �®à¬ «ì® äã-ªæ¨î �¨£¥à  ¬®¦® à áá¬ âà¨¢ âì ª ª äãªæ¨î à á¯à¥¤¥«¥¨ï ¢ ä §®¢®¬ ¯à®áâà Äáâ¢¥, ®à¬¨à®¢ ãî  1, ® ¥ ®¡ï§ â¥«ì® ¢áî¤ã ¯®«®¦¨â¥«ìãî. Ǳ®íâ®¬ã à áá¬ âÄà¨¢ ¥¬ë© ¢ à ¡®â¥ ¯à®æ¥áá, ¢®®¡é¥ £®¢®àï, ¥ ¬®¦¥â ¡ëâì ®¯¨á  ¯®«®¦¨â¥«ìë¬¨ ¢¥Äà®ïâ®áâï¬¨. � íâ®© á¨âã æ¨¨ ¯à¥¤áâ ¢«ï¥âáï ¥áâ¥áâ¢¥ë¬ ¥áª®«ìª® ¨§¬¥¨âì â¥àÄ¬¨®«®£¨î, ¨á¯®«ì§ãï,  ¯à¨¬¥à, ¯à¨áâ ¢ªã \¯á¥¢¤®" (¯á¥¢¤®¢¥à®ïâ®áâì ¨ â.¯.). �¤Ä ª® â ª®¥ ¨§¬¥¥¨¥ ¢ ¤ «ì¥©è¥¬ «¨èì ¯®¤à §ã¬¥¢ ¥âáï ¨ â®«ìª® ¨§à¥¤ª  ¨á¯®«ì§ãÄ¥âáï ï¢®. �¨§¨ç¥áª ï ¨â¥à¯à¥â æ¨ï ®âà¨æ â¥«ì®© ¢¥à®ïâ®áâ¨ §¤¥áì ®¡áã¦¤ âìáï¥ ¡ã¤¥â. 2. ���������Ǳ������� ç « ã¤®¡®à áá¬®âà¥âì ¥ª®â®àë©ª« áá á«ãç ©ëå¯à®æ¥áá®¢ ª ª â ª®¢®©. �£®á¢ï§ì á ª¢ â®¢®© ¬¥å ¨ª®© ®¡áã¦¤ ¥âáï ¯®§¦¥. ǱãáâìZ(t) { n-¬¥à ï á«ãç © ï ¢¥ªÄ

∗�¨§¨ç¥áª¨© ¨áâ¨âãâ ¨¬. Ǳ.�. �¥¡¥¤¥¢  ���454



��������� �������� ��� ��������� Ǳ������ 455â®à-äãªæ¨ï á ¥§ ¢¨á¨¬ë¬¨ ¯à¨à é¥¨ï¬¨, ª®â®àë¥ ®¯¨áë¢ îâáï á«¥¤ãîé¥© äãªÄæ¨¥© à á¯à¥¤¥«¥¨ï:f�Z(t)(z; t) = 〈Æ[�Z(t)− z]〉 = Æ(z) + �(z; t)�t+ o(�t): (1)�¤¥áì �Z(t) = Z(t+�t) − Z(t), ã£«®¢ë¥ áª®¡ª¨ ®§ ç îâ áâ â¨áâ¨ç¥áª®¥ ãáà¥¤¥¨¥¨ ¯à¥¤¯®« £ ¥âáï ®¡ëç ï ®à¬¨à®¢ª  äãªæ¨¨ à á¯à¥¤¥«¥¨ï:
∫ f�Z(t)(z; t) dnz = 1:�â® ®§ ç ¥â, çâ®

∫ �(z; t) dnz = 0: (2)�¥¬ á ¬ë¬ ¥à ¢¥áâ¢® � ≥ 0 ¥¢®§¬®¦®, ¥á«¨ � 6≡ 0, ¨, § ç¨â, ¢¥à®ïâ®áâ¨, ¢®®¡é¥£®¢®àï, ¥ ¢áî¤ã ¯®«®¦¨â¥«ìë. � «¥¥, ãà ¢¥¨¥ (1) ¯®§¢®«ï¥â ¯à¥¤¯®«®¦¨âì, çâ®¯à®æ¥áá Z \¯ã áá®®¢áª®£®" (à §àë¢®£®) â¨¯ : ¯à¨ �t → 0 ¥ ¯à®¨áå®¤¨â áã¦¥¨ïäãªæ¨¨ à á¯à¥¤¥«¥¨ï.�«¥¤ãîé¨¬ è £®¬ ¡ã¤¥â à áá¬®âà¥¨¥ á«ãç ©®£® ¯®«ï Z(x; t), £¤¥ x { n-¬¥àë©¢¥ªâ®à. �¬¥áâ® ãà ¢¥¨ï (1) â¥¯¥àì ¯à¨¨¬ ¥âáïf�Z(x;t)(z; t) = 〈Æ[�Z(x; t) − z]〉 = Æ(z) + �(z | x; t)�t+ o(�t); (3)£¤¥ �Z(x; t) = Z(x; t+�t)− Z(x; t). Ǳà¨ íâ®¬   «®£¨ç® (2) ¤®«¦® ¡ëâì
∫ �(z | x; t) dnz = 0: (4)� áá¬®âà¨¬ áâ®å áâ¨ç¥áª®¥ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥dxdt = �(x; t); (5)£¤¥ �(x; t) = @Z(x; t)=@t. Ǳãáâì F (x; t) { äãªæ¨ï à á¯à¥¤¥«¥¨ï x(t), â.¥.F (x; t) = 〈Æ[~x(t)− x]〉:�¤¥áì ¯à¥¤¯®« £ ¥âáï ãáà¥¤¥¨¥ ¯®à¥ «¨§ æ¨ï¬âà ¥ªâ®à¨© ~x(t) (®â¬¥ç¥ëåâ¨«ì¤®©¢® ¨§¡¥¦ ¨¥ ¯ãâ ¨æë ®¡®§ ç¥¨©).�¥âàã¤® ¯®«ãç¨âì ¤¨ ¬¨ç¥áª®¥ (í¢®«îæ¨®®¥) ãà ¢¥¨¥ ¤«ï äãªæ¨¨ à á¯à¥¤¥Ä«¥¨ï F (x; t). Ǳãáâì �t → 0. �®£¤ F (x; t+�t) ' 〈Æ[~x(t) + �Z(~x(t); t)− x]〉:�¥ªâ®à �Z(~x(t); t) áâ â¨áâ¨ç¥áª¨ ¥ § ¢¨á¨¬ ®â ¯à¥¤ë¤ãé¨å á®¡ëâ¨©. Ǳ®íâ®¬ã, ¯®«ìÄ§ãïáì á®®â®è¥¨¥¬ (3), ¯®«ãç ¥¬F (x; t+�t) ' F (x; t) + �t ∫ Æ(y + z − x)�(z | y; t)F (y; t) dy dz:



456 Ǳ.�. ������âáî¤  ã¦¥ ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â ¨áª®¬®¥ ¤¨ ¬¨ç¥áª®¥ ãà ¢¥¨¥:@F (x; t)@t = ∫ F (x− y; t)�(y | x− y; t) dy: (6)�á«¨ ¢¬¥áâ® (5)  ¯¨á âì dxdt = A(x; t) + �(x; t); (7)£¤¥ A { ¥á«ãç ©ë© ¢¥ªâ®à, â® ¢¬¥áâ® (6) ¡ã¤¥¬ ¨¬¥âì@F (x; t)@t = −
@@x[F (x; t)A(x; t)] + ∫ F (x− y; t)�(y | x− y; t) dy: (8)Ǳà¨ íâ®¬, ¨á¯®«ì§ãï (4), ã¡¥¦¤ ¥¬áï, çâ®

∫ @F (x; t)@t dx = 0:�â® à ¢¥áâ¢® ®§ ç ¥â ¯à®áâ® á®åà ¥¨¥ ®à¬¨à®¢ª¨.�§ ¯à¨¢¥¤¥ëå à ááã¦¤¥¨© ä ªâ¨ç¥áª¨ á«¥¤ã¥â, çâ® «î¡®¥ ãà ¢¥¨¥@F (x; t)@t = −
@@x[F (x; t)A(x; t)] + ∫ L(x; y)F (y; t) dy (9)¬®¦® à áá¬ âà¨¢ âì ª ª ª¨¥â¨ç¥áª®¥ ãà ¢¥¨¥ ¤«ï á®®â¢¥âáâ¢ãîé¥£® áâ®å áâ¨ç¥áÄª®£® ãà ¢¥¨ï ¢¨¤  (7), ¥á«¨ ¢ë¯®«¥® ãá«®¢¨¥

∫ L(x; y; t) dx = 0: (10)�«ï íâ®£® ¤®áâ â®ç® ¯à®áâ® ¯à¨ïâì (á¬. (3))�(x | y; t) = L(x+ y; y; t);¨ ¢ á¨«ã (10) ãá«®¢¨¥ (4) ®ª §ë¢ ¥âáï ¢ë¯®«¥ë¬.3. ��������� ��������� áá¬®âà¨¬ (¯®ª  ä®à¬ «ì®) á«¥¤ãîéãî á¨áâ¥¬ã ãà ¢¥¨©:dqdt = pm ; dpdt = �(q; t): (11)�¤¥áì ¯ à  ¯¥à¥¬¥ëå (q; p) ®¡é¥© à §¬¥à®áâ¨ 2n ¨£à ¥â à®«ì ¯à¥¦¥£®  ¡®à  ¯¥à¥Ä¬¥ëå x; m { ¯®áâ®ï ï. �¥ªâ®à A = (p=m; 0) ¨¬¥¥â ¥ã«¥¢ë¥ ª®¬¯®¥âë â®«ìª®¢ q-¯®¤¯à®áâà áâ¢¥,   á«ãç ©®¥ ¯®«¥ � § ¢¨á¨â â®«ìª® ®â q ¨ ®¡« ¤ ¥â ¥ã«¥¢ë¬¨ª®¬¯®¥â ¬¨ «¨èì ¢ p-¯®¤¯à®áâà áâ¢¥. �«ï äãªæ¨¨ à á¯à¥¤¥«¥¨ï ¯à¨à é¥¨© �Z¯à¨¨¬ ¥âáïf�Z(q;t)(p) = 〈Æ[p−�Z(q; t)]〉 = Æ(p) + UW (q; p)�t+ o(�t): (12)



��������� �������� ��� ��������� Ǳ������ 457�¥¬ á ¬ë¬ äãªæ¨ï � (á¬. (3)) â¥¯¥àì ¨¬¥¥â ¢¨¤�(q′; p′ | q; p) = Æ(q′)UW (q; p′)¨ ¥ § ¢¨á¨â ®â ¢à¥¬¥¨.� ª¨¬ ®¡à §®¬, á¨áâ¥¬  (11) ï¢«ï¥âáï ¯à®áâ® ç áâë¬ á«ãç ¥¬ (7) á® á¯¥æ¨ «ìë¬¢¨¤®¬ äãªæ¨©A ¨ �. �â® ¯®§¢®«ï¥â áà §ã  ¯¨á âì í¢®«îæ¨®®¥ ãà ¢¥¨¥ ¤«ï äãªÄæ¨¨ à á¯à¥¤¥«¥¨ï F (q; p; t) = 〈Æ[q − ~q(t)]Æ[p− ~p(t)]〉:@F (q; p; t)@t = −
pm @F (q; p; t)@q + ∫ F (q; p− p′; t)UW (q; p′) dnp′;ª®â®à®¥ ¢ â®ç®áâ¨ á®¢¯ ¤ ¥â á ãà ¢¥¨¥¬ ¤«ï äãªæ¨¨ �¨£¥à  ª¢ â®¢®© ç áâ¨æë á£ ¬¨«ìâ®¨ ®¬ H = p22m + U(q)(m { ¬ áá  ç áâ¨æë, U(q) { ¯®â¥æ¨ «) [3], ¥á«¨UW (q; p) = 1(�~)n ∫ U(q − y)− U(q + y)i~ e2ipy=~ dny:� ª¨¬ ®¡à §®¬, á¨áâ¥¬  áâ®å áâ¨ç¥áª¨å ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (11) ¤¥©áâ¢¨Äâ¥«ì® ®¯¨áë¢ ¥â ¤¨ ¬¨ªã ª¢ â®¢®© ç áâ¨æë ¨ ¬®¦¥â ¯®íâ®¬ã à áá¬ âà¨¢ âìáï ª ª®¢ ï ¬ â¥¬ â¨ç¥áª ï ä®à¬ã«¨à®¢ª  ª¢ â®¢®© ¬¥å ¨ª¨. Ǳà¨ íâ®¬ âà¥¡ãîâáï «¨èì®¯à¥¤¥«¥ë¥ (ãª § ë¥ ¢ëè¥) áâ â¨áâ¨ç¥áª¨¥ á¢®©áâ¢  ¢¥ªâ®à-äãªæ¨¨ �.�¥£ª® ã¡¥¤¨âìáï â ª¦¥, çâ® ãáà¥¤¥¨¥ ãà ¢¥¨© (11) ¯à¨¢®¤¨â ¢ â®ç®áâ¨ ª ª« áÄá¨ç¥áª¨¬ ãà ¢¥¨ï¬ ¤¢¨¦¥¨ï, ª ª â®£® ¨ á«¥¤®¢ «® ®¦¨¤ âì (â¥®à¥¬  �à¥ä¥áâ ).�«ï íâ®£® ¥®¡å®¤¨¬® ãç¥áâì, çâ® (12) ®¯¨áë¢ ¥â ä ªâ¨ç¥áª¨ ¯à¨à é¥¨ï ¨¬¯ã«ìá ,¨ ¯®íâ®¬ã ®¡®§ ç¥¨¥ f�Z(q;t)(�p) ¡ë«® ¡ë å®âì ¨ ¡®«¥¥ £à®¬®§¤ª¨¬, ® § â® ¡®«¥¥ £«ï¤ë¬, ç¥¬ f�Z(q;t)(p). �¥¯¥àì ¥âàã¤® ã¡¥¤¨âìáï, çâ®

〈�p〉 = ∫ �pUW (q;�p) dn�p = −
@U@q ;®âªã¤  ã¦¥ ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â á¤¥« ®¥ ãâ¢¥à¦¤¥¨¥.�®£¤  ¢¬¥áâ® á ¬®© äãªæ¨¨ �¨£¥à  ¨á¯®«ì§ãîâ â®â ¨«¨ ¨®© ¥¥ á£« ¦¥ë© ¢ Äà¨ â ¢¨¤  FQ(q; p; t) = ∫ Q(q − q′; p− p′)F (q′; p′; t) dq′dp′; ¯à¨¬¥à äãªæ¨î �ãá¨¬¨ [5]. Ǳà¨ íâ®¬ ãà ¢¥¨¥ ¤¨ ¬¨ª¨ â ª®© á£« ¦¥®© äãªÄæ¨¨ (¥á«¨ ¥£® ¢®®¡é¥ ¬®¦®  ¯¨á âì) ã¦¥, ª ª ¯à ¢¨«®, ¥ ¨¬¥¥â ¢¨¤  (9). �¥¬ á ¬ë¬¯à¥¤« £ ¥¬ë© ¢  áâ®ïé¥© à ¡®â¥ ¯®¤å®¤, ¢®®¡é¥ £®¢®àï, ¥ ¯¥à¥®á¨âáï ¥¯®áà¥¤áâÄ¢¥®   äãªæ¨¨ FQ. 4. �����������â ª,  ©¤¥ë áâ®å áâ¨ç¥áª¨¥ ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï, ®¯¨áë¢ îé¨¥ ¤¨ Ä¬¨ªã ª¢ â®¢®© ç áâ¨æë ¢ ä §®¢®¬ ¯à®áâà áâ¢¥ (¯®ª  ¡¥§ ãç¥â  á¯¨ ). �¨ ¬®£ãâ ©â¨ à §«¨çë¥ ¯à¨¬¥¥¨ï.



458 Ǳ.�. ������¤ ª® ¢ ¯¥à¢ãî ®ç¥à¥¤ì å®â¥«®áì ¡ë ®â¬¥â¨âì á«¥¤ãîé¥¥. �  áâ®ïé¥¥ ¢à¥¬ï ¨¬¥Ä¥âáï àï¤ æ¥«¥ ¯à ¢«¥ëå ¯®¯ëâ®ª  ©â¨ ®¡®¡é¥¨ï ª¢ â®¢®© ¬¥å ¨ª¨ (á¬. [6]). �¥Ä§ã«ìâ âë  áâ®ïé¥© à ¡®âë ¯®§¢®«ïîâ ¯à¥¤¯®«®¦¨âì, çâ® ¥ª®â®à®¥ ®¡®¡é¥¨¥ ª¢ Äâ®¢®© ¬¥å ¨ª¨ ¤¥©áâ¢¨â¥«ì® ¬®¦¥â ¯®âà¥¡®¢ âìáï. � á ¬®¬ ¤¥«¥, á«ãç ©ë© ¯à®æ¥ááá ¥§ ¢¨á¨¬ë¬¨ ¯à¨à é¥¨ï¬¨ ¥áâ¥áâ¢¥® áç¨â âì «¨èì  ¯¯à®ªá¨¬ æ¨¥© ¥ª®â®à®£®à¥ «ì®£® ¯à®æ¥áá  á ª®¥çë¬ ¢à¥¬¥¥¬ ª®àà¥«ïæ¨¨. � íâ®¬ á«ãç ¥ ª¢ â®¢ ï ¬¥å Ä¨ª  ®ª ¦¥âáï «¨èì ¯à¨¡«¨¦¥¨¥¬ ª ¥ª®â®à®© ¡®«¥¥ â®ç®© â¥®à¨¨.� § ª«îç¥¨¥  ¢â®à ¡« £®¤ à¨â �.�. �®à®®¢ , �.�. �®áïª®¢  ¨ �.�. �îâ¨  § ®¡áã¦¤¥¨¥ à ¡®âë. �¯¨á®ª «¨â¥à âãàë[1] E. Nelson. Dynamical Theories of Brownian Motion. Princeton, New Jersey: Princeton Univ.,1967.[2] M. Davidson. J. Math. Phys. 1978. V. 19. ò 9. P. 1975.[3] J. E. Moyal. Proc. Cambridge. Phil. Soc. 1949. V. 45. Pt 1. P. 99.[4] E. Wigner. Phys. Rev. 1932. V. 40. ò 6. P. 749.[5] K. Husimi. Proc. Phys. Math. Soc. Japan. 1940. V. 22. P. 264.[6] S. Weinberg. Phys. Rev. Lett. 1989. V. 62. ò 5. P. 485. Ǳ®áâã¯¨«  ¢ à¥¤ ªæ¨î 2.VIII.1996 £.P.L. RubinQUANTUM DYNAMICS AS STOCHASTICPROCESS IN PHASE SPACEIt is shown that quantumdynamics is equivalent to a stochastic process in phase space. The processis described by normalized but not necessarily positive probability distributions (\pseudoprobabiliÄties"). The dynamics of the distribution function of current process values literally coincides with thatof the Wigner function of quantum system.


