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\ ]^_`ab cde _�it j`pa]`bs� ^s^i`}t j]b`_]^l`o^st� /^ji^p^ viq `jb]^a`]o s^ vtpk]bas`�]bâbakb Z� t �k^l^s`m na` viq �a`}` sb`_�̀ vtw` ]^ppw^a]to^a� ×Ô¿Á½Ø¸ºµ+ ·ÔÖµÒÀØ¸ºµ+ ÔÖ��Ö·»µm j`]`�vbss�¡ _^ltps�wt pvot}^wt
Ï�m
Ï�m a^ktwt na` |

Ï�| x |

Ï�| x |

Ï�Ï−�� |g�^�v^qob]âts^ ol^tw`vb�pao�ba p âbpa�¡ ]^os`�v^ibss�wt _it�^�âtwt p`pbvqwtg�j]bvbibstb vtp�ka]bas`}` j]b`_]^l`o^stq /^ji^p^ t `_`ls^nbstq pw`a]t o cdem c�eg�^k l^wbnbs` o cdem j]^oti�s^q a]b�}`i�s^q ]bâbak^ twbba âbpa� ]^os`j]^os�� _^ltp`om na`v^ba s^w a]t j^]� ol^tws``_]^as�� j]b`_]^l`o^st� /^ji^p^g ,Ø¿ÌÀÞ �»Á½Á¿ØÖº·ºÀ¶·¸+ w�s^l`obw j]b`_]^l`o^stb `jb]^a`]^� 7→ .�. m }vb . ~ sb `_]^r^¡r^qpq o s�i� «�sk�tq s^]bâba�kb Z�g ®]b`_]^l`o^stb /^ji^p^ k`]]bkas` `j]bvbibs` s^ ki^pp^� pi^_`� �koto^ibsas`pat c�eg
�±VÛÚT�VZXV �Q �Ø¾ Ì¿Í½¶ÀÁm À·Ø½Â¿+-½à¶¾ ×ÀÁÀÔÀ·ÀÎ º¿ µÒÀØ ��É�m ¶ÀÀ·ÁÖ·�¶·Áµ+-½Ö ×ÔÖÀÌÔ¿ÍÀÁ¿º½¾ �¿×Ø¿¶¿ º¿ »Ø¿¶¶¿à ¶Ø¿ÌÀÞ �»Á½Á¿ØÖº·ºÀ¶·½ ¶À×Ô¾ÕÖºß ¶×ÀÎÀ-¸+ ¶ÓÁ½Ò¿ º¿ ÁÖ»·ÀÔ ÔÖ�Ö·»½ Z

� Ð
^ktw `_]^l`wm ^i}b_]^ j]b`_]^l`o^st� /^ji^p^ s^ j]^oti�s`� ]bâbakb po`vtapq �p a`ns`p�a�¡ v` pi^_`� �koto^ibsas`pat t pvot}`o  k vo�w ol^tws` `_]^as�w j]b`_]^l`o^stqwg#at vo^j]b`_]^l`o^stq w`�s` `jtp^a� j`�v]�}`w�g�^pk]^ptw a]b�}`i�stktm p`pa^oiq¡rtb ]bâbak�m o â^�w^as`w j`]qvkb� a]b�}`istkt otv^
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Ï�〉 j`k]^ptw o nb]s�� �obam ^ 〈 � −

Ï�� −

Ï�〉 ~ o _bi��g ®�pa� ��m ��m �� ~j]`pa]^spao^ «�sk�t� `aob]âtsmnb]s�� a]b�}`i�stk`o t _bi�� a]b�}`i�stk`o p``aobapaobss`g
�Ø½Õ¿Þ�½Î½ ¶À¶ÖÓ¾Î½ _�vbw s^l�o^a� vob ob]âts�m bpit `st p`bvtsbs� ]b_]`wm tit vo^a]b�}`i�stk^ `vs`}` �oba^m bpit `st twb¡a `_r�¡ ob]âts�g Ë×ÖÔ¿·ÀÔÀÎ ��ÒÀ ×ÀÔ¾Ó»¿ s^ ��w� s^l`obw `jb]^a`] � � �� → ��m sbs�ibo�b osbvt^}`s^i�s�b w^a]tns�b �ibwbsa� k`a`]`}`p``aobapao�¡a j^]^w _it�^�ât� p`pbvb�g

�±VÛÚT�VZXV �Q ,¿ÎÀ¶À×Ô¾ÕÖººßÞ À×ÖÔ¿·ÀÔ � � �� → �� ÓÀ×µ¶»¿Ö· ×ÔÖÓ¶·¿ÁØÖ�º½Ö Á Á½ÓÖ � x ���(� z�m ÒÓÖ � 6x � m �� � � → �� � À×ÖÔ¿·ÀÔ m ºÖºµØÖÁßÖ Î¿·Ô½ÂºßÖ�ØÖÎÖº·ß »À·ÀÔÀÒÀ ¶ÀÀ·ÁÖ·¶·Áµ+· Á Í¿Á½¶½ÎÀ¶·½ À· � ½ � Ø½ÌÀ ×¿ÔÖ ·ÔÖµÒÀØ¸º½�»ÀÁ Ô¿ÍºÀÒÀ ¼ÁÖ·¿m ½ÎÖ+-½à ÀÌ-ÖÖ ÔÖÌÔÀm Ø½ÌÀ ×¿ÔÖ � ·ÔÖµÒÀØ¸º½» ½ ÖÒÀ ÁÖÔ�½º¿Ð´ÔÖÀÔ¿ÍÀÁ¿º½Ö �¿×Ø¿¶¿ � 7→ e� x �(��−
�
�� z d ¶ÀÁ×¿Ó¿Ö· �º¿ »Ø¿¶¶¿à ¶Ø¿ÌÀÞ �»Á½�Á¿ØÖº·ºÀ·½  ¶ ÁÁÖÓÖºßÎ Ô¿ºÖÖ ×ÔÖÀÌÔ¿ÍÀÁ¿º½ÖÎ �¿×Ø¿¶¿ º¿ ×Ô¿Á½Ø¸ºÀÞ ·ÔÖµÒÀØ¸ºÀÞÔÖ�Ö·»Ö ×Ô½ º¿ÓØÖÕ¿-ÖÎ À·ÀÕÓÖ¶·ÁØÖº½½ ×ÔÀ¶·Ô¿º¶·Á �� ½ � Ð

^k`b j]b`_]^l`o^stb /^ji^p^ p`j`pa^oiqba `jb]^a`]� s^ �� `jb]^a`] s^ � m l^v^o^q }`w`�w`]«tlw s�ibo�� �]`osb�� � 7→ �(�� g®�pa�� ~ j]`tlo`i�s^q vo�wb]s^q j`ob]�s`pa� p a]t^s}�iq�tb� t nb]s`�_bi`� ]^pk]^pk`�a]b�}`i�stk`om a^k`�mna` i¡_�b vo^ j]tw�k^¡rt�j`]b_]� a]b�}`i�stk^ twb¡a]^ls�b �oba^g®]`pa]^spao^ ��m ��m �� t `as`âbstb _it�^�âb}` p`pbvpao^ `j]bvbitw k^k t ]^sbbg
�±VÛÚT�VZXV �Q Ý¶Ø½ ·Ô½¿ºÒµØ¾¼½¾ ×ÀÁÖÔàºÀ¶·½ � ½ÎÖÖ· ·ÀØ¸»À ÂÖ·ßÔÖà� ½�Ö¶·½»Ô¿·ºßÖ ÁÖÔ�½ºßm ·À ¶¿ÎÀ¶À×Ô¾ÕÖººßÖ À×ÖÔ¿·ÀÔß Á·ÀÔÀÒÀ ×ÀÔ¾Ó»¿ º¿ ��m� x d� �� �m ÓÀ×µ¶»¿+· ¹¿»·ÀÔ½Í¿¼½+ ½ ×ÔÖÀÌÔ¿ÍÀÁ¿º½¾ �¿×Ø¿¶¿ ·¿» ÕÖm »¿» ½ Á ¶ØµÂ¿Ö×Ô¿Á½Ø¸ºÀÞ ÔÖ�Ö·»½ º¿ ×ØÀ¶»À¶·½Ð ËÓº¿»Àm Ö¶Ø½ ·Ô½¿ºÒµØ¾¼½¾ ½ÎÖÖ· ÂÖ·ßÔÖà»Ô¿·�ºßÖ ÁÖÔ�½ºßm ·À ¹¿»·ÀÔ½Í¿¼½½ À×ÖÔ¿·ÀÔÀÁ º¿ �� ½ �� ºÖÀÓºÀÍ¿Âºßm ×Ô½ÂÖÎ ¶·Ö×Öº¸ºÖÀÓºÀÍº¿ÂºÀ¶·½ À×ÔÖÓÖØ¾Ö·¶¾ Â½¶ØÀÎ ÂÖ·ßÔÖà»Ô¿·ºßà ÁÖÔ�½ºÐ
�³²V�³ZXVQ ápit a]t^s}�iq�tq j`ob]�s`pat� twbba ob]âts� k]^as`pat Ê �m a` `jb]^a`]�]�vts}b]^ s^ nb]s�� �_bi��  a]b�}`i�stk^� «^ka`]tl�bapq a`i�k` j]t o�j`isbstt v`j`ist�abi�s�� �pi`ot�mj]tnbw �pi`otq «^ka`]tl^�tt $nb]bl ob]âts�%t $nb]bl _bi�b �p``aoabapobs�s`m nb]s�b  a]b�}`i�stkt% sbp`owbpatw�g ®`v]`_sbb pwg o `_l`]b c�eg�^_`a^ jb]o`}` ^oa`]^ o�j`isbs^ j]t j`vvb]�kb �`ppt�pk`}` «`sv^ «�sv^wbsa^i�s�� tp�pibv`o^st� �}]^sae ?���d��d��� g
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®�pa� � ~ j]`tlo`i�s�� ptwjit�t^i�s�� k`wjibkpg �twjibkp� ]^lwb]s`pat * _�vbw `_`�ls^n^a� nb]bl ��g �^«tkpt]�bw sbk`a`]�b � , *g ©o^ ptwjibkp^ ��� t ��� _�vbw s^l�o^a� ÌØ½�Õ¿Þ�½Î½m bpit t� jb]bpbnbstb p`vb]�ta sbk`a`]�� ptwjibkp ��g ®�pa� � ~ `jb]^a`]�]��vts}b]^m vb�pao�¡rt� s^ «�sk�tt `a *�ptwjibkp`o a^km na` ol^tw`vb�pao�¡a a`i�k` _it�^��âtb p`pbvtg �Ö»·ÀÔºÀÞ ¹¿»·ÀÔ½Í¿¼½ÖÞ À×ÖÔ¿·ÀÔ¿ � ¶ ×ÀÎÀ-¸+ ��¶½Î×ØÖ»¶ÀÁ w� s^�l�o^bw j]bvpa^oibstb � o otvb� � x P'�������� ( z �m }vb � ~ `jb]^a`] �ws`�bstq s^«�sk�t¡m�( x ���� (� � � � � ��' (  ~ `jb]^a`] s^ «�sk�tq� `a *�ptwjibkp`o p` ls^nbstqwt o��obka`]�«�sk�tq� `a ��ptwjibkp`o��d  ��(� ��� x X
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�^ka`]tl^�t¡ `jb]^a]^ � s^l`obw ¶×Ö¼½¿Ø¸ºÀÞm bpit � x ^W¦\=g \bka`]s`� «^ka`]tl^�tt p`�`aobapao�ba j]b`_]^l`o^stb atj^ /^ji^p^� � 7→ e� x �(�−
�
� z dm k`a`]`b p`j`pa^oiqba`jb]^a`]� � `jb]^a`] e� s^ obka`]�«�ks�tq� `a ��ptwjibkp`og0s^i`}tns�w `_]^l`w w`�s` `j]bvbita� «^ka`]tl^�t¡ `jb]^a`]^mvb�pao�¡rb}` s^ *�ptwj�ibkp^�m p j`w`r�¡ ��ptwjibkp`o o pi�n^b � Ê *� _�vbw pnta^a� vo^ *�ptwjibkp^ _it�^�âtwtp`pbvqwtm bpit `st p`vb]�^apq o sbk`a`]`w ��ptwjibkpbg\ k^nbpaob j]twb]^ ]^ppw`a]tw ÔÖ�Ö·»µ ×Ô¿Á½Ø¸ºßà ·Ö·Ô¿�ÓÔÀÁ o R

�� o k^nbpaob _^�ltps^
Ï��Ï��Ï� ]bâbakt Z

� o`l�wbw obka`]�m p`bvtsq¡r�¡ sbk`a`]�¡ ob]âts� j]^oti�s`}`aba]^�v]^ o R
� p `pa^i�s�wt ob]âts^wtg �^ppw`a]tw k`wjibkp � m p`pa^oibss�� tl aba]^�v�]`om j`i�nbss�� tl v^ss`}` opbo`lw`�s�wt pvot}^wt s^ obka`]� ]bâbakt Z

�g ®�pa� `jb]^a`]
� vb�pao�ba s^ ]bâbakb Z�m j]tnbw ol^tw`vb�pao�¡a a`i�k` ob]âts�m p`bvtsbss�b ]b_]`wg

�±VÛÚT�VZXV �Q ,»¿Ø¾Ôº¿¾ ¹¿»·ÀÔ½Í¿¼½¾ À×ÖÔ¿·ÀÔ¿ � ¶ ×ÀÎÀ-¸+ ��¶½Î×ØÖ»¶ÀÁ»ÀÎ×ØÖ»¶¿ � ÁÀÍÎÀÕº¿ ·ÀÒÓ¿ ½ ·ÀØ¸»À ·ÀÒÓ¿m »ÀÒÓ¿ ÓØ¾ »¿ÕÓÀÒÀ ·Ö·Ô¿�ÓÔ¿ ½Í �×ÔÀ½ÍÁÖÓÖº½¾ »À�¹¹½¼½Öº·ÀÁ ¶Á¾ÍºÀ¶·½m ¶½Ó¾-½à º¿ ×ÔÀ·½ÁÀ×ÀØÖÕ¿-½à ÔÖÌÔ¿à m ¶ÀÁ�×¿Ó¿+·Ð ,×Ö¼½¿Ø¸º¿¾ ��ÁÖ»·ÀÔº¿¾ ¹¿»·ÀÔ½Í¿¼½¾ � ¶ ×ÀÎÀ-¸+ ��¶½Î×ØÖ»¶ÀÁ ÁÀÍÎÀÕ�º¿ ×Ô½ Ø+ÌÀÎ � Ê dm ½ ×Ô½·ÀÎ ºÖÀÓºÀÍº¿Âº¿Ð�a�pk^stb `ps`os�� p`pa`qst� `jb]^a`]`o�]�vts}b]^ s^ *�ptwjibkp^� o ]qvb pi�n^bo po`�vtapq k ]bâbst¡ ptpabw� �]^osbst� �(� x �m }vb `jb]^a`] �( twbba otv �d g^k�¡ ptpabw��]^osbst� w� s^l`obw ¶½Î×Ø½¼½¿Ø¸ºÀÞ ¶Á¾ÍºÀ¶·¸+m bpit `s^ �v`oibao`]qba ·ÔÖÌÀÁ¿º½¾+ºÖÁßÔÀÕÓÖººÀ¶·½ t ·ÔÖÌÀÁ¿º½+ ØÀ»¿Ø¸ºÀ¶·½m `j]bvbibstb k`a`]�� pw`a]t o `_l`]b c�eg1pi`otq i`k^i�s`� p`owbpas`pat a^k`� ptpabw� j]to`vta k vtpk]bas�w ^s^i`}^w k]totls�g®]twb]`w ptwjit�t^i�s`� poqls`pat qoiq¡apq µÔ¿ÁºÖº½¾ ·ÔÖµÒÀØ¸º½»¿m ]^ppw`a]bss�bo c�eg+� `_`_rbstbw qoiqbapq µÔ¿ÁºÖº½Ö ·Ö·Ô¿�ÓÔÀÁ o R
����  ��� x �� �(� � x �� }vb ��Å� x dz y�Å�
Ï� z {�Å�

Ï� z u�Å�
Ï��

�±VÛÚT�VZXV �Q �¶ØÀÁ½ÖÎ ×ÀØºÀÞ ØÀ»¿Ø¸ºÀÞ ¶ÀÁÎÖ¶·ºÀ¶·½ ¶½¶·ÖÎß ��  ¾ÁØ¾Ö·¶¾¶ÀÀ·ºÀ�Öº½Ö ���− d ��(� − d − d x . ���(� − d ���− d − d m ÒÓÖ . � ºÖ»À·ÀÔ¿¾ ¹µº»¼½¾º¿ Z
� Ð©]�}tb j]twb]� ptwjit�t^i�s�� poqls`pab� t vtpk]bas�� ^s^i`}`o j]b`_]^l`o^stq /^ji^�p^ pwg o c�eg

�®+��� /+á�01�2
c[e ��PGI�P �7%7 ;]]T¦Y¥¨ d ¥¦ 
W`¥VW` bgCgm AT\T!W` ;gCg :: SU§¦\g ;¤TUg<§=>g bW^gbTUg �g d??@g Ag d@?g Cg d�?~d��g c�e ������� �77 :: 1f)g d??@g g f�g e dg �g ��f~���gc�e ��PGI�P �7%7 �¥XTUT¦^T �� b^>U�WY¥¦[TU W]TU§=WU\� ;![T�U§¥^ \a¤¤T=Ua §¦Y T¨§^= \W!`�§�¥!¥=a :: CUT]U¥¦=g C§U¥\� �¦¥`g C§U¥\�Addm ;]U¥! d??@g c�e ������� �77L�	������ �7�7

:: 1f)g d??@gg f�gefg�g d@f~���g
f`pk`opkt� }`p�v^]paobss�� �stob]ptaba twgfg\g/`w`s`p`o^�
�¦¥`TU\¥=a W�<§Ua!§¦Y §= (W!!T[T C§UV
����� � Ya¦¦¥VW`�¤T^>g¤§=>g¤\_g\_ ¦W`¥VW`�¥]\=g_¤YgTY_

®]tsqa` ]bvk`iib}tb���gd�gd??@


