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Abstract. In this paper we consider the Dirichlet problem

—Au=p%(e* —e ") in Q,
u=20 on 0Q),

where p is a small parameter and Q is a C?> bounded domain in R?. In [1], the au-
thor proves the existence of a m-point blow-up solution u, jointly with its asymptotic
behaviour. We compute the Morse index of u, in terms of the Morse index of the asso-
ciated Hamilton function of this problem. In addition, we give an asymptotic estimate
for the first 4m eigenvalues and eigenfunctions.
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1 Introduction

We are concerned with the study of the Morse index of the Dirichlet problem

{—Au =p*(e*—e™™) in Q,

(1.1)
u=20 on aQ,

where p is a small parameter and () is a C> bounded domain in IR2. This equation has been
widely studied as it is strictly related to the vortex-type configuration for 2D turbulent
Euler flows (see [6,7,24]). Its importance is due to the fact that, suitably adapted, it de-
scribes interesting phenomena in widely different areas like liquid helium, meteorology
and oceanography; it highlights effects that are important in all those subjects. More-
over, its dynamics are isomorphic to those of the electrostatic guiding-center plasma,
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which have been widely extended to describe strongly magnetized plasmas (see for in-
stance [28,31, 32]).

It has been known since Kirchhoff [21] that, if welet ; € O, i = 1,---,m, be the
centres of the vorticity blobs, then the ;’s obey an approximate Hamiltonian dynamic
associated to the Hamiltonian function

1& 1
F(C,,Cm) = > Y R(&) + 5 Y aiG(8, Ej), (1.2)

k=1 1<kj<m

with oy € {1,—1}, k = 1,---,m, depending on the sign of the corresponding vortic-
ity blob. Through two different approaches, Joyce [19] and Montgomery [27] proved at
heuristic level that, if we let w be the vorticity, { the flow’s steam function, B € R the
inverse of the temperature, and Z > 0 an appropriate normalization constant, then we
have

w(p) = 2 sinh(~p)

for a flow with total vorticity equal to zero, i.e.,

1
= _ — 751/]
/Q w=0 and w(y) ¢

for a flow with total vorticity equal to one, i.e., [ w = 1. Setting u = —|B|¢, the 2D Euler
equation in stationary form

w-Vw(p)=0 in Q,
—AYp =0 in Q, (1.3)

w-v=20 on 0Q),

where w is the velocity field, reduces to the sinh-Poisson equation (1.1), where p = 4/ @

More recently, in [4, 5] was rigorously proved that for any f > —97, w(y) = e P¥ is
the mean field-limit vorticity for both the micro-canonical and the canonical equilibrium
statistic distributions for the Hamiltonian point-vortex model. The solutions to (1.3) with
B < 0 of the type of those suggested in [19] (‘negative temperature’ states) have shown to
represent very well the numerical experiment on the Navier-Stokes equations with high
Reynolds number [25,26,29]. For further details and recent developments in the study
of this problem see [5,22,34]. Due to the just mentioned results much effort has been put
into finding out explicit solutions for the Euler equations with Joy-Montgomery vorticity.
Among the most relevants there are the Mallier-Maslowe [23] counter rotating vortices,
and their generalization [8,9]. The Mallier-Maslowe vortices are sign changing solutions
to —Au = p?sinh(u), with 1-periodic boundary conditions, one absolute maxima and
minima and two nodal domains in each periodic cell, the resulting Euler flow is com-
posed of symmetric and disjoint regions where the velocity fields are counter directed.
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This type of solutions are a suitable initial data for numerical computations [22,34]. More-
over, their explicit expression led to recent results which gave some insight of the prop-
erties of the non-linear dynamical stabilities of periodic array of vortices [10,17,20].

A lot of effort has been put into the study of Eq. (1.1). In [33] it has been introduced
an analytic point of view into the study of this equation and it has been studied the
behaviour of non-negative solutions as p goes to zero, when Q) is a rectangle. In [18] some
important properties of the solutions around the points ¢; have been proved. In [13] it
has been built a positive solution whose concentration points converges to critical point
of (1.2), as p goes to zero. More recently, in [1,3] it has been proved the existence of a
sign changing solution whose velocity field converges to a sum of Dirac deltas centred
at critical points of (1.2). Furthermore, in [16] it has been constructed a solution that
converges to a sum of k Dirac deltas with alternate sign all centred at the same critical
point of the Robin’s function.

In [1] it is proved that, under some assumptions on the points ¢y, - - ,¢y, for each
p sufficiently small there exists a solution u, to Eq. (1.1), and its profile is given (see
Theorem 2.1 for additional properties of this solution).

In this paper we want to prove some additional properties of the m-peak solutions
studied in [1], namely its Morse index and related properties of the linearized operator.
So let us introduce the following eigenvalue problem,

—Av = 2(etr +e M) in Q,
{ Hop*( Jo i 14

v=20 on dQ),

and denote by y, ; and v, ; be respectively the j-th eigenvalue and the j-th eigenfunction
of problem (1.4). Let us recall that the Morse index of the solution u, is the sum of the
dimensions of the eigenspaces relative to eigenvalues p, < 1 of the linearized equation
(1.4).

Moreover, let

(k) TkOX B
0 = Xp O(x)vl-<+(_f,k>, k=1,---,m,
0, gkgpg() Ps] \/g .

be the rescaled function of the j-th eigenfunction around ¢, x. We begin by proving some
results about the asymptotic behaviour of the eigenvalues i, ;, the asymptotic behaviour
of the eigenfunctions v, ; away from the points {1, - - - , {m, and the asymptotic behaviour
of the rescaled eigenfunctions ﬁék]) These estimates allow to compute the Morse index of
the solution u,. It will be strictly related with Morse index of the Hamiltonian function
(1.2).

Let us now state the main results of this work. We start by the first m eigenvalues and
eigenfunctions

Theorem 1.1. For every j = 1,--- ,m there exists an k € {1,--- ,m} and nonzero real con-
stants C]'-‘ € R such that
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1. pp; < 2log forp small enough;

2. limy 094 = CY in C_(R?);

j loc

. U, (X m k
3. timy 0 2 — gy, VG (x, &) in CLON (G-, ).

By the previous result we see that the j-th eigenfunction also concentrates at the points
¢k, k = 1,---,m. If we consider higher eigenvalues, we again have concentration at
k points but a different behaviour occurs. In order to describe it let us denote by 1js
for j = 1,---,2m, the eigenvalues of the Hessian matrix of the Hamilton function F
at the point (&1, -+ ,&m). We will always work under the assumption that 1 # 0, for
j=1,---,2m. Now we are in position to state the result about the behaviour of y, ; and
vpjforj=m+1,---,3m.

Theorem 1.2. Forevery j=m+1,--- ,3m thereexistsan k € {1,--- ,m} such that

1.y =1—=3mp*n;+ o(p?), for p small enough;

(k) (k)
(k 51,]' x1+52,j X2 .
2. lim, 0 UP] = “erpp i

3. limg0 2 =27y T (51996 (x, &) + 58 8 (x,8) ) in CLA(O\ &+, ).

Our final results concerns the study of y,; and v, for j = 3m,--- ,4m. This result,
jointly with the previous theorem, is crucial for the computation of the Morse index of
the solution.

Finally, we have

CIZOC(IRz)for some s = (sgkj),sékj))) #(0,0);

Theorem 1.3. Forevery j =3m+1,--- ,4m there existsan k € {1,--- ,m} such that

1. ppj=1— Elog( 5(140(1)), for p small enough;

2. lim, o U(k)( )= pRIBIxP iy o2

o, i BT 2 (R?) for somet 7é 0;

3. 1og p 0,j(x) = 2T iy HVG (v, &) in ClL (O (&1, -+, En})-

Now let us denote by M (u,) the Morse index of the solution u,. We therefore get our
main result.

Theorem 1.4. For a sufficiently small p we have
M(u,) = 3m — M(Hess F),

where by M (Hess F) we denote the number of negative eigenvalues of the Hessian matrix of F
at the point (G1,- -+ ,Cm)-



30 R. Freddi / Anal. Theory Appl., 38 (2022), pp. 26-78

From this, we also deduce that:

Corollary 1.1. For a sufficiently small p, we have that
m < M(u,) < 3m.

It is interesting to notice that the above results are similar to those obtained in [14]
where the Morse index for positive multiple blow-up solutions to the Gelfand problem
is calculated. The biggest difference between this work and [14] is that the solutions to
the Gelfand’s problem can not have sign changing blow-up solutions, while this type of
solutions are possible in our case.

Another problem where some similarities occur is given by

(1.5)
u=20 on 9B,

{—Au = |ulP~'u in B,
where B is the ball of radius one centered at the origin and p > 1 is large. A comparison
of our results with those obtained in [11] shows how different they are. In our case, the
Morse index of a solution depends on the Morse index of the Hamiltonian function, while
in [11] is proved that if u is the least energy sign-changing radial solution to (1.5) then its
Morse index is twelve.

Finally, we want to mention the results obtained in [2] where the equation

—Au=f(u) in Q,
u=20 on 0Q),

is studied. In [2] are given proper hypothesis on the regularity and the growth rate of the
non-linear part f for the existence of sign changing solutions with Morse index at most
equal to one and for sign changing solution with Morse index equal to two.

The paper is organized as follows: in Section 2, we recall some known facts on prob-
lem 1.1 and we introduce some notations. In Section 3, we prove Theorem 1.1. In Section
4, we study the asymptotic behaviour of the eigenvalues and eigenfunctions from m + 1
to 3m and we prove some additional properties that hold for the eigenfunctions and
eigenvalues from m + 1 to 4m. Finally, in Section 5 we prove Theorem 1.2, Theorem 1.3
and Corollary 1.1.

2 Preliminaries and notations

In the following work, we will denote by C a constant which may possibly change from
step to step, with 0(1) a function which goes to zero in a suitable function space (which
we will specify every time) and with Q) a C? bounded smooth domain in IR? or a convex
polygon with corner points {{1,---,{,} C 0Q). Moreover, we will let € > 0 be such that
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Bae(Cp,i) C€ Qand Bye(Cp,i) M Bae(Gpj) = Dforanyi,j=1,--- ,mandi # j,and for p > 0
sufficiently small.

We will denote by ¢, ; a function in C*(IR?) such that 0 < ¢p,;(x) < 1 and ¢,,;(x) =1
for each x in B¢ (), and ,;(x) = 0 for each x in R? \ Boe ().

Furthermore, we will denote by U, ¢ the function

872
(1202 + |x — &]2)*

U,z = log

which verifies

822
p l‘l]Rz,

—AU(x) = p?el™) =
’ (1202 + |x — )? 2.1)

/ e < 0.
IRZ

From now on, G(-,-) and H(-, -) will denote respectively the Green function and its reg-
ular part of —A in Q) with zero Dirichlet boundary condition. Moreover, we will denote
by R(x) = H(x, x) the Robin function.

We will consider the equation

{—Au =0%(e* —e ) in Q, 22)

u=20 on 0Q),

and the Hamiltonian function

f(x1,- e /xm) = Z DékDé]'G(xk,X]'), € {1,—1}.

1<k,j<m

N —

i R(xg) +
k=1

N —

Definition 2.1. Given an open set U C R¥, F: U — R a C! function and K C U e a bounded
set of critical points for F we say that K is C'-stable for F if for any F, — F in C*(U), there
exists at least one critical point y, € U for F,, and y € K, such that y,, — yas n — oo.

Remark 2.1. It can be verified that a set K of critical points for F is C!-stable if either one
of the following conditions is satisfied:

(i) Kis either a strict local maximum or a strict local minimum set for F;

(ii) the Brouwer degree deg(VF, B:(K),0) is non-zero, for any € > 0 small enough,
where B¢(K) = {x € U: |[x — K| < €}.

The following result holds.
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Theorem 2.1 ([1, Theorem 1.1]). Let (&1, -+ ,&m) be a C-stable critical point for the function
F. Then, there exist pg > 0 such that for any p € (0,p0), Eq. (2.2) has a solution u, such that

up(x) = 87 Y e G(x, &) as p—0
k=1

in Ce (Q\{&1, -, En}) NCZ(Q\A{E1, -+, Em}) for some o € (0,1) and ay € {1, —1}.
In [1], it is also proved that the solution of the theorem above has the form

m

Uup(x) = Z aPU e (x) + @p(x), (2.3)
k=1

where we denoted by PUy, ¢ , the projection of Uz, ¢ , onto H}(Q). The parameter point
(Cror- " +Cmyp) € Q" converges to (§y,- -+ ,&m) € O™ and

Tp,k — \}ge4n[H(§p,kr€p,k)+Z?l1,1’#1{ ak“ic(gp,krgp,i)] N

L @z + 5 maiG@d)] — o

as p goes to zero. For this reason, 7, will be called inappropriately ;. Let’s set Uy =
U, ¢,- We have:

Theorem 2.2 ([1, Theorems 5.2, 3.2, 5.1]). Let ¢, be as in (2.3). Then

lim ¢p =0
in C (Q\A{&1, -+, & }) NCYW(QN\A{C1, -+, &m}) NCO*(QY) N W21(QY), for a suitable o €

(0,1), any a € (0,1), and any q € [1,2). Moreover, for any p € (1, 3), there exist py > 0 and
R > 0 such that for any p € (0, po), we have

2-p
|90l < Ro 7 [og(p)]-
Finally, let PUy, be as in (2.3). Then
PUy(x) = Uy(x) +87H(x, &px) — log(877) + O(p?)

_ 1 2
e <<r,3p2 - cp,k|2>2> oG Ol

s (o]
m Cloc

(Q)NClo(Q)).
In the following, we will consider  to be a fixed constant in (%, 1) and we will call
Go1s -+ »Cpm the blow-up points.
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We are interested in calculating the Morse index of the solutions to Eq. (2.2). The
equation for the j-th eigenvalue and the j-th eigenfunction of the linearised equation of

(2.2) around u,, of the form (2.3) is

—Av,; = 0% (e + e )v, i in Q,
0pj =0 on dQ),
10,0 ()| (0) = 1.

Let x 4 be the characteristic function of the set A. We will denote by

. T 0X
Ug,(j) = XB&(O)(X)Up,]’ ( f} +§pk)

Tkp

the rescaled function of the j-th eigenfunction around &, x. We have

Zaz —2log (t#p +|x—§pz| ) +8mH(x,8pi)) + @p(x) +0(1)

= — 2w log (T ( kP2 + |x — §k|2) + Lo i (x) + @p(x)

in C2 (Q2) N C(Q)), where
m
Lok -2 Y ajlog T2p2+\x—§pl| —|—87IszHx§pl)—i—o(1)
i=1,i#k i=1

oo
in C10C

(Q) NCY(Q)). Moreover,

TkpX
X8, ~ (0)(x)€ ,k( +¢ k) =l +o0(1)
szﬁpe( ) e NG 0

in C° (R?) N C7(R?), where
bo=—4 ) ajlog(|&k — i) +8m ) _ aiH(Ei, Ck)
i—1,ik i=1

=87y (H(gk/‘:k )+ ) wwiG(Ei Gk )

i=1,i#k

Furthermore,

V8

(2.4)

T0X 2
o 000 (U5 + 801 ) = —dnclog(p) — 2mlog (1 ) + 60+ 0(1)



34 R. Freddi / Anal. Theory Appl., 38 (2022), pp. 26-78

in Clooi‘ (IR?). For the rescaled function of the derivative of u, we have
ou, [ Tpx
p [ TP
XBszLzE(O)(x) axi < \f gpk)

4y X ok <TkPx > a% (TkPx >
=— + == + +o(1
NG (1 + %) ax \ 8 o) T oy g ok @

in G2, (IR?) N C%(IR?). Finally,
Ty
o (T 204 x|2\ 2
XB%(O)(x)e ”P( V8 +‘v’r»k> = (ks (1 + |8| (14+0(1))
in C%%(IR?).

The previous estimates allow to use the Lebesgue convergence Theorem in different
situations.

3 Eigenvalues from 1 to m

In this chapter, we will study the behaviour of the first m eigenvalues and eigenfunctions.
In particular, we will prove that the first m eigenvalues go to zero as p goes to zero,
and hence the Morse index is greater or equal than m. In addition, we will provide an
estimate for the asymptotic behaviour of the first m eigenfunctions, which will also be of
fundamental importance in the next chapter.

We start by studying the asymptotic behaviour of the eigenfunctions rescaled around
the blow-up points. We prove the following.

Proposition 3.1. The function

(k) TpXx
vp] _XBTZP(O)(x)U< \/g +§pk>

converges in C2._(IR?) to the function ﬁ](k), solution to the equation
~(k 1 ~(k
—20 (x) = pj— XE2 Wx), xeRr? (3.1)
(1+5%)

where pj = lim, 0 o ;. Furthermore, there exists at leastank € {1,- - - ,m} such that 77](.k) # 0.

Proof. For any x € B%(O) we have
Tk

. TZ 4 TpX _ TkPx T OPX
808 (5) =y - (e R s8] o (W se) Yo (B )

1 Tep® 2\ L
:Vpljeom <(1 N |x|2) + 24 <1 + 8) ¥ (x). (3.2)
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Note that
408 %2\ 1
k P} <cd= = e .
1 (1—|— 3 ) <Cp - o(1), Vxe BW(O)’ (3.3a)

o(1) | (17;?(96))2 o(1) TP X2\ k), )2

~Fei -/Be (0) (1 |2 2 1o gy /B 0) (H 8 ) (”m(")) dx

WP + 5 WP

4 .8 2\ 2
< (1)/ o(1) Tl / |x|
Ho,j€ 5. ) (1 xz)zdx—l—yp il 8 0 1 dx using (3.3a)

TP + T

<C (3.3b)

Since the right hand side (3.2) is bounded in R? uniformly in p, and since {Vv,;} is

bounded in L?(IR?), by the standard theory of elliptic equations, we have that v(k) — v](k)

in CIZOC(IRZ), where v](.k) isasin (3.1).

For the proof of the second part of the theorem we refer to [14, Proposition 2.11]. [

We can now give an estimate for the first m eigenvalues.
Proposition 3.2. We have that

o1 = log(o)

Proof. Using the formula for the Rayleigh quotient we have

2
b= inf fQ |Vo|?dx
vEH}(Q) U#OP f ( X) 4 p—up(x )> vz(x)dx
fQ ‘V ul(x)q)pl(x))’zdx
02 o (e e )) W (x) 92, (x)dx

(3.4)

We start by estimating the numerator

/ \V Uy (x l,lka | dx
— /Q VU () Vi () U () e () dx — /Q AUL () Uy (x)42 (x)dx

+ [ W) T epel)Pdx +2 | VULV (U () g
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8T
S/ - lo k 2 (x)dx
Bae(8pk) (TkZPZ + |x _ ('er,k|2)2 ) <(T73p2 i |x B (:p,k|2)2> ¢p,k( )

C/ U?(x)dx
Bk(cp,w\Be(f:p,k) H)
T2 X 2
vy (~4108(0) —1og (F) ~ 2108 (1+5°) ) w3 (5 + )
= X
2

2%;?)5 (1 + |x|2>

+ C using Lebesgue theorem
=—32mtlog(p)(1+0(1)). (3.5)

For the denominator we have
o [ (o0 e O ) UR (o) ()

() () z

1
_TI{;W/B@(O) (1+58)° (—s1os(e) 105 (55 )

TP

—2log (1—1—’8))2dx+Tkp p4/ exp (Tf/pjc +Cpk)

el )

2 2 2
( 4log(p) —log (%‘) —2log ( Ix 8’ )) dx using Lebesgue theorem
—1287log? (p)(l +0(1)). (3.6)

Letting k = 1 in (3.5) and (3.6), and substituting in (3.4), we get

—32mlog(p)(1+0(1)) 1+4+0(1) 1
o = 2 T " 2log(p)
1287tlog”(p)(1 +0(1)) og(p) og(p)
Thus, we complete the proof. O
We have the following

Proposition 3.3. We have
1 ppi < 210g for everyj=1,---,m;

2. 5(k) — 77@ = C(k) in C2

o } ; 2 (R?) foreveryj=1,--- ,mand for a k depending on j;

3. pp,j— 0 forevery j > m.
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Proof. We proceed by induction on m. By Proposition 3.2 we have that p,; < —#g(p).
Let us assume that i, ; < 210g TTog(p) foreveryj=1,---,m — 1. By Proposition 3.1 we have
that ﬁf()k]) — 77§k) in C2_(R?), and that U( ) is a solution to
At =0, xeR?
Ag; ’ :
Then vé ]) — C} )in C2.(R?) forevery j =1, —1land every k=1,---,m. Further-
more, we know that there exists k € {1, - - m} such that C 7é 0. Set
ZAkUk X) o i(x) + 2 o k0o k(X),
k=1
where
m
(2 utttion 20y
Api = ——— (3.7)
o (01, 0p,7) ’
e.jr Ye,j) HY (Q2)

for Ay € R,and foreachj =1, - - ,m. It follows immediately that

(Yo 00, Hp() = 0
foreveryj=1,---,m—1.
Let us now show that for a suitable choice of Ay, we have a,; = o0 (log(p)) for every
j=1,---,m—1. Let us start by estimating the numerator of (3.7)

1 m
— (Z AU ks Up,j>
H&(O)

Hoj \k=1

(5 50) o

:i 2P 1 /
= 8 7ot /B, (0) ( gt
TP

(%
<)
1Ppk<Tkpx+Cp,k> < 4log(p log< > —210g< ‘8’2>>dx
2

Z 2 kP T4p4/ eXp [_g/ (Tf; —|—§pk> —§0p( fﬁx‘f’gpkﬂ < —1—’3;3)2

2\[6
kP

2
5;1(])(3()1/)()1( (Tffgx + &, k) (—4 log(p) — log <Z>

2
—2log (1 + 1* 8’ >) dx using Lebesgue theorem

= — 32mlog(p) (f MC + 0(1)> . (3.8)
k=1

2 UPJ (x)
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Hence, taking A, such that }_/* /\kC(k) =0forj=1,---,m—1,wehave
g k=1 j )
1
(2 AU ks vp]> = —327tlog(p)o(1) = o (log(p)) - (3.9)
‘MP] k=1 Hé(Q)
For the denominator we have

2
190,120

o (5 ) o0 (U5 +80)

_ i Tkp 1 / e”'k(T
Fp](ZP B (0

2
8 Ttpt Wo <1+%>

2L TEp TP X
+Vp]<z "*W“/ eXp[ ok < f/pg +Cpk)
Tkp

— 9y (T% +&, k) (1 + |’;|2> (53"}(@)2 dx + o(1)> using Lebesgue theorem
—871H; (}i(c}k))z + o(l)) . (3.10)
Using (3.9) and (3.10) in (3.7) we get
apj =~ LB 4 (10g(p)). @)

sn Z(c]( N2 4+ 0(1)

Using the formula for the Rayleigh quotient, we have

/|Vv|2dx
Hom = inf (3.12)
om veEHL(Q), v#£0, pZ/ (up( )+€ up(x ))vz(x)dx
Q

vlogy, -, 0Llvpm—1

|7

pZ/Q (e“p(x)+e*”9(x))‘1’§(x)dx
/Q ‘V(i)\kuk(x)%,k(x) +nilaplkvpfk(x))‘zdx
pz/n(eup(x )(ZAkuk X) P (x) + Zapkvpk )>2dx‘

2
dx
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Let us start by studying the numerator
-1
/Q <Z/\kuk )o(x) + Z“pkvpk )>
m
= Y08 LIV (U)o P + z i [ Vo) ax
m—1 m
+2) 4y, <Z Melypp s vm)
Hy(Q)

2
dx

j=1 k=1
m
= —32mlog(p) Y_ A7 (1 +of (3.13)
k=1
Since by (3.5) we have

19 (Ueu()) [ dx = 321056 (1 +-0(1),

by (3.10) and (3.11), and since by hypothesis i, ; < %, we have

" 2log

m 2
2 [ |V0pu(x)[ dx = S (kz () +o<1>) = o(log(p)),

and by (3.9), (3.11), and since by hypothesis p,; < we have

1
2log(p)”

k=1

ok (Z MeUko ks vp,j) = a,kpjlog(p)o(1) = o(log(p))-
HY(Q)

For the denominator we have

2
p/ up )(ZAkUk X)Pp(x +Zﬂpkvpk( )) dx

— Z A pz/ ) et ) UR ()2 i (x)dx + Z a o /Q e”ﬂ(x) + e‘”ﬁ(x)) 07 (x)dx
k=1
+2 Z Elp] (Z Akuklppk/vp]>
es Hi(Q)
=128log*(p) Y_ AZ(1+o(1)). (3.14)
k=1
Since by (3.6) we have

02 /Q (e 4 &7 ) Uy ()2 (x) 2, () dx = 128Tog?(p) (1 + (1)),
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by (3.10), (3.11), and since by hypothesis i, ; < —#g(p), we have

aﬁ/kpz /Q (e“f’(") + e’”P(x)> vglk(x)dx
1

m AN 2
< - Snwlogz(p)o(n (Z (c,ﬁf)) —|—0(1)>

j=1
=o(log(p)),
and by (3.9) and (3.11), we have
a,; m
ij, (Z AUk, Up,j) = o(log*(p)).
Hoj \k=1 H(Q)

Using (3.13) and (3.14) in (3.12) we get

m

—32log(p) Y_ Az (1+0(1)) 1
Hom < kr:nl < 21 '
1281og(p) Y AZ(1+0(1)) 8(¢)
k=1

Since p,,; — 0 for every j = 1,--- ,m, proceeding as in the beginning of this proof we
have that ﬁ](k) — C](k) in C2_(R?) perevery k,j=1,--- ,m.

Let us finally prove that y,; - 0 for every i > m. Leti and j be such that y1,; — 0 and
Hoj— 0,and let C; = (C](l),. .. ,C](”)).

By the orthogonality of the eigenfunctions we get

0= (vp,i, Up,j)Hg(Q) — Plp,z‘Pz /Q (e“p(x) + efl‘p(x)) Up,i(x)vp,j(x)dX,

so that
0 =p? (e”P(") + e‘”P(x)) 0,i(x)v,,i(x)dx
9
Px Px
B i T,?p4 1 / eep,k( kﬁ +ép,k)+<pp( @g +r§p,k) 6(k) x)ﬁ(k)(x)dx
N 8 Tt JB . (0 E% AT
k=1 kp %( ) (1 + ?)
m 2 4 T PX T X 2 2
+y A T,fp"‘/ e_g”'k(%ﬁp'k)_(P”(%Jrg”’k) 1+ﬁ 5% (x)a') (x)dx
=1 8 B&(O) 8 o1 o.]

T0
+0(1) using Lebesgue theorem
:87T(C1', C]')]Rm + O(].)
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Therefore (C;, Cj)rn = 0. Since in R™ there are at most m orthogonal vectors, then there
are at most m eigenvalues which go to zero. Since in 1 we proved that the first m eigen-
values go to zero, we get the conclusion. O

The next theorem gives an estimate for the asymptotic behaviour of the first m eigen-
functions away from the blow-up points.

Lemma 3.1. For every 1 < j < m we have

o) m
tim 224 2 G(x, &)

0—0 ‘up]

in Cloo (Q\ {1+, En})-

Proof. By Proposition 3.3 we know that v( ) G ®) in C2 (R?) forevery jk=1,---,m

Foreachx € Q\ {&,---,&n}, using Green s representatmn formula we get

0, (%)

—0? up(y) 1 p—tp(y) (G d
2= [ (e e ) (G )y

m
—= G x, 2/ euﬂ(y) +e_up(y) Ui d
P (x,Ck)po Be(ép,k)( ) p,](y) Y
LS
+Y p /

e )(e”p<y>+e-“p<y>)vp,j(y)(c(x,y)—G(x,gk))dy+o(1). (3.15)
k=1 e\bpk

Let us study the integrals in the sums separately. For the first integral we have

2 up()_+_eup()v‘ d
Y /Be(é‘p,k)< ) p,](y) Y

o ( 48,k )+ +Cok
=p Tk8p 1 / e’ ( G ) 2(2 P >f}g[{])(x)dx
Tkp B%(O) (1 Mt >

2 0? px
12 T44/ ox {_£k<k +€k>
p 8 kp BL(O) p 0, \[ 4

2
— 9 (Tkpx + Zpk > } <1 + ’3;| ) vg?(x)dx using Lebesgue theorem

=87CY +0(1). (3.16)

Let us now move to the second integral. For every compact subset K C O\ {¢p1,- -+, &om}
and for every k =1, - - - ,m, there exists e,@ such that, for p small enough, we have

diSt(K, gp,k) = ;2]1; ‘X - gp,k’ = e;l,k > 61/(.
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Then, for each A < min(e, €}, - - ,€},),if x € K then x ¢ Ba (o). Therefore

2 Up(y) 1 —tp(y) (NG c ;
P /Bs(Cp,k) (e e >Up,](y)( (x,y) (x,&))dy

Lok ) +9p(v)

2/ +e o0 (202 4 ly— & 2) | o, 0) (G,
RN s (w0 +1y = Gasl?)” | 20 (0)(Glxy)

— G(x,&))dy + o e (eup(y) +e—up(y)) 0, (1) (G(x,y) — G(x,&))dy
A\6pk

For the first of these integrals we have

elox ) +o(y) B _ 2
/ . 5 +e Ep,k(y) (Pp(y) (TkZPZ —+ |y — gp,k|2)
Be(8p ) \Br(Gpk) (Tkp2 + |y — gp,kP)

pZ

00, (W(G(x,y) — G(x,8x))dy

CP2 2>
<(—L__ +cC / G(x,y) — G(x, &) |d
<(p2+A2)2 P Bé(g,],w\B,\(sp,k)‘ (ry) = Gl Gy

Pz 2
=C <<p2+A2>2 e )

where in the second last inequality, we have used the fact that G(x,-) € L}(Q). Choosing
A = p” with y < 1, this integral converges to zero, uniformly in x € K.
Let us now study the second integral

2

/BA(CM) (eup(y) + e*up(y)> 0, (¥)(G(x,y) — G(x, Ck))dy‘
< sup  |(G(xy) - G(x,gk))|p2/

]/EB(/\) (gp/k) BE(gp,k)

=o(1),

where in the first inequality, we have used the uniform continuity of G in K x Ber (&)
and (3.16). Therefore,

(e”p(y) + e—”p(y)) dy

0 o (eupw) + e—up(y)> 0,/ (1)(G(x,y) — G(x,&))dy = o(1). (3.17)

Using (3.16) and (3.17) in (3.15) we get

%i(*) 87TZCk G(x,Gox) +o0(1)
Ho,j
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in CO(Q\ {&1, -+ ,&n}). Using the fact that

dv,, ; G
o _ 2 o (y) —tip(y) N e
3l = [ (e e ) o (03 (),

and proceeding as above, we get the estimate in C'(Q\ {&1, -+, &n})- O

Proof of Theorem 1.1. Point 1 of Proposition 3.3 proves 1. Point 2 of Proposition 3.3 proves
that ® ®
b 0 = G
while Proposition 3.1 proves C](k) # 0 for some k € {1,---,m}. Finally, Lemma 3.1

proves 3. O

4 Eigenvalues from m + 1 to 4m

In this chapter, we will consider the eigenvalues and the eigenfunctions from m + 1 to
4m. We will prove that such eigenvalues go to one as p approaches to zero. Being inter-
ested in the eigenvalues smaller than one, we will need to determine if they go to one
from below or from above. For this purpose, we will study the asymptotic behaviour
of the eigenfunctions under different conditions on the behaviour of the eigenfunctions
themselves, rescaled around the blow-up points {1, - - - , { }. Finally, we will prove that
the eigenvalues from 3m + 1 to 4m go to one from above. This gives that the Morse Index
is smaller or equal than 3m.

We begin by studying the asymptotic behaviour of the eigenfunctions rescaled around
the blow-up points, under the assumption that the relative eigenvalues are smaller than
1+ 0(1). This condition will be proved to hold for every eigenvalue from m + 1 to 4m.

We prove the following:

Proposition 4.1. For every j > m, if p,; <14 0(1) then p,; — 1, and
k k

- b+ 5y]n ()8 — |x|?

j 8+ |x|2 I8+ |x|?

S

, (4.1)

in C}.(R?), and there exists k € {1,- - ,m} such that (sgkj),sékj), t](.k)) # (0,0,0).

Proof. In Proposition 3.1 we proved that p, ; — p;, where p; is an eigenvalue of (3.1). The
proof in [12, Lemma 4.3], suitably modified, shows that the first eigenvalues of (3.1) are 0
and 1. By assumption y; < 1, and by Proposition 3.3 we have that yi; # 0 for every j > m,
so that ; = 1. In [12, Lemma 4.3] is proved that the eigenfunctions for the eigenvalue 1

of (3.1) are of the form (4.1). Finally, by Proposition 3.1 ﬁgf} can not be zero forallk.  [J

Let us now prove the following lemma.
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Lemma 4.1. For j such that y,; — 1, we have that v, j(x) — 0in CiL(Q\ {1, -+, Cm}).
Proof. Since pu;j — 1, by Proposition 4.1 we have that
k k
Sg,j)xl + sgr],)xz N )8 — ‘x|2
8+ |x|? J 8+ |x|2
in C?

2 (R?). Let K € O\ {¢, - ,Cn} be compact. Then, by Green’s representation
formula, for each x € K we have that

0
L) =g [ (e e ) 0y, ()G )y

X, eup(y) +e_up(y) 0, d
Z gk /e(ép,k)< ) p,](y) y

+ 2
k:X:]p ‘/B€(‘:p,k)
=o0(1)

in Cloe (\ {1, -+, &m})- In fact, for the fist integral we have

2 e () 4 e 5 (x)d
p /Be(ép,k)( ) p’]( ) y

2t 1 Lo (U 80k o0 (U5 20
o~ / 5K
8 et b s 0 (1+ﬁ)2 o

2 TP’ TP X
+p° k8 T4p4/ exP{ Lo <\/§ +§p,k>
’l'kp

2\ 2
— @p (Tf%x + Cok ) } <1 + |J;> ﬁgf]-)(x)dy using Lebesgue theorem

®. K
1 S1;¥1 T 8/% 98 —[x]?
_ ’ ’ £ d 1
el e sy el e
(1+T>

=o(1).
For the second integral, proceeding as in the proof of Lemma 3.1, for every A <
min{inf, s dist(K, {,x), €} we have

(k) ~(k) oy
0, (x) =07 (x) =

]

(%) + 7)) 0,,(y) (G(x,y) — G(x,8)) dy +o(1)

p2

tp(y) —up(y) ‘ B
/Be(é‘p,k) (e Y) 4 e "l ) z)p/](y) (G(x,y) — G(x, é‘k))dy|

2
[ 2
S
((PZ—FAZ)Z P) Be(gp,k)\B/\(gp,k)‘ () B Euldy
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+ sup [G(x,y) = G(xg)le? [ (e ) ay

Y EB/\(gp,k)
by using the uniform continuity of G(x, -) in K, and taking A = p” with y < 1

=0(1) in Cioc(Q\{&1, -+, Em})-
Using the fact that

A (gp,k )

oG
u, —t,(y) )
Bxl =p / . o ) vp,](y)—axi (x,y)dy,

and proceeding as above, we get the estimate in CL_(Q\ {&1, - ,&n}). We remark that
this also proves that for every j we have

Vpi (X VPJZGX‘fk /B(

€ p,k)

(eup(x) + efup(x)) Up,j(x)dx + 0(1) (4.2)

in Cloe (Q\ {81+~ Cn})- O

Let us now study the behaviour of the eigenfunctions away from the blow-up points,
under a condition that will be proved to select the eigenfunctions from 3m + 1 to 4m.

Lemmad4.2. If p,; — land t; = (t](.l),- x ,t](m)) #(0,---,0) then

log(p)v,,j(x) — 27 E ' G(x, &)

in Cl

oc(Q\ {1+, En})-
Proof. We have

’ e () —e71(¥)) dx +o
g /Be@,,,k)( ) o0, (x)dx +0(1)
=’ el — o) x)v, i (x)dx
b /Bze@,k)( >¢P/k( )0p,j(x)
+/ —A X )ty (x)0p,i(x)dx
Bze(ép,k)\Be(gp,k)( lPPf")( ) P( ) p]( )

BZG(‘:pk)\Be(gp’k) lpp’k( ) P( ) p,]( )

_/ () Ppk(x))vp,1(x)dx
— /Q — A0, ()t (x) P e (x)dx

=u, ip? e () o)) o (x)uy(x)dx, 4.3)
1 fy o ( ) B0, ()t (x)
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where we used the fact that ¢ and its derivatives are bounded in IR?,
1opjllccy <1 lupllcr B, mpeeon < ©

where C does not depend on p, and that by Lemma 4.1 we have v,; — 0 in CL (O

{Clr' o /gm})

Let us start by studying the first integral. By Proposition 4.1 we know that

(k) (k)

(k) )y ST S g0 8 — |x)?
B (%) = 070 = =51 I8+ [xf?
in C2_(IR?). Hence
p2 (eup(x) o e—up(x)) vp,]-(x)dx

Bf(gp,k)
& 00 ) 100 (U5 +Er)

2Tt 1 eépk(
8 Tlpt B, /5 (0) (1 n \x|2> 0

TP

4 TkPX
ockp p/ exp{—ﬁ/k< +¢ k>
2\[{ P \[ O

TP

2
— @ (Tkpx + ok ) } <1 + |x\> o5 (x)dx  using Lebesgue theorem

NG 8 0.j
(®) (®)
1 S X1+ 5,% 58— [x]?
— ‘ ’ AP N 1
""‘/mz 2| e p 4 osgap | e
(1+T)
=o(1). (4.4)

Let us now study the second integral

1o, i (e”f’(x) + 67”9(")) 0, (xX)up(x)dx

Be (gp,k)

= — 4oy, log(TkP)P‘p,jPZ /}; - (e”f’(x) + e_“P(x)) Up,j(X)dx
v De\Gp k

n Tkp 1 / eépk(
Hoif” 0t JB g (0)

+§pk)+€0p( Cpk) 5(k)(x)

|x2 o,
% (H 8 )

2
< 20y log (1+ |8| ) + Lok (Tf/p} +§pk> + ¢ (Tfﬁx +§Pk)>
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(k)(

0 (%)

ox _ Tpx 2 2
4 ‘up]pz kp p4/ e pk +§p,k) (PP< NG +§p,k) (1 + |xS|> 7
Tkp

2
( 2u log <1 + |8> + Lok (Tf/Pg +2, k) + ¢p < f;)éx + &, k>) dx using Lebesgue theorem

= —4daglog(p) (14 0(1))p? /Be(gplk) (eup(x) +e*“P(")) 0y j(2)dx
(k) (k)
1 S1jM T84 a8 —|xf? |x
+/]Rz ( +|x‘2) ( 8+ |x|2 +tj 8+ |x|2 < 2“k10g<1+8>+5>dx+0(1)
:—4“k10g(9)(1+0(1))pz/ (0 + e ) 0, j(x)dx + 8 +o(1). (4.5)
Be(ép,k)

Using (4.4) and (4.5) in (4.3) we get

(k)
2mtt +o0(1)
2 e”p(x)+€_”p(x) U,ilx dx: J . 46
3 /Be@p,k)( ) ) log(p)(1+0(1)) o)

Let us now use Green’s representation formula to estimate v, ;. Let K C O\{&, - ,&m}
be compact. Then, for each x € K, we have

log(p)vp,i(x)
=log(p .”p]P / V) e Ml )) vp,]-(y)G(x,y)dy

=10g(p)plp,j Z G(x, (:k),oz/ e (e”p(y) + e—up(y)) vp,j(y)dy+
0,

+ log(p yp]Zp /

. (e o(v) +ew<y>) 0,1 (¥) (G(x,y) — G(x,&)) dy

+0(1) using (4.6)

_ZNZt G(x, &) +o(1),

where we used the fact that, proceeding as in the proof of Lemma 3.1 we can prove that

log(p)p? /

Be (gp,k )

(e”P(y) - e’”P(y)) v0,i(y) (G(x,) — G(x, &k)) dy‘ =o(1).
Using the fact that

Jv G
p] _ Up(y) it
=p / ) Up](y)axi (x,y)dy,

and proceeding as above, we get the estimate in C*(Q \ {&,- -+, &u})- O
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Furthermore, we have the following lemma.

Lemma 4.3 ([30, Proposition 5.5]). For each &, € R?>, R > 0, f,¢ € C*(Br(¢&)) we have

J o (=) V() 83() + (= ) V()] A ()

d
& [ (2 0E @ V@) Vs dota) 47)
In the following, we will denote by og(f(R)) a function such that
. 0r(f(R))
S rm
We prove the following lemma.
Lemma 4.4. Let R > 0 be such that Br(Cx) N Br(¢j) = @, Br(8x) N Br(i) = @. Ifk # j,
k # i then we have
0G
/aBR@k) VG(x, &) - VG(x, &)do(x) = /aBR@k) 28 (0, 27 (x,&)do(x) = og(1).
Ifk =j #iork=i# jthen we have
R VG(x,¢i) - VG(x,¢)do(x) =R ( Cl) (x ¢j)do(x) = or(1).

9BR (&) 9Br(Cx) 81/

If k = j = i then we have

R VG(x, &) VG(x,¢j)do(x)
9BR (k)

1
R[S Gk Ee(x) = 5 +on(1).
Proof. The case k # i and k # j is trivial. Let us study the case k = i.

1 (x—¢Gk)

VO = g

+ VH<X/ ék)/

Then

R VG(x, &) - VG(x,¢;)do(x)
9Br(Ck)

R (x — &)

Com /BBR(ﬁk) |x — gkk|2 VA, Cj)d(f(x)

R (x—=¢k) - (x=¢j)
/a j

42 Br(&) X — Ckl?|x — €j|2

do(x) + og(1).
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Where we used the fact that

(x—¢j)

1
27 |x — CJ-\Z

‘VH(X,gk)‘, +VH<X,C]‘>
are bounded in Bg(¢x) and hence are bounded in dBg (), uniformly in R. Let us study
the two integrals separately.

R / W28 Gy, ¢j)do(x)

21 3B (&) |X — Gkl?

=% [ (cos(0),sin(0)) - VH(x,&)d0 = ox(1).

Where we used the fact that |[VH(x,¢;)| is bounded in dBg(¢k), uniformly in R. For the
second integral we have.

R (x = &k) - (x =) .
472 /aBR(gk) [ — lPlx — &2 )
R /m (cos(6),sin(6)) - (R(cos(6), sin(9) + (& — &)
4712R2 Jo [R(cos(#),sin(0)) + (5 — &;)|2 '
If j # k then we have
R3 27 (cos(0),sin(8)) - (R(cos(0),sin(0) + (& — &) .
42R2 /0 |R(cos(8),sin(6) + (Gx — &;)|? 0 = ox (L)

where we used the fact that the function inside the integral is uniformly bounded in R. If
j = k then we have

R? /2” (cos(6),sin(6)) - (R(cos(6),sin(6) + (Gx — &j)) 1
0

4712R? |R(cos(#),sin(8) + (Gx — &;)|? 40 = 2m

Analogous computations give the other identities. ]

The next theorem shows that the hypotheses of Lemma 4.2 do not hold if the eigen-
values go to one too fast. Thanks to this theorem we will prove that the estimate provided
by Lemma 4.2 does not holds for the eigenfunctions from m + 1 to 3m, but holds only for
the eigenfunctions from 3m + 1 to 4m.

Theorem 4.1. For every j > m such that p,; < 1+ Cp?, in (4.1) we have that t; =

(Do)~ (e 0t
sgk.)xl + Sgk-) X2
P10 NN R et
P 8+ |x|?

2
n ClOC

(R2) for some s = (s\),55))) # 0. Furthermore, ift; # (0, ,0) then g ; > 1.



50 R. Freddi / Anal. Theory Appl., 38 (2022), pp. 26-78

Proof. By Proposition 4.1 we have that

() 4 oM
S0, SRS 8 — |xf?

P 8+ |x|? J8+ |x|?

in C2_(R?). If t; = 0 then s # 0, otherw1se we would have that v( ) 5 0. Let us assume

by contradiction that t; # 0,that s t ;é 0 forsomek=1,---,m. Usmg (4.7) with f = u,
and ¢ = v, ; we get

ou 00, ;
K 3B (&) <ZJ(X)J(x) = Viy(x) - va,]-(x)> do(x)

~ e {[(x = &) - Vup(x)] Avy (%) + [(x = &) - Vv i(x)] Aup(x) } du.

For the left hand side, by Lemma 4.2 we have

aup avp,j
e <28v(x)av(x) — Vitp(x) - Wp,](x)> do(x)

2 d i n
3 ) (s
\Y

1
167[2R/

- — \Y x;G(x,¢;) +o(1) | -
log(p) JoBr(z) (21 bo6i) el )>

+o0(1))do(x) applying Lemma 4.4

87

— (k)
—log(p)lxktj +ogr(1).

Let us now study the right hand side
/B oy L0080 - Tup ()] 8, (0) + [(x = ) - Vo (x)] Bty ()} dx
g 0 () )
[(x = &) - Yty (x)] () 4 7)) o, (x)dx

_ 1 2/
(=D Br (&)
—_ 2 o . up(x) _ ,—up(x) . d

0 aBR(gk)(x ¢r) v(e e )Up,](x) o(x)

+ 207 ') — o7} o (x)dx
P BR(Ck)< ) ,0,]( )

+ (1 - ,”p,]')Pz/

AN ) 4 o) o (x)dx.
o [ 80 Vit ()] (e) 7)) v (x)dx
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Let us study these three integrals separately. For the first integral we have

_ 2 _ . “p(x) _ _”p(x) . d
0 aBR(@{)(JC &x) v (e e )vp,](x) o(x)
— _ Ro? et (%) _ o=tp(%) ) o do
P 9Br (k) ( ) p]( ) ( )
:OR(1>/

since

2

up(x) _ ,—up(x) .
etr et v, (x)do(x
/m ( ) ostoie )

Tkp e ”k +§f”‘)+(”f’( %X+§P"‘)
dx
8 Tp /WR 1+|x|2>2

T p

T PX
+p2 kp p4/\/>K exp{ _gpk < fﬂ +€pk)

T p

NG 8
=871+ o(1).

o\ 2
_ <Tkpx +Co ) } <1 + ]x) dx using Lebesgue theorem

For the second integral we have

20? et () o)) ¢ (x)dx
: BR<ck>< ) pi (%)

el Ly AR T
8 T?p4 B s (0) (1+ \2)2 %

TP

TkPX
+ak2p2 kp p4/ exp{ pk ( kP +§p,k>

2
_ <Tkpx +E, k) } (1 + |x8|> vf)k])(x)dx using Lebesgue theorem

NG
(k) (k)
_ 1 S1jM F 8% 98— |x|? 1
2 foo e | e e ) 2 ()
(1+T)

—o <10g1<p)) .

51



52 R. Freddi / Anal. Theory Appl., 38 (2022), pp. 26-78

For the third integral we have

& Br(&) [(x = &) - Vup(x)] (e (x) 4+ e " (x)) v, j(x)dx

:1+0(1)

/ oo (W5 50n) +oo (U
8T13 B@ (Ck—Cpk)

s

2 <2 i ﬁf(fj)(x) (—ak </
i)

Vo

Vs (Vg +oe) g T (O i) )
B X
(1 +0(1))./Bm(§k—§p,k> eXp{ gp’k( V8 +§"k)
TP

~ P (Tkjgﬂ‘p,z{) } <1+’;2> vé’?(x)( i |xf”

2 1 ‘X‘Z

\/gx Vi (Tk\/pg + §p,k) + TL\/gx Vo, (Tf/pjc +&p k)) dx using Lebesgue theorem

(k) (k)
_ % |2 11 15X L8 [ dx +0(1)
2 Jr2 <1+|x\2)3 8+ |x|2 I8+ |x|?

8
k
:§7mkt](. ) 4o (1),

_’,_7
f
L wr
8

where we used the fact that

o8

1+

/B@ (&x—Gpik) 8
WP

s (Mg, B P\ ), e Tepx
€ P( ,,) ( p>( vp](x)%x-Vq)p \f-&-é’pk

<Cp’ (1+x|2)2x| Vo <Tkpx +¢ k> dx using Cauchy-Schwarz
B B g (Gk—Cpx) 8 s V8 o
TP
1
2\ 2 2 2 2 2
=Co’ <1—|—ﬁ> x| | dx \Y (Tkpx—i- ) dx
P (/Bm(ékép,k) ( 8 a /B@(Crép,k) e V8 gpk
Tkp Tk‘l)
<CppP|log(p)| =0 (1),
and that
Tpx Tpx
1 egp’k<k7\/§+gp/k)+¢p<k7\/§+§p'k) (k) TP TkoX d
872 | /B gy (Ei—20) 22 2 Oy (VT Ve g Tk ) A
k % 0/ (1 + T)
. x

Voo (Tfﬁc + Cp, k)

—— dx using Cauchy-Schwarz
B sgr (Gk—Cp k) (1+ IXI2>
TP 8



R. Freddi / Anal. Theory Appl., 38 (2022), pp. 26-78 53

1
2 2 3

2
TPX
o (25 1)

|x|
<o [ [,
<\ )
<CpP|log(p)| =0 (1).

We then have

dx dx

/B\/gR (Cx—Cp k)

TP

(1= pp;) (140(1)) ?mxkt}k) +o <10gl<p)> +ogr(1)
()

=81 j

ot —|—0R(1).

1
log(p)

Since this relation holds true for every R, we have

(31 (1 )
(= ko)) = (210g(p) - <log(p)>> o) < gty *5)

We supposed by assumption that

(1- P‘p,j) > —sz,

so that
—Cp2 log(p) > 2,

which gives a contradiction as Cp?log(p) = o(1). Furthermore, by (4.8) we have that if
t](k) # 0 forsomek =1,--- ,m, then we have

3 1
i=1—-——=+0(1) >1,
Hoj 21og(p) (1)
for p sufficiently small. Finally, by Proposition 3.1 %) can not be zero for all k. O

O]

We prove the following lemma.

Lemma 4.5. For any domain Q) C Q, and any eigenfunction v, ,, the following integral identity
holds

—up(x Ju
(1= ppn)po? /Q/ (e“ﬂ(x) + et )> —L (%) vpu(x)dx

0x;
o 20y v (x)aix](x) - Up,n(x)m(X)dU'x, (49)

where we denoted by v the external normal vector to 0Q).
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Proof. Differentiating (2.2) with respect to x;, for j = 1,2, we get

du,

ax; (x), Vxin Q.

_Ai(x) - PZ (euﬁ(x) —+ e*Mp(X))
Multiplying this expression by v, ,, and integrating both sides of the equation we get

aup azuP

ou
:pz N <eup(x) + e—”p(")) a—xj(X)Up,n(x)dx'

On the other hand, multiplying (2.4) by %LX;’ we get

dup Vpn , |\ OUlp
/Q/ V0,V (ax]) (x)dx—/m o ()5, (e

Up(X —Up(X au
:‘up,npz /(\Y (e P( )+e P( )) Tp(x>vp,n(x>dx'

X
Taking the difference of these two expressions we get the conclusion. O

We can now prove that the hypothesis of Theorem 4.1 holds for the eigenvalues from
m + 1 to 3m, and therefore the estimate provided by Lemma 4.2 does not hold for the
corresponding eigenfunctions. The next two theorems show that the eigenvalues from
m + 1 to 3m go to one, give an estimate for the rate of convergence, and prove that the
eigenvalues after 3m are bigger than one, thus providing an estimate from above for the
Morse index.

Lemma 4.6. We have that
Hom+1 <1+ Co* and Hom+1 — 1.

Proof. Set
Ju UL
Tp(x) = a—x‘j(x)lpplkOC) + gap,jvp,j(x),
]:
where o, |
(E%'k’ Yo ) H1(Q)

(4.10)
(Vp,is Vp,j) ()

Aoj = —

with k = 1. With this choice for the 4, ;s we immediately get that 'Y, is orthogonal to v, ;
forj=1,---,m. By Proposition 3.3 we have that j, = o(1) forany k = 1,--- ,m. Let us
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prove that a, ; = o(1). Let us start by studying the numerator

1 <8up¢ )
— 52k 0,
Poj \0x1 PP ) )

0

ou
—= 2 eup(x) +€—up(x)
b BZ€(§p,k)\Be(gp,k)( ) ( )aX1( )lljpk( )
ou
2 v e © (x)dx. 411
e Be({;'p,k)< +e v )UPJ( )axl(x) x 4.11)

Let us study these integral separately. For the first integral we have

ou

2 () 4o ) —L(x x)dx = o(1). 4.12
A G ) 003, (s ()dx = 0(1). (412
By Lemma 4.5 and Lemma 3.1 we have that
ou
2 up(x )+e o) | [ )d
P Be@p,k)( )it o
Ho,j / J ) d n
= 8y C! (x, — (x,
1 _.”p,j< 9Be(Ep) lav ( Z & ) TP
m ) 82
— 87 k;Cj G(x, k) o 81 ZakG x, ) | |dox+0(1)
=o0(1). (4.13)
Using (4.12) and (4.13) in (4.11) we get
1 [du, )
— | 5= Yo, Ty, =o0(1). (4.14)
Mo, <aX1 Yok 1) i .
By (3.10) we have that
(Up,]', UP,]')HS(Q) = 87T‘1/lp,]' (Z (C]( )> +O(1)> . (415)
k=1

Using (4.14) and (4.15) in (4.10) we get that a,; = o(1). By the formula for the Rayleigh
quotient we have that

2

d

Hom = mf fQWU’ -
veEH}(Q),0#£0, f < +€ up(x )) UZ(X)dx

vapl - 0Lvpm

Jo V¥, (x)[2dx
_pz fQ (e”ﬁ(x) + e_”p(x)> ‘{f%(x)dx
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JaIV( SZT () hox(x) + Ty up,jvp,j(x))ﬁdx (4.16)
2 :
Y f ( %) 4 e7Ho(¥ )> (axl( )Ippk( )‘*’Z;'n:l aP,ijrf<x)> dx

Let us start by studying the numerator.

LIv (a”‘P< o >+fap,jvp,j<x>>

j=1

= L ]7 (2o oma) |

[ [5 (2 a0 [ o)
= Jq 1 1/ka x+o(l).
In fact, by (3.10), and since a,; = 0(1), we have that
2 (o)
”g,k/ﬂ |Vo,i(x)|" dx = 87m§,ky]~ (Z (Cj ) +0(1)> =o0(1), 4.17)
k=1
and by (4.14), and since a,; = 0(1), we have that

du,
p,j ( “Poks UPJ) = ap,ipp,o(1) = o(1). (4.18)
Hy(Q)

0

2
dx

Hy(Q)

2 2 P
dx + X; az . /Q |Vo,i(x)|"dx 42 X; ap,j (E)xl Yok vp,]-)
]: ]:

We remark that

20 = 2 (0 ) = ) B, s

Let us go back to the numerator.

/ v(iﬁj( (o))
:_2/ X) o i(x gu (x) Vo (x )dx—/QA@Zf)( )gii( )i (x)dx
Ju

Jd
BZ” 0 Ve P +2 [ T390V ax;’ () Vi)
0
=p / Mp —tp( )) azp ( )¢pk dx+/ )’va,k(x)lde,

hence
2

dx

A \% (aup( )Pk ( )+iup,kvp,k(x)>

d
:pz/o(eup<x>+e— )) a’ff ()92 (x dH/ )’thp,k(x)lzdx—i-o(l). (4.19)
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Let us now study the denominator

2
_u Ju n
o / *) 4 et )> (axf(x)qu,k(x)—i—]gap,jvp,j(x)) dx
~1tp () up®
=07 [ (e e ) S (x)g2(x)ax

2 2 Uy (x —upy(x aP] auP
L ./Q (¢4 o) e 20 (Stgsen)

j=1 Pej
du,
=7 [ (e o) T2 () +o(0)

In fact, by (3.10), and since a,x = o(1), we have
2 2 1, (x) —up(x) _ L (k) _
a,kp/ et 4 e ) o ()dx—87m < C; ))-0(1),
A ) % ICRR
and by (4.14), and since a,; = 0(1), we have
fp,j (a“p ) _
Yok, =o0(1).
Hpj \ 0x prpl HL(Q)

Using (4.19) and (4.20) in (4.16), we get

Up(X —Uu 9 i
0% foy (€00 7)) 2%y () + [y 3 () [V () 2+ 0(1)

Ho,m <

Y f ( +e_up( )% (x)lpglk(x)dx+0(1)
anl ( X) [V (x) Pdx 4 0(1)
— Ju :
0 foy (40) - e)) 22 ()2 (x)dx + 0(1)

It remains to prove that

=1+

Ja 322'; %) [V (%) Pedx + (1)
02 Joy (409 4 &) 2% ()2 (x)dx + 0(1)

For the numerator we have

< sz.

U )|y Pt — |
— X X X =
0 9x1 Pk Boc(&px)\Be (&) OX1

ou,2
=2 (2)|Vipr(x) Pdx < C.

57
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For the denominator we have

p2¢)@w“>+elw@)a”P<>¢pa Jdx

20?1 toi (W5 80n) +on (U5 +8)
4 / 2
8 Tt b O (H\xv)

2
eI (O ) o (M ) )
VBup1+ 5 o B ) o Uy

()

> 2 1 %2 ]
—T]?,DZSTkZ/BJEe(O) 14 P e 50X
o ( + ) ( + )
X
\/guck 1 / e ( +é‘pk)+<p(k +Cpk) X Mp,k (Tkpx (;: )
a 812 k
o 872 JB 4 (0) (1+T‘2)2 14_% a1 \ 8 P
\/é,xk 1 / epk( +§pk)+(Pp(Tka+§pk)
o 872 N2
kP kB%(o) (1+%)
x1 0@y [ Tpx
9%p L h
1+ % 9x ( NG +Cp, k) dx using Lebesgue theorem
1 (327
T2 DK 421
02 <3Tk + o )> (4.21)

where we used the fact that

1 / eépk( +Cpk)+‘PP< +§pk) X1 % TkPX te d
o185 2 1 g )
VBe <1+ ) + 3
P
<€ / _al |99 <Tkpx+§ k) dx using Cauchy-Schwarz
>~ p B&(O) (1 n ﬁ):} aX1 \/g O
Gr 8

1

NI=

2

9 2
<< / ﬁg dx / 9%p (Tkpx+§pk> i
% B&(O) (1 + \X\2> B&(O) dx1 \/g

[N]

T0 TP

C 1
< 2P log(p) = 5o(1).
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Therefore

dut, 2
Jo g () Vippx(x)[Pdx +0(1)

U —Uy(X a>2
2 [ (e p(x) 4 g >)Tf ()92 (x)dx +0(1)
C

<
1 327
2 Z <3Tk )

We know by the proof of Proposition 4.1 that the first two eigenvalues are zero and 1, and
we know that 11 # 0. O

< Cp*.

Furthermore, we have the following result.
Proposition 4.2. We have
(i) pp; <1+ Cp? foreverym+1 < j < 3m;
(ii) poj— 1foreverym+1<j<3m;
(iii) pp,; > 1 for every j > 3m.

Proof. Let us start by proving (i). Let us proceed by induction on m. We know that (i)
holds true for j = m 4 1. Let us assume that it holds true for m +1 < j < 3m — 1. We
show now that it holds true for j = 3m. Set

m au au 3m—1
Fp(x) = 3 (APZL @) + AP L)) gorx) + Y ap,0,(x),
= 0x1 0x2 a
where
(0% () 3%)
A + A l[l ,k,U i
S L
boj =~ (Vp,0p,7)
o.jr Yo JHL(O)
1 ou L au
(k) 4 (k)
ZAl <axl/’p,k'7’p,j> Z/\z (ax ‘/’pk'7’91>
— _ k=1 1 Hé(Q) _ k=1 H(%(Q) (4 22)
(9p,j: Op,j) 3 () (V0,7 Vo) 3 () '

form+1 < j < 3m — 1. With this choice for the a, s it is immediate to see that ¥, is
orthogonal to v, ; for 1 < j < 3m — 1. We have seen in Lemma 4.6 that a,; = o(1) for

every j < m. Let us now prove that, for a suitable choice of the A¥’s and /\(k)’s we have
yJ p 1 2
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pa,; = o(1) for every m +1 < j < 3m — 1. By inductive hypothesis and by Theorem 4.1,

foreverym+1<j<3m—1andeveryk =1,---,m we have that

) sglfj)xl + sgfj) X2

%

“pi 8+ |2

(R?). Let us start by studying the numerator of (4.22)

) ou du,
£ (05032 )
k=1 H}(©)

%C +€p/k> +¢p (Lfg +§p,k)

f T
Poj o
= L/

Zfe( )

~ 812 JB_ . (0 X2\ 2
R (1+5)
AB x4 A0 bY. a0
A Mt A x2+()\(k) ok |\ p,k) (Tkpx c )
\/g‘[kp 8+|x|2 1 8x1 2 dxo \[ pk
_|_

(})99p | (k) 9P (Tkox
(M5 a3 ) (2 +CP">>

6,8 X X 2
N Z’" P / o lox (B 20i) 00 (B 60 (1+ |x|2> ¥ ()
k:1 y 8 . BZ\/ge (0) 8 P/]
TP

NN

o8 e (B )

(k) )y,
ToX B 4uy, /\1 X1+ Ay x (k) (k) aép/k
Yo ( V8 T, k) ( V8o 84 |x[? M Bx - A2 9x7

9
+ (Ag)a% +A£)azp> (Tf%x +§pk> )
i 0, / egpk< +€pk>+q’p( +§pk>
=1 8%

2\/§e( ) (14_%)

TP

o8 e (B + )

(k) ®)

4oy My xit Ay ( (0 9%k (k) %k) (Tkpx ) o
- + (A S Ay S + dx + ppj——
< V8o 8+ |x|? oo Z 0xp V8 Gk T e [

where we used the fact that

W o) o0 (U5 )

g'rk ( (k) TkOX 99p
/2\/§6() <1+|x|2>2 U ()¢pk<\f‘|‘gﬂ>axi(

)
<C/ : 7 | <Tkpx+gp">
(1+5F )

2\/§e axl \/g

TP

dx using Cauchy-Schwarz

(4.23)

+ &y, k>
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A9y [ Tkpx
0 <\/§ * ok >

1
»
1
gc/ ——— | dx / dx
B%(O) ‘x‘z) B%(O) 1
Tk

¥ (1 + 55
C o(1
< pbl1og(p)] = 20, (124)
P Y
and that

8

e 8

[l e o )
BZ\fe (0)

‘(kp

. T OX d T OX
UF(;I,(]‘)<x)le,k < f} +§pk> a(::) < f/pg +€pk> dx

2\ |99, [ Tpx
it o (125 52 (3 o)
P 2\/& 8 axi \/§ Pk

Tk 0

dx using Cauchy-Schwarz

1

EaYAE 99 2 )
<Cpb / (1+x> dx / P<Tkpx+g > dx
! (Bzﬁe(o) 8 B, (0) | 0% \ /8 P
TP

TP

<Cp*pP|log(p)|

=o(1). (4.25)
Moreover,
VPJ/ +§"")+¢”<k7 5"") (x)1/J ) <TkPx e k>
=87 zfe IXIZ>2 p] PP\ V8 pr
B 4oy )\g )xl + )\é )XZ n )\(k) agp,k L /\(k) aép,k Tkpx .
Vstp B+ Uan T an ) g T
o(1)

+ ptp,jT using Lebesgue theorem

k k
sl + 530 AWy 4 AP,

_i_ 4o ” / 1
A VB ke x2\* 84 [x]? 8+ [x]?
=1 V8T (1+XT)

dx(1+0(1))

/ (k) (k)

3 ot J 1 81,/ %1185 i X2 o(1)

2 (R) 9ok (k) 9ok / 1, 2 |

Lty (W52 @0+ 2152800 ) [ e e
1+ 5
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LI R NG IRGING o(1)
Y (s + g )(1+o(1))+yp,]p

k=1 Tk
o(1)

=Hp,j 7!

where in the second last step, A(k) and /\gk) are chosen, such that
m
k (k) 5y ()y _
; ? 1 ‘|‘ 32] /\ ) =0.

Then, if m4+1 < j < 3m — 1 we have

" i) ou ou o(1)
<Z <)‘5 )aTP + Aff )axp) Yo ks Vp,j = Hpj— (4.26)
k=1 1 1 %

Hj (Q)

For the denominator of (4.22), form +1 < j < 3m — 1 we have
(V0,5 Vo) ()
W8 k) + 0 (U +20)

—ﬂp]Zng /B\f (1+ ‘x‘z)z
m T.0x 2\ 2
n yp,].k; wp’ ¢ tox (55 +Ex) =00 (35 +801) <1 + ’2') (ﬁ(k?(x))z dx

8 JB 5 (0
TP

+0(1) using Lebesgue theorem
(k)

81,/ %1 +S§Z)x2 Zd .
=Hp,j Z/ \x|2)2 8 + ’x‘z X—I—O( )

ay k; ((Su) * (S£5)>2> o). (427

Using (4.26) and (4.27) in (4.22) we get that form +1 < j < 3m — 1, we have pa, ; = o(1).
By the formula for the Rayleigh quotient we get that

/|Vv]2dx
3m = inf Q
Ho3m vEH}(Q),0#£0, pz/ (eup(x)+e—up(x)> vz(x)dx
Q

vlogy, -, 0Llvp3m-1

/ |V11fp (x)|2dx N
D

p / () W2 (x)dx

, (4.28)
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where

SYSYCLL (k) 9tp sl
\V <; </\1 ach(xHAz axZ(%)) Pok(x) + ) a0,0p,i(%)

5 ) aup 3m—1 2
1 .
Let us start by studying the numerator. Since
Ju ou
37 (050« A0 i)
A0 aup (k) Ottp () tp v\ () Ot p
22 (W 50 428 50 ) 90 (W50 + A0 ) s

au,, (k) Othp (k) Olhp (k) Op 2
_ Z/ ( +/\2 axz(x)> ()\l E(x)‘i‘)Lz E(x) lpp,k(x)dx

2
dx

m

ou ou 2
= 1o (x) —p(x) (k) 94p (k) Othp ’
Z P /BZe(Cpk) ( P te ) (Al %1 (x) + A, 9%, (x) #’prk(x)dx

+2/

( (k) Ottp
Bae gpk \Be épk

Ak NCLLZYNS v 2
1 E(XH_ 2 Em(x)) ’ lpp,k(x)’ X,

we have that
i 17 k ou k ou 3m—1
/Q v <k_21 ()\g )an(x) +AS )ax;’(x)> Pox(x) + Z a0p,i(%)

d —u k Ju k au
:kg"l ‘/BZG(Cpk e pm) (/\g)axf(X)—i_Aé)ax ( )) lppk( )

m 3m—1
NOLL (k) Othp ) 2 2 2
+§/ ( —(x)+ A, =—(x Vip, i(x dx+§ az/ Vo, i(x)|" dx
k=1 " B2e(Gp,x)\Be(Cpk) ! axl( ) 2 axz( ) ‘ lppk( )‘ j=m £ Q‘ p]( )|

2
dx

=1

dm_1 d 0
2) ay [V (): (A5 + A2 ) ) e >> Vo,j(x)dx +o(1), (429)
j=m k

since for j < m, by (4.17) we have

2
ag,j/ﬁ ‘va,j(x)‘ dx =o(1),
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and for j < m, by (4.18) we have

U d d
ap,j/ﬂ A\ (2 (/\gk)a:lf(x) + )\gk)azp(x)> 1pp,k(x)> va,]'(x)dx

ou
Z 2 “pJ <a p‘/’pk' p]> =o(1).
= H(Q)

0

For the denominator we have that

2
m Ju a 3m—1
pZ‘/Q<eup(x)+e—up(x)> <; (/\gk)axi’(x)+/\£k) ( )) 1Ppk + Z ap]vp]( )) dx

_ o, Up (x) —1p(x) (k) a”P (k)aﬂ 5
Zp /B2e(§p,k) (6 ! te ) (A a (X) +/\2 axz (x) 1Pp,k(x)dx

3m ta 5] 2/
V0,17 (x
j= m ‘uP] ol
. [ m
A, (k)OUp (k) Olp
+2 _Z Uy (Z ()\1 axl +)\2 axz)ujp’k,v‘o'j) +0(1), (430)
j=m P/ k H1(Q)

since j < m, by (4.17) we have

2
P‘p/ |Vo,,i( ){de:o(l),

and by (4.18) we have

% (" < ORLTINNG a“p>
. ML+ A=) kv,
Foj (; ! axl 2 0x2 g o H&(Q)

dutp (0 Bpj ((Olp
—Z (ax Poks p]) ) +3N ‘<ax Pojs P]) R

H{(Q) k=1  Hpj Hj(Q)
:o(l).

Substituting (4.29) and (4.30) in (4.28) we get

(x)
Dp(x)’

Z

H2,0 <1+




R. Freddi / Anal. Theory Appl., 38 (2022), pp. 26-78 65

where

m 2
_ GLL (k) Otp 2
Np(x) a kZ /BZe gpk \Be gpk < ! axl (X) + )\2 ax (x)> |v¢p,k(X)| dx

3m—1
+ Z a; ;tp] / | Vo, i(x ‘ dx 42 Z ”MM

j=m j=m Ho,j
/¥ 3 A“‘)aﬂ(mm“a“ﬁ() Por(x) | Vo (x)dx +0(1)
Q —1 1 dx1 2 dx e P ’
and
i ou ou 2
o) 4 o ta(¥) (A(”Px +/\(k)px> 2 (Vi
D=y f (e ) (A5 )+ AT () yRel)
3m la 5] 2/
[Vo,,i7(x
m Ho,j &
3m—1 . m Ju . du
+2 ‘”( < )p+/\()">¢,k,v,-> +o(1).
]Zm g (B M 7% ) et Hy(©)
It remains to prove that
Np(x) 2
< Cp~.
Dy(x) = P

Let us start by studying N, (x). We have

/ (A(k)a”lf’(x)+/\(k)a%(x)>2 V() Pdx < C
JBoc(pi)\Be(Go) \ 01 2 9xy P ’

by (4.27), and since a,,; = % and p,; —1 < Cp?, we have

(1 2
ap,]L/ ‘VUP] )‘ dx
Ho,j

=52 (11— 1) (f (sgf;f + (sgj;)z +o(1)) —o(1),

k=1
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and by (4.26), and since 4, ; = % and j1,; — 1 < Cp?, we have

(Hpj—1) i ou ou
ap'jp]pj/ﬂv Z (Agk)(yé(x)—k/\gk)aé(x)) Po(x) | Vo i(x)dx

(Mo — 1) (’” ( (k) Otp (k)%) )
:{1/"7 A —— Ay — ll),k/v,‘
T k:Zl 1 9x, 72 9x, ) Yok Tei o

=a,,i(Hp,j — 1)0(p1) =o0(1).

Consequently, we obtain,
Ny(x) < CH+o(1). (4.31)

For the denominator we have

m u u 2
) > Z 1y (x) —1tp(x) < A0 T A0 T ) 2 d
N k=1 /BZe(gpk) ( + ‘ ) ! axl (X) + 2 ax?_ (X) wp,k(x) *

dm=1 g U k) Ol &) OU
+2 Z -2l (;( 1 87xp g)axz> lpp,kzvp,j) +o(1)
Hl

—m Hoij 1(Q)

C
>?(1+0(1)). (4.32)
In fact, by computations analogous to those of (4.21), we have
2

2 1,(x) —upy(x) (k)% (k)aﬂ 2
Y /Bze(ép,k) <e P te ) </\1 9% (x) + A, 9% (x) ) ¢pi(x)dx

C

> P (1+0(1)),

and by (4.26), and since a, ; = g) we have

apj [ & < (k) OUp (k)aup> o(1) o(1)
— /\ = + A /U =4a = °
Hoj <; b oox ? ox Yok %o Hl b 2

Using (4.31) and (4.32) we get that

so that (i) is proved.
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By (i) the hypotheses of Proposition 4.1 are satisfied. We know by the proof of Propo-
sition 4.1 that the first two eigenvalues are zero and 1, and we know that y,; # 0 for all
j > m and so (ii) follows.

Let us now prove (iii). By Theorem 4.1 it is enough to prove that there exists 1 <

k < m such that t](.k) # 0 for j > 3m. Let us assume by contradiction that tgﬁz 41 = 0 for
every 1 < k < m. By the orthogonality of the eigenfunctions corresponding to distinct
eigenvalues we have that

0= (0,0l = Mose® [ (€0 +e70) 0,5 ()0p (1)

foreverym+1 <j<n <3m+ 1. Then

ozzpzjg (ew%x)4—e*uﬂx>)sz(x)vﬂn(x)dx

& LT 1 o (W o) e (W )
=Le 8 Tio* Jb 4 0 P oy (X))
S s et (1+ )
mo 2,2 o (e _ (mex X2 2~ )
+3 0 k8p TfP4/ 0 ORI <1+|8‘) v,g,(j)(x)vgfn(x)dx
k=1 \Lgps( )
i
+0(1) using Lebesgue theorem
w1 (el (s s
:Z/Rz AT S e
k=1 (1 + ?)

Ty (k)
722 1]51n+52]52n+0(1)

Then, having set s; = (si]., st s%,]., e ,sgfj) € R?", we get

m
(k) (k) , _ ;
): 51,j 513m+l 55182 3my1 = i S3m1 =0, Vm < j<3m,

but in R?" there are at most 2m orthogonal vectors, so that the condition cannot be satis-
fied, from which we get a contradiction. O

5 Morse index computations

In this chapter, we will give an asymptotic estimate for the eigenvalues and the eigen-
functions from m + 1 to 3m. While computing this estimate, we will also calculate the
Morse index.

Let us firstly prove the following lemma.



68 R. Freddi / Anal. Theory Appl., 38 (2022), pp. 26-78

Lemma 5.1. If j is such that y,; — 1 and t; = 0, then for every k = 1,- - -, m, we have

AF = 2 ) 4 o= () ) o (x)dx = o(p).
P B€<cp,k>< ) itz = o(p)

Proof. By (4.2), for every j we have that
m
ki
0o (%) = 1o Y G(x, &) A +0(1)
k=1
in C1(Q\ {¢, -+ ,&n}). Moreover, by Lemma 4.5 we have that

11—y, 2/
( Vp,])‘o Be(gk)

dv,, ou 22U
 JoBe(z) ( v (x) 9x; (x) vp,](x)avaxi (x)> do.

0
(e”ﬂ(x) + e’”P(")) %(x)vp,j(x)dx

Let us start by studying the left hand side

u
2 to (%) —up(x) ) 20 ‘
0 /Be(é‘k) (e P et ) o, (x)vp,](x)dx

ZTk2p2 1 eep,k(L\/?‘Fép,k)‘l’?p(ngx‘ng,k) (k)
8 Tt 4/3 0 Ha% iz
kP %( ) (1 4 XT)

doy X 9y <Tkpx > 99, (Tkpx )
- + 8ok )+ =t [+ dx
( o1+ T an VB Tt T p o

2
5

k)
0, (x)

(x)

T pX

2.2 T X 2
+pL"8p et / ¢~ tox (45 +0x) =00 (45 +40s) (1 + ";')
B /5. (0)

Tp

4o Xi aﬁp,k ThOX a(PP Teox
<_ \/ngp]_ n % + x; \/g +§p,k + x; W +§p,k dx

+0(1) using Lebesgue theorem

(k)

4 X s§k>x1 +5,:x2
ST v d o L
k X
P (1+5F)

(1+0(1)), (5.1)

where we used (4.24) and (4.25). For the right hand side, by Lemma 4.1 we get

00, ou 2u
9%,j N N U _
/a&(Ck) ( ov (x) ox; (%) Up’](x)avaxi (x)> doy = 0(1),
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hence

and so
(1= o) = 0(p)-

By Lemma 4.3, and proceeding as in Theorem 4.1, we get

Ity . 9Tpj
. 9BR (&) <zau(x)av(X) — Vup(x) - Wp,](x)> do(x)

— B () { [(x - ék) . Vup(x)] Avp,j(x) + [(x — ‘:k) . va,].(x)] Aup(x)} dx

— _ 2 o . up(x) _ —up(x) ) d
0 aBR(Ck)(x &) v(e e )vp,](x) o(x)

+ 207 ete(*) — e‘”f’(x)> 0,,i(X)dx

Br(k) (

(0= o) /BR(ck)

For the left hand side we have

ou L
R/ e (2aj(x)gﬁ'f(x) — Vit (x) - v@p,j(x)) do(x)

[(x = k) - Vuy(x)] (e“P(") + e’”P(")> 0,,i(x)dx.

m

- . - 90y W
=X 3B (&) lzav <8”l_1G(X/Cz) +o(1)> 5 (yp,,izzlc(x,gl)/\p +0(1)>

-V (871 i G(x, &) + 0(1)) -V <P‘p,j i G(x, (',‘i)A;,’j + 0(1)) ] do(x) using Lemma 4.4
i— i=1

i=1
=dji,; Ay + og(1).
For the right hand side we have that

2 e ) — =) o (x)dx
P /BR(ffk)( > pi(*)

2.2 Coi (25 +80k )+ (25 +2p,
ZTkP 1 / epk<\/§ pk> (pp(\/§ Pk) (k)
B@(O)

=00 o~ 5 0, (x)dx

2.2 T T 2\ 2

— ayp? T,fp‘*/ ¢ tox (55 +E0x) —0n (5 +80x) (1 + M) 3% (x)dx
8 B 5z (0) 8 el
TP
2 2 Cor (B 80k ) +90 (15 +80x)

LT 1 e\ VB VB (k)
=P ST,fp‘l/ 7. (x)dx +o(p). (5.2)

B g (0) (1+%>2 0

kP
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Furthermore,

2 e (™) 4 o)) o (x)dx
P ~/BR(§k)( ) p,]( )

T PX T PX
2 Tk2p2 1 / eé*”" (L\/ﬂ@”") o (L\/EJFQ"") (k)
B V8R (0)

_ ! (x)dx
8 T4 4 2\ 2 UP/] (X)
K /B yse (1+5F)
2,2 Tox T 2
+ 5 TfP4/ ¢~ ox (45 +0x) =00 (5 401 <1+ MZ) o) (x)dx
8 5 (0 8/ ¥
TP
a1 a3 420) v (00
— 2k8p’f4p4 /B o ¢ . o) (x)dx + o(p). (5.3)
e (14 )
Putting (5.2) and (5.3) together we get that
0? <e“P(x) - e_”f’(x)) 0, (x)dx = (xkA];’j +o(p).
Br(k)
Proceeding as in Theorem 4.1 we have that
_ A2 _ . “p(x) _ *”p(x) . d — 1
0 oy (5= 8w (e =0 1y (x)de(x) = on(1),
2 x— &) - Vuy(x)] (e +e %)) o) (x)dx = o(1).
0 ), o =80 Vi) ( ) 0, (x)dx = o(1)

Putting everything together we get
k,j k,j
4y A +0g(1) = or(1) + 20k A" + 0(p) + (1 =y )0(1).
Since this hold true for every R, we get

224, — ) Ay = 0(p) + (1= pp)o(1),

the conclusion follows. O

We recall the following:

Proposition 5.1 ([15, Proposition 2.3]). Let z1, zo and z3 be in Q) and let R be such that
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Br(z1) C O, and z; ¢ Br(z1) fori = 2,3, then

2’G 0G oG 2G
o N 22)5— (X, — —(x,29) =———(x, do,
/BBR(zl) <8vx8xi (.'Xf ZZ) ay] (x 23) axi(x Zz) avxay] (X Z3)> 0.

0, (z1 # 22, 71 # 23),
1 9?R
Em(zllzl), (21 =Zy = 23),
W(Zlfzs), (z1 =22 # 23),

%G

——(21,22), (21 =23 # 22).
8xi8xj

We will now give an estimate for the eigenfunctions away from the blow-up points.
This estimate will hold precisely when the one provided by Lemma 4.2 doesn’t hold, that
is for the eigenfunctions from m + 1 to 3m. Moreover, we will identify the connection
between the Morse index of 1, and that of the Hamilton function F.

Proposition 5.2. Let j be such that t; = 0. Then

BG (k)

ULy ) 0G
Boany T (o g et + s o ) 54)

in CL.(Q\{€1, - ,&m}). Furthermore

(1— o) = 37p*;(1+0(1)),

where the 1’s, for j = 1,---,2m, are the eigenvalues of the matrix D(Hess F)D, where D is
the diagonal matrix D = dlag(Tl, S Tw, T, , Tm), and Hess F is the Hessian matrix of the
Hamilton function F.

Proof. Let K C Q\ {&,- - ,&m} be compact. Let

€/ = mininfdist(K, ,
koop ( gp,k)

and let A = min(e, €’). Since G(, -) is smooth on K x By (¢, ), we can consider its Taylor
expansion to get

oG
Glx,y) = Glx,Eo) + L 5 (5 Ea)(y — Eat)
i=1,2 !
+1 Z G

1zayzay ( Wp)(y gpk) (y Cpk)
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where 7], is a point lying on the segment connecting y to ¢,x, and hence contained in
Bi(&,x)- Taking A = p” with v <  we get

0% et W) o (1)G(x,y)d
Ho,i0 /Q\UZ;lBA(ép,k)( ) p,](y) (x,y)dy
2
4 2 . 1
<C|——+ / G(x,y)|dy since G(x,-) € L' (Q)
((MW p) RPN =1L (x,) € L(Q)
=o0(p).

Using Green'’s representation formula, for each x € K, we have

R w®) 4o %®) o (1) (G

p,k)

d
+) aﬁ(x, Cor)(y — ép,k)i> dy + R, +0(p),

i=1,2 7J1

having set

_Hoj v 2/ up¥) 4 gt g
=2 5 (47 o)
2G

d

(x,10) (Y — Co k)i (Y — Cpp)ndy.

. L=l OYioYn
Since 17, € B)(Gpx) and x & B, (&, k), we have
0°G 0°G
—(x,1,)| < sup (x,z)‘ < C.
‘Byiayh f ih=12, 2€B) (k) 9Yi0Yn

Since p,; = 1+ 0(1), we have

m

SCEPZ/

IR
P =1 BA(Gpk

| <e”p(y) + e‘”f’(y)> |y — CoxlPdy
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where we used the fact that
Lo (N +ox) oo (B 50

0? /Bm() (1+%>2

ly[dy| < Cp* (log(p) +1) = o(p).

TP

Therefore

0p,i(X) =My, 2 (x, &) +0(1)) p* /A(g 3 (eu"(y) +€_up(y)> 0, (y)dy
o,

+ Hp,j Z a xék)(l“‘o(l))

i=1,2
m

2 ”p()+e up(y) Vs _ i
Yo (e ) 00, () (s = )ity

k=1
+o0(p) wusing Lemma 5.1

~ttps L 5o (5,8) (1 0(1)

i=1,2

i szzpz 1 Tkp e£p,k<%+€p,k)+¢p<%+€p/k) ~(k)( ) d
o 4.1 a 0, \Yy)yiay
k:lp 8 Tipt 8 B@(O) (1 + ﬂ)z P
y P
+u (x,8x) (140(1 —
P]z 1zay -1 8

/ e—fp,k(rk—\/%y+§pk> (Pp(rpj-i-ﬁpk) ( ‘y‘2> (y)yldy+0({3)
B g1 (0)

T0

=Hp,ji Z a x gk)(1+0<1)>
i=1,2 9Yi

m ¢ k< g k)ﬂpp( py"‘gp/k)

1 7o e’ ’ ve (k)

Lg / 3, (y)yidy + o(p).

AR hge gy

Tk p

Therefore, we have

0p,j(x) - gy (x,&) (1 +0(1))

p i=1,2
o1 o eéﬁk( +C”k)+%( (;yﬂ:'“"‘) _(k
Z @% N2 Ui (y)yidy

+0(1) using Lebesgue
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(k) (k)

L. i S1Y1+ 852
= x,Ck)(1+0 — dy +o(1
]/‘P]lzllza )( ( )>]£\/§ R2 (1—’_%)2 8+|y|2 ( )
e s
=271, ; (x, Ck) iy +0(1),
o i:zl,zkzzl Y V8
and so (5.4) is proved. By Lemma 4.5, we get
ou
1— , 2/ up(x) up(x)\ 2P ; d
(L= poe? [ (e e0) S 0p ()i
B aBg@k)( av gz, ()~ Pen ()55, (%) | o
For the left hand side, using (5.1), we have
ou 16 «
2 e o=} 222 (x)y,  (x)dx = ———— 5% (14 0(1)).
P e ) 5 (o (x)dx = — 37 mts (1+o(1)

For the right hand side we have

/aBS@k)( av gy, ()~ Oen ()55, (%) | o

P m s
= — | 27T n — X, — +0(1
P Jos.() o Hor 12 L 5y, &) V8 @

i=1,21=1 9Yi

I (87r Y ayG(x,&n) +o(1 )) doy

ax] h=1

0x;dvy =

7 <87r i apG(x, &) + 0(1)) doy

Tls(l)

=167T o Z Y

ILh=1i=1,2

/BBE( N <8yla (x Cl) ( n) — Ay, ( XG5 = s (x, Ch)> do,
+o(p) using Proposmon 5.1
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l)

82]-'
= — 167 apHon (Clw-,ém)JrO(P)-
o Z£1212 \f ax
Hence
16 &k (k)
— ——m—s; (14+0(1))(1 —upn
S/e (e )1~ )
s 82]-“
=—16m (xkpptpnz Z (@1,"' ,Gm) +0(p)-
—1i=12 \[ ax
Having set
1 & () ?*F
= — TZTkS 7(61; et /Cm)/
];) 1; i=1,2 axfl)ax](k)
we get

82
]"17” - Z 2 TlTkSln (51/ ,Cm),
dx! ; 8]

=1i=1,2

so that s, = (5512, . ,s%n;) ,sgg, . ,sg’;) ) and 77, are respectively the eigenvectors and

the eigenvalues of the matrix D(Hess F)D. We can therefore conclude that

(1= ppn) = 37p*n + 0(p?).

Thus, we complete the proof. O
Finally we can prove the following

Proof of Theorem 1.2. Proposition 5.2 proves point 1 and point 3, while Theorem 4.1 jointly
with point (i) of Proposition 4.2 proves point 2. O

Proof of Theorem 1.3. With similar calculus of those in Proposition 4.2 we can prove that
for 3m +1 < j < 4m, p,; still goes to one In the proof of point (iii) in Proposition

4.2 we showed that for 3m +1 < j < 4m, t 7£ 0, so Lemma 4.2 holds and in such a
case at the end of Theorem 4.1 we proved (4. 8) therefore point 1 and point 3 are proved.

Finally, considering Proposition 4.1 and the fact that the functions g +|x|2 and for

[x[? 8+\X\2 ’
i = 1,2, are orthogonal and that eigenfunctions relative to different eigenspaces have to

be orthogonal we get point 2. O

We are now ready to prove the main result.
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Proof of Theorem 1.4. For p sufficiently small, by Proposition 3.3 we have that y,; < 1 for
every j = 1,---,m. By Proposition 4.2 we have that y,; > 1 for j > 3m and for every
m+1 < j < 3m we have that Hoj < 1+ sz, so by Theorem 4.1 we get ti=0. Therefore,
since the hypotheses of Proposition 5.2 are satisfied, we get

Mo =1—=3mpn;(1+0(1)),

where the 77;’s, for j = 1,- - - ,2m, are the eigenvalues of the matrix D(Hess F)D. Then, to
any positive eigenvalue 7; of the matrix D(Hess F)D there corresponds a negative 1, ;.
Since D is a diagonal, positive definite matrix, the signature of the matrix D(Hess F)D is
equal to the signature of the matrix Hess F, and hence the theorem is proved. ]

We deduce the following corollary.

Proof of Corollary 1.1. It is enough to notice that Hess, F is a 2m x 2m matrix, and so
0 < M(Hess F) < 2m. O
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