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A class of multiparameter oscillatory singular
integral operators: endpoint Hardy space bounds

Odysseas Bakas, Eric Latorre, Diana Cristina Rincon Martinez
and James Wright

Abstract. We establish endpoint bounds on a Hardy space H' for a natu-
ral class of multiparameter singular integral operators which do not decay
away from the support of rectangular atoms. Hence the usual argument
via a Journé-type covering lemma to deduce bounds on product H' is not
valid.

We consider the class of multiparameter oscillatory singular integral
operators given by convolution with the classical multiple Hilbert trans-
form kernel modulated by a general polynomial oscillation. Various char-
acterisations are known which give L2 (or more generally LP,1 < p < o0)
bounds. Here we initiate an investigation of endpoint bounds on the rect-
angular Hardy space H' in two dimensions; we give a characterisation
when bounds hold which are uniform over a given subspace of polynomi-
als and somewhat surprisingly, we discover that the Hardy space and LP
theories for these operators are very different.

1. Introduction

There is a well developed connection between singular Radon transforms and os-
cillatory singular integral operators. For instance if ¥ is an n-dimensional surface
given by the graph {(x, ®(z)) : z € R"} of a polynomial mapping ® = (P4, ..., P)
where each P; € R[X7,..., X,], then the so-called Hilbert transform along X,

HZ,Kf(Qf, Z) = p.v. f(ﬂ? — Y z—= (I)(y))K(y) dy7
R7L
has served as a model operator in the theory of singular Radon transforms. Here K
is a classical Calderén-Zygmund kernel on R™. By computing the partial Fourier
transform in the z variable and using Plancherel’s theorem, one sees that the L2
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boundedness of Hy, i is equivalent to uniform L? boundedness of the oscillatory
singular integral operator

Teg(x) = p.v-/ g(z —y) e PWEK(y)dy

where we require uniformity in the frequency variable ¢ € R¥. This connection has
been developed more deeply in [20] and [21]. Tt is well known that the operator
Hx i is bounded on all LP with 1 < p < oo (see e.g. [23], Chapter XI) but a
major open problem in the theory of singular Radon transforms is to establish
endpoint bounds; for example, to determine whether or not Hs i is weak-type
(1,1) or whether it is bounded on the appropriate real Hardy space H! (see [10]
for a result in this direction). This endeavour still seems to be a long term goal.

Although the boundedness properties of Hs x and the uniform boundedness
properties of T¢ are no longer equivalent outside L?, it has been of interest to study
operators of the form

Sprg(z) = p-v-/ g(z —y)ePW K (y) dy

n

for a general polynomial P € R[Xy,...,X,] and determine whether they are of
weak-type (1,1) or bounded on H!. A negative result would imply a negative
outcome (and a positive result would give some indication) for the corresponding
singular Radon transforms. Since uniformity in the frequency variable £ for the
case P(x) = & - ®(z) where ® is a general polynomial mapping is required, one
is naturally interested in LP, weak-type (1,1) and/or H' bounds for Sp x which
are uniform' over the space of all polynomials of a fixed degree; that is, bounds
which are uniform in the coefficients of the polynomial oscillation P. This has
been accomplished by a number of authors; for example, weak-type (1,1) bounds
by Chanillo and Christ [8] and Hardy space H' bounds by Hu and Pan [14], all
bounds are uniform in the coefficients of the polynomial P.

Recently the theory of singular Radon transforms has been extended to the
multiparameter setting and this was done for a number of reasons; see Street’s
monograph [24] and the references therein. This extension poses a number of
challenges in part because it is no longer the case that L? boundedness holds,
even when the underlying surface is polynomial. However we now have a good
understanding of the cancellation conditions needed to guarantee boundedness in
various cases and furthermore, a general LP theory has been developed (see for
example, [16], [11], [22], [24], [19], [2] and [3]). Needless to say, endpoint bounds
for multiparameter singular Radon transforms are even more challenging than the
one parameter case which remains open.

Exactly as in our discussion above, there is a connection between multipa-
rameter singular Radon transforms and multiparameter oscillatory singular inte-
grals where now the underlying Calderén-Zygmund kernel K has a multiparameter
structure; for example, the multiple Hilbert transform kernel K(y) = 1/y1 - - - yn.

IThere are other reasons for seeking such uniform estimates; see e.g. [23].
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From the work of Ricci and Stein [22] (via a simple lifting procedure), one can
determine precisely when Sp i (equivalently Hs k) is uniformly bounded on L2
If P(z) =), caxz® is a real polynomial in n variables, we define the support of
P as Ap = {a: ¢, # 0}. For any finite subset A C Njj, let VA denote the finite
dimensional subspace of real polynomials P in n variables with Ap C A.

Ricci-Stein Theorem ([22]) Fiz A C Nj. Then

(1.1) sup ||Spillrzor: < o

Peva
holds if and only if for every a = (o, ..., ) € A, at least n — 1 of the o;’s are
even.

There is an equivalent formulation for Hy x. This result depends on our par-
ticular choice of multiparameter Calderén-Zygmund kernel K(y) = 1/y; - - - yn,. For
a fixed polynomial P € R[X,Y], then a necessary and sufficient condition on P is
given in [25] so that Sp k is bounded on L?(R?) for all multiparameter Calderén-
Zygmund kernels K.

When uniformity is not sought, there are a number of results which characterise
those individual polynomials P for which Sp is bounded on L?. Furthermore
these characterisations depend on how one truncates the operator Spy. For ex-
ample, when n = 2 such a characterisation was given in [2] for the local operator
(when the integration over y € R? is restricted to |y| < 1) and the characterisation
is given in terms of the Newton diagram of P which depends only on the support
Ap. In [17] a different characterisation (but still depending only on the support of
P) was found for the global operator where the integration is taken over all y € R2.

This is in sharp contrast to what happens in n = 3 for the corresponding triple
Hilbert transform with a polynomial oscillation; in [3], it was shown that two
polynomials P and ) may have the same support Ap = Ag yet Spx is bounded
on L? whereas Sg  is mot bounded on L?! Here K(y) = 1/y1y2ys, the triple
Hilbert transform kernel. So when n = 3, matters are much more delicate but
nonetheless a characterisation of L? boundedness was found in [3] and depends
not only on the support of P but also on the parity of the coefficients. See also [9]
for other results in n = 3.

Here we will be interested in examining how the multiparameter oscillatory sin-
gular integral operator Sp x acts on rectangular atoms. Recall that a rectangular
atom is an L? function ap supported in some rectangle R (an n-fold product of
intervals) satisfying ||ag|/z: < |R|™'/? and possessing the cancellation property

/aR(xl,...,xj_l,y,xj+1,...,xn)dy = O

for any 1 < j < n and for almost every z1,...,%j—1,%jt1,...,Tn. Given the
connection with multiparameter singular Radon transforms, we will be mainly
interested in uniform estimates and in particular we seek to understand when the
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estimate
(1.2) / |Spxar(z)|dx < C,
R™\vR

holds uniformly for all P € Va for a fixed A C Nij. Here v > 2 and R is the vy
dilate of R with respect to its centre. If Sp x is bounded on L?, then an application
of the Cauchy-Schwarz inequality allows us to control ||Spxarl 1 (yr)-

If there exists an € > 0 such that Cy < Ccy~¢ holds for some C. and all v > 2,
then Sp : Hrl)rod(R") — LY(R"), assuming that Spx is also bounded on L2
Furthermore, the H} , — L' operator norm of Spx depends only on C. and
its L? operator norm. This result depends on a Journé-type covering lemma for
rectangles and is due to R. Fefferman [13] in the two parameter setting and J.
Pipher [18] in the general multiparameter setting.

Here H} 4 (R™) is the natural real Hardy space associated to multiparameter
dilations. For n = 2, le)rod (RQ) can be defined as the space of all integrable
functions f on R? such that Hi(f), Ha(f), H1 ® Ha(f) € L*(R?), where H;
denotes the Hilbert transform in the i-th variable, ¢ = 1,2. One defines product
Hardy spaces in higher dimensions in an analogous way.

Interestingly any v decay bound in (1.2) is false for oscillatory singular integral
operators, even in the one parameter setting, n = 1 (see Section 2 below). This
explains our interest in obtaining bounds first on the rectangular Hardy space
H} . (R™), the atomic space constructed from rectangular atoms. Hence bounds
on H} . 4(R™), if true, requires a new, alternate approach and we leave this for a
future investigation.

The space HL ., has played an important historical role in the development of
the product theory of Hardy spaces. It was thought for many years that HL ., gave

re
the natural atomic characterisation of Héro q defined above, so that Hé HL..

rod =~
(R?) is a proper sub-
space of H;md (RQ), see also [12]. However, as shown by Chang and R. Fefferman
in [5] and [6], elements in H, ; do have an atomic decomposition but the atoms
are more complicated, associated to arbitrary open sets of finite measure. Never-
theless, one can still interpolate bounds on HL  to establish L, p > 1 bounds.
For more details on multiparameter Hardy spaces, we refer the reader to [7].

Our goal is to characterise those finite sets A C N such that (1.2) holds
uniformly for all P € VA with a constant C, = C, A only depending on v and
A (and of course, independent on the rectangular atom ag). By accomplishing
this, we can then import any of the many L? results known for Sp i, uniform or
otherwise, and obtain boundedness from HL , to L'. But we highlight the Ricci-
Stein Theorem which gives us a characterisation of when uniform L? bounds hold
and so, together with (1.2), would give us uniform bounds on H} .

In this paper we provide such a characterisation in two dimensions, when n = 2.
First of all, without loss of generality, we may assume (0,0) ¢ A. Furthermore

when A C N2, weset A; = {k>0:(j,k) € A} and A*F = {j >0: (j,k) € A}.

However a construction due to Carleson [4] asserts that HL
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Theorem 1.1. If A C NZ with (0,0) ¢ A, then (1.2) holds uniformly for all
P € VA if and only if

(1.3) (a) (1,0) and (0,1) ¢ A, and (b) |Ao||AL]+|A°||AY = 0.

Condition (a) is well known to be a necessary condition for any boundedness
result on H! for oscillatory singular integral operators, even in the one parameter
setting. Condition (b) is the new, interesting necessary condition for this 2 param-
eter case. Assuming condition (a) holds, we see that condition (b) fails precisely
when there exist a (0,ky) € A with kg > 2 AND there is a (1,k;) € A for some
k1 > 1 (or the corresponding situation holds with the coordinates swapped). In
particular if P(s,t) = cst? + dt*, then the Ricci-Stein Theorem shows that Spx
is bounded on L? (and in fact on all LP,1 < p < co) with bounds which are uni-
form in ¢ and d. However by Theorem 1.1 this is not the case on HL_,, showing
a difference in the L? and Hardy space theories for this class of singular integral
operators.

We can combine Theorem 1.1 with the Ricci-Stein Theorem to obtain a char-
acterisation for uniform boundedness from H} (R?) to L'(R?). First, we observe
that if Spyx : HL . (R") — L'(R") is bounded uniformly for P € Va, then nec-
essarily Sp i is bounded on L?(R"), uniformly for P € VA (this follows from a
standard argument, see for example [15]) and so A C Nf} necessarily satisfies the
condition that every a € A has at least n — 1 even components.

Corollary 1.2. Let A C N2 and assume, without loss of generality, (0,0) ¢ A.
Then Spi : HL . (R?) — LY(R?) is bounded uniformly for P € Va if and only if
jk is even for every (j,k) € A AND condition (1.3) holds.

Notation. Uniform bounds for oscillatory integrals lie at the heart of this paper.
Keeping track of constants and how they depend on the various parameters will be
important for us. For the most part, constants C' appearing in inequalities P < C'@Q
between positive quantities P and @ will be absolute or uniform in that they can
be taken to be independent of the parameters of the underlying problem. We will
use P < Q to denote P < CQ and P ~ Q to denote C™1Q < P < CQ. If P is
a general real or complex quanitity, we write P = O(Q) to denote |P| < CQ and
when we want to highlight a dependency on a parameter v, we write P = O,(Q)
to denote |P| < C,Q.

We will use multi-index notation: if o = (j,k) € N3 and = = (21, 22) € R?, we

denote 2 as the monomial 2725 and we use the notation

itk
o o(x) = L% (a)

J ok
Ox10xs

to denote the associated partial derivative. We also write |a| = j + k.

Acknowledgement. We would like to thank the anonymous referee for their
useful comments.
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2. Failure of decay in (1.2)

Here we prove that there is no decay in « in the bound (1.2) for the class of
oscillatory singular integral operators, even in the one parameter case. Hence one
cannot establish bounds on Hémd for this class of singular integral operators by
the usual method via a Journé-type covering lemma.

We begin with the most classical oscillatory singular integral operator

i) = [

and prove the following.

Proposition 2.1. There does not exist an € > 0 such that
/ [Tar(z)|dx < Cy~¢
Y[<]=|

holds for some C, every v > 2 and all atoms ay associated with intervals I.

Proof. We simply consider intervals I = [—1/2|I|,1/2|I|] for small |I| < 1 and
take ar(s) = e’iSZbI(s) where by(s) = 1 when 0 < s < |I]/2 and b;(s) = —1 for
—1/2|I| < s < 0. One easily checks that ay is an atom associated with the interval
I. We will take v = |I|~2 and show that

(2.1) / |Tap(x)|de 2 1
yHI<]z|

which will establish the proposition. For this atom ay, we take v = |I|72 > 1 and
we add and subtract 1/ in the definition of T'a;(x) to conclude that

1 .
/ |Tay(x)|dx > / — ‘/ el(mfs)zaf(s)ds‘ de — 2y~ !
A1|<]al Ari<lal 2] Ve
where we used the estimate
. 1 1
/ / ez(’”_s)z[ - f} al(s)‘ds dx < / /Lds dx
1<zl JR r—s x yiri<el J1 ]l = ]

1
< |I|2/ — da
WII<|2| T

<2yt
<2y7h

However e/~ q;(s) = e e=2%5h (s) and so

i(z—s)? ’ — [ogog| = leostll) =1 o 1
[ o] = [brcon) ERATL
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holds for any x satisfying ||z||I| — k7 /2| < 7/200 for some odd k > 1. Therefore
when v = |I|~2, we have

br(z)| bi@)] i 1
/WIIISJE Ea 2 /k |] ~ o 2 5

k:kodd” E k:kodd ¥ Er

where Ey, = {x : ||z||I| — k7 /2| < 7/200}. Since |Ex| ~ |I|7! and |z| ~ k/|I| for
x € E), we have

LI TR OF AR DY I

k:kodd k:odd k:odd
establishing (2.1) as desired. O

From Proposition 2.1 we can easily construct examples in higher dimensions
simply by taking n-fold products.

3. A more robust formulation and some preliminaries

We fix a finite set A C N3 satisfying condition (1.3) in Theorem 1.1. We also fix
a P(x) = > cox® with Ap C A but we keep in mind that our estimates should
always be independent of P € Va.

Let ¢ € C§°(R) be an even function which is supported in {|s| ~ 1} and has
the property that >, ¢(27Ps) = 1 for all s € R\ {0}. Set ¢,(s) = ¢(27Ps)/s
and for p = (p,q) € Z%, y = (y1,y2) € R?, we write ¥p(y) = ¥, (y1)1q(y2) and

/ Lo ()W f(z — y) dy.

For any finite subset F C Z", we consider the following general truncation of our
operator Sp,

Trf(z) == ) Tpf(

PEF

Our main goal is to prove the bound (1.2) for T, uniformly for all finite subsets F.
This implies a more robust version of Theorem 1.1. We note that the Ricci-Stein
Theorem also holds uniformly for all such truncations. By translation invariance
and since we seek bounds which hold uniformly for all P € VA, we may assume,
without loss of generality, that the support of the rectangular atom apg is the unit
square; that is, matters are reduced to showing that for v > 2,

(3.1) /|> Tra(x)|de < C,

holds uniformly for all atoms a supported in the unit square, for all P € VA and
for all finite subsets F C Z2.
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We now give a few useful results which we will use time and time again.

For Q(z) =Y dox® € Va define ||Q|]1 = > |do| and for some fixed Cy > 1, set

‘= ma inf o .
QU = max _ inf (0"Q)
Lemma 3.1. Let A be a finite subset of N§ with 0 ¢ A. For Cy > 1, define ||| - |||
as above. Then there is a positive constant C > 0, dependingly only on A, Cy and
n such that

(3.2) QN = C Rl
holds for every Q € Va.

Proof. The proof is just the usual equivalence of norms argument although |||-]|| is
not a norm (the triangle inequality fails). However it does act enough like a norm
to make the usual argument work.

Note that |[|AQ]|| = |A||||@Q]|| for any scalar A € R and from this we see that
(3.2) holds with

C := inf
Jnf [QI

where S1 = {Q € Va : [|Q]l1 = 1}. It suffices to show that C' is positive. Suppose
C = 0. Since S is the unit sphere in the finite dimensional vector space VA with
respect to the norm || - |1, it is compact and so we can find a sequence Q; € Si
such that ||Q; — Q|l1 — 0 for some @ € S and such that |||@Q;]|| = 0. We will see
that this implies = 0 which gives us our contradiction since @ € S; and hence
nonzero.

First we observe that for every a € A, the corresponding coefficient d?, of
@Q; tends to zero. This follows from |||@;||| — 0 by a simple induction argument,
starting with those ay € A satisfying |ag| = maxaea |a. Indeed, since 97°Q;(x) =
i, ap! and

il _ inf 17yl
11Q;]l| = 0 implies that 7, — 0 for all oy € A satisfying |og| = maxaen |al.
But since [|Q; — Qll1 — 0, we see that d, converges to do,, the corresponding
coefficient of @ and so d,, = 0 for every ag € A such that || = maxaen |af.
Consider the set Ag = {ag € A : |ag| = maxaen |a|} and then define inductively,
for j > 1,
A= {ao €A\ Ui:éAk s |ag| = aeAI\ISZ}E})Ak |a|}.

Note that since A is finite, there exists an N € Ny such that Aj = forall j > N.
Hence we can successively apply the previous argument to Aj for1<j <N to
deduce that d,, = 0 for every ap € A and so @ = 0. O

We will use Lemma 3.1 to estimate oscillatory integrals with polynomial phases.
In fact we will use Lemma 3.1 in combination with the following higher dimensional
version of van der Corput’s lemma.
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Lemma 3.2. Let A be a finite subset of Ni such that 0 ¢ A. Then for every
Co > 0 and ¢ € C§°(R™) with supp(¢) C [—Co, Co]™, there is a § with 0 < § < 1
and C, both depending only on |A|,Cy and n, such that whenever we have a uniform
bound from below |0*Q(x)| > X\ on the support of ¢ for some derivative o € A of
an element QQ € VA, then

(33) [ e u@yda] < OX (0l +[0l)

holds.

It will be important that we can choose § < 1. In fact the proof below will
show that we can take 6 = min(1/2,0*) where 6* = max(1/|a|: o € A).

For our applications, the importance of this lemma lies in the uniformity in
the bound (3.3), the fact that the constant C' depends only on A, Cy and n and
otherwise can be taken to be independent of () and A. Due to this uniformity, the
proof does not quite follow from the standard higher dimensional version of the
classical van der Corput’s lemma as found for instance in [23], Proposition 5 page
342, since we do not necessarily have uniform control of the C* norms of Q(x)/\.
This would be the case IF X is comparable to ||@Q|1, and although by Lemma 3.1
we can always find a 3 € A so that the uniform bound |0°Q(z)| 2 ||Q||; holds
on the support of ¢ (and hence the result in [23] would imply the bound in (3.3)
with A = ||Q||1), our applications combining Lemmas 3.1 and 3.2 are somewhat
nonstandard.

At times our arguments will have the following format: given a polynomial
phase ® € VA whose corresponding oscillatory integral given in (3.3) is the object
we would like to bound, it will not be clear how to successfully estimate ||®||; from
below. Nevertheless, we will be able pass to a related polynomial Q = Q¢ whose
norm ||Q||; can be effectively bounded below and furthermore, we will be able to
relate derivatives of @ to derivatives of ®. We will apply Lemma 3.1 to @ to find
a derivative of () bounded below by ||Q||; and then deduce a derivative bound for
® in terms of ||@]|1. We will then apply Lemma 3.2 to ® with A = ||Q||1. The two
norms ||®||; and ||Q||x will not be comparable in general.

Proof of Lemma 3.2. It suffices to show that (3.3) holds with some § < 1 (as
opposed to & < 1). In fact, if such a bound held, then together with the trivial
bound

[ 9@ p@)da| < 9l < Ol + IV¥l20)

we have
[ 99 via)da] < € min(1 A 0) (ol + V6]

and since min(1, \~%) < A=%/2, we obtain the desired result.
The bound (3.3) for some § < 1 follows from a higher dimensional version of van
der Corput’s lemma found in [1], Proposition 4.14 on page 1004, whose hypotheses
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are satisfied for polynomials with bounded degree with a concluding bound which
has the desired uniformity.
In fact the bound given in Proposition 4.14 in [1] is

‘/n W y(z)de| < OXTVN(|ll L= + |V 1)

and this completes the proof of Lemma 3.2. O

As an application of Lemmas 3.1 and 3.2, with the format described above, we
derive an L? bound for T},. More precisely, since we are interested only in how T},
acts on atoms supported in the unit square, we consider the operator

Tof(a) = [ (o =)™ Vul0) 1) dy

for some ¢ € C§°(R?) supported in [—3,3]? with ¢(z) = 1 for all x in the unit
square. We will apply the above two lemmas to deduce a bound for the kernel of
T;Tp which in turn will give us a bound on the L? operator norm of Tp.

For p = (p,q) € Z? and o = (j,k) € N3, we use the notation p-«a = pj + ¢k
and 2P o 2% = (2Px1)7 (2922)".

Proposition 3.3. Let p = (p,q) € Z? be ordered, p < q. Then for some0 < § < 1,

(3-4) 1ol S

~

279/2 ¢, 2PItake| =0 ifp<o0
2-(P+a)/2 |, 2PUs—Dtaks | =0 if p >

where P(x) =Y cox® and a, = (j«, ks) is any element in Ap with j. > 1.
Proof. The kernel L of T;Tp is
L(z,u) = w(w)sD(U)/ P POl (y — 2)ihp(y — u) dy.
R2

Note that L is supported in [—3,3]* and if p < 0, L is further supported when
|1 —wuy| < 2P. We make the change of variables y — 2P o y to conclude

L) = plahptu2 ™ [ 20 o) dy,

where
(y) = Ppouly) = Z 2P [(y—2"Pox)* — (y—27Pou)”]

and

d(y1 — 27Px1) p(y1 — 27Puy) ¢(y2 — 27 %w2) d(y2 — 27 Tuz)
y1—27Px1 y1 —27Pup Y2 —27%me Yo — 27 %y

e(y) = @p,z,u(y) =
is a smooth function, supported in [—5, 5|2 with uniformly bounded C* norms. Let

9(t) = Y ca2P(y—2Pow 1270 (z —u)"
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and note that ®(y) = g(1 fo t)dt. Writing
X = g2 2 - w) = (1) 27+ K~ 2 7).

and similarly for Y, we see that X, Y € [—10, 10]? for all ¢ € [0,1]. Also

P(y) =
1
/ [ D a2 —w)XTTIYF 4 Y 2P k2 (s —uz)Xijfl} dt
aEAp aEAp
1
= > vtk [Cj+1,k(j + 1) (z1 —w1) + ¢jpr1(k+ 1) (22 — U2)]ijk} dt
0

(4.k)EAP

where Ap = (Ap — (1,0)) U (Ap — (0,1)). We note that Ap C A where A =
(A —(1,0)) U(A —(0,1)) and every (j,k) € A satisfies j + k > 1. We now apply
Lemma 3.1 to Q(X, Y) 2o k)ehn d;j 1 XIY* where

dig = 2P ci 0 (G + 1) (21 — ur) + ¢jrg (B + 1) (2 — ug)]

and A to find a derivative o = (j,k) € A such that [0°Q(X,Y)| = ||Q|| for
(X,Y) € [~10,10]2.
Hence 0“Q(X,Y) is single-signed on [—10, 10]? and so

1
o0 (y)| = / 0% QY dt 2 [1QlL

holds for all y = (y1,y2) in the support of ©. Here we used the fact that X and Y
are translates of y; and ys; X = y1 + B1,Y = y2 + By for some By, Bs.
Using the fact that j, > 1, we see that ||Q[1 > |dj, 1k, | =

op(j«—1)+qk.

Cjo o Ju (1 — 1) + €51 g, 41 (Fa + 1) (22 — ug)|
> ej k. |2P0" —uy + B(wz,us)|

where B(z2,us) depends only on xo,us and the coefficients of P.
We now apply Lemma 3.2 to ® and A = ||@Q]|; to deduce the existence of a
d = 0(A) with 0 < 6 < 1 such that

(3.5) |L(z,u)| < 27®FD |¢; 4 2PU=DFake (g ) 4 B, u0))|°.

Since f lo]<3 |z1 — uy + B(xa,uz)|~°dx < Cs, we have
Sup/ |L(z,u)|dz < 9—(p+a) |Cj ke op(j«—1)+qk-. |76'

Similarly sup, [ |L(z,u)|du < 2~ ®+9|c; ; 2p0-—1) % and hence an applica-

tion of Schur’s lemma shows

1TpTpllze S 27®FDej. . 270"
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implying

||j;li)||L2 5 2_(p+q)/2|cj*7k*2p(j*—1)+qk* _5/2

which proves the Proposition for the p > 0 case.

When p < 0, we use the fact that L(z, u) is supported in E where E = {(z,u) €
[-3,3]* : |[#1 — w1| < 2P}. Using the bound (3.5) for L(z,u), integrating over F
and making the change of variables 21 — 27P(z1 — u;) we have

/|L(x,u)|dx < 2-Hdop e, | op(x—1)Fak. —5/ 12P21 + B(xo,us)| °da.
E |z|<3

Since

/ 1221 + B(x2,u2)| da = 276}7/ |21 + 277 B2, uz)|*da <27,
|| <3 lz[<3

we have

R R SR

/|L(:c,u)| dz < 27q275p|cj*7k* 9p(j=—1)+gk.

—% and hence

As above, this leads to the bound ||T;Tp||L2 < 279 ¢y, g, 2P Ak

~5/2

1Tpllee S 2792 e, b, 277 0K
which finishes the proof of the Proposition. O

We end this section with a final useful lemma.

Lemma 3.4. Let Py be the collection of real polynomials of a single variable of
degree at most d, and let G C Z be a finite set of integers. Then

Cq = sup ’Z /Ri/zp(s)eiQ(s)ds

QEPa,G peC

is finite.

This is a well known result; see for example [23], Chapter XI, page 513.

4. Proof of Theorem 1.1 — Prelude to the sufficiency part

As stated in the previous section, we will establish a more robust version of Theo-
rem 1.1 by showing that the uniform bound (1.2) holds for T’ where F is any finite
subset of N2. Without loss of generality we may take the elements p = (p,q) € F to
be ordered, say p < ¢. Furthermore, since we are proving L' bounds away from the
unit square, for |z| > ~, it suffices to consider a finite F with every p = (p,q) € F
satisfying p < ¢ and ¢ > ¢, > 1. For such F, we see that for any atom a supported
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in the unit square, Tpa(x) with p € F is automatically supported where |z| > «
and so it suffices to prove

(4.1) [1Tra@lds < 1

uniformly for all atoms a supported in the unit square and all such F described
above.
We decompose such an F into Oj5|(1) disjoint sets such that

(4.2) |Cag] 2P°* > |cq 2P

holds for some ag € A and all « € A. It suffices to consider a fixed subset Fy
where (4.2) holds, say for ag = (jo, ko) € A, and establish (4.1) with F replaced
by .7:0.

The basic idea is to compare the operator Tz, with a model operator Sr, which
has a distinct single parameter character. The difference T'r, — S, is successfully
treated due to (4.2) defining Fo.

The case jg > 1

First we will consider the case jo > 1. In this case, for p € Fy, we consider the
difference operator Dy = T, — Sp where

Sof(a) 1= [ (o =)™ fy) .

For p € Fo, y2 € [—1,1] and |za — y2| ~ 29, we have |z2| ~ 27 since ¢ > ¢, > 1.
Hence |(z3 — yo)* — 2b| < 29071, implying |P(z1 —y1, 72 —y2) — P(x1— 1, 72)| S
|Cjo.ko |2P70FAR0=1) whenever 1p(z — y) # 0 and p = (p,q) € Fo. Therefore we
have

(4.3) IDpallzs S lejor| 227001

for any p = (p, ¢q) € Fp and all atoms a supported in the unit square.
To complement the estimate (4.3), we will observe that the corresponding op-
erator

Sof@) 1= [ tple =)o) 1(0) dy

for S}, satisfies the same L? operator norm bound as Tp; namely
Proposition 4.1. Letp = (p,q) € Z? be ordered, p < q. Then for some (0 < § < 1,

(4.4) I1Spllze S

~

T if p<0
2= (P+a)/2 |, oPU-—Dtaka| =0 if 5 > ()

where P(x) =Y cqx® and o, = (J«, kx) is any element in Ap with j,. > 1.
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The proof of Proposition 4.1 is given at the end of this section. Assuming that
Proposition 4.1 holds, we now decompose Fy further into a disjoint union Fy =
Fo,+ U Fo,— where for p = (p,q) € Fo,+, we have p > 0 and for p = (p,q) € Fo —,
we have p < 0. Hence for p € Fy 4+, Dpa(x) is supported in

{x = (z1,22) : |z1] ~ 2P and |za| ~ 2‘1}

when ¢ is an atom supported in the unit square. Hence by the Cauchy-Schwarz
inequality, ||Dpal: < 20+9/2||Dpal|g: for p € Fo.. Also when p € Fy _,
Dpa(x) is supported in

{x = (.’L’l,.’,UQ) . |$1| S 1 and |{I,'2| ~ 2(1}

and so ||Dpallzr < 29/2||Dpal|z: for p € Fy . Hence applying Propositions 3.3
and 4.1 to the operators Tp, and Sy, separately (recall that we are assuming jo > 1
for the moment) shows us that

(4.5) IDoallys < | |Goko2 0l ifp <0
’ pUILT ~ |cj0,k02p(j0_1)+qk0|‘5 ifp>0

which, together with (4.3) allows us to successfully sum || Dpal 1 over p € Fy =
Fo+UFo .

To see how one can use (4.3) and (4.5) to estimate »° . » || Dpal|1, let us treat
the cases p € Fo 4+ and p € Fy,_ separately. When p = (p,q) € Fo 4+, we take a
convex combination of the bounds in (4.3) and (4.5); for any 0 < € < 1, we have

|ch ko 9pjo+q(ko—1) |

<
|Dpall1 S | g 2PU0— D ko | 5(1=6)

We choose € such that

o — 1
€ >5]0.
l1—e Jo

(4.6) or ejo > 8(1—€)(jo— 1).

This allows us, for fixed ¢, to sum in p < ¢ to conclude

j — e—0(1—e
3 IDpalis S [fejor 2000 Da) 0079

PEFG 4

where 7§, ={p€Z: (p,q) € Fo.+}

Finally, for ¢ > ¢, > 1, we split this sum further; when |cj, , |200+ko—1)a <
we choose € so that €/(1—¢) > § (which implies the condition (4.6)) and this allows
us to sum over ¢ > 0 to obtain an O(1) bound. When |¢j, x,[200FF0=1D4 > 1 we
further restrict € so that €/(1 —€) < §. We note that it is possible to choose € so
that )

Jo : 1 < €

1)
Jo 1—ce¢

<6
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and with this choice, we can successfully sum over these ¢ > 0 and hence

(4.7) > IDpall S1.
PEFo,+

We now turn to bounding the sum |Dpallr:. Again we take a convex

pGFg,,
combination of the bounds in (4.3) and (4.5); for any 0 < € < 1, we have

gpjota(ko—1)e

|C' k ; e—d6(1—e€)

< Jo,Ro — . pjo+qko €q
”DPG'HL1 ~ |Cjo kDQPj0+qko‘6(1—e) [|CJ0J€0|2 } 2

for any p = (p,q) € Fo,—. Again we will fix ¢ and sum over p € F{ _ first. For
those p such that |cj, x,|2P70T9%0 < 1, we choose € such that e — (1 —€) > 0 and
for those p such that |cj, x,[2P70F 7% > 1, we choose € such that € — (1 — ¢€) < 0.

In either case we see that

Y IDpafp S 27

PEF; _

and so

(4.8) > IDpallp 1.
pe]:(]’,

The bounds (4.7) and (4.8) reduce matters (modulo Proposition 4.1) to examining
[ > per, Spallzt in the case jo > 1.
We first consider those p = (p,q) € Fo,+ and note that

Spa(r) = /m [Vq(22 — y2) — Yg(x2) | Pp(21 — yr)e' P T a (y) dy

by the cancellation property of the atom a. Since |za| ~ |x2 — ya| ~ 29 when
Yg(z2 —y2) # 0 and yo € [—1, 1], we have

Spala)] S 22 0pnae(en) [ [on(er — p)aly)] dy
R
and so ||Spal|rr < 277 implying that
Y lISpall S 1.
p=(p,q)€Fo0,+

For p = (p,q) € Fo,—, we again use the cancellation property of the atom a to
write

Z Spa(z) = Z/R[@[’q(fm —y2) —¢q($2)]532ay2(931)dy2

PEFo,— q>0

where ay, (u) = a(u,y2) and

S729(z1) = /R[ Z Uplar — y1)|ePE VT gy ) dys

p:(p,q)€EFo,—
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The operator 572 is a multiplier operator on R with multiplier

mE© = X [l e as

p:(p,q)€EFo,—

which by Lemma 3.4 is a bounded function of £, uniformly in the parameters x5, g
and the set G, = {p: (p,q) € Fo,—}. Hence S is uniformly bounded on L2

For fixed z2 and g, Sj2a.,() is supported in [-3,3] and so by the Cauchy-
Schwarz inequality,

| Y Spall < o2 [

pEFo, >0 |2 |~24

/\// la(yr,y2)|?dyr dya S 1,
R\ Jr

the last inequality following by a final application of the Cauchy-Schwarz inequality.
The completes the proof of Theorem 1.1 in the case jo > 1, once Proposition 4.1
is proved.

AN

[ 1155700l
R

N

Proof of Proposition 4.1. This proceeds exactly along the lines of Proposition
3.3 by considering the kernel M (x,u) of S}Sp, which is given by

M(z,u) = o(x)p(u) /R2 P i=ery2)=Plyn—uiw)ly, (4 — 2)ipy (y — u) dy.

We have the same support conditions for M as we did for L and again we make
the change of variables y — 2P o y to conclude

M) = pla)p2 0 [ 0 6()dy.

where this time
O(y) = Ppau(y) = Y 2T [(yr = 27P21) — (y1 — 27 Pwr)’]y5

and O(y) is unchanged, a smooth function, supported in [—5,5]* with uniformly
bounded C* norms. Using an appropriately modified definition of g(¢) we see that

1
o) = [ [ X ez (e - )00
O “Gkear
1
[ 3 [cjﬂ,ksz%fl(jﬂ)(xl—ul)]Xij] dt

(j,k)EAP

0

where now Ap = Ap — (1,0) and where X is same as before but now Y = ys.
Again we see that X,Y € [—10,10]? for all ¢ € [0, 1].
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The analysis now proceeds exactly as before. We only note that (for an appro-
priately modified @)

”Q”l > |dj0*11k0| = |Cj0,k02p(j071)+qkoj0(‘r1_ul)"

The rest of the proof of Proposition 4.1 follows line by line the proof of Proposition
3.3. O
This completes the proof of (4.1) with F = F; in the case jo > 1.

The case jo = 0. When j; = 0, we modify the above argument as follows.

First we note that (0,k9) € A shows that Ag = {k > 2 : (0,k) € A} is
nonempty and so, since |Ap]|A1| = 0, we see that A; = (). We decompose Fy into
O)a(1) disjoint sets {Fo o} such that for each o, there is an ay = (jo, ko) € A\ Ag
with j, > 2 (since Ay = () and

|cay [2P°% > cal2P®

for all @« € A\ A whenever p € Fy,. Note that |ce,|2P ¥ > |cq, |2P @ for all
p € Fo.

We fix one of these subsets Fy,, and establish (4.1) with F = Fy,,. To
simplify notation we write ay = (41, k1) instead of g, = (o, , Koy )-

We write P(z1,22) = Q(x1,22) + T(x2) where (x = (21, 22))

Qz) = Z cox® and T(z2) = Z ok Th.

a€A\Ag (0,k)eAq

We modify the definition of the comparison operator S, as

Spf(.%‘) = /]Rz qpp(m _ y)ei[Q(-ﬁ—y17$2)+T($2—y2)]f(y) dy

and consider D, = T, — Sp as before. The two estimates (4.3) and (4.5) now
become

(4.9) IDpallr < lejy g, |22 Fak—D)
and

‘Cj & 2Pj1+qk1|*5 ifp<o0
4.10 D < 1,%1 ) )
( ) || pa”Ll ~ {le’k12p(11—1)+qk1|—5 lfp >0

The difference bound (4.9) is straightforward and the decay bound (4.10) follows
along the same lines establishing (4.5). Indeed, for a fixed ¢ € C§°(R?) supported
in [—3,3]? with p(z) =1 for all z € [—1,1]?, if we consider the modified operator

Spf(@) 1= [yl = y)el@mmmen Tl ) 1(5) dy
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then one can show (using the above arguments) that Sp satisfies estimates anal-
ogous to (4.4) in Proposition 4.1 and hence, by arguing as in the proof of (4.5),
(4.10) follows.

The key here is that j; > 1 (in fact we know j; > 2 and this will be needed
later) and so, exactly as before, (4.9) and (4.10) together show that the sum
Zpefo,gl | Dpal|z: is uniformly bounded, reducing matters to showing

(4.11) / 1S7, , a(z)|de <1
R2

where Sz, . = Zpe}‘o Sp. The arguments for the case jo > 1 do not apply to
: o
S7,,, and we return to the proof of (4.11) after an interlude.

5. Proof of Theorem 1.1 — the proof of the necessity

Since the proof of the necessity uses some arguments from the previous section,
we now pause in the proof of the sufficiency part and give a proof of the necessity;
that is, to show that condition (1.3) in Theorem 1.1 is a necessary condition for
the uniform bound (1.2) to hold.

The necesssity of (1,0) and (0,1) ¢ A is well known so we will assume this
condition holds but suppose |Ag||A1| + |A%||Al] > 1. Under these assumptions
we will show that the uniform bound in (1.2) does not hold. Without loss of
generality suppose |Ag||A1| > 1 so that there exists kg > 2 and k; > 1 such
that (0, ko), (1,k1) € A. We consider the subfamily of polynomials P, 4(s,t) =
cstht  dt*o € Va as ¢, d vary over R. If (1.2) holds, then

(5.1) // |Sp, xa(wy, x2)|doidey <1
10<|z [z et

holds uniformly for all 0 < € < 1,¢,d € R and atoms a supported in the unit
square. Our aim is to show that (5.1) does not hold.

In fact, for our atom a we simply take a(y) = b(y1)b(y2) where y = (y1,y2) and
b(u) =1 when 0 < u < 1/2 and b(u) = —1 when —1/2 < u < 0. We will choose
¢ = c(e),d = d(e) € R and show that the integral in (5.1),

I(e) = // // alzy — s, 29 — t)ei[cstmrdtko]@‘ diydiy,
10< 21 |<z2 | et R2 st

satisfies I(€) > log(e~!) which will show that (5.1) fails.
From the arguments of the previous section, we see that

N 1

I(e) = ‘// eileler =i wllan=0") < (s, 1) dsdt| duydo

o= J1I/L. (o~ s)(y gy (1) ot e
+ 0(1)




MULTIPARAMETER OSCILLATORY SINGULAR INTEGRALS 19

holds where
E = {(xl,xg) 110 < Jaq| < Jao| < et |cx1m’2“| < |dx§°|}

This is precisely the reduction to (4.11) when P(s,t) = cstt + dt*o.
We note that

// ‘// ei[c(mfs)wghrd(a:zft)ko] 1 [ ! _ i] a(s,t)dsdt’ dxidzs
10< |1 | < z2 | R2 Ty —Slro —t T2

1 1 1
10<]|z1| |24 |@1|<|@a] L2 10<|z1| *1

and so

1 . , 1
I(e) = // 7‘/‘/ el[c(mfs)ﬂﬂglﬁLd(wz*t)ko]7(1(3’t) dsdt‘ dridrs + O(1).
E |72 R2 )

(r1 —s

Next we show that the integral

1 . ko ) 1 1
// 7‘// eile(@1—s)zy! +d(z2—t)" ][7 — —}a(s,t) dsdt‘ dridxsy
E |‘T2‘ R2 (-Tl —_ 5) xr1

is O(1). We note that this integral is at most

1 ) !
// Ty |72 [/‘/ eld(xz—t)koa(s,t) dt’ ds} deidry =: I;
10<21|<|zs| 72171 LRlJR

we split I = II 4+ I1] into two integrals where the integration in I7 is further
restricted to where [dz5°~!| < 1 and the integration in I1T is over the complement,
where |dazho ™! > 1.

Using the cancellation of the atom a, we see that

II = // W |:/ ‘/ [eld(a?Z*t)kO —_ eldmgo]a(s, t) dt’ d5i| dl’ldIQ
F 1 R'JR

where F' = {(z1,22) : 10 < |z1] < |2a], |dzh°] < 1}. Hence

1
17 5 |d| 72[/ |1‘2|k072 dz2:| dry 5 1
10< a1 | 21 Y)daho)<1

where we used (crucially) the fact that ko > 2.
To treat 111, we fix s and write B(zz) = B(zz,s) = [ eid@2=0" (g #)dt for
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the inner integral in 171 and use the Cauchy-Schwarz inequality to see that

1
/ 7|B(l‘2)‘dl‘2 S
1<|za),|dako 1 |22

2

1 / 1
b ———————|B(z2)]2dzs <
\//1<|x2| || 1H1/ko \/ 1<|dako Y| |xz\(ko—1)/ko| (@2)Pdes
. k 2
|d|1/k0 /‘/ etd(z2—1) 0a<57t) dt‘ dry =
R'JR
|d|1/k°\//]R |a(s, m)m(n)[>dn

where a denotes the partial Fourier transform in the second variable. Here

m(n) = /Rei[dtk”"“ dt

is the oscillatory integral multiplier which arises when computing the Fourier trans-
form of B(z2) and is a well defined integral (defined as a limit as R — oo of trun-
cated integrals |t| < R which converges since ko > 2). Furthermore by van der
Corput’s lemma, see [23] page 332, we have |m(n)| < Cy,|d|~/*0 and so

/ 1 |B(z2)|dze < /\a(s,t)|2dt
1 R

<[aa] Jdzio | |Z2]

1
[I11] < / —2/ /|a(s,t)|2dt dsdxy S 1
1<|a1] L1 JR R

with a final application of the Cauchy-Schwarz inequality.
Therefore

implying that

1 .
I(e) = // 7’/ 62[765m§1+d(127t)k0]a(3,t) dsdt‘ dxidze + O(1).
B |z1||z2] ke
From our definition of a(s,t) = b(s)b(t) we have
/ ei[fcsm’;ljtd(zgft)ko]a(s’t) dsdt — /b\(cx;“)/ b(t)eid(zg—t)kodt
R2 |t]<1/2
and we note that

(5.2) [b(cak)| = = > Jexh?|

cos(caht) — 1 ‘
x5



MULTIPARAMETER OSCILLATORY SINGULAR INTEGRALS 21

whenever |czh!| < 1. With a little work, we can also show that
. t)eid@2=D" gyl > | gpko—1
5.3 b(t)eid@2=t) > |dah
[t]<1/2

whenever |dzh*™!| < 1 < |z3]. We will show this later.

Hence
//G il |d mko 1||c:z:21|dx1dx2

where G = {(z1,22) € E : |dzbo™1, |c:c21| < 1}. We now choose d = €01 and
¢ = €" so that |za| < € ! implies |cah?|, |dzko ™| < 1. Thus with this choice of
¢ and d, we have E = G. We divide the concluding analysis of the integral above
into two cases.

Case 1: ko — 1 < k. Here |z1] < |72] < e~ automatically implies |cx1x§1| <
|dzko| and so E = G = {(x1,22) : 10 < |z1] < |z2] < €'}, In fact,

-1

|zo| <€ = |e:172|kl*k°Jrl <1 = |ex2|k1 < |ez2\k“71 = |ez2\k1|x2| < |dx§°\
and so

crrzst| = lemy|"a1| < lewo|M|z| < |das?].
Therefore

// exo|Fo TR doy day
|71 ]2

N/ log(|z2]) |egcg|k°'Hﬁ 2edxs
10<|wa | et

~ / log(y/e) y*o =2 dy
10e<y<1

log(1/e)

Vv

since kg + k1 —2 > 1.
Case 2: k; < ko — 1. Here |cz1z5'| < |dz5°| and |z5] < ! imply that
|z1| < |x2|. In fact,
lez12y| < |dx5°| = |a]|ews|™ < |zoflews|* !

and since |z3| < 7!, we have |z1| < |ezo|*o~F171|zy| < |z|. Hence

E = {(z1,%2) 110 < |22] < € 1,10 < |z1], and |21||eza|™ < |2a||exa|™ "}
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and so
1
I(e) 2 / —— |eaq[FotF Y dypy day
|z1]|z2]
10< 21 ],10< g | e
lexa|*1 21| <|ewa ]P0~ ag|
1
2 — [ylPotF 2 dydy
|24
10e<|y|<1
10< @y [<y[* 0 F1 7 |y /e|
z |/ [log(1/€) + Tog Iyl )] [y *+=~2 dy 2 Tog(1/e)
el/(ko—k1) <|y|<1

which shows that I(e) 2 log(1/¢) holds in both cases IF (5.3) holds.
We now establish (5.3). First we note that

1/2
/ b(t)eid(zgft)ko dt — / [eid(a:zft)ko . eid(ﬂszrt)kO] gt
[t]<1/2 0
ke Y2 o1 ‘ L
= ezdw20/ [el[kodazgﬂ (=t)+...] _ez[k0d$20 t+..‘]] gt
0

and so

[t|<1/2
1/2
| / (sin(kodae™ 11+ g(0)) + sin(koda " 4{1 + h()])) df|

0
where g(t), h(t) = O(1/|xz|). For large |zo| > 1 and small |dzko ™| < 1, we see
that the integrand in the above integral is single-signed and both

sin(kodah* " t[1 + g(t)]), sin(kodzio™'t[1 + h(t)]) = kodzho™ (1 + F(2))
for some |F(t)| <1/2 and all 0 < ¢ < 1/2. Hence
[sin(kodako ™ 1+ g(8)]) + sin(kodake 1+ h(1)])] 2 |dako™|

for all 0 <t < 1/2, showing that indeed (5.3) holds.

6. Proof of Theorem 1.1 — the conclusion of the sufficiency
part

We return to complete the proof of the sufficiency part ot Theorem 1.1 where
matters were reduced to establshing (4.11).
We split Fo o, into Fy, UF;,, where

.7:0‘”:01 = {(p,q)e}"o,,71 :p20} and Fj, = {(p,q)e]:o,(71 :p<0}.
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We first concentrate on establishing (4.11) for 7y, . We further split f(;f -, into
Fil U FS 2 where

0,0'1 0,0'1

Foo = Ap0) € Fly, s les i 2707010 < eg g 21001}

0,01

and ]-"Sf (;21 is defined with the opposite inequality. We recall that by condition (1.3),
j1 > 2 and now this becomes important in our analysis.

The bound (4.11) for F;}

0,01

For p = (p,q) € ]—"Jt;ll, consider D}t = S, — Rif+! where

Ritaa) = [ ple =yl Qe T lagy) dy

For |z1 —y1| ~ 2P, p > 0 and [y1| < 1, we have [21| < 27 and so |(z1 fyl)J: —2| <
2P0~ for any j > 0 implying |Q(z1 — y1,22) — Q(z1,22)| < |cjy .k, [2PUr DTk
whenever ¢p(z —y) #0 and p = (p,q) € ]:&01. Therefore

(6.1) 1D allzy S lej 2702~ DHeR

holds for any p = (p,q) € .7-"3: (;1. The complementary decay bound (established
separately for S, and R!) is

(6.2) IDS el S [Jeop 29017

~

which holds for some 0 < § < 1 and every p = (p,q) € ]-'gf (;1. Let us first see how
to combine (6.1) and (6.2) to successfully sum over p = (p,q) € fgf(’jll.
For any 0 < € < 1, we have

j1— € — —d(1—e
IDollis Sl 220005 g 2500 ] 200

~

and so for fixed g, we can sum over p € H, := {p : (p,q) € ]—"8;11} (using in a
crucial way that j; > 2!),

Z ”D:)r’la”Ll ,5 [|co7k0|QQ(7€071)]676(176)
pEH,

and this can be summed successfully over ¢ because (importantly) kg > 2; when
summing over g such that |cg x, |27(%~1) < 1, we choose ¢ such that e —§(1—¢€) > 0
and when summing over g such that |cgy,[27(*~1) > 1, we choose e such that
e—0d(1—€)<O.

Hence to establish (4.11) for ;! | matters are reduced to showing

0,01
63) T = /
R2

> / dp(a —y)e T a(y) dy| do S 1.
]RQ

1
pe}'ofal
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Note that for y1 € [—1,1], ay, (y2) := a(y1, y2) is effectively a one parameter atom;
that is, a,, is supported in [—1, 1], [ ay, (y2)dy> = 0 for all y1 and [ ||ay, ||2.dy: < 1.
Using the cancellation of a in the first variable, we see that

T < Z/W)p(xl — 1) _’l/}p(xl)W/‘Sp,Tay1<x2)|dm2}dy1d$1

p=0

where

Sprb(zs) = Y /wq(@—y2)€iT(“_y2)b(y2)dy2

q€erl,

and F,, = {q: (p,q) € ]-'gf(’,ll. The operator S, 7 is a truncation of the one parameter

oscillatory singular integral operators considered in [14] and the arguments in [14]
show that ||Spray, |1 < |lay, ||z, uniformly in p and the coefficients of 7" (recall
that T has no linear term). Hence

T S ) e — 1) = p(@1)lay, |22 dyrday S 22_”/”%1”1:1 dy1 S'1,
p=0 p>0

establishes (6.3).
We now turn to the proof of (6.2). By Cauchy-Schwarz, we have

IDg all S 20972 Dyall 2

and to bound || Dpal|z2, we treat Sp and R} separately by estimating the L?
operator norms of

Spf@) 1= [yl —y)el Qe TG 1)y

and

R f(a) = /Rz bl — )T "o(y) f(y) dy

via examining the kernels of S;SP and R;’l *R;’l.
Instead of the unorthodox argument used in Section 3 to combine Lemmas 3.1
and 3.2, we will take a more direct route. The kernel of SZ.Sy, is

N(z,u) =

i[Q(y1—z1,y2) —Q(y1—u1,y2)+T (y2—x2) —T(y2 —u2)] _ —u)d
p@yeln) [ e Uply — )il — ) dy

and again we make the change of variables y — 2P o y to conclude

Nizu) = @)z 0t [ o0 o) dy.
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where now

y) = Ppouly) = D a2y —27P2) — (11 — 27Pw) ]y
(4,k)EA\Ag
+ Y cor2® (g —27%0)  — (12 — 27u)¥] = > djnulys
(O,k)EAO

and O(y) is the same as before, a smooth function, supported in [—5, 5% with uni-
formly bounded C* norms. We apply Lemma 3.1 directly to ® to find a derivative
0 where o = (4, k) with |a| = j+k > 1 and such that |0%®(y)| = ||®||1, uniformly
for y € [—5,5]. This is a case where we will be able to effectively bound ||®||; from
below and then a standard multidimensional version of van der Corput’s lemma
(as in [23]) suffices although one can also appeal to Lemma 3.2.

We note that ||®||1 > |dok,—1| and

do.ko—1 = Z 0,127 e o [(—279mp)FTROTL — (27 kR0t
k> ko

+ ch,krlgpj-s-q(ko—l) [(_Q—le)j _ (_2—pu1)j]
7>2

where ey, 1, are numerical constants depending only on k& and k. Hence

COk — —
dog1 = Copy20k0~ 1)[ Uy — To + Z [(—aa)F R0t — (—yug)h—hot1]
k> kot1 Oko

n Z CJ ko— 1 ml)j _ (—Ul)jﬂ

j>2
and so do g,—1 = Co7k02q(k0_1)[U2 — 23+ 0(279)]. In fact

doky—1 = €0k 2707V f ()

where f = f,, ., satisfies | f(z2)| S 1 and |f'(z2)| 2 1 on [-3,3].
Hence by Lemma 3.2 we can find a 0 < § < 1 such that

1 1
N(z,u)|de < 27+ / dz
/m' (@ u)l o270 1< ()]

and from the properties of f (|| f|loo < 1 and |f/(s)] 2 1), it is a standard argument
to show that the integral on the right hand side above is uniformly bounded. In
fact we fix 1 and bound the integral in xo;

/12<1 |f (z2)[° > /m £ (2)]

£>0

where Ey = {|xa] < 1:|f(z2)| ~ 27}. Since the derivative of f is bounded below,
we see that |Ey| <27 and so

Z/ |f _diy ~ 22513‘&‘ < 22 01—
E,

>0 £>0 >0
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which converges since § < 1. For a general treatment of integrals using this method,
see for example [21].

As before this leads to the bound |[Spl[p2— 2 < 27 PFHD/2]|cq 4, |200Kk0 1]
which shows that (6.2) holds for Sp. The treatment for R;; 'L is easier as the phase
function ®(y) which arises does not have any terms with c;  where j > 2.

—5)2

The bound (4.11) for F; 2 o

For p € Fy ;> we consider D2 = Sy, — Ri? where

/ V(@ — )@@ —Ma T (1) gy

so that

(6.4) IDg 2l S feok, | 29000

holds for every p = (p,q) € ]:(f (;21. The complementary decay bound is

- -5

(6.5) IDg2alle S [lej b | 270 DTk

which holds for some 0 < 6 < 1. Combining the bounds (6.4) and (6.5), using

j1 =2 and ko > 2, gives the uniform bound 7+ | D 2allr S 1 as before.
0,01

Hence the proof that (4.11) holds for .7-'& [’,21 reduces to showing
/ > / Up(x —y)e' T a(y) dy| de S 1

PEFS
but this is precisely the same bound as for ||
Section 4 in the case jo > 1 (but now j; > 1).

It remains to establish (6.5). This is obtained by establishing bounds for
[Sp(a)llz> and ||[Rf2(a)||L> that are entirely analogous to (4.4) in Proposition
4.1 for the case p > 0; we omit the details.

We complete the proof of Theorem 1.1 by establishing (4.11) for F = F; .

We first consider

per, Spalzr which was treated in

U(p,Q)a /wp N d’q( y2)*7/’(1($2)]€i[Q(m7y1’w2)+T($27y2)]a(y)dy

and bound

/\ > Upgal@)|de < /Z/\wq 72— y2) = Vg (w2)| 1y, 22) dyo d3
(P.9EFo o, q=cy

where

I(y2, w2) = / Z /¢p (21 — 1)’ T2a(y) dy, | day.

p:(P,0)€F o,



MULTIPARAMETER OSCILLATORY SINGULAR INTEGRALS 27

We write ay, (y1) = a(y1, y2) and use the Cauchy-Schwarz inequality, together with
Plancherel’s theorem, to see that

I(y2,22) < \//R [ay, (§)m(&)|* d€

where

m©) = 3 [ el

pi(P.9)E€F; 5,

satisfies |m(€)| < 1 by Lemma 3.4. Hence by Plancherel,

/ ’ Z U(m)a(x)‘dx S ZQ_Q(I/M (n2a [/R \//]R la(y1,y2)|?dyr dyi | dz2

R2 _
(P.9)E€Fg o, q>cy

and a final application of the Cauchy-Schwarz inequality shows that

| Y. Upgal@)|de 5 1.
(P.9)EF5.,,

We are left with bounding the L! norm of Z(p QeFs Vip,qya(x) where
’ 201

‘/(pﬂ)a(l') = ’L/)q(:ﬂg) /2 ei[Q(wlflh,w2)+T(I2*y2)]¢p(x1 _ y1)a(y) dy
R

To do this, we split F; ,, into F }11 U Fo. (;21 where
Fol {(p,q) € ]'—0_,01 . |Cj1,k1|2pj1+qk1 < |Co7k0|2q(k071)}

0,01

and F_ [’,21 is defined similarly with the opposite inequality holding.

The proof of (4.11) for .770_,,;11

For p = (p,q) € .7-"0_7(;11, we consider D;’1 =V, — R;’l where

Ryta(x) = uzq(xg)/w e TE=v)y (21 — y1)aly) dy
so that
(6.6) IDp allr S [y h | 2Pk
We also have

— ~1)1—9
(6.7) 1D aller S [leos 2% Y]

~
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which holds for some 0 < § < 1 and every p = (p,q) € ]-—(I‘;ll. This follows in the
same way as before, using a 7*T argument. Also as before, using (6.6) and (6.7),
we can sum |[D'al[z1 uniformly over p € .7-'(;(;11 since ky > 2. To complete the

proof of (4.11) for F = ]-'0__(;11 we need to bound the L' norm of Zpe}'g' Ry ta(x)
’ 11

but once again, this acts like a one parameter operator and the arguments of [14]
apply here.

-2
The proof of (4.11) for F;

Finally we show that (4.11) holds for F = F;_ (;21. From above, matters are reduced
to showing

(6.8) 1Y Vea|,. 1

—2
pG‘FU,&l

Here we do not need to compare V, with another operator; instead we use the
cancellation of the atom a to note that

Vip.pa(z) = tq(z2) / el muaa) [oiT(eamue) — )y, (2 — 1 )aly) dy
R2

and so
(6.9) Vol S leok, |29

holds for all p = (p,q) € F, (’,21. The complementay decay bound (which follows by
employing the T*T argument as before) is

; -5
(6.10) Vipppaller S [l e (2007 ]

and this holds for some 0 < § < 1 and all p = (p,q) € .7-'0_7521. The bounds (6.9)
and (6.10) imply, using ko > 2, that

Z ”V(p,q)a”L1 g 1

-2
pE]—'O,;71

which implies (6.8) and this completes the proof of Theorem 1.1.
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