
EXTENSIONS OF VANDERMONDE TYPE CONVOLUTIONS WITH 
SEVERAL SUMMATIONS AND THEIR APPLICATIONS - I 

S.G. Mohanty^ and B , R . Handa 

( rece ived June 4, 1968) 

^ • S u m m a r y , In an e a r l i e r pape r [8], one of the au thor s has 
es tab l i shed some Vandermonde type convolution ident i t ies involving 
m u l t i n o m i a l coefficients with s e v e r a l s u m m a t i o n s which evidently 
a r e gene ra l i za t i ons of iden t i t i es in [ l ] with one s u m m a t i o n . In th is pape r 
s i m i l a r ident i t ies a r e der ived for coefficients (defined below) of a g e n e r a l 
type, in the line of the r e s u l t s in [2] and [3], F u r t h e r m o r e , in a s e r i e s 
of p a p e r s [4], [5], [6], Gould has obtained r e s u l t s on inve r s ion of s e r i e s 
and on c l a s s i c a l po lynomia l s by an extens ive use of t hese iden t i t i es with 
one s u m m a t i o n . The pu rpose of th is pape r is to extend the r e s u l t s of 
Gould in the light of new convolution ident i t ies with s e v e r a l s u m m a t i o n s . 

2 . In t roduct ion . In what follows we wr i t e for b r ev i t y Z in the 

k k 
p l ace of 2 and II in p lace of n . Let , for any a. and b . , 

i=l i=l * 1 

and for non-nega t ive i n t e g r a l va lues of the n. 

S a . 
( 1 ) * ( S ( a . + b . n . ) ) _,_ / n n . I 

2 (a . + b.n.) I i i n + n + . . . + n / i 
i l l 1 2 k 

with (a) = a(a - 1) . . . (a - n + 1), be denoted by 
n 

P f a . , . . . ^ . ; b . . . . , b, ; n . . . . , n ) or br ie f ly a s P (a . , b . , n.; k) 
1 k l k l k i l l 

with the convent ion that 

/ 1 for n = . . . = IL 

(2) P(a. ,b. ,n.;k) = J 

I» 
0 , 

for a , = . . . = a, = 0 , but 
1 k 

not al l n. a r e z e r o . 
l 

Note that the coefficient (1) i s s l ight ly different f rom that in [8] . In this 
t e rmino logy , the m a i n r e s u l t s in [8] can be s ta ted as 
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"k " 1 
(3) 2 . . . 2 P ( a . , b . , j . ; k ) P ( c . , b . , n . - j . ; k) = P ( a . + c . , b . , n . ; k ) , 

\ " l S ( c . + b . ( n . - j . ) ) 
(4) 2 . . . X P ( . . b j ; k ) * l

c » * P ( c . > b i > V J . ; k ) 
j k =0 j ^ O i 

and 

2 ( a . + c . +b.n . ) 
*, I * * P ( a . + c . , b . , n . ; k ) , 

i : ( a . + c . ) l i i i 

\ 1 
(5) S . . . 2 { 2 ( p . + q . j . ) } P ( a . , b . , j . ; k ) P ( c . , b . , n. - j . ; k) 

, _ i n i i J i i i l i i i 
Jk=° J l=° 

(2p . ) 2 ( a . + c . ) + (2a . ) 2 q . n . 
l l i . l l l 

2 ( a . + c.) 
l l 

P ( a . + c , b . , n . ; k ) 
i i i i 

which a r e based on 

(6) 
oo oo J . S a . 
S . . . S P ( a . , b . , j . ; k) O s . = z 

j =0 j =0 * * * 
Jk J l 

and 

(7) 
oo oo S ( a . + b . j . ) J . 

v o Ji=o 

Z a. 

1 - S s . b . z 
î i 

b . - l ' 
i 
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where 

(8) S s. z 1 = z - 1 

We fu r the r define 

(9) B U j . b . , ! ! . ^ ) = B(a 4 a k ; l ^ b R ; ^ i ^ ) 

Sa. 
i 

S(a. + b.n.) 
î i l 

n 1 + n 2 + . . 

(2(a. + b.n.)) 
î i l 

n n . i 
1 

, . + n k 

for any a . , b . and non-nega t ive i n t e g r a l va lues of n., with the convention 

tha t 

1 for n d = . . . = n k = 0 , 

(10) B ( a . , b . , n . ; k ) 
1 1 1 , 

0 for a , = . . . = a, = 0 , 
1 k 

but not a l l n. a r e z e r o , 
i 

E x p r e s s i o n (9), when k = l , r e d u c e s to the coefficients in the Abel s e r i e s 
( see [2]). Fol lowing v e r b a t i m the proofs in [8] which e s sen t i a l l y use the 
technique in f l ] , we a r e led to the r e s u l t s for the coefficient B(a. , b . , n.; k) 

n L 1 1 1 
stated below: 

( H ) S . . . S B ( a . , b . , j . ; k ) n s. = z 1 

Jk=o j 1 = o » l » 

oo oo 2 ( a . + b . j . ) j 

(12) Z S ^ " B l a b j j ; ^ . / 
Jk=o j 1 = o 

S a . 
l z 

ET" . 

1 - 2 S jbjz * 
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where 

(13) S s.z 1 = log z , 

which corresponds to (6), (7), and (8) respectively. Then the usual 
procedure shows that convolutions (3), (4) and (5) hold good if 
P(a. ,b , j ; k) is replaced by B(a. ,b. , j . : k) everywhere. 

i l l i l l 

The above discussion motivates consideration of the coefficient 

C(a., b., j . ; k) = C ( a , , . . . , a : b . . . . , b : n , . . . , n ), which will be 
i l l 1 k l k l k 

called C -coefficient, satisfying the following absolutely convergent 
R 

power ser ies : 

oo oo j . Sa . 
(14) S . . . S C(a. ,b. , j . ;k) Fis.1 = z 1 

J k = o J , - ' • ' 

oo oo j . S.a. 
(15) S . . . X G(a. ,b . , j . ;k) n s . 1 = z * g(z; b b, ) 

V° v° 
where 

(16) G(a. ,b. ,n. ;k) = G(a., . . . , a. ; b . , . . . , b ; n , , . . . , n. ) 
i l l 1 k l k l k 

2 (a. + b.n.) 

= - — _ — C(a.,b., n.;k) , 
Sa . i i i 

b. 

(17) S s.z * = f (z) , 

and g(z; b , . . . , b ) is a function of z } independent of a.. 

These lead to the convolution identities 

n, n 
k 1 

(18) S . . . S C(a . ,b . , j . ;k ) C(c . ,b . ,n . - j . ; k) 
j =0 j =0 J J 1 i i i i 
Jk J l 

C(ai + c i f b i f n ^ k ) , 
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k 1 
(19) 2 . . . X C ( a . , b . , j . ; k) G ( c . , b . f n . - j . ; k ) 

J k = o j i = o l * * i i i i 

G(a. + c„, b . , n.; k) , 
i i l l 

and 

k 1 
(20) S . . . S { 2 ( p . + q . j . ) } C ( a . , b . , j . ; k) 

i i i i l l 
V-° V° 

X C ( c . , b . , n . - j . ; k ) 
(Sp.) 2 (a. + c.) + (Sa . ) E q . n . 

i i i l ^ i i 
i i i i S (a. + c.) 

i i 

X C(a. + c , b . , n.; k) . 
i i l l 

T r e a t m e n t of such coefficients for k= 1 a l r e a d y ex i s t s in the 
l i t e r a t u r e [2], [3] . In concluding this sec t ion , we offer the following 
r e m a r k s . 

(i) P (a . , b . , n.; k) and B(a. , b . , n.; k) a r e spec i a l c a s e s of C -coeff ic ient 
i l l i l l k 

which r e s u l t f rom a p a r t i c u l a r choice of f(z) v i z . (z - 1) and log z 
r e s p e c t i v e l y . 

(ii) The ident i t ies (18), (19) and (20) a r e r ead i ly es tab l i shed once the 
e x p r e s s i o n s for genera t ing functions of the coefficients a r e known in the 
f o r m s of (14) and (15). 

.(iii) The convolution ident i t ies can be obtained e i ther by following the 
p r o c e d u r e suggested by Gould or with the help of the extended Lagrange 
i nve r s ion formula for power s e r i e s (ref. Skalsky [9]). The e s s e n t i a l 
f e a tu r e of Gould 's method is to obtain the genera t ing function of the 
coefficients under cons ide ra t ion (e . g. (14), (15)), f rom which the r e l a t i on 
(17) would follow. On the o ther hand, L a g r a n g e ' s power s e r i e s expans ion 
method a s s u m e s the knowledge of a r e l a t i o n of the type (17) but not the 
coefficients and would subsequent ly yield the coeff ic ients . These two 
p r o c e d u r e s in a way complemen t each o t h e r . 

F o r c o m p l e t e n e s s the ex tens ion of L a g r a n g e ' s fo rmula for two 
complex v a r i a b l e s is s tated below f rom [7], the genera l i zed fo rmula for 
s e v e r a l v a r i a b l e s being obvious . 

Consider two s imul taneous equa t ions . 
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(21) 

P(x , y) = x - a - s . I|J(X , y) = 0 , 

Q(x, y) y - b - s 4> (x, y) = 0, 

w h e r e x, y a r e c o m p l e x v a r i a b l e s and ^(x> y) and cj>(xt y) a r e analy t ic 
in the neighbourhood of (a, b ) . Then (21) has a unique solut ion ( £ , r|) 
analyt ic in s o m e neighbourhood of (a, b), and any function F ( £ , r\) which 
is ana ly t ic in that neighbourhood can be expanded a s a double power s e r i e s 
in S, and S^ as fo l lows: 

1 2 

(22) 
F ( I . T I ) 

p(P , Q) 
D ( x , y ) 

00 00 

m=0 n=0 

x = | 
y=n 

m n 
S l S 2 

m+n 

^ iri , n 
aa a,b 

{ F ( a f b ) 4 i m ( a , b ) . 4 , n ( a , b ) } f 

w h e r e 

D(P , Q) 
D (x, y) 

ap 
ax 

8Q 
ax 

ap 
ay 

aQ 
ay 

3 . Some new convolut ion i d e n t i t i e s . In this sec t ion we p r o v e an 
i m p o r t a n t convolut ion f o r m u l a which g e n e r a l i z e s (5 .5) and (6 .9) in [5] , 
The v a r i a b l e s and n u m b e r s under d i s c u s s i o n a r e c o m p l e x . 

(a) 

THEOREM 1. 

2 j ; 
(23) S . . . S ( -1 ) P ( c . , t . b . , j . ; k ) P ( a . + b . j . - j . , ( l - t . ) b . , n . - j . ; k ) 

~ A i i i i i i i i l i i i 

Jk=o j 4 = o 

and 

(b) 

P ( a . - c . , ( l - t . ) b . , n . ; k ) 
i l i l l 

\ n i S j . 
(24) ^ . . . £ ( - 1 ) 1 B ( c . , t . b . , j . i k ) B ( a , + b j . , ( l - t . ) b . , n , . j . ; k ) 
V ' • ^ • r, 1 1 1 1 1 1 1 1 1 1 1 Jk-o j 1 = 0 

= B(a .~ c , ( 1 - t . ) b . , n . ; k) , 
i l v i l i 
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t , . . . , t being any complex n u m b e r s . 

Proof . B e c a u s e of the c u m b e r s o m e na tu re of the e x p r e s s i o n s for 
g e n e r a l k, the proof i s demons t r a t ed for k = 2 . By repea t ing s i m i l a r 
s t eps a s in [5], we can e s t ab l i sh the t h e o r e m . However , we sha l l apply 
the extended Lagrange fo rmula (22) for the proof. Since the na tu r e of 
the a r g u m e n t r e m a i n s the s a m e for (a) and (b), we only d i s c u s s the proof 
for (b). 

If we w r i t e b . t . for b . in (13) with k= 2 we get 

Vi + Y 2 
log z = s z + s z 

Set 

Yi 
(25) log z = x + y w h e r e x = s z 

b 2 t 2 
and y = s z 7 2 

Note that (25) is in the f o r m of (21). The Lagrange expansion of 
exp{ ( c + c ) (x + y)} with the help of (22) yields 

m n 

oo oo s s 
(26) e x p { ( C l + c 2 ) ( x + y ) } = 2 S ^ ' -^T 

,m=0 n=0 

m + n 
X — ^ - ^ t { l - b 1 t 1 s 1 e x p ( b l t l ( x + y)) - b ^ e x p t b ^ (x+y))} 

d x dy 

X e x p { ( C l + c 2 + b i t i m + b 2 t 2 n ) (x + y)}] 
x=0 

y=0 

00 °° m n 
S Z B ( c c ; t b . t b ; m , n ) s s 

A A 1 2 1 1 2 2 1 2 
m=0 n=0 

In (26) if we r e p l a c e x and y by - x and - y r e s p e c t i v e l y and mul t ip ly by 
exp{(a + a ) (x + y)} on both s i d e s , we get 
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00 00 

(27) exp{(a +a - c - c )(x + y)} = 2 S ( - l ) m n 

m=0 n=0 

n i n2 
X B(c ,c i t ^ b ^ t b ;m, n) Zl Z2 e x P ( ( a

1
+ a

2
 + b

1
m + b

2
n ) ( x + y)} 

with 

z± = x/exp{ (1 - t 1 ) b 1 (x+y)} 

and 

z2 = y/exp{ (1 - t )b2 (x+y)} , 

Again, replacing b and b in (13) with k = 2, by (1 - t )b 

and (1 - t )b respectively, we would end with the expressions 

(28) exp{ (&1 +a2 + b i m + b2n) (x + y)} 

oo oo n 
S Z B(.4 + b l m , a2 + b »; <i - t,) b ^ (1 - t )b ; n±. » ) . , 

n2=0 n l =0 

and 

(29) exp{ (& 1
 + a

2 "
 c

d ~ c
2 ) (x + y)} 

oo oo n 
S 2 B(a - c . - c ; ( l - t )b (1 - t )b ;n n^)« z2 

V ° nl= 0 

by similar steps as above. 

The right hand side of (25) after substitution of the expression for 
exp{ (a + a + b m + b n) (x +y) } from (28) can be written as 
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I Z Z S ( - l ) m 4 n B ( c 1 . c 2 ; t 1 b 1 . t b 2 ; 1 » , n ) 
m = 0 n=0 n =0 n =0 

1 2 

n + m n + n 
2 

X B ( a 1 + b 1 m 1 a 2 + b 2 n ; ( l . t 1 ) b 1 . ( l . t 2 ) b 2 ; n 1 . B 2 ) « 1 ' z 2 

00 00 00 00 

2 2 2 2 ( - 1 ) B ( c i ' C 2 ; t l b l , t 2 b 2 î m , n ) 

m = 0 n=0 n =in n =n 
1 2 

n i n 2 
X B ( a i + b i m , a 2 + b 2 n ; (1 - t ^ b ^ (1 - t )b ; n - m , n - n) z ~ z 

oo oo n n 1 2 
2 2 z z 2 2 2 ( . l ) m n B ( c . c : t b . t b ; m ( i i ) 

n =0 n =0 i 2 m = 0 n=0 1 2 1 1 2 2 
2 1 

X B ( a + b i r n , a £ + b 2 n ; (1 - t ^ b ^ (1 - t )b ; n - m , n » n ) . 

On t h e o t h e r h a n d t h e e x p r e s s i o n on t h e le f t h a n d s i d e i s g i v e n b y ( 2 9 ) . 

B y c o m p a r i n g t h e c o e f f i c i e n t s of z z o n b o t h s i d e s of ( 2 7 ) , t h e 

p r o o f of (b) i s c o m p l e t e . F o r p a r t ( a ) , w e c o n s i d e r (8) i n p l a c e of (13) 
and p r o c e e d a s a b o v e . 

L a s t l y , w e g i v e t h e e x t e n s i o n of J e n s e n ' s c o n v o l u t i o n f o r m u l a fo r 
t h e c o e f f i c i e n t B ( a . , b . , n . ; k) a s 

i i i 

( 3 0 ) S ( a 1 , . . . . V c 1 c ^ n k ) 

k 1 2 ( a . + b j . ) 

2 . . . 2 — : — B ( a . , b . , j . ; k ) 
• _n • - n 2 a : l l l 

2 ( c . - b . j . ) 
1 1 1 B ( c . - b . n . , b . , n . - j . ;1c) 

2 ( c . - b . n . ) i i i ' i ' i i 
i i i 
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"k \ £ j J. 
2 . . . X —T r-T B(a, + c . , 0 , n . - j . ; k ) n b . ' 

The proof i s on the s a m e l ines as that of (2 .3 ) in [3] . H e r e we u s e the 
r e c u r r e n c e r e l a t i o n 

(31) S ( a 4 , . . . , a , ; b ., . . . , b ; n . . . , n, ) 
1 k 1 k 1 k 

- 2 b . S(a , . . . , a. + b , a ; c , . . . , c. - b . , . . . , c ; n , . . . , n . - 1, . . . , n. ) 
i l i l k l i l k l i k 

n + . . . +XL 

{2(a. + c.)} 

n n . i 
1 

r e p e a t e d l y . The extended f o r m u l a for P (a . , b . , n.; k) is a l r e a d y given in [8] . 

4 . Or thogonal r e l a t i o n s and i n v e r s i o n of s e r i e s . Subst i tut ing 
a. = c . ( i = l , . . . , k) in (23) and (24), we have the o r thogona l r e l a t i o n s 

\ n i S j i 
(32) 2 . . . 2 (-1) P ( a . , t . b . , j . ; k ) P ( a . + b . j . - j . , ( l - t . ) b . , n . - j . ; k ) 

~ . rt i i i i i i i i l i i i 

Jk=o j ^ o 

= 6 (ni V -

and 

\ n i 2 j i 
(33) 2 . . . 2 ( -1 ) B ( a . , t . b . f j . ; k ) B ( a . + b . j . , ( l - t . ) b . , n . - j . ; k ) 

. r, ^ 1 1 1 1 1 1 1 1 1 1 1 

Jk=o j t = o 

r e s p e c t i v e l y , w h e r e we define 
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( 1 if n, = . . . = n = 0 , 1 k 
6(n4 xy = < 

0 otherwise. 

Applications of (32) and (33) yield the following inverse series relations 
for functions of several variables. 

THEOREM 2. 

(a) 

(34) 

m i 2 j i 
F(a a ) = 2 . . . 2 (- 1) P(a., t.b., j . ; k) 

1 Jk=o j 1 =0 l * * l 

if and only if 

x f ( a ! + bi jr ji \+b
kJk-V 

(35) f(a, a.) = S . . . S P(a., (1 - t.)b., j . ; k) 

x F ( a i + W j i W k - V : 

(b) 

(36) 
^ m i S j l 

F*(a, a, ) = 2 . . . S (-1) B(a , t.b , j . ; k) 
1 k v ° J4-° 

x f * ( a l + b l j l a k + t v k > 

if and only if 

(37) **(*4
 a J = 'S 

1 
. 2 B(a., (1 - t . )b„ j . ; k) 

J i=o 1 

x F * ( a i + b i j i ak + Vk ) : 

where the m. are non-negative integers and depend upon whether we 

consider finite or infinite se r ies . 
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Proof . The proof is on the s a m e l ines as in [5] , We sha l l dea l 
only with the proof of (a) . The t h e o r e m i s t r u e for m . = oo, i = 1, . . . , k, 

which can be ver i f ied by d i r e c t subs t i tu t ion and the u s e of (32) and (33). 
If fa. / (1 - b . ) l > 0 , we can d i s c u s s a f ini te s e r i e s c a s e by se t t ing 

u l l 

m . = [ a . / ( 1 - b . ) ] , w h e r e [p] is as u s u a l the g r e a t e s t i n t ege r l e s s than 

or equal to p . In that c a s e the r i g h t hand s ide of (34) after subs t i tu t ing 
the e x p r e s s i o n for f(a +b A j t - j . , . . , a, + b i - j . ) f r o m (35) b e c o m e s 

1 1 1 1 k k k k 

k 1 Z j . 
2 . . . 2 ( - D 1 P ( a . , t . b . , j . ; k ) 

X 2 . . . S P ( a . + b . j . - j . , ( l - t . ) b . , r . ; k) 
P =0 r =0 i ! i -! i i i 

k 1 

X F ( a + b j - j + r b - r . . . , , a, +b, j , - j , + r, b, - r ) 
1 1J1 Ji 1 1 1 k k Jk Jk k k k 

m, m m, m 
k I k - 1 2 j . 

S . . . S 2 . . . 2 ( -1 ) 1 P ( a . , t . b . , j . ; k ) 
V ° J i = 0 r k = J k r i = J i 

X P ( a . + b . j . - j . , ( l - t . ) b . , r . - j . ; k ) F (a + b . r . - r a. +b. r, - r. ) 
i i i i î i i i 1 1 1 1 k k k k 

m m 

V z
0
 ô ( r i \ ) F ( a i + b i V r i V V k - ' k » 

F ( a . . . , a ). 
1 k 

The c o n v e r s e is s i m i l a r l y e s t a b l i s h e d . 

In the p a r t (b) a f inite c a s e can be c o n s i d e r e d by se t t ing 
m . = [ - a. / b . l > 0 , i = 1, . . . , k . 

î L i i J 

Fol lowing [4] even if a l l the p a r t i c u l a r c a s e s of the t h e o r e m can 
be w r i t t e n , we sha l l only p r e s e n t a few i n t e r e s t i n g o n e s . 
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Substituting t. = 1, b. = - 1 , i = 1 k, and hence 
l i 

m. = [a. /2] , i = 1, . . . , k, in (34) and (35) we get the relations: 

[ \ / Z ] [ a / 2 i S j . Sa. 
(38) F(a . . . , a ) - S . . . S ( -1) * * 

i , - * V V 

(2(a.- j . ) ) . , 
i i J + . . . TJ 

X ~ — ~ — f ( v 2 J l . . . . . V 2 J k ) 
nj . l 

ana onlv it 

[ak/2] [ a / 2 ] (Sa.). + _ + j 

(39) « a , . . . . . ^ - Z . . . S ± - , S 

X F ( . 1 - 2 j 1 . . . . . a k - 2 j k ) 

Define a polynomial T, in k variables x , . . . , x in the 

following manner: 

Let 

(40) H(x , . . . , x ^ , n , . . . , x^ ) = 2 . . . 2 (-1) * 

te(ni-JiV...+Jk ».-j . 
X ^ ^ » 1 _ k n ( 2 , 1 ^ 

S(n -j ) n j I l 

T(Xl x k ; 0 , . . . , 0 ) = H(Xl , x ^ 0, . . . , 0] 

and 

T(x1> . . . . xR; n^ . • .1^) = iHf^ 3 ^ ; ^ 1 )̂ 
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Inversion of (40) by (38) and (39) is given by 

k ni K<* K ^ ( 2 n i ) i + . . . + i 
(41) n (2x.) = S . . . 2 — 

i=i x Jk = o j =0 n j . ï 

x H ( x ! V n i " 2 j i \ " 2 j k ) 

It can be observed that 

T(x , . . . , x ; 0 , . . . 0 , n . , 0 , . . . , 0 ) , i = 1, . . . , k, 

is the Tchebychev polynomial of degree n. , in the variable x. 

Again, substituting b. = c. + 1 and t. = c. / (c. + 1), i = 1, . . 

in (34) and (35), we have for m. = oo, i = 1, . . . , k , the following 

of relations: 

oo oo 2 j . 
(42) F(a. a.) = 2 . . . 2 (-1) 1 P(a., c , j . ; k) 

1 k ik = » J , - . 

if and only if 

x f ( a i + c i j i \ + c k j k ) 

00 00 

(43) f(a. a ) = S . . . S P(a., 1, j.;k) F (a +c j 
k ^ = () . ^ 0 i i 1 1 1 

Let us define the J-function in k variables t , , . . , t by 
1 k 

(44) J(a„ b., t.; k) = J(a^ a, j b . b , ; t . t ) 
i l l 1 k l k l k 

a. + b j . 

oo s j . n (t./2) 
. 2 (-1) * l — nj irte(a.+ix ij i.j i) + -i) 

Jk~u J i 
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w h i c h for k = l r e d u c e s to the g e n e r a l i z e d B e s s e l f u n c t i o n def ined by 
B a t e m a n a s d i s c u s s e d in [ 5 ] . When t. = 2 x . (44) b e c o m e s 

oo oo 2 j . 
(45) (Sa.) J ( a . , b . , 2 x . ; k ) = S . . . 2 ( - 1 ) * P ( a . , b . , j . ; k) 

1 T T -1 1 1 1 1 1 1 1 

a. + b . j . 
H x . 1 2 1 

x —-1 
r(s (a .+b. j . ) ) 

l i l 

With the h e l p of (42) and (43) , (45) c a n b e i n v e r t e d a s 

k a. oo oo r ( s ( a . + b.j . ) ) 
(46) n x . * = 2 . . . S - 1 . / * S ( a . + b . j . ) J (a . + b . j . , b . t 2 x . ; k) 

. . i n A n j . t i 1 1 i 1 1 i i 
1=1 J k = o J I = O J i 

L a s t l y , i n th i s s e c t i o n , w e s t a t e a g e n e r a l i z a t i o n of T h e o r e m 1 and of 
T h e o r e m 2 in [4 ] a s f o l l o w s : 

( S ( a . + b . j . - j . ) ) 
n n . l r i Ji 

k 1 S j . n + . . . + n - j - . . . - i 
,47> """< v • j 1 . , - , 1 . . ' - " ' — ^ F ^ -

( S ( a . + b . j . ) ) . 
i i i J 1 + . . . + J k 

X ^ f**(jl V 

then (a) 

(X(a . + b . j . ) ) . 
i i V ' j + . . . + J j 

(48) 2 . . . Z — ; f**(j j l n s 1 

j =0 j =0 n j i - I k x 

S a . oo oo 2 r . r. 
= V * S • • • S ( -1 ) * n u . * F * * ( r , . . . , r ) 

b . - 1 
w h e r e s . = u (1 - S u . ) , i = 1, . . . , k , 

i i i 
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and 

and (b) 

V = 1 / (1 - Z u . ) , 

(S(a. + b.n.)) . 

(49) — - 7 f * * ^ , . . . , ^ ) 

\ " l S j i S i a .+b . j . - j . . 

(S(a .+b.n . - j . ) ) 
1 i a » v - - - + I v j i - - - - - J k T...,. 

x fûn-TTî 1>l ; ;°-: •••'Jk) 

l i 

Proofs are on the same lines as that in [4]. Observe that (47) and (49) 
can be considered as another set of inversion formulas. 

5» Further generalizations of Bateman integral formula. Consider 
two general forms of the J-function defined in (44) and (45) as 

«5 °o 2 j . a. +b.j. 
(50) .T (a . fb. , t . ;k) = 2 . . . S ( -1) 1Il(t./Z)1 1 X 

V° jr° 
G(a. ,b . , j . ;k) 

r (S(a. + b.j-.)+l) 
i i i 

and 

2 j . a .+b . j . 
(51) X4a. ,b . f t . ;k) = 2 . . . S (-1) n (t. / 2) 

Ota., b., j . ; k ) 

r (S(a . + b.j.) + l) 
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where G(a., b., j . ; k) and C(a., b. , j . ; k) are general C -coef f ic ients 
1 1 1 1 1 1 k 

defined in Section 2. In [6], Gould proves ( s e e Relation (2.7)) the 
following generalization of the Bateman integral formula, in our 
terminology: 

1 , 
(52) J ^ + c - b ^ y = C l / J^b^l-ujt,) JG (c^; utl} f 

with the help of the convolut ion f o r m u l a 

S G ( a : b ; k ) C (c ;b ;n - k) = G ( a + c ; b , ; n ) 
. ~ 1 1 1 1 1 1 1 1 1 
k=0 

Analogously, we can p rove 

1 
(53) J r ( a . + c , b „ t , ; k ) = Z c . f 'J ( a . , b . , ( 1 - u ) t . ; k ) 

G i i i i l ^ G l l i 
0 

X jr ( c . , b . , u t . ; k ) — 
G i i i u 

Similar general izat ions for (3 .3) and (3 .5) in [6] are 

1 
(54) f JT (a . ,b . , (1 -u ) t . ;k ) J . ( c . , b . f u t , ; k ) du 

^ C i i i C i i i 
0 

s 

= i 1 f Jn (a. + c . f b . f s t . ;k) ds } 
s ^ C i i i i s = l 

0 

and 

1 S e . 2 d . 
(55) f J _ ( a . , b . , ( l - u ) t . ; k ) J ( c , b., ut.; k) u * (1 - u) * du 

J G i i i G i i i 

0 

oo oo s j . a. + c. + b . j . K ( j l f . . . , j k ) 

S . . . S ( - 1 ) * n ( t . / 2 ) l * ^ — 
i jk=0 j 4 =0 r t S t a . + d. + c. + e . + b . j . ) + 1) 
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where 

Jk h 
K(j , j ) = 2 . . . S G ( a . , b . , r . ; k) G ( c . , b . , j . - r . ; k) 

I k 1 1 1 i i ' i 1 
r. =0 r =0 

k 1 

r { S ( a . + d . + b . r . ) + 1 } r { S ( c . + e . +b . ( j . - r . ) ) + 1 } 
l i l l J l i i i i _ 

r { S ( a . + b . r . ) +1 } r { S ( c . + b . ( j . - r . ) ) + 1} 
i l l l l l l } 
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