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EXTREME AND PERIODIC L, DISCREPANCY OF PLANE
POINT SETS

AICKE HINRICHS, RALPH KRITZINGER, AND FRIEDRICH PILLICHSHAMMER

ABSTRACT. In this paper we study the extreme and the periodic Lo
discrepancy of plane point sets. The extreme discrepancy is based on
arbitrary rectangles as test sets whereas the periodic discrepancy uses
“periodic intervals”, which can be seen as intervals on the torus. The
periodic Lo discrepancy is, up to a multiplicative factor, also known
as diaphony. The main results are exact formulas for these kinds of
discrepancies for the Hammersley point set and for rational lattices.

We also prove a general lower bound on the extreme Lo discrepancy
for arbitrary point sets in dimension d, which is of order of magnitude
(log N)(¢=1/2 like the standard and periodic Ly discrepancies, respec-
tively. Our results confirm that the extreme and periodic Lo discrepan-
cies of the Hammersley point set are of best possible asymptotic order
of magnitude. This is in contrast to the standard Lo discrepancy of the
Hammersley point set. Furthermore our exact formulas show that also
the Lo discrepancies of the Fibonacci lattice are of the optimal order.

We also prove that the extreme Lo discrepancy is always dominated
by the standard Lo discrepancy, a result that was already conjectured
by Morokoff and Caflisch when they introduced the notion of extreme
L5 discrepancy in 1994.

1. INTRODUCTION

We study several discrepancy notions of two well-known instances of
plane point sets, namely the Hammersley point set and rational lattices. The
discrepancies are considered with respect to the Ly norm and a variety of test
sets. We define the (standard) L, discrepancy, the extreme L, discrepancy
and the periodic L, discrepancy.

Let P = {xo,x1,...,xn_1} be an arbitrary N-element point set in the
unit square [0,1)%. For any measurable subset B of [0,1]* we define the
counting function

AB,P)={ne{0,1,....N —1} : z, € B},

i.e., the number of elements from P that belong to the set B. By the lo-
cal discrepancy of P with respect to a given measurable “test set” B one
understands the expression

A(B,P) — NX(B),
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where A denotes the Lebesgue measure of B. A global discrepancy measure
is then obtained by considering a norm of the local discrepancy with respect
to a fixed class of test sets. Here we restrict ourselves to the Ly norm, but
we variegate the class of test sets.

The (standard) Lo discrepancy uses the class of axis-parallel squares an-
chored at the origin as test sets. The formal definition is

Lyn(P) := (/[0’1]2 |A([0,t), P) — NX([0,1))]? dt)%,

where for t = (t1,t3) € [0,1)> we set [0,¢) = [0,t;) x [0,%5) with area
)\([O, t)) == tltg.

The extreme Lo discrepancy uses arbitrary axis-parallel rectangles con-
tained in the unit square as test sets. For & = (z1,25) and y = (y2,¥2) in
0,112 and & < y let [z, y) = [x1,51) X [22,¥2), where & < y means z; < y;
and z9 < 5. The extreme Lo discrepancy of P is then defined as

1
2

pxe)= ([ [ AP - Ny day)

Note that the only difference between standard and extreme Lo discrep-
ancy is the use of anchored and arbitrary rectangles in [0, 1], respectively.
The term “extreme” is used in order to distinguish this notion of L, dis-
crepancy from the standard L, discrepancy and refers to the corresponding
nomenclature for L., discrepancies (see, e.g., [25, Definition 2.1 and 2.2]).

The periodic Ly discrepancy uses periodic rectangles as test sets, which
are defined as follows: For z,y € [0, 1] set

_ [[L’,y) if v < Y,
Iz, y) = {[O,y) Ulz,1) ifx >y,

and for x,y as above we set B(x,y) = I(x1,y1) X I(x2,ys). We define the
periodic Ly discrepancy of P as

o

@ = ([ ] 1A, P) - NGy dwdy)

These discrepancy notions can also be defined for point sets in the d-
dimensional unit cube [0,1)? in an obvious way.

The standard Ly discrepancy is a well known measure for the irregularity
of distribution of point sets in the unit square with a close relation to the
integration error of quasi-Monte Carlo rules via a Koksma-Hlawka type in-
equality (see, for example, [9, 26]). In contrast, the extreme and the periodic
Ly discrepancies are often not so familiar. For this reason we summarize a
few facts about these discrepancy notions in the following.

According to [20], the extreme Ly discrepancy was first considered by
Morokoff and Caflisch in [23] since it is more symmetric than the standard
Lo discrepancy, which prefers the lower left vertex of the unit square. Mo-
rokoff and Caflisch could not state a Koksma-Hlawka type inequality for the
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extreme Lo discrepancy, but later it has been shown that this quantity is
the worst-case integration error of a certain space of periodic functions with
a boundary condition (see [26] and the proof of Theorem [l in Section [2)).

The notion of periodic Ly discrepancy is known from a paper by Lev [22],
but as a matter of fact, it is just a geometric interpretation of the diaphony
according to Zinterhof [31] (see Proposition B in Section ). Its relation to
the integration error of quasi-Monte Carlo rules is well-known, see, e.g., [16].

The celebrated lower bound of Roth [28] states that there exists a ¢ >
0 such that for every N-element point set P in [0,1)? the standard Lo
discrepancy satisfies Lo v(P) > c¢y/1+1logN. A general lower bound of
the same order of magnitude also holds for the periodic L, discrepancy
(see Corollary [2 in Section [2]). In the present paper we adapt the proof of
Roth to show that also the extreme L, discrepancy satisfies a lower bound
L§N (P) > cy/1 +1og N (see Theorem [@ in Section ().

For every P it is obviously true that

(1) LyN(P) = L3N (P).

This is because when restricting the range of integration in the definition of
periodic Ly discrepancy to @ < y, then the test sets are exactly those used
for the extreme discrepancy. In [23] the authors further conjectured that
the extreme Ly discrepancy is smaller than the standard L, discrepancy.
They could not prove a result in this direction, but their conjecture was
supported by numerical experiments. We will show that this order relation
indeed holds true (see Theorem [Hlin Section [2]).

We mention some further results about extreme and periodic Ly discrep-
ancy: The exact asymptotic behaviour of the average of standard, extreme
and periodic Ly discrepancy of random point sets is given in [I4] and [17].
See also [12] for an upper bound in case of extreme Lo discrepancy. Bounds
on the periodic Ly discrepancy for certain multi-dimensional point sets (Ko-
robov’s p-sets) can be found in [7]. There the dependence of the bounds on
the dimension d is of particular interest.

In the present paper we prove exact formulas of the aforementioned Lo
discrepancies for Hammersley point sets and for rational lattices. In the next
section we present some further information and new results about periodic
and extreme Lo discrepancy. There we also prove the already mentioned
“Roth-type” lower bound on extreme L, discrepancy and the order relation
between standard and extreme Ls discrepancy that was already conjectured
by Morokoff and Caflisch. The exact discrepancy formulas for Hammersley
point sets (Theorem []) and for rational lattices (Theorem [I0) will then be
presented in Section [B Their proofs are given in Sections [4H7

2. MORE RESULTS ABOUT PERIODIC- AND EXTREME Ly DISCREPANCY

For a point set P = {xg, T1,...,xy_1} and a real vector § € [0,1]¢ the
shifted point set P + ¢ is defined as P + 0 = {{xg +d},..., {xn_1 +I}},
where {; + d} means that the fractional-part-function {z} = x — |z for
non-negative real numbers z is applied component-wise to the vector ;+4.
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We call this kind of shift a geometric shift - in contrast to the digital shift
as explained in Section [3l The root-mean-square Lo discrepancy of a shifted
(and weighted) point set P with respect to all uniformly distributed shift
vectors 8 € [0,1]% is

2) VEsl(Lan (P +8)7] = ( /[O LBa PO d5) "

The following relation between periodic Ly discrepancy and root-mean-
square Ly discrepancy of a shifted point set P holds (see [7, 22] for proofs):

Proposition 1. For every N-element point set P in [0,1)¢ we have

LE%(P) = \/Eg[(La (P + 8))2).

From this relation we can deduce the following general lower bound on
the periodic L, discrepancy of point sets in [0, 1)¢:

Corollary 2. For every dimension d there exists a quantity cq > 0 such
that every N-element point set P in the unit cube [0,1)¢ has periodic L
discrepancy bounded by

LE%(P) > ca(1+1og N)=.

Proof. Let P be an arbitrary N-element point sets P in [0,1)¢. Then we
have

L% (P) = \/Esl(Lon(P +8))2) > inf Lyn(P+8) > ca(l+1ogN)

T scfo,1)d

d—1
2
)

where we used Roth’s lower bound on the standard L, discrepancy. 0

Another important fact is that the periodic L, discrepancy can be ex-
pressed in terms of exponential sums.

Proposition 3. For P = {xy,x,...,xn_1} in [0,1)% we have
1 1 = i
er 2 .
(LS,N(P>) = 3d Z (k)2 Z exp(2rik - xy)|
kezd\ {0} h=0

where i = /=1 and where for k = (ki,...,ky) € Z¢ we set

d 1 if kj =0,
(3) r<k>=11r<kj> and r<k:j>={ 2t i;,fj%o,

Proof. See [16, p. 390]. O

The above formula shows that the periodic Ly discrepancy is - up to a
multiplicative factor - exactly the diaphony which is a well-known measure
for the irregularity of distribution of point sets and which was introduced
by Zinterhof [31] in 1976 (see also [10]).

From this view point we immediately find an order relation between the
standard and the periodic Ly discrepancy in the one-dimensional case.
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Corollary 4. For every N-element point set P in the unit interval [0, 1)
we have

LEN(P) < V2 Lyn(P).
We have equality if N is even and P is symmetric, i.e., with every x,, also
1 —x, belongs to P.

Proof. In the one-dimensional case the well-known formula of Koksma (see
[21], p. 110]) establishes a connection between Ly discrepancy and diaphony.
This formula follows easily from an application of Parseval’s identity to the
local discrepancy. From this we have

2

N-1 1 1 00 1 N-1
2 _ :
(Lon(P))” = (Z (5— )) Q—Zk_ Zexp(Qﬁlk:):h)

n=0 k= h=0

1 e 1 N—-1 '

(4) > 52252 Zexp 27r1k:xh)
=1 h=0
1 er
= P

where we used Proposition [3in the last step. The result follows from multi-
plying by two and takmg the square root. For symmetric P we have equality
in (), because then Z ( :)sn) equals 0. O

We now show that the extreme Ly discrepancy is indeed always smaller
than the standard L, discrepancy as conjectured in [23]. This is actually
implied by the known relationships of the extreme and the standard Lo
discrepancy to worst-case errors of quasi-Monte Carlo rules for numerical
integration.

Theorem 5. For every N-element point set P in [0,1)¢ we have
LyN(P) < Lon(P).

Proof. As already mentioned, we need the relationship between the ex-
treme and the standard L, discrepancy, respectively, and worst-case errors
of quasi-Monte Carlo rules for numerical integration. The quoted facts can
all be found in [26].

Recall that the worst-case error e(I, Q, H(K,)) of the quasi-Monte Carlo

rule
N—

,_.

flx

k=0

1
N
for the integration problem

1= s

of functions f : [0,1]¢ — R in a reproducing kernel Hilbert space H(K,)
with kernel Ky : [0,1]? x [0,1]¢ — R is given as

e(1,Q, H(Ky)) = sup |I(f)—Q(f)l

N gy <1
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A closed formula involving the kernel and the Riesz representer hy € H(K,)
of the integration functional I is

9 N-—1 1 N-1

2

e(1,Q, H(K4))" = lhallFx,) — v 2 hal@n) + > K(wy, ),
k=0 k=0

see [26, (9.31)].

We now introduce the relevant reproducing kernel Hilbert spaces. They
are Hilbert space tensor products of Sobolev spaces of univariate functions.
Let W3 ([0, 1]) be the Sobolev space of absolutely continuous functions f :
[0,1] — R with weak first derivative f’ € Ly(]0,1]). Let H be the subspace
of all functions f € W} ([0, 1]) satisfying the boundary condition f(1) =0
equipped with the norm ||f|lz = ||f[|z,- Let H*" be the subspace of all
functions f € W} ([0,1]) satisfying the boundary conditions f(0) = f(1) =0
equipped with the norm || f|| gextr = || f/||,- Obviously, H™*" is the subspace
of the 1-periodic functions in H. Both H and H®" are reproducing kernel
Hilbert spaces. The kernels are given as K(z,y) = min{l — z,1 — y} for H
and K" (z,y) = min{x, y} — xy for H™". Denote the d-fold Hilbert space
tensor products of these spaces by H; and H$*™, respectively. Their kernels
K, and K§are the d-fold tensor products of the corresponding univariate
kernels.

Now, using the above formula for the worst-case error of the integration
problem and comparing to the formulas of the standard and extreme Lo
discrepancy in Proposition [I3] in Section (] below shows that

Ne(I,Q Hy) = Lyn(P)  and  Ne(I,Q, HF™) = L5 (P),

where P = {xg,x1,...,xy_1} is the point set used by the quasi-Monte
Carlo rule ). A complete derivation of the first equation is given in [26],
Section 9.5.1], for the second identity we refer to [26], Section 9.5.5].

But, since H$*" is a subspace of H, (with the induced scalar product
and norm), the inequality e([ ,Q, H) < e(I , Q, Hd) is obvious from the
definition of the worst-case error. U

Next, we show how to adapt the proof of Roth’s lower bound for the
extreme Lo discrepancy.

Theorem 6. For every dimension d there exists a quantity cq > 0 such
that every N-element point set P in the unit cube [0,1)? has extreme Lo
discrepancy bounded by

LSXJtVr(P) > cq (14 log N)

d—1
2 .

Proof. We assume some familiarity with the proof of Roth in the language
of Haar functions as it can be found, e.g., in [2] or [6]. We only prove the
case d = 2, the extension to general d is done as for Roth’s lower bound.

A dyadic interval in [0, 1] is an interval of the form I = [27'n, 27 (n+1))
with nonnegative integers m,n satisfying 0 < n < 2™. The Haar function
supported on [ is the function h; : [0,1] — R which is +1 on the left and
—1 on the right half of I and 0 outside of I. The Haar functions form an
orthogonal system in Lo ([0, 1]).
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The Haar functions in [0, 1]? are tensor products of the univariate Haar
functions. A dyadic rectangle in [0,1]* is a product R = I x J of two
dyadic intervals I and J. The Haar function supported on R is the function
hg : [0,1]> — R given as hg(z,y) = hr(z)h;(y). The Haar functions form
an orthogonal system in Ly([0, 1]?).

Roth’s method for proving an order optimal lower bound for the standard
Ly dicrepancy uses the orthogonal expansion of the discrepancy function
into a series of Haar functions. To adapt the proof for the extreme Lo
discrepancy, we first fix ¢ € [0,1/2)? and consider the discrepancy function

D(y) = A([z,y),P) — NA([z,y))

just as a function of y € [1/2,1)% For y € [0,1]* \ [1/2,1)?, we define
D(y) = 0. The crucial point in Roth’s proof as well as in this argument
here is that the scalar product of the discrepancy function D(y) with a
Haar function hg(y) does not depend on the point set P as long as R does
not contain a point of P. In fact, we have

(D,hg) = —2"*NA(R)> ifRC[1/2,1)*and PN R = 0.

We now fix a natural number m satisfying 273 < 2N < 2™72 and
consider all dyadic rectangles R = I x J of area 27™. They come in m + 1
different shapes according to the side length of R, i.e., the lengths of I and
J. There are 2™ dyadic rectangles of the same shape tiling the unit square.
There are m — 1 shapes where both side length are at most 1/2, and one
quarter, that is 2™~ 2, of the dyadic rectangles R of such a shape satisfy
R C [1/2,1)2 Since 2N < 2™72 at least half of those rectangles also satisfy
PNR=0.

Now Bessel’s inequality implies
(D, hg)
pay> 3 e
[0,1] 1hrll7,

where the sum is taken over all dyadic rectangles R. Using just the dyadic
rectangles with area 27™ and satisfying R C [1/2,1)% as well as PN R = {),
of which there are at least (m — 1)2™73, we obtain that

2—8N22—4m
D(y)*dy > (m —1)2" 7 ————

- R =2""(m —1)272" N2
0,1

Now using 27N > 2% and m — 1> 2+ log, N we arrive at

D(y)*dy > 27"(2 +log, N).
(0,1]2

Since this holds for any fixed & € [0,1/2)?, we can finally integrate over all
these  and obtain

LN (P)* > 271(2 + log, N).

Hence the desired result follows. O
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In dimension one we have the following surprising relationship between
periodic and extreme Lo discrepancy. Whether a corresponding relation also
holds in higher dimensions is an open question (see also the brief discussion
at the end of Section [3)).

Theorem 7. For every N-element point set P in the unit interval [0, 1) we

have

(LEN(P))? = 2(LgK (P))*.
Proof. Let P = {xg,x1,...,xx_1}. We may assume that the points are
ordered, i.e., zg < 27 < ... < zy_;. Easy computation (see also [20, Eq.

(1.3)]) shows that

1 1= n—m\’
LEFP) = 545 2 (on—am = "5 )

From this formula and since S~ ~ m— Lo(n—m)? = N?(N? — 1)/6 we obtain

(L5V(P) = 5 (% D DECTET ) e —zmxn—m)) .

n,m=0 n,m=0
We have
N-1 N-1
Z (X — ) (n—m) = Z Ty, — MTy, — NLyy + MTy,)
n,m=0 n,m=0
N-1 N-1
= 2N nz, - N(N-1)> x,
n=0 n=0
and hence

(5)
(LSTE(P))Q:%<NF+ Z( — Tp)? 4ann+2 1)2 )

For the periodic L, discrepancy in dimension one we know (see, e.g., the
forthcoming Proposition I3 or [16], p. 389-390]) that

N-1

(LEN(P)? = Y Ballzn — xl),

n,m=0

where By(x) = 22 — x + § is the second Bernoulli polynomial. Inserting the
formula for By we obtain

or N2 = Ry
(LEN(P)? =5+ D (@ —am)® = D |an — |,
n,m=0 n,m=0

We have further
N-1

D fvu =l

n,m=0



EXTREME AND PERIODIC L, DISCREPANCY 9

N-1 n N-1 N-1
= (xn_xm)“'z Z (Tm — @)
n=0 m=0 n=0 m=n+1
N-1 N-1 n N-1 N-1 N-1
= an(n+1)—22xm+ Z xm—an(N—l—n)
n=0 n=0 m=0 n=0 m=n+1 n=0
N-1 N-1 N-1  N-1 N-1  m—1
= 2 zn(n+1)—NZ:pn— T, 1+ T, 1
n=0 n=0 m=0 n=m m=0 n=0
—— ——
=N—-m =m
N-1 N-1
= 4Zna:n—2(N— I)Zatn
n=0 n=0
Hence
N2 N-1 N-1
(6) (LSN(P))* = = —|—nm 0( 0= Tm)? 4Zn:cn+2 1);%.
A comparison of (B) and ([6]) shows the result. O

Note that Theorem [[in combination with Corollary [ gives another proof
of Theorem [3] for the one-dimensional case.

Summary. In this section we presented a number of inequalities and rela-
tions between the three types of Ly discrepancy. We briefly summarize these
relations here: For every N-element point set P in [0, 1)¢ we have

LCX”(P) < Lyn(P)  and LCX“(P) < Ly n(P).
Furthermore, there exists a quantity ¢ > 0 such that for every N-element
point set P in [0,1)¢ we have

ca(l +1log N)T < LEN(P).
In the one-dimensional case we even know that

Lyn(P) = V2LSH(P)  and  LEN(P) < V2 Lan(P).

3. EXACT DISCREPANCY FORMULAS

In this section we present exact formulas for the Lo discrepancies of Ham-
mersley point sets and of rational lattices. Both of them are well established
constructions of point sets in discrepancy theory.

Hammersley point set. We calculate the extreme and the periodic Lo dis-
crepancy of the 2-dimensional Hammersley point set in base 2, which for
m € N is given as the set of N = 2™ points

Hm_{(2+ t g T +2m).t1,...,tm€{0,1}}.

The Hammersley point set is the prototype of low-discrepancy point sets
whose construction is based on digit representations. Its elements (zy, yx)
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for k=0,1,...,2™ — 1 can be also written in the form

k
rp=— and y = pao(k),

2m

where (k) is the van der Corput digit reversal function @, (k) = %5 + 5%
-+ + 5% whenever k has dyadic expansion k = ko + k12 + - - - + £,2" with
r; € {0,1}. Note that the Hammersley point set is symmetric with respect
to the main diagonal in R2. Another view point of Hammersley point sets
as a special instance of digital nets will be used in Section [Gl

We have the following exact result on the extreme and the periodic Lo
discrepancy of the Hammersley point set. For comparison only we also in-
clude the formula for the standard L, discrepancy.

Theorem 8. We have

m? 29m 3 m 1 1
Logm(Hm))? = 404 2 -
( 2,2 (H )) 64 + 192 + 8 om+4 + om+2 g . 922m+3’
extr 2 m 1 1
( 2,2m (Hm)) = 6_4 + % - 79 ; 4m+2’ and
1 1

er m
(LB (M) = Dot

The result for the standard Ly discrepancy is well-known. A proof can
be found, for example, in [13] 27]. The results for the extreme and periodic
Ly discrepancy are new. The proofs of these formulas - along with a new
proof for the standard Lo discrepancy - will be presented in Section [4l

An immediate consequence of Theorem [ is that - in contrast to the
standard Lo discrepancy - the extreme and periodic Ly discrepancy of the
Hammersley point set are of the optimal order y/log IV, respectively. The
Ly discrepancy of the Hammersley point set is only of order log N, which
is not the optimal order according to the aforementioned lower bound of
Roth [2§]. Several modifications such as digital shifts or symmetrization
are necessary to overcome this defect of the Hammersley point set (see
e.g. [1I, M3 15, 19]), which for the other two notions of L, discrepancy
are not necessary. Considering the fact the periodic Ly discrepancy can be
understood as a root-mean-square Ly discrepancy of shifted point sets (see
Proposition [l in Section ) and with inequality (dI) in mind, this result does
not come unexpected.

Theorem [§ further demonstrates that the standard and the extreme Lo
discrepancy are not equivalent in general. This is in contrast to the L
extreme/star discrepancies Dy (P) and Dy (P), which are defined as

Dy(P)=  sup  |A([z,y),P) — NA([z,y))]

x,y€[0,1]%, z<y

and
Dy (P) = sup [A([0,1),P) — NA([0,1))]

te(0,1]2

for two-dimensional point sets. For these discrepancy notions we have the
almost trivial inequalities D} (P) < Dy (P) < 4Dy (P).
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Another obvious implication of Theorem [} in conjunction with Propo-
sition [l is the fact that there exists a geometric shift § € [0,1]? such that
the point set H,, + & achieves the optimal order of Lo discrepancy. In fact,
Roth [29] used geometric shifts (but only in one coordinate) to prove for the
first time the existence of point sets in [0, 1)? with the optimal L, discrep-

ancy rate (log N )d%l He could show that the average of the Ly discrepancy
of higher dimensional versions of the Hammersley point set over all possible
shifts achieves this bound; hence it was a probabilistic existence result. In
dimension 2, Roth’s result has later been derandomized by Bilyk [I] who
could find an explicit geometric shift & = (4,0) € [0,1]* such that H,, + &
has the optimal order of Ly discrepancy.

Since the periodic Lo discrepancy equals the root-mean-square discrep-
ancy with respect to geometric shifts, we would like to compare the result
on Lyom(Hym) with the root-mean-square Lo discrepancy of the Hammers-
ley point set with respect to digital shifts, which are often studied in this
context.

These kind of shifts are based on digit-wise addition modulo 2. In more
detail, for x,y € [0,1) with dyadic expansions = 372 & and y = >°7° %
with digits &, n; € {0,1} for all 7,7 > 1 we define

gy . 9
x@y:ngmLm (mod )

i=1 2
For vectors x,y € [0, 1)¢ the digit-wise addition & ®y is defined component-
wise.
For a point set P = {xg, x1,...,xy_1} and a real vector § € [0, 1]¢ we
define the digitally shifted point set P & d as

Pod={xo®d,x1DI,...,xNn_1 DI}

The root-mean-square Loy discrepancy of a digitally shifted point set P
with respect to all uniformly distributed (digital) shift vectors § € [0,1)? is

(7) \/ Es[(L2.n(P & 6))%] = ( /[0 1]d(LQ,N(P ®4))° dé) \

This is the digital equivalent to the root-mean-square Lo discrepancy of a
geometrically shifted point set P given in (2) and therefore to the periodic
Ly discrepancy.

We compute Es[(Lo y(Hm @ 8))?] and obtain the following result:

Theorem 9. For the 2™-element Hammersley point set H,, we have

m 5}
E5[(L27N(Hm @ 5))2] - ﬂ + %

The proof of Theorem [Q will be presented in Section [l Note that the
root-mean-square Lo discrepancy for digitally shifted Hammersley points is
about a factor y/2/3 lower than for geometrially shifted Hammersley points.
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Rational lattices. We will also calculate the extreme and the periodic Lo
discrepancy of rational lattices. First we introduce irrational lattices. Let
a € R be an irrational number. Then for N € N we define the point set

Ax(a) ::{(%,{k@) : k::(),l,...,N—l},

where {ka} denotes the fractional part of the real ka. Let oo = [ag; aq, as, . . ]
be the continued fraction expansion of o and 7’” for n € N be the n'

convergent, of «; i.e. *zﬁ [ag; a, ..., a,). Further we consider the sets
n

o {(E LN icon i)

which are an approximation of the set Ay(a). We call a point set £,,(«)
a rational lattice. A special instance of a rational lattice is the Fibonacci
lattice F,,, which is obtained for a = %(\/3 + 1); i.e. the golden ratio. Then
a=[11,1,...], (Pn,qn) = (Fn_1, Fy,) and

o ko [kF,q L
e {(E L)) o),

where the Fibonacci numbers are defined recursively via Fy = F; = 1 and
F,=F, 1+ F,_1 forn>2.

We have the following formula for the L, discrepancies of rational lat-
tices.

Theorem 10. Let a be given as above. Then we have

1 =1 14+ 2cos? (Mp")

2
EnE0 = 5 2 e () O

qn

L 1
18 144¢2°
(LS (Lo(a))? = ! q"z:_l ! +i—L and
2 - 16g2 & g (L> sin? (M> 72 144¢2°
- n dn
1 = 1 11

P (Lo(a))? = — +o+
(L35, (La(a)) 4613;81112(?)%2(%) T

qn

where in the first formula D(p, q) is the inhomogeneous Dedekind sum

q>=zp(§)p(’%’) where  plz) = &~ {x}.

The first formula for the Ly discrepancy is [3, Theorem 6]. The proofs of
the formulas for the extreme and periodic L, discrepancy will be given in
Section [

The case of Fibonacci lattices is a matter of particular interest. Hin-
richs and Oetters-hagen [16] minimized the periodic Ly discrepancy over
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N-element point sets in the unit square for small values of N. If N €

{1,2,3,5,8,13} (all of them Fibonacci numbers), then the obtained unique

global minimizer of the periodic Ly discrepancy (modulo geometric shifts

and other torus symmetries; see [16], Section 3.2]) are Fibonacci lattices.
One can show that the term

Fp—1

1 1
2 25 () ()
is of order n. Numerical experiments in [3] indicate that
1= 1
(8) = > ~ 0.119257n.

F 2 [ 7w s 2 [ wrFn_1
n p=1 Sl . S1n .

A few years later the involved constant on the right hand side of (8) was
4

identified to have the explicit expression == (see [A]). Furthermore, it is
well-known that log F;, is of order of magnitude n, i.e., log F,, < n. This
shows that all considered L, discrepancies of the Fibonacci lattice are of
optimal order of magnitude with respect to the corresponding Roth-type
lower bounds. In fact it follows from |4, Lemma 7] that in case of extreme and
periodic Ly discrepancy the same is true for all irrational o = [ag; ay, ag, ...
with bounded partial quotients (i.e. a; < M for some constant M and for
all £ > 0). Therefore every rational lattice connected to such an a can be
shifted geometrically in a way such that the resulting point set achieves the
optimal order of L, discrepancy. From the same paper it is known that the
unshifted lattice £, (a) has the optimal order of Ly discrepancy if and only

if >1_o(=1)*a; < cy/n for a constant ¢ > 0.

Remark 11. It follows from Theorem [I0] and (R]) that

N—oo #P=N \/log N — n 60\/510g(\/5+1)

2

Lextr 7)
liminf inf Loy (P) < ;:\/ L =(.124455. . .,

and
L P
mint mmf —F——
N—oo #P=N 1/]ogN
Note that the corresponding constants one can derive from the results on

the Hammersley point set in Theorem [§ are larger. For the standard L,
discrepancy we have

< 2n =0.248910....

liminf inf M
N—oo #P=N \/log]\/'

where this constant is attained by symmetrized Fibonacci lattices; see [3].

< V21 =0.176006.. . .,

Brief discussion of possible relationships between L, discrepan-
cies. We point out the following peculiarity, which follows from Theorems [§
and [10:
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Remark 12. If P is either the Hammersley point set H,, or a rational
lattice £, (), then we have the relation

€er extr 1 1
(9) (L5 (P = 4(LER(P) + 15 + e

where N = 2™ or N = q,, respectively.

From Remark [[2] and other observations (e.g. the one-element point set
P = {(0,0)} satisfies (@) because, as easily checked, (L)% (P)* = 5/36 and
(LS% (P))? = 1/144) one might conjecture that (@) holds for arbitrary N-
element point sets in the unit square.

However, let us consider the regular grid

d
1 -1
Fm,d:{ov_a"'vL}
m m

consisting of N = m? points in [0, 1), where m € N. For this point set the
Lo discrepancies are easily computed using formulas which were introduced

by Koksma [I8] and Warnock [30] (see the forthcoming Proposition [[3]). As
a result one obtains

2 1\* m2\*
L (Ca)? = (o) — (&
(L ma(Tma)) ( 3 6) < 3 )

m2d _ (m2 _ 1)d
124

and

(L5550 (Tn)? =

For d = 1 we have

er 1 extr 1
(L5 (Tma)* = 5 and - (L551(Tm))” = 5
and hence we nicely observe the relation from Theorem [7.
For d = 2 we have
extr 2m2 —1 er m2 1
(Lo (Tm2))® = BEVVER and (L5 .(Tm2))? = o T35
If m =1, then I'y » = {(0,0) } and (@) is still satisfied. But if m > 1, then the
relation (@) does not hold anymore for I',, 5. Not even the implied multiplier
4 complies, because

(a2

— =28,
meseo (L5, (Tnz) )2

These observations raise some interesting questions about relationships
between periodic and extreme L discrepancy. In particular: Which plane
point sets satisfy relation ([@)7 Are the periodic and extreme Ly discrepancies
in arbitrary dimension d equivalent (like for d = 1 according to Theorem [7])?
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4. THE PROOF OF THEOREM [§

We use the following well known formulas for the standard, extreme
and periodic Lo discrepancy of point sets. Although we only need the two-
dimensional versions of these formulas in our proofs, we state the results for
arbitrary dimension d.

Proposition 13. Let P = {xg, x1,...,TN_1} be a point set in [0,1)%, where
we write T = (Tg1,...,2ra) for k € {0,1,...,N —1}. Then we have

(10)

N2 N Nold N-1 d
(Lon(P))” = ETT= H(l Th ) + Z Hmm(l Tiy 1 — 1),
k=0 i=1 k=0 1=1
e N2 N N—-1 d
(11) (L2]t\f(7))>2 _12d T 9d—1 l’kz(l - %z)
k=0 =1
N-1 d
+ Z H (min (g, 1) — TriTii) -
k=0 i=1
and
N2 Neldo
per 2 2
(12)  (Lyn(P))" = T34 + k;(”l:[l (5 — | — wa] + (vpq — 214) ) -

Proof. The first formula is well known and easily proved by direct integra-
tion (see [18, [30]). Sometimes this formula is referred to Warnock [30] what
is historically not entirely correct, since it was already provided by Koksma
[18] in 1942 for d = 1, but using the same proof method as later Warnock
[30] for arbitrary dimension (see also [24]). Also the second formula follows
by simple direct integration and can be found in [30] and [23| 26], respec-
tively. The last formula can be found in [I6] 26], where it was derived in
the context of the worst-case error in a certain reproducing kernel Hilbert
space. This formula can also be derived more directly from Proposition [II
and Equation (I0). To this end, we observe that for z,y € [0, 1] we have

1 1 1 1
/{9:+5}d5:—, /{x+5}2d5:—,
0 2 0 3
and
1 1
[ maxl(o+ 8, g+ ) A8 = 4 Iy —al = (y — 2P
0

This is easy calculation. We just show the third formula. Assume without
loss of generality that 0 < z <y < 1. Then we have

/0 max{{z +0},{y+0}}do

1—y 11—z

= {y+d}do+ {x+5}d5+/1 {y+4d}dd

0 1—y
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1 1 14y
= / udu+/ udu+/ (u—1)du.
y 1-(y—=) I+(y—x)

Now the result follows from evaluating the elementary integrals. The for-
mula (I2]) follows as well. O

Remark 14. Using the formulas (I0), (II)) and (I2]) and regarding the fact
that min{z,y} = L(z +y — |z — y|) for 2,y € R, we find that for the

standard Lo discrepancy of a two-dimensional point set P = {(xy, yx) : k =
0,1,...,N—1} we have

N V-l
(L (P)? =75 = 5 3 (1=aD)(1 — 4})
k=0
s,
+t1 2—ap =2 — v — )2 = yp — v — |yx — i),
e, 1=0
for its extreme Lo discrepancy we have
(L3N (P))?
N N
= = _= 1— 1—
144 5 : T ( )Yk ( Yr)
e
+7 D (e + = 2w — o — xl) (g + v — 2ue1 — [y — wil)

ke, l=0

and for its periodic Lo discrepancy we have
N2

9

N-1

+ Z (% - |$k - xl‘ + (SL’k — l’l)z) (% - ka — yz| + (yk — yl)2) .
k,1=0

(LR (P)F =-

The following lemma giving the exact values of various sums involving
the components of the Hammersley point set is crucial.

Lemma 15. Let H,, = {(zg, yx) : k=0,1,...,2™ — 1} be the Hammersley
point set. Then we have
277l 1 277l 1

Sp = Zick—zyk

277L 1 277L 1
_ 1)(2m+1 _ 1)
S = Z%—Zyk 6. om ’

om _1

. ome2 M 1 1
53 T Zxkyk—Q +§—§+W,
k=0
277L 1
— )4 4327 (m — 2) + 2)
Si = Z xkyk Z xkyk 3. 92m+3 ’
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om_1

._ 2 9

S5 = E Ty
k=0

8(22m+L — 3.2m 4 1)2 4 9m2m (4™ 4+ 27 (m, — 9) + 4)

9 . 23m+5 ’
2m—1 2m—1 Am
So = > lm—m|=> ly—ul= 5
k,1=0 k,1=0
om _1 om_1
- _ _@er-1ren 4
S = Zxk‘yk_yl|— Zyk|xk_xl‘— 6. om ,
k,1=0 k,1=0
2m—1 2m—1
Se = > wilye—ul =D viler —
k,l1=0 k,1=0
o 16(2m —1)%(22m 42" — 1) + 9m(m — 1)4™
o 9. 92m+5 ’
2m—1 2m—1
So = > wmnlye —ul = Y ywylre —
k,1=0 k,1=0
_8(3-16™m —4"—6-8™+3-2" —2) — 3md™(3m + 1))
- g . 92m+5 ’
gl (4™ — 1) 4+ 9m?2 + 3m

8
Sio = Y ok —aillye — wil =

k,1=0

72

We defer the technical proofs of these formulas to the next section. We
are ready to prove the discrepancy formulas for the Hammersley point set:

Proof of Theorem[8. We expand the formulas for (Lgam (Hm))?, (LS50 (Hm))?
and (LY%m (Hm))? as given in Remark [[4] and express them in terms of the
sums which appear in Lemma We obtain

11-4™ 2m
(Lon(Hm))? = T 7(55 —28,)
+ i(—z’”“’sl +2mH Sy 4+ 252 — 4S5 + 457 + Sip),
qm 2m
(LGN (Hm))? i 7(53 — 25, +S5)

1
+ Z(2”@“53 + 257 — 85153 + 453 — 457 + 4S8y + Sio).

and
per 2 5-4m m+1 2
(L27N(Hm)) :T - 458 + 459 - S@ + 2 52 - 251

+ 271Gy — 8518, + 453 + 257 + Sip.

The remaining trivial task is to insert the expressions for the sums .S,
1 <17 <10, as given in Lemma 2. U
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5. THE PROOF OF LEMMA
Calculation of S;, Sy and Sz. We have

om_1 k,
Sl — Z 2_m
k=0
and
-2 (5)
p m
as well as

g 2Mlk=
56 = om Z
k=1 1=0
which yields the results for these sums.
Calculation of S3, S; and S;. Since the proofs for the formulas of these
sums are very similar, we only sketch the proof of the evaluation of the most
complicated sum S5. We have

1 m + 2 m + 2
Sr = E : 2(# 2:&
5 £ Qm+1—j1 ' 272
t1,.0stm=0 J1=1 jo=1
m 1 1
- Z 92m+2—a—btctd Z talplcla
a,b,c,d=1 t1,..estm=0
m 2m—4 m 2m—3
- Z 22m+2—a—b+c+d + 22m+2—2a+c+d
a,b,c,d=1, p.d. a,c,d=1, p.d.
a=b
m 9m— 3 2m—3
+4 Z 22m+2—b+d + Z 922m+2—a—b+2c
a,b,d=1, p.d. a,b,c=1, p.d.
a=c c:d
m 2m—2 5 m 2m—2
+ Z 22m+2—2a+2c + Z 22m+2
a,b=1, p.d. a,b=1, p.d.
a=b,c=d a=c,b=d
+ 4 Z 22m+2 (l—l—d + Z 22m+2 ?
a,d=1, p.d.
a= bpc a= b c d

where “p.d.” stands for “pairwise different”. For the first sum in the last
expression we obtain

m 2m—4
Z 22m+2—a—b+c+d
a,b,c,d=1, p.d.
1 1 m
— § 2a+b—c—d o § : 22a—c—d
2m+6
a,b,c,d=0 a,c,d=1 p.d.

a=b
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m m m
. § : 2a+b—2c —4 § 2b—d o § 22a—2c
a,b,c=1 p.d. a,b,d=1 p.d. a,c=1 p.d.
c=d a=c a=b,c=d
m m m
-2 ) 1-4 ) 2=y 1).
a,b=1 p.d. a,d=1 p.d. a=1
a=c,b=d a=b=c a=b=c=d

The calculation of these sums is straight-forward. The remaining summands
in the expression for S5 can be computed analogously. This leads to the final
result.

Calculation of S7;, Sy and Sy. These sums can be treated simililarly.
Therefore we will only show how to evaluate the probably most complicated
sum Sg. We write this sum in the following way:

— - __J2 g3 I3
Sy = Z Z om+1-j1 Z om+1—jz Z 273
tgk)7...,t§ff),t§l),...,t%):O Jji1=1 Jo=1 Jz=1
m—1 1 m (k) m ®
>y (T (T
gm+1-71 9m+1—72
r=0 0 0 0 g \ji=l ja=1
L, B A,
m (k) ®
Rl
J3 J3
X Z 273 '
Jz3=r+1
We define
h mool L~
J1 r+1 R J3 J3
P (tT—l-l) Z om+1—j1 + Qm—r’ T:= Z 973
=1 j3=r+4+2
jlj;ér—i-l S
Y rom (1 10
J1 T’+
Pl(t’"‘H) Z 2m+1—j1 + Z 2m+1 J1
j1=1 1 =r+2

to write (after summation over the indices tg,li)l and tffll with tg,li)l =+ tf,lJ)rl)

i, ! Py(1)P1(0) + Py(0) Py (1
RO < (1)P1(0) + Po(0)Pi(1)

2r+1
r=0 tgk) tgnk) t(k)

429 mtm’

B gt o

+ T (Fo(1)P1(0) — PO(O)Pl(l))>'

Since
Fo(1)P1(0) — By (0) (1) = — Z j2m+1_jj :

2m—7"
j=r+42
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we obtain
1
) T(Fy(1)P1(0) — By (0) (1)
# t )),
1 l
£ ety =0
1 i 11
- om—r mﬁ
J1,J3=r+2
1
(k) ONAQ) ©)
X Z (tjl - tjl )(tjs - tjs )
k k k k
£ e, ),
0 gl
=0 for j1 # js
m
_ 1 § 1 22m—7"—3
- 2m—r 2m+1
j=r+2
m—r—1
16 ’
Observe that
Po(1)P1(0) + Po(0) (1)
m (k) m )
— 9 § : tjl § : tjz
2m+1—j1 2m+l—j2
Jji=1 Ja=1
jiAr+1 jatr+1
m (k) m ©)
1 t N 1 ti,
2m—r Z 2m+1—j1 2m—7’ Z 2m+l—j2
Jji=1 Jo=1
JiFr+1 joFEr+1
= A+ B+C.
It is straight-forward to prove
1 1 1 m
®) (&) (B (%) ®) (&) (B (%) j=1
(2 TRTTTR 2 ORI 2 (g Bt St gy tm .
R o j#rl
tr+27---7tm =0 tr+27---7tm =0
Further we have
1 9 m 1
— J1-+52 E (k)
Z A Am+1 Z 2 tjl
®) (&) (&) (*) G1,j2=1 k) (&) (R (%)
Bt St gy ntm . ; 1 ste e ntm
RRUSI h#rtl fasr BRI 1
tr+27---7tm =0 tr+27---7tm =0
1
2 n .y
- § J1+J2 § :
+ 4m+1 2
j1,42=1 B ) ) (k)
AL 242 R
t P =0

(k)
tj2

20
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The second sum is easily computed to equal

2 2m—r—4 . j1+7 1 S J - J r+1
J1,J2=1 Jo=r+2 Jji=1

nFr+l, ja>r+2

while in the first sum it is necessary to distinguish between the cases j; = js
and j; # jo. We obtain for this sum the result

Jj1=r+2 jo=1

+ 2m—3 ( ZT: 2j1+j2 _ XT: 22j> + 2m—2 ZT: 22j1> )

J1,J2=1 Jj=1 Jji=1

We put everything together to find the claimed result for Sy.
Calculation of S;5. We have
1

S0 = >

m (k) 0]
tjl _tj

Z 271 :

m_ ) 40
t) — ¢

2 : j2  Yje
2m+1—j2

1, =0 11 =1 j2=1
m—1m—r—1 1 m—s t(k) . t(l)
— E § J1 J1
21
=0 s=0 (k) (k) (1) @ _ j1=r+1
" s tr+1"“’tmfs7tr+1"“’tm75_0 j=rt
k Dy k l
8 =tOvi=1,..m, t 8, 260 |
(k) (D i (k) @
tm+17i_t7rl+17iv’l_17"'757tmfs7étmfs
m—s t(k) N t(l)
J2 J2
X E -
2m+1—]2
Je=r+1
m—1m—r—1 1 m—s t(k) . t(l)
:E orts E { E : J1 J1
21
=0 s=0 k k l l i1=r+1
=0 e et ety =0 1T

0 A 40 D

mes () _,0)
th) —t

E { ] J2
2m+1—j2

Ja=r+1

X

We write S19 = P, + P>, where P is the part of the last expression where
s=m —r —1and P; is the part where s < m —r — 2. For P, we have

m—1 1 (k) 0 (k) ) m—1
t), —t t), —t 1 m
. m—1 r+1 r+1 r+1 r+1| -
SEDIE DI s == 5
= o,
For the evaluation of P, we abbreviate
m—s—1 t(k) . t(l) m—s—1 t(k) . t(l)
e J1 J1 R J2 J2
T = Z 271 and Ty := Z om+1—jz
j1:7‘+2 j2:’r‘—|—2

(which are empty sums for s = m — r — 2). Then we sum the expression

over tf]i)l, tfﬁ)rl, ts,li)_s and ts,?_s, where the first and the latter two must be
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different, respectively. We get

m—1m—r—2 1 t(?l N t(lj_l t(k) _ t(l)
B rts r r m—s m—s
D D D D S T T
r=0 s=0 t(k’) t(k)
r410" m—s?
8t =0
(k) ) (k) 0]
tm—s B tm—s t7‘+1 — tT+1
N Tt

! 1 1 1 1
X Z { (27‘—1—1 + Tl _I— 2m—s) (23—1—1 + T2 + 2m—r>

1 1 1 1

+ (27“—1—1 + Tl - 2m—s) (23—1—1 - T2 - 2m—r)
1 1 1 1

+ (27“—1—1 B Tl B 2m—s) (23—1—1 +T2 B 2 7")

1 1 1 1
+ <2r+1 _Tl + 2m—s) (28+1 _T2 + 2m—r) }

The expression in curled brackets simplifies very nicely and we get

m—1m—r—2 1 1 1
I

r=0 s=0 NORRO)

m—1m—r—2
1 1

_ gm—1 —r—s
Y 2 (Gt )

r=0 s=0
8(4™ — 1) + 9m? — 33m

72 '

The formula for S;qy follows.

6. THE PROOF OF THEOREM

In this proof we consider the Hammersley point set as digital net with
generating matrices

10 00 0 0 01
601 .- 00 00 --- 120
01: ............... and 02: ...............
00 -+ 10 o1 .- 00
00 01 10 00

Let k € {0,1,...,2™ — 1} with dyadic expansion k = kg + k12 + -+ +
Km—12™"1 and corresponding digit vector k = (kq, K1, ..., Km—1) over Zs.
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Then the k' element (zy, yx) of the Hammersley point set is given by z;, =

3 3 3
L2 4k and g = B4 B2 4+ B where

(EhyErzy -y )| = Cyk  and (Mot Mo s o) | = Cyk.

Proof of Theorem[d. In [8] the analogous quantity, but for digital shifts of
depth m was computed. The present case can be interpreted as digital shifts
of depth m = oo. Let (xy,yx) for k =0,1,...,2™ —1 denote the elements of
the Hammersley point set. A slight modlﬁcatlonﬂ of the proof in [§] shows
that

Es[(Loy (Hm @ 6))’]

— _i ZT(]{?) Z_: walg(z, ® zp) — EZT(Z) Z wal; (Y @ yn)

n,h=0 n,h=0
1 o) 2m 1
+Z ,;) T(k)7(1) n;() walg (z, & zp)wal(y, © yn),

(k,1)#(0,0)
where wal;, denotes the k' dyadic Walsh function which is given by

Walk(:(:) — (_1)/@051+141§2+...+er71&

whenever k£ € Ny and =z € [O 1) have dyadic expansions k = ko + K12 +
A Ry 12” Land 2 = & + § + -+ -, respectively. Further 7(0) = 5 and
T(k) =~z = for k> 0, where r(k) denotes the unique integer r such that
r S k < 2r+1
We have

oam__1

Z waly (x, ® xp)

n,h=0

2 - —
:{ 4mif Ok =0,

0 otherwise,

Z walg(z,,)

where we used a well-known relation between digital nets and Walsh-functions
(see, for example, [9, Lemma 4.75] or [8, Lemma 2]). Although this relation
is only stated for 0 < k < 2™ — 1, it also holds for £ > 2™ with dyadic
expansion k = Y7 £;2", where s > m, if we set k= (Ko, ..., Km_1)" . Since
C) is regular the condition C} k =0 is equivalent to k = 2™k’ with &' € N.
Therefore we obtain

7(k) z_: waly(z, ® z5) = 4™ Z T(2"K') = Z (_

k=1 n,h=0 k=1 u=0

Likewise we have

o0 2m_1
> or(l) ) wali(yn @ yn) = —3
=1 n,h=0

1Set m = oo in [8, Lemma 3] and take care of the resulting consequences.
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Furthermore,
om _1 om_1 2
Z walg (x, @ zp)wal)(y, ®yn) = Z waly (x, )wal;(yy,)
n,h=0 n=0

am it OTk+CJ 1 =0,
0 otherwise,

where we used [9, Lemma 4.75] (or [8, Lemma 2]) again. Hence

[e.e]

1

Es[(Lon(P ® 8))?] = 5t =t Y r(k)r(D).
(k. 1%(0.0
cf k+cg =0
We have
Yoo k) =D k)T + > O+ Y. k)T
(k,]f)';:(g,o) c§?:6 clT:fl:(i cT Sf# =5
cf k+cg =0 ! 2 ! 2
2 o
= — k)r(l
o ; T(k)7(l)
clTEJ’rCZTl”:ﬁ
Hence
1 o0
Es[(Lon(P ® 8))?] = 5+ N 7 (k)T(l)
cfgj;jfzﬁ
We have
00 1 0o 1 Qutl_qovtl_q
x= Z T(k)T(l) - % Z Jutv Z Z L.
ClTIQkJ’rl:j*:G u,v=0 k=2v [=2v
Clk+Cy I=0
Denote by e, .. ., e,, the row vectors of C; and by d, ..., d,, the row vectors

of Cy. Set e; = d; = 0 for i > m + 1. The condition C’lTE+ C;f: 0 can be
rewritten as

160 + - + Culu_1 + €up1 + dido + - - + dyho_1 + dys1 = 0,

where k = ko+r12+ -+ Ry 124 4H2% and | = Ao+ \ip+- - -+ A1 207142V,
Since ey, ..., eyu11,d1, ..., d,11 are linearly independent as long as u+ 1+
v+ 1 < m we must have v +v > m — 1. Hence

1 00 1 1 1
S AV 22
w0=0 Rut—1yeesK0=0 Ay 1., A0=0
ut+v>m—1 N o/

e1k0+ - Feyt1mutdi Ao+ Fdyr1Ae=0
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Now we split the range of summation over u and v. We have

m—1 1 1
x L L 1
- % Z Autv Z Z
u,v=0 Ku—15--,80=0 Ap—1,...,A0=
ut+v>m—1 " _
e1ho+Feut1hutdidot - +dyr1 =0
oo m—1 1 1
L 5 1 3 3 )
36 4u+v
u=m v=0 Ku—150-,60=0 Ay —1,...,A0=0
NS >
Vv
e1ko+-t+eyti1kutdi Ao+ +dy 1A =0
m—1 oo 1 1
DI > X !
+% 4u+v
u=0 v=m Ku—150-50=0 Ay _1,...,A0=0
g

~~

e1ko+ Feut1hutdi Aot Adyt1 Ao =0
1

[e'e] 1
36 4utv '
u,uv=m Ku—1,--50=0 Ay _1,..., A o=
N ~ -

e1ko+Feut1hutdi Aot dor1Ae=0

We consider the first sum where u,v € {0,1,...,m—1} and 7 := u4v >
m — 1. Then we have

e1h0 + - + €ys1hiu + didg 4+ -+ dysidy =0

ift
Ko 0
Rm—r+u—2 0
Hm—ﬂ'—i-u—l )\T—u == 1
+] =0,
Ky =1 )\m—u—l
0 )\m—u—Z
0 Ao

ie,iff r=m—1 and

® Kg=...= Ky_1 = 0 and

® Kk, =\, =1and

.)\0:...:)\U_1:O,
orT€{m,...,2m — 2} and

® Ko ="' = FKmriu—2 =0, Km—riu—2 = 1 and

° )\0:"':)\m—u—2:07 )\m—u—l :1and

e kKi=Ap1ifori=m-—74u,...,u—1.
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Therefore we have

1 1
36 4u+v Z Z 1

u,v=0 =150 =0 —1s-ee =
o Kau—150-350=0 Xyy—1,...,A0 9
Vv
e1ko+ - teyt1hutdi Ao+ +dyr1 Ay =0
1 1 m—1 2m—2 oT—m m—1
= - E 1+ E 1
36 | 4m— 47
u,v=0 T=m u,v=0
utv=m—1 utv=T

m—1
1=2m—-—7-1
w,v=0
ut+v=T1
Hence
m—1 1 1
1 1
% e >, > 1
u,v=0 Ku—15--,50=0 Ap—1,...,A0=0
ut+v>m—1 ~— ,
e1ko+Feut1futdidot - tdor1 =0
2m—2
1 m 1 2m —T1—1
= 36 |1 T T:Zm o7 ‘
Now we use
2§22m—7—1 _2m 4(1-27)
L 2 om 4m

and hence

1 1
36 Jutv Z Z 1

Ku—15-60=0 Ay _1,...,A0=0
N 2

-~

e1k0+Feut1hutdi o+ Fdy1Ap=0
1 l m 2m 4(1—2’”)}

4m—1 + 4—m + {m

Next we consider the second sum where v € {m,m + 1,...} and v €
{0,1,...,m — 1}. Then we have

e1kio + + + usifiu + dido + -+ dppi Ay =0
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iff
Ko 0
Rm—y—2 0 .
Ryp—v—1 + )\v =1 = O,
Rm—v )\v—l
Rm—1 Ao
ie., iff
® Kg=...=Km_yo2o=0, Kp_p_1 =1, and
® Km—y = )\v—la vy Bm—1 = )\0-
The digits K, ..., ky,_1 are arbitrary. Hence

1 1
Z Z 1= 2u—m2v — 2u+v—m_

Ku—150-,60=0 Ay—1,...,A0=
A - -
Vo

6150"1““+5u+1/§u+d1>\0+“‘+dv+1)\v:6
This yields for the second sum

oo m—1

27

1 & 1 & & 1 (.

u=m v=0 Ku—1;--,60=0 Ay —1,...,A0=0 u=m v=
A - -

e1ko+Feyt1kutdirotFdpt1Ae=0

e’} m—1
1 1 1
36 - 2m ; 2 gy
1 1
S 9-4m  9.8m
In the same way we can calculate the third sum and obtain
m—1 oo 1 1
1 1 1 1
_ 1= - .
BT > X T T
u=0 v=m Ku—15---,80=0 Ap—1,...,A0=0

~~

e1ho+Feut1hutdidot - tdyr1 =0

It remains to evaluate the last sum where u,v € {m,m + 1,...}. Then

we have
€160+ - + €yi1hiu + didg+ -+ dyi1dy =0
iff

Ro )\m—l

Rm—1 Ao
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ie., iff kK, = A\,_;_1 for i = 0,...,m — 1. The digits K,,,...,Ky,_1 and
Am, - -y Ay_1 are arbitrary. Hence

1 1
Z Z 1 = 9mou—mou—m _ gutv—m

e1ko+Feyt1kutdirot - Fdptr1Ae=0

This yields for the last sum

1 1 ! ! 1 &1
_ 1 = — 2u+v—m
36 4u+v Z Z 36 Z 4u+v
u,v=m Ku—1,--,60=0 Ay—1,...,A0=0 u,v=m
61“0+"'+6u+1/‘€u+‘d,1)\O+"'+d’u+1)\v:6
2
1 =1
T 36-2m <;2_u>
B 1
~9.8m’
Putting all four sums together we obtain
$_ m n 1 1 n 1 1 n 1 1 n 1
T 6-4m  9.8m  9.4m  g.4m g.8m  g.4m 9.gm  g.g8m
_m n 1
S 6-4m 0 9.gm’
Finally this yields
1 m 5
E L 5 2 = — 4m_122 - —.
s[(Lan(P @ 9))”] 9+ 24+36

U

Remark 16. If we restrict to the average over all digital m-bit shifts
0 = % + 62(—2) + -+ ‘52(—:) per coordinate, then it follows easily from [19]

Theorem 1] that
m 3 1 1

Es,, [(Lon (P @ 6n))?] = A TR T T T T am

Remark 17. It can be shown that Theorem [Q does not only hold for the
Hammersley point set, but for all (0, m, 2)-nets over Fy. The proof is similar,
but a bit more involved than for H,,.

7. THE PROOF OF THEOREM [10]

We need the following lemma, which has essentially been proven in [3] [4]
already. Since this result is crucial for the computation of the periodic and
extreme Lo discrepancy of rational lattices, we would like to repeat the short
proof. Let Z* .= Z \ {0}.
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Lemma 18. With the notation explained in the lines before Theorem [1(0,
we have

Z 212~ 4 . . :
fy hae kiks  dn 7= sin? (’q’—:) sin’ <—Mp">
k1,k2#0 (mod gn)

k1+koprn=0 (mOd Qn)

Proof. We make use of the formula

1 2
Z S — for z € R\ Z.

)
e (k+2)?  sin® (7x)
For ki, ko € Z* with ky, ko #Z 0 (mod ¢,,) and ky + kop, = 0 (mod g,)

we write ki + kap, = lq, with | € Z, and ky = mgq, + r for m € Z and
re{l,...,qg, —1}. Then

1 1 1
X o mET X B X Gy

k1,ko€Z* ko€Z 2 IEZ
k1,k2Z0 (mod g¢n) koZ0 (mod ¢n) k1=lqn—kapn
k1+kopn=0 (mOd Qn)
1 1
"2 X BX v
Qn koC€Z 2 c7 ( k2pn>
k2Z0  (mod gn) n
qn—1
1 2

Ay

2
2 [ mr
L ——— <m+ p ) sin (—qf“)
n

gn—1
™ & 1

D . -
In =7 sin?® (”—”) sin? (w)
dn qn

O

Proof of Theorem[I0l. First we prove the result on the periodic Ly discrep-
ancy of L, («). To this end we use the representation of the periodic Ly
discrepancy in terms of exponential sums as given in Proposition 3l Writing

L,(a) =A{xo,..., 241}, where &), = (q%, {h””}> forh=0,1,...,q, — 1,

q

we have

qn—1 2

Z exp(2rik - xp)

h=0

)

er 1
09 UG =g 3
€72\

where the r(k) are defined according to (3)). Note that the following argu-
ments are similar to those used in the proof of [4, Theorem 3|. In order
to study the sum (I3) we need to distinguish different instances for the
vector k.
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e The case k = (k,0), k # 0. Then we have

0o 1 qn—1 0o 1 qn—1 h
exp 27rik:—) + exp ( 2mik )
> e (k)| + X e |2 i
k=(k,0) k=(=k,0)
00 2 00 2
In 6 n 1
:2 - 2— — =,
; r(k)? 472 ; (lgn)? 2
gnlk

where we used the the well known identity > ;o) & = %f and the
fact that

qn—1 . .
Z exp (j:27rlk‘ h ) Gn ik = O (mod gn),
— Gn 0  otherwise.

e The case k = (0,k), k # 0. This case can be treated analogously
as the previous one and yields the same result. One has to use that
ged(pn, ¢o) = 1, which is a well known fact from the theory of con-
tinued fractions. Therefore

qn—1 . _
S exp (i%lkhpn) _ {qn if k=0 (mod gu)

— qn 0  otherwise.

e The case k = (k1, ko), where ki, ky # 0 and k; = 0 (mod g,), but
ke # 0 (mod g,). In this case we find
k=(k1,k2)€Z2\{0}

qn—1 h
Z exp <27r1k2—>
( q
k1=0 (mod g¢n)

k2#0  (mod gn) :0

0 2

= 0.

S

e The case k = (k1, ko), where ki, ky # 0 and ky = 0 (mod ¢,), but
k1 # 0 (mod g,) can be treated analogously as the previous one and
yields the same result.

e The case k = (k1, ko), where k1, ks # 0 and k; =0 (mod g,) as well
as ks =0 (mod g, ). In this case we find

i o —2 (2 2
R
ko= (k1 k2)€Z2\ {0}

k1=0 (mod ¢n)
k2=0 (mod g¢n)

1
Z (in1)2(in2)2

l1,l2€2*

_L( (Y L
2 \4n? 6/  4¢
e The case k = (k1, ko), where k1, ks # 0 and k; Z 0 (mod g,) as well
as ks Z 0 (mod g, ). In this case we have to evaluate the sum

9 1
Y A

k1,k2€Z*
k1,k2#20 (mod gn)
k1+kopn=0 (mOd Qn)
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which equals

-1
6 2 1 9 dn 1
2
n <—> 212
o ’ﬁ%;z* hiky 4 TZ:; sin? (g_T) sin2 (ﬂgpn>
k1,k2#0 (mod gn) n n

k1+kopn=0 (mod gn)
by Lemma [I8]
The result on (LY (L,(a)))? follows.

2,q
Finally it remains to prove the result for the extreme Ly discrepancy of
L,(a). Recall from Remark [I4] that the extreme Lo discrepancy of a point
set P ={(xp,yn) : h=0,1,..., N — 1} can be calculated via the formula

N-1 N-1
extr N 1
(1) (IENP)Y =2y — 5 O F@nfn) + 1 3 olon gl w)
h=0 h,1=0

where we define f(z) := z(1 —z) and g(z,y) = x +y — 22y — |z — y|. We
compute the Fourier series of these two functions. Let f(k) and g(ky, ko) for
k, k1, ke € Z be the Fourier coefficients of f and g; i.e.

1
:/ f(z) exp(—2mikx) dx
0
and
1 1
Gk, k) = / / o(2, ) exp(—2mi (k12 + koy)) der dy.
0 0

It is not difficult to find that f(()) = ¢ and f(k) = —5o for k € 7.
Therefore

1 Z exp(—27mikx) Z 1 — exp(—2mikx)

T 91212 2).2
keZ* 2k kez* 2k
For the function g we find
(1 if ki = ko =0,
—ﬁ if ky € Z* and ky = 0,
G(ky, ko) = —ﬁ if k; =0 and ky € Z*,
ﬁ if ]{71 € Z* and ]{72 = —]{31,
L0 otherwise.
Therefore
1 exp(—2mikix) exp(—2mikyy)
9loy) =5 = 2 27m2k? 2 272k3
k1eZ* koeZ*
exp(—2mikix) exp(2wikyy)
+ Z 271-2]{;%

k1€Z*

1 exp(—2mikx) exp(2miky)
- Z om2k2 Z 92k2 o Z 922
kez* kezZ* kez*
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N Z exp(—2mikx) exp(2miky)

2m2k?
kez*
B Z (1 — exp(—2mikz))(1 — exp(27r1ky))
B 2m2k?
ke

We insert the Fourier expansions of f and g into equation (I4]) and obtain
after some simplifications

(LN (P))?
N2
T 144
N N—
— Z (1 — exp(—2mikixp)) (1 — exp(—2mikayp))
A41.21.2 Z p 1ZTh Y
2 ki1,ko€Z* Am k k
1 N— 2
2 4k2k2 Z — exp(~2mikyy))(1 — exp(—2mikayn))
kl,kQEZ* h=0

In order to find the exact formula for LS5 (L, (c)), we need to investigate
the expression

fly . h hpn,
Dk kg 1= Z 1 —exp | —2mik;— 1 —exp | —2miky—
— I I

for non-zero integers k; and k. We observe that Xy, x, can have the following
values:

¢n  if ki, ko Z0 (mod g,) and ki + kop, Z0  (mod g,),
Yhiks = 2qn, if ki, ke Z0  (mod ¢,) and ki + kep, =0 (mod ¢,),
0 otherwise.

This leads to

X 2
(Lo (La(a)))
_
144
4n Gn 2q,
- +
2 Z 4tkik3 Z Amikik3
k1,ko€Z* k1,ko€Z*
ki1,k2Z0 (mod g¢r) k1,k2Z0 (mod ¢n)
ki1+kopn#Z0 (mod gn) ki+kopn=0 (mod gn)
2 2
a0 4q,
+ +
Z Amik2k32 Z 4t kK3
ki1,ko€Z* k1,ko€Z*
k1,k2#0 (mod gn) k1,ko#Z0 (mod g¢n)

k1+kopn#0 (mod gn) k1+kepn=0 (mod gn)
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Do > e
144 167 K252
k1,ko€Z”
k1,k2#0  (mod gn)

k1+kopn 7‘é0 (mOd Qn)

We have
(15)
> @ > mm- X
k2k2 k2 k2 k2k2
k1 ko€Z* 172 k1,ko€Z* 172 k1,ko€Z* 172
ki,ko#Z0 (mod g¢n) ki,koZ0 (mod g¢n) ki,k2Z0 (mod gn)
ki+kopn#Z0 (mod gn) ki+kopn=0 (mod gn)

For the first sum on the right hand side we find

1 1
L owmmT| X o®
k1,ko€Z keZ
k1,koZ0 (mod g¢n) k%0  (mod gn)
2
(T T
- 12 (L )2
kez* k kez* (kq”>

4 2
Ty
9 ar

The value of the second sum in (I5) is known by Lemma [I8 Now the result
follows. O
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