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Abstract

We study periodic torus orbits on spaces of lattices. Using the action of
the group of adelic points of the underlying tori, we define a natural equiva-
lence relation on these orbits, and show that the equivalence classes become
uniformly distributed. This is a cubic analogue of Duke’s theorem about
the distribution of closed geodesics on the modular surface: suitably inter-
preted, the ideal classes of a cubic totally real field are equidistributed in the
modular 5-fold SL3(Z)\SL3(R)/SO3. In particular, this proves (a stronger
form of) the folklore conjecture that the collection of maximal compact
flats in SL3(Z)\SL3(R)/SOs of volume < V becomes equidistributed as
V — oo.

The proof combines subconvexity estimates, measure classification, and
local harmonic analysis.
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1. Introduction

1.1. Historical perspective. In the preface to his book “Ergodic properties
of algebraic fields,” Linnik [32] writes

... In the present book other applications of the ergodic con-
cepts are presented. Constructing “flows” of integral points on
certain algebraic manifolds given by systems of integral poly-
nomials, we are able to prove individual ergodic theorems and
mizing theorems in certain cases. These theorems permit as-
ymptotic calculations of the distribution of integral points on
such manifolds and we arrive at results inaccessible up to now
by the usual methods of analytic number theory. Typical in this
respect is this theorem concerning the asymptotic distribution
and ergodic behavior of the set of integral points on the sphere

(%) x2—|—y2+z2:m

for increasing m.

This presents what Linnik called “the ergodic method”; it enabled Linnik
to show that solutions to (*) become equidistributed upon projection to the
unit sphere — at least, for the m satisfying an explicit congruence condition.
Subsequently, using that method, Skubenko solved the related problem for the
solutions of the equation

() y2 —zz=m

also under similar congruence conditions on m.

Both of these problems are related to the distribution of ideal classes of
orders in quadratic fields: in the case of points on the sphere (%), one deals with
imaginary quadratic fields, while (sx*) corresponds either to real or imaginary
quadratic fields depending on the sign of m. The latter problem for m > 0 is
also equivalent to the problem of the distribution of closed geodesics on the
modular surface SL(2, Z)\H.

Since the time of Linnik’s work, the tools of analytic number theory have
developed tremendously. In particular W. Duke [12], using a breakthrough
of H. Iwaniec, proved that the integer solutions of (k) as well as (#*) become
equidistributed as m — oo.

In [32, Chaps. VI-VII], Linnik considers in detail the corresponding ques-
tions for number fields of higher degree, particularly cubic fields. However, he
was able to prove comparatively little compared to the quadratic case. In mod-
ern terms, he established, by a remarkable elementary calculation, a special
case of the equidistribution of Hecke points.
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In this paper, we revisit Linnik’s problems for cubic (and higher degree)
fields, settling them for totally real cubic fields (among other cases).

We give precise statements later in the introduction; for now, we note that
just as (#x) relates to the ideal class group of quadratic fields and to closed
geodesics on the modular surface, the higher rank analogues will pertain to
ideal class groups of higher degree fields and to periodic orbits of maximal tori
in the space of lattices X,, = PGL,,(Z)\PGL,(R). We will, in fact, explain our
main result in this language in the introduction; there is also an interpretation
analogous to (xx), which we postpone to Corollary 3.3 in Section 3.

Interestingly, we do not know how to prove our main equidistribution re-
sult using purely analytic techniques, nor using purely ergodic theoretic tech-
niques, though each of these methods does give some partial information in this
direction. Our proof works by combining these two very different techniques;
to handle the case of nonmaximal orders we also have to prove new estimates
involving local Fourier analysis.!

This paper is part of a series of papers we have been writing on the distri-
bution properties of compact torus orbits on homogeneous spaces. In [18], we
present a general setup for the study of the periodic orbits and prove results
regarding the distribution of individual orbits as well as fairly arbitrary col-
lections of periodic orbits. In [17], we give a modern reincarnation of Linnik’s
original argument, giving in particular a purely dynamical proof of equidistri-
bution in the problem (s#x),,~0; without an auxiliary congruence condition. We
still do not know how to give a purely dynamic proof of Duke’s theorems re-
garding the equidistribution of the solutions to () or to (*%);,<o. Each of these
papers is self-contained and can be read independently; related discussions can
also be found in [16] and [36].

1.2. Geometric perspective. For clarity, we shall continue to focus on the
“R-split case” of our main questions (i.e. problem (k%),,~0, totally real fields,
orbits of R-split tori, etc.). We introduce our main result in geometric terms.
Later, in Section 3, we discuss interpreting it in “arithmetic” terms (akin to
the interpretations (x) and (xx)).

Let M =T'\H be a compact hyperbolic Riemann surface, and

X := S'M = I'\PSLy(R)

the unit tangent bundle of M. Bowen and Margulis, independently [4], [34],
proved that the set of geodesics of length < L, considered as closed orbits of
the geodesic flow on X, are equidistributed with respect to Liouville measure
as L — +oo.

¢ is also conceivable that an ergodic approach to these estimates may exist.
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On the other hand, for a Riemann surface, if the latter is “arithmetic” in
a suitable sense (see §4.5 below), then the results of Bowen/Margulis are valid
in a much stronger form. The most basic instance of an arithmetic surface is
the modular surface,

M = My = PSLy(Z)\H.

The equidistribution theorem of Duke already mentioned implies? that the
collection of geodesics of fized length £ becomes equidistributed in X = X5 as
{ — oo. Note that the lengths of closed geodesics can have high multiplicity;
indeed, the lengths are of the form log(d + v/d? — 1), for d € N<q, and the set
of geodesics of this length is parametrized by the class group of the quadratic
order of discriminant d.

Our main result establishes the analogues of both of these equidistribution
theorems to the setting of the rank two Riemannian manifold

Ms = PGL3(Z)\PGL3(R)/POs.

The role of “closed geodesics” is replaced by “maximal compact flats”, and the
role of “quadratic order” is replaced by “cubic order”.

At least with our present understanding, the rank two case seems to be
much more difficult than the rank one case. This difficulty manifests itself
from all the perspectives; crudely, the smaller the acting group, relative to the
ambient group, the more difficult the question.

1.3. Statement of results. Now let us give a precise statement of our main
result, at least in the “R-split, cubic field” case. (Our most general theorem is
stated in Theorem 4.9; what follows is a specialization of this.)

Let H be the diagonal subgroup of PGL3(R). In [18], we attached to each
closed orbit xH on

X3 = PGL3(Z)\PGL3(R)

a discriminant disc(zH) as a way to measure the “arithmetic complexity” of
that orbit; let us briefly recall how it is obtained. Writing «H into the form
MNI'gH, weset T=1Tn gHg*lzar; T is a maximal (anisotropic) Q-torus. The
discriminant is then closely related to the “denominator” of the Q-point T
inside the variety of maximal tori of PGL3. In Section 4, we will review this
construction in the adelic setting. We prove:

1.4. THEOREM. The periodic orbits of H on X3 are grouped into equiva-
lence classes, equivalent orbits having the same volume and discriminant. For

2Strictly speaking, Duke’s theorem establishes equidistribution on the modular surface;
equidistribution at the level of the unit tangent bundle was established in the unpublished
Ph.D. thesis of R. Chelluri, [7].
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each periodic orbit xH, let Yy be the union of all compact orbits equivalent
to xH.
If {x;H}; is a sequence of compact orbits, with disc(x;H) — +oo, then:
(1) vol(Yy,zr) = disc(z; H)'/>Ho0),
(2) the Yy, u become uniformly distributed in Xs.
In particular, for V> 0, let Y(V') denotes the collection of all H-orbits with
volume V'; as V; — oo through any sequence for which Y (V;) # 0, then the
Y (V;) become uniformly distributed in Xs.

Noting that the projection of Y (V') to M3 is the collection of all maximal
compact flats on M3 of volume V', Theorem 1.4 implies (a stronger form of)
the rank two analogue of the Bowen/Margulis theorem, indicated above.

1.5. About the proof; adelization. Viewed from the classical point of view,
the grouping of periodic torus orbits into packets is rather mysterious and can
be quite tricky to define in the nonmaximal case. It turns out that the adeles
give a powerful and concise language to describe these equidistribution results,
and we have written the bulk of this paper consistently in the adelic language.

In particular, as we shall see in Section 5 the full equivalence class Yy, g
of a periodic H-orbit (H being a maximal split torus) is essentially the pro-
jection to the infinite place of a single periodic orbit of an adelic torus. The
precise connection between packets and adelic tori is contained in Theorem 5.2;
Theorem 1.4 is then immediate from the adelic results Theorems 4.8 and 4.9.

We will, indeed, go to some length to set equidistribution questions in a
genuinely adelic framework, which has the pleasing side effect that we are able
to address simultaneously many different equidistribution questions (cf. §4).

To aid the reader, we give an outline of the main ideas that enter into its
proof in purely classical terms in Section 2. For the moment, we only observe
an important contrast between X3 and Xs: while for X5, the analogue of our
main Theorem is “purely” a result about L-functions, for X3 this is not so. To
fill this gap, we will need to combine results from measure rigidity, L-functions,
and harmonic analysis on Lie groups.

1.6. Scope of the method. We shall discuss certain natural generalizations
of Theorem 1.4 and interesting questions associated to them.

1.6.1. S-arithmetic variants. Theorem 1.4 is derived from the underlying
adelic result — Theorem 4.9 — and there is therefore no difficulty in replacing
PGL3(Z) by a congruence subgroup, or Q by a number field, or passing to an
S-arithmetic context.

However, although this is not apparent from the statement of Theorem 1.4,
the general statement Theorem 4.9 is not as satisfactory as the corresponding
statement for PGLg (given in Theorem 4.6). Indeed, our general PGL3-theorem
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imposes local conditions, akin to a Linnik-type condition, which happen to be
automatically satisfied in the setting of Theorem 1.4.

To dispense with these local conditions seems to be a very interesting and
fundamental question.

1.6.2. Sparse equidistribution. Assuming a suitable subconvex estimate on

L-functions®

one can obtain the following “sparse equidistribution” result by
our methods:

Notation as in Theorem 1.4, there is o < 1/2 so that, if vol(x;H) >
disc(z;H)® then the x;H become uniformly distributed on Xs.

Presumably assuming the full force of Generalized Riemann Hypothesis
(GRH) would yield o = 1/4, although to prove this requires more careful local
analysis than we have done.

Conjecturally, however, a much stronger statement should hold: we con-
jecture ([18]) that this equidistribution statement for single H-orbits remains
true for any a > 0. We refer to [18] for discussion of this conjecture, some
partial results towards it, and counterexamples to more optimistic conjectures.

1.6.3. Spaces of higher dimensional lattices. Much of our analysis carries
through from X3 to

X,, = PGL,,(Z)\PGL,(R).

There are two obstacles, however, to obtaining a complete generalization of
Theorem 1.4:

(1) the lack of available subconvex bounds,
(2) the lack of suitable technology to rule out “intermediate limit mea-
sures.”

At the moment we have little to offer concerning the second point. In the
case when n is prime, the issue of intermediate measures does not occur; if we
suppose Hypothesis A.1 (i.e., a subconvex bound for Dedekind (-functions of
degree n number fields), then the analog of Theorem 1.4 holds; i.e., packets of
periodic torus orbits become equidistributed on X,.

1.6.4. An almost-subconvezity bound for class group L-functions of cubic
fields. Let K be a real cubic field, and let ¢ be a nontrivial character of the
class group of K.

We have an associated L-function

L(K,1, s) Zw (a)Ng/g(a)™?,

3The specific case of subconvexity needed is subconvexity in the level aspect, on GL(3).
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the sum being extended over all integral ideals a, and NK/@(a) denoting the
norm of a. This L-function has conductor D, the discriminant of K.
One corollary to our main result is that, for any fixed § > 0,

‘ZNK/@(a)gam ¢(a)'

1 _
W ’ZNK/@w)sam 1‘

To put this in perspective, a subconvex bound for the degree 3 L-function
L(K,1, s) would guarantee that the same is true if we replace 6v/Dy by D%4%.
The result (1) could therefore be considered as a “nonquantitative” form of
subconvexity for this degree 3 L-function.

Since this paper was submitted, K. Soundararajan [41] proved a very
general weak subconvex bound, valid for a wide class of L-functions. His
result does not imply (1) with currently known bounds: what is needed is any
improvement of Stark’s result [42]:

res,—1Cr(s) > log(disc(K))™!;
e.g. any larger exponent would suffice.

1.6.5. The cocompact case. If one considers the quotient of PGL,(R) by
a lattice associated to a R-split division algebra, then one obtains a compact
quotient. One certainly believes the analogue of Theorem 1.4 to be valid, but
in this case the methods of the present paper which use Eisenstein series in an
essential way do not apply.

This is an instance in which the cocompact case seems harder that the
noncompact case. We refer to [18] where we obtain (weaker) results in the
cocompact case by different methods.

1.7. Connection to existing work. In the rank one case of PGLy, the
analogs of the questions we consider have been intensively studied from many
perspectives, both from the perspective of the work of Linnik and that of
Iwaniec and Duke.

Concerning PGL,, for n > 3, the direct ancestor of our work is that of
Linnik, who devotes several chapters of his book [32] to the question of distri-
bution of the packets Yy, . The paper of Oh and Benoist [2] considers problems
similar to those we consider. Both [32] and [2] give results about the problem
in the special case when the Q-torus attached to x; H remains constant.

1.8. Organization of the paper. In Section 2, we present an outline of the
proof of Theorem 1.4 in entirely classical language.

In Section 3, we discuss some of the arithmetic manifestations of our result.

In Section 4, we present a systematic framework for thinking about adelic
equidistribution problems. We then explain, in this context, our main results:
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Theorems 4.8 and 4.9. These imply the first and second assertions of Theo-
rem 1.4.

In Section 5, we explain the grouping of periodic orbits into packets. This
uses the setup of Section 4.

In Section 6, we specialize to the case of the group G = PGL,, and explain
the parametrization of packets of periodic orbits.

In Section 7, we give a brief recollection of properties of the building of
PGL,,, over a local field.

In Section 9, we explain the local harmonic analysis that will be needed.

In Section 8, we set up notational conventions about number fields, ideles
and adeles (especially: normalizations of measures).

In Section 10, we set up general notation about Eisenstein series (these
are the generalization of the functions “E” discussed in §2).

In Section 11, we prove, in adelic language, the estimates for the integral of
an Eisenstein series over a torus orbit (this is the adelic version of (5) from §2).

In Section 12, we translate the results of Section 11 from the adelic to
the S-arithmetic context, obtaining Proposition 12.5 (this is the S-arithmetic
form of (5) from §2).

In Section 13, we complete the proofs of Proposition 4.8 and Theorem 4.9,
and therefore also of Theorem 1.4.

In Section A, we briefly recall basic facts about the subconvexity problem
for L-functions.
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2. An overview of the proof for PGL3(Z)\PGL3(R)

The majority of this paper is presented in an “adelized” framework, and
the results presented are substantially more general than Theorem 1.4. None-
theless, in this section, we would like to explain the ideas that go into Theo-
rem 1.4 in as classical a setting as possible.

2.1. Parametrizing compact orbits of maximal tori. Let us briefly recall
how, to a number field K with [K : Q] = n, we may associate a compact orbit
of a maximal torus inside PGL,,(R), on the space PGL,(Z)\PGL,(R). If the
field K is totally real, the torus will be R-split, then we will be in the situation
described in Theorem 1.4, and the construction will specialize to that discussed
in our prior paper [18, Cor. 4.4].

Fix a subalgebra A, s C M,(R) isomorphic to R" & C*. Then H,  :=
AX/R* is a maximal torus in PGL,(R); as (r, s) vary through pairs satisfying
r + 2s = n, they exhaust maximal tori, up to conjugacy. In the case (r,s) =
(n,0), Hy is conjugate to the diagonal subgroup H.

Let [K : Q] = n. Let r and s be the number of real and complex embed-
dings of K, respectively. We shall say K has signature (r, s).

Suppose given data (K, L,0), where K has signature (r,s), § : K @ R —
A, s is an algebra isomorphism, and L is a “K-equivalence class of lattices” in
K, i.e. a free Z-submodule of rank [K : Q], up to multiplication by K*.

We associate to this data the H, s-orbit mHm; here ¢ is any map K ®
R — R” satisfying (ab)* = a".0(b). The resulting orbit is independent of
choice of ¢. The stabilizer in H, s of any point in the orbit is #(&}°) where
Or, ={\ € K: AL C L}, and the volume of the orbit is reg(& ), the regulator
of ﬁL.

As explained in [18, Cor. 4.4], in the totally real case (r,s) = (n,0), all
compact H-orbits in X, are obtained in that way. This does not hold for
the other signature (think of an imaginary quadratic field); to recover a form
of this property, one has to consider more general S-arithmetic quotients of
PGL,,.

For clarity, we specialize in the remainder of this section to the case
(r,s) = (n,0) and H = H, o a mazimal R-split torus. Interpreted in an
appropriate S-arithmetic context (cf. §12), most of the discussion carries over
to general signature so long as the field K admits a fized split place, and this
18 how our main result is proven in general.

2.2. Packets for PGL,. Consider an order ¢ inside a totally real field K;
assume we have fixed an identification 6 as above.
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Let us denote by ?ﬁ the set of H-orbits associated to data (K, L, ) such
that 0 = €. Varying K, & and 0, the collections EN/@ define a partition of the
set of compact H-orbits. As it turns out, these form a slightly coarser partition
of the compact H-orbits than the one alluded to in Theorem 1.4; i.e., there is a
further natural equivalence relation on the set of lattices with & = ¢, which
is not trivial in general®. This equivalence is discussed and explicated in more
detail in Section 5.5, and we use the term packets to refer to its equivalence
classes, or to the associated collections of H-orbits.

Assuming this for now, let Y be any packet of compact H-orbits contained
in 17@, and let pgp the corresponding measure.

It is not difficult to verify that reg(&’) goes to infinity with disc(&). In
the totally real case, the equidistribution statement of Theorem 1.4 is thereby
equivalent to the statement, in the n = 3 case:

(2) As disc(€0) — +o0, e approaches Haar measure on Xs.

2.3. OQwerview of proof for Xo via analytic number theory. To put things
in perspective, it will be useful to recall the principle of Duke’s proof for Xs.

Duke verifies Weyl’s equidistribution criterion, i.e. for a suitable basis {¢}
for the functions in L?(PGLg(Z)\PGL2(R))with integral zero, he shows:

(3) pe(p) = /X ©(9)dug(g) — 0, disc(0) — 4o0.

The basis is chosen to consist of automorphic forms — either cusp forms or
Eisenstein series. Duke proved (3) by interpreting the period integral pz(p)
in terms of the disc(&)-th Fourier coefficient of an half-integral weight form
¢, proving nontrivial bounds for such coefficients by generalizing a method of
Iwaniec [26]. In its most general form, the formula relating the period integral
to Fourier coefficients is due to Waldspurger [47].

Soon thereafter, another proof emerged that turned out to work in greater
generality. Namely, by a result of Waldspurger [48], one has the relation

where

(1) 7 is the automorphic representation to which ¢ belongs;

(2) L(m,s) and L(m ® xk,s) are, respectively, the Hecke L-function of =
and the Hecke L-function of the twist of m by the quadratic character
associated with K;

4However, when O is a Gorenstein ring — e.g. when n = 2, or ¢ is the maximal order, or
0 is monogenic — this further equivalence is trivial; i.e. Yy is a single packet in the sense of
Theorem 1.4.
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(3) Ip(y) is a product of local integrals supported at the place at co and
at the primes dividing disc(&).

Then (3) is a consequence of the estimates

4)  Lr® vk, 1/2) < disc(0x) Y2, I(¢) < (m)w "
for some absolute n > 0; here Ok denote the maximal order of K.

The first bound in (4) is called a subconver bound and is due to Duke,
Friedlander and Iwaniec [13]; it is a special instance of the so-called subcon-
vexity problem for automorphic L-functions (see [27] for a discussion of that
problem).

The second bound in greater generality is due to Clozel and Ullmo [8] and
we will call it a local subconvex bound. It is somewhat easier than the first,
but it addresses the issue of & nonmaximal.

It is tempting to try to generalize this approach to the space X, of lattices
of higher rank. However this does not seem within reach of the current tech-
nology. In particular, it is not expected that the corresponding “Weyl sums”
are related to (GL,) L-functions. Even were this the case, we do not know
how to solve the corresponding subconvexity problems.” There is however an
exception to this which will turn out to be crucial for our coming argument.

2.4. Overview of the proof for X3. In summary, our strategy is to check
Weyl’s equidistribution criterion against test functions taken from a tiny por-
tion of L?(X3), by using/proving global and local subconvex bounds, and to
bootstrap this information to a full equidistribution statement using results on
measures invariant under higher rank torus actions.

The input we use from ergodic theory is the following measure classifi-
cation result regarding invariant measures in rank > 2 — as well as a p-adic
variant of it — by the first two authors and A. Katok [15]:

2.5. THEOREM. Letn > 3 and let u be an ergodic H-invariant probability
measure on X,, where H denotes a mazimal R-split torus in PGL,(R). As-
sume that for at least one a € H the ergodic theoretic entropy hy,(a) is positive.
Then p is homogeneous: there exists a reductive group H C L C PGL,(R) such
that p is the L invariant probability measure on a single periodic L-orbit. In
particular, if n is prime, p is Haar measure on X,.

5 Another possibility, more in line with Duke’s original proof would be to use results of
Gan, Gross and Savin [23] which relate the Weyl’s sums to Fourier coefficient to automorphic
forms on G2; unfortunately our state of knowledge concerning bounds for these Fourier
coefficients is rather limited.
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The main content of this paper will be to show that assumptions of this
theorem are satisfied when n = 3.
It is conjectured that the following substantially stronger statement holds:

2.6. CONJECTURE (Furstenberg, Katok-Spatzier [28], Margulis [33]). Let
n > 3 and let p be an ergodic H-invariant probability measure on X,, H as
above. Then p is homogeneous.

Note that in Conjecture 2.6, the measure p can certainly be the natural
measure on a periodic H-orbit, a possibility that is ruled out in Theorem 2.5.
We refer the interested reader to [16] or to the original paper [15] for a historical
background and for an exposition of some of the ideas that enter into the proof.

Let po denote a weak® limit® of the {ne}e. There are two main issues to
verify:

(A) The measure p is a probability measure (i.e. the sequence of measures
{nete is tight).

(B) Almost every ergodic component of p, has positive entropy with re-
spect to some a € H.

Even assuming the stronger conjectured measure classification given by
Conjecture 2.6, one needs to overcome pretty much the same obstructions; in
that case the following weaker form of (B) would suffice:

(B') poo(xH) = 0 for any periodic H-orbit zH.

In the context of this paper (B’) does not seem to be much easier to verify
than the weaker statement in (B).

2.7. Weyl’s equidistribution criterion. Our method for verifying both (A)
and (B) is by checking Weyl’s equidistribution criterion for a special class of
functions from which follows a priori bounds for the pso-volumes of certain
sets. We shall be able to obtain such bounds on the mass of neighborhoods of
the cusp in X3 (which addresses (A)) or of e-balls around any x € X3 (which
addresses (B)).

2.7.1. The Siegel-Fisenstein series. Let us recall that we can identify X3
with the space of lattices in R? of co-volume 1. We shall make use of this
identificaition throughout what follows. Let f be any continuous, compactly
supported function on R? and let £ + be the Siegel-Eisenstein series

Ef(Ly= > f\);

AeL—{0}

6recall that a sequence of probability measures {u; }; weak”™ converge to some measure fioo

if, for any compactly supported function f, ui(f) = peo(f) as i — 4o00.
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we shall prove

(5) fioo (Ey) := disc(léi%gm no(Ey) = | [(@)de.
Observe that, by Siegel’s formula, (see eg. [49]), [ps f(2)dz = pHaar(Ef); in
particular (5) is consistent with (2).

By taking suitable choices of f, (5) yields the necessary a priori bounds.
Indeed, take v € R3. Take f to be a smooth nonnegative function supported in
the 2e-ball B(v,2¢), which takes value 1 on B(v,e). When v = 0, E(f) dom-
inates a neighborhood of the cusp (in fact approaches infinity near the cusp);
when v # 0, E(f) dominates the characteristic function of an e-neighborhood
of any lattice class x that contains v. In the latter case, we deduce that for,
small enough

fioo (B(z,€)) < £3.

This improves over the trivial bound po.(B(z,€)) < €2, arising from the fact
that p is invariant by the two-parameter group H.

This improvement” from 2 to 3 already shows that s cannot be sup-
ported along a compact H-orbit. More importantly, this implies that for a
generic a € H, almost every ergodic component of us has positive entropy
with respect to the action of a from which we deduce the full equidistribution
by Theorem 2.5. To finish this section, we remark that the principle of test-
ing Weyl’s criterion against Einsenstein series appears in other contexts, for
example, in [20] and [45].

2.7.2. Connection to L-functions. The key point, for establishing (5), is
that the pug(Ey) is indeed related to L-functions. One has the following for-
mula, which goes back to Hecke [25]%:

d
Rs>1 disc(0)1—s %

where f(s) is a certain Mellin-like transform of f, (x(s) is the Dedekind zeta
function of K and I5(f,s) is a product of local integrals supported at the place
oo and at the primes dividing disc(2).

Shifting the contour to Rs = 1/2, we pick up a residue at s = 1 which
equals ftHaar(E); the fact that the remaining integral goes to 0 as disc(€0) —

"In passing, we note that the test functions “E;” considered are not invariant under the
maximal compact K = PO3(R), in general (unlike many problems using the classical theory
of modular forms). This feature is essential to improve the trivial bound peo (B(z,€)) = O(£?)
to O(e%).

8Hecke proved that way the analytic continuation and the functional equation of
Grossencharacter L-functions.
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+oo follows from the global and local subconvex bounds
(") Cr(s) <5 disc(ﬁK)l/Q*n’

disc(0) \1/2—n
(8) Io(f,s) <s (m)
for some absolute n > 0 and s = 1/2.

For n = 3 the bound (7) follows from the work of Burgess [6] if K is
abelian and (essentially) from the deep work of Duke, Friedlander and Iwaniec
if K is cubic not abelian ([3], [14], [37]).

The local bound (8) is new and occupies a good part of the present paper;
moreover, it is valid for any n. Let us describe how it is proved.

2.7.3. Local estimates: harmonic analysis on p-adic homogeneous spaces.
Our approach to bounding the local integrals Iy is based on?, first of all,
relating I, to integrals of matrix coefficients (inspired by ideas of Waldspurger
and Ichino-Tkeda) and then bounding the integrals of matrix coefficients using
the local building (inspired by ideas of Clozel and Ullmo).

Let us make a remark in representation theory to explain this. Let V' be
an irreducible, unitary representation of a group G, and let H C G be a sub-
group. Suppose that there exists a unique scaling class of invariant functionals
L :V — C invariant by H.

It is sometimes possible to understand something about functionals L
simply by studying matrix coefficients. Indeed, if convergent, [, (hvi,v2)
defines a functional (on v;) invariant by H and a conjugate-linear functional
(on v9) invariant by H. We conclude by the uniqueness assumption that:

(9) | (o va)dh = ey Lo L{uz)

for some constant cyy. Thereby, L can be studied through matrix coefficients.

It turns out that computing I/, amounts to computing with such function-
als L, when G = GL(n, k) and H is a maximal torus inside G; the representa-
tions V we are concerned with are those that occur inside L?(k™). Thereby, (9)
allows us to reduce understanding I, to computations with matrix coefficients.

3. Number theoretic interpretation

We discuss how our main result can be interpreted in terms of integral
points on varieties, generalizing the equations () and (#x) from the introduc-
tion.

9Mn fact, the estimates needed can be proved in a direct and elementary way; this was the
original approach of the paper. However, the approach carried out, although requiring more
input, has the advantage of being very general.
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3.1. Integral points on homogeneous varieties. In this section, we interpret
our results in terms of distribution of algebraically defined sets of integral
matrices, which was one of Linnik’s original motivations. This is part of a
more general problem of studying the structure of the set of integral points
V(Z) on an algebraic variety V.

A particularly structured situation occurs when V' is homogeneous; i.e.,
V(C) possesses a transitive action of a linear algebraic group G. In that case,
it is expected that there are many points which are rather well distributed.
Similar results are found in [19], [21], [22], [32], and [40].

3.2. Solving polynomial equations in matrices. To motivate what follows,
note that for (z,v1,%2,2) € Z* and m not a perfect square,

2
( oz ) =mld <= y; :—yg,y%—kazz:m.
T Y2
Thereby, (xx) is a statement concerning 2 x 2 integral matrices satisfying a
prescribed quadratic equation.
Given P a monic integral irreducible polynomial of degree n with integral
coeflicients, we let

Zp ={M € M,, P(\) = det(M — \I)}.

Thus integral points Zp(Z) can be identified simply with integral solutions to
P =0 in n X n matrices.

The signature (r, s) of such a polynomial will be the number of real roots,
resp. conjugate pairs of complex roots; thus r 4+ 2s = n. Let Z, ; be the space
of all splittings of R™ into r real lines and s complex planes.

If P has signature (r, s), the space Zp(R) is identified with Z, s by, first,
fixing an ordering of the real and complex roots of P; and then associating to
a matrix M € Zp(R) its eigenspaces.'”

The spaces Z, s carry a PGL,, (R)-invariant measure, unique up to scaling
(indeed, Z, s = PGL,(R)/H, ), which we denote by vol(-).

3.3. COROLLARY. Let {P;}; be a sequence of cubic, monic, integral, irre-
ducible polynomials of signature (r, s) and of discriminant satisfying disc(P;) —
+00.

(1) If (r,s) = (3,0), then Zp,(Z) becomes uniformly distributed on Z3 .
(2) If (r,s) = (1,1), and there exists a fized prime number p so that P; has
three p-adic roots, then Zp,(Z) becomes uniformly distributed on Z .

10For a complex eigenvalue, we take the eigenspaces corresponding to that eigenvalue and
its complex conjugate, and intersect their sum with R".
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Here, we say, a sequence of discrete sets Z; C Z,s = G/H, s becomes
equidistributed on Z, s if, for any compact sets €1, C Z, ; with boundary
measure zero and vol(€22) > 0, one has

’ZZ‘ N Ql‘ - VOl(Ql)
’Zz‘ N QQ‘ VOI(QQ)7
Implicit in this statement is the fact that |Z; N Q| is nonzero if ¢ is large
enough: for instance, in Corollary 3.3, one can show that for any ¢ > 0 and ¢

as 1 — 00.

sufficiently large (depending on €25)
| Zp.(Z) N Q| >, disc(P;)Y/25vol(Qy).

3.4. Clube roots of integers in 3 x 3 matrices. Let us specialize further,
to make this even more concrete. For d > 0 not a perfect cube, consider the
polynomials Py(X) = X3 — d and set Z4(Z) = Zp,(Z).

Here, it is convenient to explicitly interpret Z; 1 = G/H; 1 as the space of
“matrix cube roots of unity”:

Zi1={M € M3(R), M®=1d, M #1d}.

This being so, our previous corollary can be stated in terms of the “radial
projections” to the latter space:

3.5. COROLLARY. Let p > 3 be a fized prime. As d — 400 amongst the
integers which are not perfect cubes and such that

p is totally split in the field Q(V/d),

then the sequence of sets dl%{M € M3(Z), M3 = d} becomes equidistributed
in the space {M € M3(R), M3 =1d}.

3.6. Translations. Let us explain how the above corollaries follow, indeed,
from our main theorems. Set G = PGL,(R) and I" = PGL,,(Z).

Let P have signature (r, s); let Op be the ring Z[t]/P and Kp = Op @ Q.
By a coarse ideal class for Op, we understand a lattice L C Kp so that
Op.L C L, considered up to multiplication by K;. With this convention,
there are maps:

(10) I-orbits on Zp(Z) <» coarse ideal classes for Op
— compact H, s-orbits on X,,.
The first map is a bijection. The composite of the two arrows amounts to

the identification between I'-orbits on G/H, s, and H, s-orbits on I'\G.
In arithmetic terms, we can understand the maps as follows:

(1) If we fix M € Zp(Z), then the map ¢t — M makes Z" into a Op-module;
there is a unique coarse ideal class L so that L and Z" are isomorphic
as Op-modules. (This is very classical; see, e.g. [31].)
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(2) The second injection associates to the class of L C Kp the compact
orbit associated to (Kp,L,0), in the notation of Section 2.2. Here
0 : Kp — A, is the identification arising from the chosen ordering of
the roots of P.

The composite map associates to the set of I'-orbits on Zp(Z) a set of H, -
orbits on X,; in the notation of Section 2.2, this set is:

(11) Yp= | Yo
ﬁpCﬁC[)’KP

corresponding to all packets whose associated order in Kp contains &p. The
possibility of intermediate orders corresponds to the fact that the ideals that
arise need not be proper O'p-ideals.

Under these bijections, the equidistribution assertion about Zp translates
to an equidistribution assertion about Yp, as we now recall.

3.7. Integral-points interpretations. As is well known (cf. [2, §8]) the (tau-
tological) equivalences

MIgH, s «— T'gH, s «— T'gH, /H, s

can be used to transfer equidistribution results about periodic H, s-orbits on
I'\G, to equidistribution of the corresponding I'-orbits on G/H, ;. Taking into
account (10), the first assertion of Corollary 3.3 reduces to the following:

3.8. COROLLARY. Let {P;}; be a sequence of cubic, monic, integral, ir-
reducible, R-split polynomials of discriminant disc(P;) — +oo. Then the
set of compact H-orbits defined by (11) becomes equidistributed on X3 (here
H = Hsp).

This is indeed a corollary to Theorem 1.4, taking into account the fact
that the total number of compact H-orbits on X3 with bounded volume is
finite.

Similarly, the other assertion of Corollary 3.3 follows from the more general
adelic Theorem 4.9.

4. Homogeneous subsets in the adelic context

This paper has been written consistently in the adelic framework. It
is therefore appropriate for us to discuss adelic equidistribution problems.
We confine ourselves to equidistribution problems associated to tori, although
much of the discussion applies in greater generality.

Let us emphasize that the adeles are simply a linguistic tool: all statements
and results could be readily stated in the S-arithmetic context. The advantage
of the adeles, rather, is that they provide a unified approach to broad classes
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of questions. For instance, consider the following equidistribution questions on
the modular surface:
(1) Equidistribution of CM points,
(2) Equidistribution of large hyperbolic circles, centered at the point i € H,
(3) Equidistribution of closed geodesics (see §1.2),
(4) On PGL2(Z)\PGL2(R), equidistribution of the translate of a fired
closed H-orbit by a “large” group element in PGLy(R).!

These situations are all closely related, although they are often treated
separately, and our aim is to discuss them as specializiations of a single adelic
context.

Similarly, in [8], two classes of equidistribution problems are considered:
“equidistribution on the group” and “equidistribution on the symmetric space”;
these two problems again become unified in our presentation.

Explicitly, the goals of this section are as follows. We define “homogeneous
toral sets:; roughly, as will be clarified in Theorem 5.2, these generalize the
groupings Y,, g of compact orbits discussed in Theorem 1.4. We then define
two important invariants (“volume” and “discriminant”) for homogeneous toral
sets, formulate the main question about their distribution (§4.4) and state our
main theorems — Theorem 4.8 and Theorem 4.9 — in these terms. These
theorems imply immediately Theorem 1.4, and their proofs comprise most of
this paper.

4.1. Homogeneous sets: definitions. Let F' be a number field with adele
ring A. Let G be a F-group with Lie algebra g. Set X = G(F)\G(A).
A homogeneous toral subset of X, will be, by definition, one of the form

Y =T(F)\T(A).ga,

when gy € G(A) and T C G is a maximal torus. We shall consider only the
case where the torus T is anisotropic over F.

Then Y supports a natural probability measure py: the pushforward of
the Haar probability measure on T(F)\T(A) by h +— hga.

We shall associate to Y two additional invariants: a discriminant disc(Y),
measuring its arithmetic complexity, and a wvolume vol(Y'), measuring how
“large” it is.

4.2. Discriminant. Let r = dim T. Let V be the affine space (A"g)®2. We
fix a compatible system of norms | - ||, on V ®p F, for each place v (for a
discussion of norms, see Section 7; “compatible” means that, for almost all v,
the unit balls of the norms coincide with the closure inside V' ® F,, of a fixed
Op-lattice within V).

Hgee [21] for very general theorems concerning this setting, and also [2] for related results.
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To the Lie algebra t of T, we associate a point in the affine space (A"g)®2:
(12) () = (e1 A--- Aep)®%(det B(es, ;)Y
where eq,..., e, is a basis for t, and B the Killing form. We set
discy(Y) = [|Ad(gy)e(t) lo-
The discriminant disc(Y’) is defined to be the product

H disc, (Y).

4.3. Volume. The definition of “volume”, for a homogeneous toral subset,
will depend on the choice of a compact neighborhood Q¢ C G(A) of the iden-
tity. This notion depends on {2y, but the notions arising from two different
choices of 2y are comparable to each other, in the sense that their ratio is
bounded above and below. We define

(13) vol(Y) := vol({t € T(A) : g, 'tgs € Qo})il,

where we endow T(A) with the measure that assigns the quotient T'(F)\T(A)
total mass 1.

4.4. Desideratum. We shall say that a measure on X is homogeneous if it
is supported on a single orbit of its stabilizer.

The kind of problem we are interested in is the following:

When disc(Y;) — oo (equivalently vol(Y;) — o00), show that py, converges
to an homogeneous measure.

There are certain cases of this problem which are easier. For instance (the
“depth” aspect) we might consider a sequence of homogeneous toral sets for
which there exists a fixed place v with disc,(Y;) — oo. In this case, a limit
of the py;s will be invariant under a unipotent subgroup. This special case is
interesting from the point of view of many applications, as for instance in the
work of Vatsal [44]. Eskin, Mozes and Shah [21], and also Benoist and Oh [2]
study this aspect.

4.5. The case of a quaternion algebra. The current state of knowledge
concerning quaternion algebras implies the following theorem:

4.6. THEOREM. Let G be the projectivized group of units in a quaternion
algebra over a number field F. Let {Y;}; be a sequence of homogeneous toral
sets whose discriminant approaches oo with 1 — +00. Then

vol(Y;) = disc(Y;) /2o i — fo00.

Moreover, any weak® limit of the measures py, is a homogeneous probability
measure on G(F)\G(A), invariant under the image of G(A) — G(A).
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Here, G denotes the simply-connected covering-group of G. Indeed, one
even knows this in a quantitative form: if f € C*°(G(F)\G(A)) generates an
irreducible, infinite-dimensional G(A)-representation, then |uy,(f) — u(f)| is
bounded by Oy (disc(Y;)™?) for a positive .

The reason that we cannot simply assert that py, converge to the Haar
measure has to do with “connected component issues.”

Theorem 4.6 is a consequence of works by several authors:

(1) Siegel’s lower bounds (for the statement concerning volumes),

(2) Iwaniec [26], Duke [12], Duke-Friedlander-Iwaniec [13], Cogdell-Piatetski-
Shapiro-Sarnak [9], and the fourth-named author [46] (for the pertinent
subconvexity bounds),

(3) Waldspurger [48] (see also [29]), Clozel-Ullmo [8], Popa [38], S.-W. Zhang
[51] and P. Cohen [10].

It conceals a unified statement of a large number of “instances” of that
theorem, corresponding to varying the parameter disc in different ways: e.g.
[7], [8], and [37]. For instance, if the quaternion algebra is defined over a to-
tally real field and the quaternion algebra is ramified at one place, then one
obtains in that way, equidistribution results for closed geodesics on an arith-
metic Riemannian surface. Another example: it implies the solution (outlined
by Cogdell-Piatetsky-Shapiro-Sarnak in [9]) to the representability question
for ternary quadratic forms over number fields.

4.7. Results for G = PGL,. Let {Y;}; be any sequence of homogeneous
(maximal) toral sets on X = PGL,(F)\PGL,(A) whose discriminant ap-
proaches oo with ¢ — 4-00. Let T; be the associated tori; then

T, = ReSKi/FGm,Ki/Gm,Fa

for a field extension K;/F of degree n, unique up to isomorphism. We show:

4.8. THEOREM. For {Y;}; as above, one has

vol(Y;) = disc(Y;) 2+ as i — 4o0.

This result is easy given well-known (but difficult) bounds on class num-
bers. It shows that the definitions of adelic volume and discriminant proposed
are compatible.

Now let us describe our result on the distribution of homogeneous toral
sets. First suppose there exists a fixed place v with one of the following prop-
erties:

(1) The local discriminant disc,(Y;) — oo,
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(2) Every T; is split at v and a sub-convexity result in the discriminant
aspect is known for values, along the critical line, of the Dedekind-(-
functions associated to the fields K;. (See (71) for the precise require-
ment. )

Then our results establish that any weak™ limit of the measures py, is a con-
vex combination of homogeneous probability measures. However, the precise
shape of such a homogeneous probability measure appears to be somewhat
complicated in the adelic setting.

Rather than attempt a precise statement of the above, let us simply give
the result in the simple case n = 3. It is simple for two reasons: first of all,
the necessary subconvexity is known; secondly, the fact that n is prime forces

there to be very few intermediate measures. We prove:'?

4.9. THEOREM. Supposen = 3 and let {Y;}; be a sequence of homogeneous
toral sets such that disc(Y;) — +oo with i; suppose there exists a place v so
that disc, (Y;) — oo or so that each T; is split at v. Then any weak™ limit of
the py;, as t — 400, is a homogeneous probability measure on X, invariant by
the image of SL3(A).

The equidistribution assertion of Theorem 1.4 is a consequence of Theo-
rem 4.9, applied with F' = Q, v = oo; translation from Theorem 4.9 is provided
in the next section.

We conclude this section by observing that it remains a very interesting
problem to remove the usage of the place v in Theorem 4.9, i.e., obtaining for
PGL3 a result as strong as Theorem 4.6 (even without a rate).

5. Packets

In this section we will clarify the relationship between the adelic perspec-
tive of Section 4 and the classical perspective of [18].

We will therefore exhibit a natural equivalence relation on the set of com-
pact H-orbits on I'\G for which the equivalence classes are (almost) finite
abelian groups.

The equivalence classes will be called packets, and the union of compact
torus orbits in a packet corresponds, roughly speaking, to an adelic torus orbit.

5.1. Notation. We recall the data prescribed in [18]. Let G be a semisim-
ple group over Q that is R-split; G = G(R),I’ C G a congruence lattice, and

1214 should be observed that this relies on an extension of [14] that has been announced by
the latter two authors [36], and a theorem announced in [16], but neither of the proofs have
yet appeared. With F'=Q, the proofs exist in print and are contained in [3], [14], and [15].
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H a Cartan subgroup of G. To simplify notation we will write I'gH for the
right H-orbit I'\I'¢H C T'\G.

We fix a lattice gz C g that is stable by the (adjoint) action of I, as well
as a G-invariant bilinear form B(-,-) on g with B(gz,gz) C Z. Finally, we fix
a Euclidean norm on gg.

Let r be the rank of G. Take V = A"g. For all finite p, we endow V ® Q,

with the norm which has as unit ball the closure of (/\ng)@ ® Zy. For p = oo,
we give V ® R the Euclidean norm derived from that on g. These choices
allow one to define the notion of discriminant of a homogeneous toral set, as
in Section 4.

In addition to this, we shall take as given one further piece of data. Let
Ay be the ring of finite adeles. Choose a compact open subgroup Ky C G(Ay)
so that Ky N G(Q) = I' and so that gz is stable under the (adjoint) action
of Ky.

Let X4 denote the double quotient X, := G(Q)\G(A)/Ky. Clearly G
acts on X and we shall refer to its G-orbits as the components of X, and to
the orbit of the identity double coset as the identity component (these need not
be topologically connected); the identity component is identified with T'\G.
The set of components is finite and is parametrized by the double quotient

G(Q\G(Ay)/Ky.

5.2. THEOREM. (1) Each compact H-orbit TgH C T'\G C X, is con-
tained in the projection to Xy of a homogeneous toral setY C G(Q)\G(A).
The set Y is unique up to translation by Ky; in particular, all such Y'’s
have the same projection to Xp. Moreover, the discriminant of UgH, in
the sense of [18], and the discriminant of Y, in the sense of Section 4,
coincide up to a positive multiplicative factor, the latter factor depending
only on H, on the choice of B(-,-) and on the Fuclidean norm on gg.

(2) Declare two compact H-orbits to be equivalent if they both are contained
in the projection to X of a homogeneous toral set 'Y .

An equivalence class of compact H-orbits we refer to as a packet. Pack-

ets are finite; indeed, the packet of U'gH is parametrized by the fiber of the
map

TQ\T(Ap)/(KyNT(Ay)) = GQ\G(Ay)/ Ky

above the identity double coset; here T is the unique Q-torus so that
T(R) = gHg™'. In particular, if G(Q)\G(A)/K; has a single compo-
nent, every packet naturally has the structure of a principal homogeneous
space for a finite abelian group.

(3) Compact orbits in the same packet have the same stabilizer and the same
discriminant.
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The proof of this theorem is straightforward. However, its content is
quite beautiful: the collection of compact Cartan orbits on I'\G group them-
selves into equivalence classes, each (almost — see assertion (2) of the theorem)
parametrized by finite abelian groups, and the latter are themselves closely
related to ideal class groups in number fields.

As such, this is a natural generalization of the situation described in the
introduction to our paper: the set of geodesics of fixed length on SLy(Z)\H is
parametrized by the class group of a real quadratic field.

5.3. Proofs. In order to keep notation minimal, for ¢ € G(A) we shall
write [g] = G(Q).g.K; € X, for the associated double coset. If & C G(A) is
a subset, we often write simply [S] for [g] : g € &.

Let us recall from [18]:

5.4. PROPOSITION (Basic correspondence). There is a canonical bijection
between

(1) periodic H-orbits T'gH on I'\G,
(2) T-orbits on pairs (T, g) where T is an anisotropic torus defined over
Q and g € G/H is so that gHg™* = T(R).

The bijection associates to I'¢H the pair (T,g), where T is the unique
Q-torus whose real points are gHg ™.

Proof of the first statement of the theorem. Given (T,g), clearly T'gH
is contained in the projection to X, of the homogeneous toral set Yy :=
(T(Q)\T(A)).(g,1). (Here (g,1) € G(A) is the element that equals g at the
real place, and is the identity elsewhere; in what follows we abbreviate it simply
to g.)

Now let us show that Y is the only such homogeneous toral set, up to
K. Take any homogeneous toral set Y = (T'(Q)\'T'(A))g), whose projection

to X contains 'gH = I'T(R)g. Therefore,

TR)C |J 0T(A)ghKrg ™"
JEG(Q)

It follows that there exists § € G(Q) so that
T(R)® C 5T'(A)gy K9~

Therefore there exists ¢ € T/(A) and k € Ky so that dt'gjkg~" = 1 and
T = §T'6~! and, moreover, we conclude that

(T'(Q\T'(A))gs = 6~ (T(Q\T(A))5t'gy = (T(Q\T(A))gk ™

where we treated these as subsets of G(Q)\G(A).
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It follows that any homogeneous toral set Y, whose projection to Xy
contains I'gH, is necessarily of the form (T(Q)\T(A)).(g, 1), up to modification
by K.

The equality of discriminants asserted in the theorem is a direct conse-
quence of the definitions of the discriminant (see [18, (2.2)] for the definition
for compact Cartan orbits). For this note that the p-adic discriminant mea-
sures the power of p in the denominator of «(t), while the discriminant at oo
equals the norm of ¢(h) and so is constant.

Proof of the second assertion of the theorem. Now let us observe that the
packet of the compact orbit I'¢H consists of all compact orbits I'dgH with
0 € G(Q) N K;T(Ay) (where the intersection is taken in G(Af)). Here T is
the torus corresponding to I'¢H. We shall verify that the packet of I'gH is
parametrized by the fiber of the map

TQ\T(Af)/KyNT(Ay) » GQ\G(Ay)/ Ky

above the identity double coset. The finiteness assertion is then an immediate
consequence of the finiteness of class numbers for algebraic groups over number
fields.

With notation being as above, two 6,8 € G(Q) N K;T(Ay) define the
same compact orbit ['dgH if and only if [T(Q) = I'd T(Q); therefore compact
orbits are parametrized by the double quotient

G(Q) N K \(G(Q)NKfT(Ay))/T(Q) = Kp\(KyG(Q) N KfT(Af))/T(Q),
but this is (after inverting) precisely what is described by the theorem.

Proof of the final assertion of the theorem. Let 'gH,I'dgH be in the same
packet. We have already verified the equality of discriminants. To verify the
equality of stabilizers, we check that T(R) N T = T(R) N6 ~'T'd. By assump-
tion, I' = G(Q) N Ky. Thus T(R) NI = G(Q)NT(R)K; and T(R) N~ T8 =
G(@Qn T(R)((SJTle(Sf), where d; is the image of § under G(Q) — G(Ay).
There exists t; € T(Af),ky € Ky so that 0y = kyty; therefore, we need to
prove

G(Q) N T(R)K; = G(Q) N T(R) (17 Kity).

An element on the left-hand side belongs to T(Q), so it automatically com-
mutes with ¢, and also belongs to the right-hand side. Reversing this reasoning
shows the equality. O

5.5. Example: packets for GL,. Let us explain, by way of illustration, the
equivalence relation explicitly in the case of PGL,,(Z)\PGL,(R).

More precisely, we take G = PGL,,, I' = PGL,,(Z), H the diagonal sub-
group, and Ky the closure of I' in PGL,,(A¢). We may identify the Lie algebra
pgl,, with the quotient of n x n matrices by diagonal matrices; for gz; we take
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then the projection of M, (Z) to pgl,,. For B we take simply the Killing form,
and we take the Euclidean norm on pgl,,  to be that derived from the Hilbert-
Schmidt norm on M, (R). (This differs by a factor of 2 from that chosen in
18, §41.)

As discussed in [18], and recalled previously, compact H-orbits are para-
metrized by data (K, L, ).

The equivalence corresponding to packets can be described in elementary
terms as follows: Declare (K, L,0) ~ (K, L’,0) whenever L, L’ are locally ho-
mothetic; here, we say that two lattices L, L’ C K are locally homothetic for
every prime number p, and there exists A, € (K ® Q,)* so that L, = \, L,
Here L, L; denote their respective closures in K @ Q.

Observe that L ~j,. L' implies that & = 0r,. However, the converse
is a priori not true (unless Oy, is Gorenstein, see e.g. [1, (6.2), (7.3)]: for
instance if ¢, is the maximal order). Thus, the grouping into packet refines
several plausible cruder groupings, e.g., grouping compact orbits with the same
volume, or grouping compact orbits for which the order &, is fixed.

Moreover, one can see at a heuristic level why the “packet” grouping
has better formal properties than the “fixed order” grouping. Namely the
set of proper 7, ideals up to homothety (i.e. up to multiplication by K*) is
not a priori a group, nor a principal homogeneous space under a group. By
contrast, the set of lattices up to homothety, within the local-homothety class
of L, does form a principal homogeneous space for a certain abelian group,
the Picard group Pic(07p), i.e. the group of homothety classes of ideals locally
homothetic to &7. Of course, if & happens to be Gorenstein, the packet is
parametrized simply by Pic(0p).

6. Homogeneous toral sets for GL,,

We shall now consider explicitly the case of G = PGL, over a global
field F', introducing data & which parametrizes homogeneous toral sets, which
we term global torus data.

By localization, such data will give rise to certain local data over each
place of v, which we term local torus data. We shall explain how to compute
the discriminant of the homogeneous toral set — in the sense of Section 4 —
very explicitly in terms of the local torus data.

6.1. The local data. Local torus data 2, over a local field k, consists simply
of an étale k-algebra A C M, (k) of dimension n: i.e., a direct sum A = &;K;
where the K; are field extensions of k.

Set g = M, (k)/k identified as the Lie algebra of PGL,. Let V be the

affine space
V = (A"lg)®2
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To the data Z/k, we associate a point in z € V' via:

(14) 2o = [(fi A A fa1)®2(det B(fi, f7) 1),
where f1,..., fn—1 is a basis for A/k C M,,(k)/k, and B is the Killing form on g.

We set disc(Z/k) := ||zgl||v. Here || - ||v is (see §7)

— the norm on V whose unit ball is the closure of A"M,,(0y)/ Oy, for k
non-archimedean;

— the norm on V which descends from the Hilbert-Schmidt norm on
M, (k) for k archimedean.

Explicitely: let fo, f1,..., fn_1 be a k-basis of for A with fy € k and which
span A = AN M, (0}) as an Op-module (when k is nonarchimedean) or which
is orthonormal with respect to the Hilbert-Schmidt norm on M, (k) (when k
is archimedean). If this is so, then one may compute disc(Z/k) by the rule:

(15) disc(2/k) := |(2n)' " det(tr(f; £;)) -

In particular, for k nonarchimedean, the discriminant of Z/k differs, by a
constant, from the discriminant of the ring A.

6.2. Proof of equivalence between (15) and (14). This is, in essence, proved
in [18]. Let us reprise it here. Let f; be a basis for A, as chosen above. Let f;,
for 1 <7 <n—1, be the projection of f; to g. Norms as above,

1A A fam)®P v = 1.

In fact, in the nonarchimedean case, we may extend f; (1 <i<n —1) to an
O)-basis for M, (Oy)/ Oy, which makes the result obvious. In the archimedean
case, the claim is an immediate consequence of the fact that fo,..., f, are
orthonormal with respect to the Hilbert-Schmidt norm.

The Killing form on g evaluates to: B(f;, f;) = 2(ntr(fi f;) — tr(fi)tr(f;)).
Therefore, the determinant det B(f;, fj)lgi,jgn—l equals

(2n)" " det(tr(fi fi)oij<n1-
The discussion of Section 4.2 associates to t = A/k C g the point
() = (2n)' " det(tr(fif)o<icn—1) T (L A fa1)®?
The required compatibility follows.

6.3. Global data. Let F be a global field. We define global torus data 2 to
consist of a subfield K C M, (F) and an element gy = (goo, g7) € Aj\GLy(A).
To the global data we may associate (cf. §4):

(1) A homogeneous toral set Yy = (T (F)\Tx(A))g, and the probability
measure g on Yy. Here Tx is the unique subtorus of PGL,, with Lie
algebra K/F.

(2) A (global) discriminant disc(2) := disc(Yy), depending on K, ga.
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The global discriminant disc(Z) can be computed in terms of our dis-
cussion above. Indeed, the global torus data 2 = (K,g) also gives rise to
a collection of local torus data (Z,),: for every place v, %, consists of the
subalgebra

A, = g;l(K ® Fy)gy C My, (F)

and it follows from the definitions that

disc(2) = H disc(Zy).

7. The local building

In this section, we are going to recall the basic theory of the building
attached to the general linear group, over a local field k. We will follow the
beautiful old ideas of Goldman and Iwahori, [24], interpreting this by norms
on a k-vector space.

7.1. Notation concerning local fields. We denote by k a local field. Let us
normalize once and for all an absolute value on it. If K =R or C, then let | - |
denote the usual absolute value and if & is non-archimedean, we normalize | - |
to be the module of k: |- | = ¢~=(), where ¢ is the cardinality of the residue
field and 7 € k any uniformizer, and v,(-), the corresponding valuation.

7.2. Definition of the building by norms. Let k be a local field and V' vector
space over k of finite dimension. A norm on V is a function N : V — R™ into
the nonnegative reals that satisfies

Nw)=0<0v=0y, N(A\x)=|\N(x), A€k

N(z)+ N(y) (if k is archimedean)

N(x
(x+y) < {max(N(x)’ N(y)) (if k£ is nonarchimedean).

For N a norm, we denote its homothety class by [N]:
[N] = {1, 1 € Ruo}.

If k is real (respectively complex), then we call a norm on V' good if it is
quadratic (respectively Hermitian). If k is nonarchimedean, we shall refer to
any norm as good.

We let B(V) and B(V) be the building of GL(V') and PGL(V) respectively;
specifically B(V) is the set of good norms on V', and B(V) the set of such norms
up to homothety.
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7.3. Action of the group. The group GL(V') acts transitively on B(V) via
the rule

9.N(z) = N(zg).

This induces a transtive action of PGL(V) on B(V).

If £ is archimedean, then the stabilizer of a good norm is a maximal
compact subgroup, and any (good) norm is determined by its unit ball.

If £ is nonarchimedean, then neither of these are true: consider, for in-
stance, the norm on sz) given by (z,y) — max(|z|,p~'/2|y|). We say that a
norm is standard if is satisfies

N(z) = inf{|A| : A € k, N(z) < |A[}.

A standard norm is determined by its unit ball, and its stabilizer is a max-
imal compact subgroup of GL(V). Standard norms, are, equivalently (¢ the
cardinality of the residue field of k):

(1) Those which take values in ¢Z,

(2) Those which look like z = (z1,...,x,) — max; |z;| in suitable coordi-
nates,

(3) Those that correspond to (special) vertices of the building.

The action of GL(V') preserves standard norms.

7.4. Direct sums. Apartments. Given norms Ny on V and Ny on W,
they determine a norm Ny @ Ny on V & W, defined by /N2 + N7, if k is
archimedean, and max(Ny (v), Ny (w)) if k is nonarchimedean.

Any splitting of V' into one-dimensional subspaces determines an apart-
ment. This consists of all norms that are direct sums of norms on the one-
dimensional subspaces. Any two norms belong to an apartment. Apart-
ments are in bijection with split tori within GL(V'): a splitting of V into
one-dimensional spaces determines a split torus, namely, those automorphisms
of V' preserving each one-dimensional space.

If H is a split torus with co-character lattice X, (H), then the vector
space b := X,(H) ® R acts simply transitively on the apartment. It suffices
to explicate this when V is one-dimensional; in that case, the action of the
tautological character G,, — GL(V) = H on the set of norms is multiplication
by cardinality of the residue field if k is nonarchimedean, and multiplication
by (e.g.) e =2.718, when k is archimedean.

In explicit terms, we can phrase this as follows: the apartment in the
building of k™, corresponding to the diagonal torus in GL(n, k), consists of all
norms of the following form:

max; ¢'i|x;|, nonarchimedean, ¢ := size of residue field.

(32 €22 ]?) 2 archimedean,

N(ml,...,xn):{
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for some (t1,...,t,) € R™. Therefore, this apartment is parametrized by the
affine space R".

7.5. The canonical norm on an algebra. Let A be a (finite dimensional)
étale algebra over k, i.e. A = &;K; is a direct sum of field extensions of k, we
equip it with a norm which we shall call the canonical norm.

— If k£ is nonarchimedean: let 4 = ®;0Fk, denote the maximal compact
subring of A:

(16) Na(t) = inf{|\, N €k :t € A\O4}.

That norm is standard and has unit ball &4. Moreover, for ¢t decom-
posing as t = (t1,...,t;,...), t; € Kj;, one has

(17) NA(t) = mza,XNKi(ti).

Here Ng, denote again the standard norm of the k-algebra K;.
— If k is non-archimedean, A = @K, for certain subfield K; C C. We
define

1/2

7
To keep our notation consistent with the non-archimedean case, we
define O 4 to be the unit ball of Ny:

(18) Os={x € A, Na(z) < 1}.
When A = k™, we denote the canonical norm by Ny.

7.6. The metric and operator norms. We may equip B(V') with a GL(V')-
invariant metric by using the notion of operator norm:

If N1, Ny are any two norms, then we let exp(dist(/N1, N3)) be the smallest
constant « > 1 such that Ny satisfies a7 1N} < Ny < aNj.

Given any two norms N1, N, there exists an apartment that contains them
both; thus, to understand dist, it suffices to understand it on each apartment.
In Section 7.4, we explicitly parametrized each apartment by an affine space
(t1,...,tn) € R™. In terms of that parametrization,

dist((t1,...,tn), (t],..., 1)) :=log(q) max |t: — ti].

Here we understand ¢ = e for k archimedean. Therefore, this amounts to an
L*°-metric on each apartment.

We equip B(V) with the quotient metric!3. In particular, if Ny, Ny are
two norms and [Ni],[INa] the corresponding elements in B(V), then, for any

I3Recall that if X is a metric space and G acts by isometries on X, we may define the
metric on X/G via d(z1,z2) = inf e d(z19, T2).
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V1,02 € V:
Ny (v1)Na(v2)
Na(v1)Ny(va)

Indeed, one may define dist as the supremum of the quantities appearing on
the right-hand side.

(19) dist([N], [Na]) >  Tog

7.7. Harish-Chandra spherical function. We shall make use of the Harish-
Chandra spherical function on GL(V'). It is defined with reference to a maximal
compact subgroup K C GL(V'), which we take to be the stabilizer of a standard
norm V.

Fix an apartment containing N, and let H C GL(V) be the split torus
corresponding to this apartment. Let B D H be Borel containing H, with
unipotent radical U corresponding to all positive roots. We have a decomposi-
tion GL(V) =UHK. Let H: GL(V) — H be the projection according to this
decomposition and let p: H — Ry be defined by

prams T lata)?
acdt

be the “half-sum of positive roots” character with respect to B.
The Harish-Chandra spherical function is defined as:

E(g) == H(kg)?dk,
keK
where the measure on K is the Haar measure with total volume 1. We will be
needing the following bound: for any o < 1,

(20) E(9) <a exp(—a.dist([gN], [N])).

Indeed, it suffices to prove (20) when gN belongs to a fixed apartment
containing N. Identifying this with an affine space, with N as origin, the point
gN has coordinates (t1,...,t,); without loss of generality, we may assume that
t1 <ty <...tpn, and (cf. [30, Prop. 7.15] for real semisimple Lie groups)

1 h N —
E(g) Lo <q*§ D icyti ta) «
for any < 1. On the other hand, by (19)
. 1
dist([gN], [N]) = 5 logq.(ta — t1),
whence our conclusion.

7.8. Action of invertible linear maps. If © : V. — W is an invertible map
between vector spaces, which we understand as acting on the right (i.e. v.i or
v* € W), and N is a norm on W, then we denote by ¢N the norm v — N(v.1),
anorm on V.
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8. Notation

In this section, we set up some fairly standard notation concerning number
fields. We set up local notation first, and then global notation. In Section 9
we shall use only the local notation; in the rest of the paper, we make use of
the global notation.

8.1. Local notation and normalizations. Let k be a local field and A C
M, (k) local torus data, with [A : k] = n. The absolute value on k is normalized
as in Section 7.1.

We denote by | - |4 the “module” of A, i.e., the factor by which the map
y — yx multiplies Haar measure on A if z € A* and |z|s =0if x € A — A*.
Consequently, writing A = @&; K,

|$|A:H|5Ei|K,~, r="(..,x...), x; € Kj;
7

in particular, for'* z € k C A, |z|4 = |z[}. Observe also that the module |z|4
coincide with | det(z)| when we view = as an element of M, (k).

We fix an additive character e : kK — C; it induces the additive character

on A

a— ea(a) = e(trap(a)) = e(tr(a)), a € A.
Observe that for a € A, the A/k-trace coincide with the restriction to A C
M, (k) to the matrix trace; thus there is no ambiguity in refereing to the trace.

We fix Haar measure dz,da on k, A; for definiteness, we normalize them
to be self-dual with respect to the characters e(-) and e(tr(-)) respectively.
Sometimes we will write dpx and dax to emphasize the measures on k and A
respectively. We will often write vol or vols for volume of a set with respect
to these measures.

Even though we have normalized vol; and vol4 to be self-dual, it is oc-
casionally more conceptually clear and helpful — for instance, when working
with Fourier transforms — to introduce a separate notation for the dual mea-
sures. Thus, we shall denote by \Z)—l:x the Haar measure dual to voly, with
respect to the character ea; v/ol\/zC is defined similarly. Our normalizations are
so that vol = vol, but we try to keep the notions conceptually separate.

We normalize multiplicative Haar measure d; z,d}x on k™ and A, re-
spectively, by the rules

dfx = ()|, dyx, dya = Ca(1)|z| 4 daa.

(See §8.2 below, for a recollection of the definition of ¢.)

At this point we must observe a small ugliness of notation: for z € k, the “module”
||k coincides with our normalization of |z| from Section 7.1 if k # C. If k = C, however,
|z|c = |z|?. This unfortunate notational clash seems somewhat unavoidable, for the module
of C does not coincide with what is usually termed the absolute value.
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These normalizations have the following effect: for k nonarchimedean,
(21) volyx (O ) = vola(Oa),volpx (O}) = vol(Oy,).

For k archimedean, we shall not define €3 or &}; however, it will be convenient
(to uniformize notation) to define their volumes vola(€'7) := vola(04) and
volg(OF) = voli(O)) so that the equality (21) remains valid. Recall that
04, Oy, in the archimedean case are defined by the convention (18).

8.2. Local (-functions. The local (-function of the field £ and of A are
denoted (x(s),Ca(s) (s € C): for A = @;K;,

CA(S) = H CKZ(S)

We recall that the local (-function of a local field k is defined by (i(s) =
75T (s/2) if k = R, 2(2m)~*T(s) if k = C, and finally u(s) = (1 — ¢~%)7,
where ¢ is the size of the residue field, if k is nonarchimedean.

More generally for 1 a character of A* (¢p = (...,4;,...), 1; a character
of K*), we denote by L(A, 1) the local L-function of 1:

L(A, ) = HL(Ki, ;).

See [5, Chap. 3] for definition and discussion.
For s € C, we will also write

L<A7 1/}7 S) = L(Aﬂﬂ‘ ’ ’i)
In particular (4(s) = L(A,]|-]%)-

If k is nonarchimedean, we attach to ¢ a discriminant disc(¢)). This may
be defined directly as follows: we write A = @K; and ¢ = (...,1;,...); for
each 7, let t; be the largest integer so that ¢; is trivial on 1 + q?{i; here q, is
the prime ideal of the ring of integers in K;. Then disc(¢)) := []; qfi, where ¢;
is the residue field size of K.

For k archimedean, we set by definition disc(¢)) = 1.

8.3. Number fields. We now pass to a global setting.

Let F' be a number field. We denote by A and Ar ; the ring of adeles and
of finite adeles, respectively.

We will work with global data &, as in Section 6.3, which will consist of:
K C M, (F) and g9 € AZ\GL,(A). We shall fix an identification ¢ : K — F"
of right K-modules; this means that (ab)* = a'.b, where, on the right-hand
side, we understand b € M, (F).

We obtain from this data an embedding of the F-torus

TK = ReSK/FGm/Gm — PGLnyF.
Here PGL,, r denotes the algebraic group PGL,, over the field F'.
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We will use the letter v for a place of F' and w for a place of K. If v is a
place of F', then we denote by F}, the completion of F' at v, and K, := K®p F,.

By localization, the global data 2 gives rise to local data 2, (in the sense
of §6.1) for each place v of F; i.e., we take A, = gé}vag_@vv C My(F,). We
will write A instead of A, when the dependence on v is clear.

Let us note that the map

(22) ly:a €Ay — (g@,vagé’lv)L'gﬁ,v

from A, to F' is then an identification for the A,-module structures.

8.4. Adeles, ideles and their characters. There is a natural norm map, the

module, A* I R~¢. We write |x|y or sometimes simply |z|; this will cause no
confusion so long as it is clear that the variable x belongs to A*. We denote
by AM the kernel of the norm map, and similarly for Ag.

Let Q(CF) resp. ©(Ck) denote the group of homomorphisms from A* /F'*
resp. Ax/K* to C*. For ¢ € Q(Ck) we shall denote by ¢|r the restriction
of ¥ to AX/F*.

The group C is identified with the connected component of Q(Cr), via
identifying s € C with the character  — |z|3. Given x € Q(CF), we set
Xs(x) = x(z)|z]}. This C-action on Q(Cr) gives Q(Cp) the structure of a
complex manifold.

For any x € Q(CF), there exists unique s € R so that |x(z)| = |z[}. We
shall denote this s by Ry, the “real part” of x. Thus Rx = 0 if and only if x
is unitary.

Finally, there is a natural map R-o — Cq (inclusion at the infinite place).
Thus there is also a map Rvg — Cg,Cr. We say that a character of Cx or
Cr is normalized if its pullback to Rq is trivial.

Ifw: F) — C* is a multiplicative character, then we denote by L(F,,w, s)
the corresponding L-factor, and by L(F,,w) its value when s = 0. In particular,
when w = |z|], we get the local (-factor: L(F,,w) = (r,(s). Corresponding
definitions also hold for K. If v is a place of F', we will write (ry := [wv Ciw-

8.5. Discriminants. Suppose 1 € Q(Ck). For v any place of F', we have
discriminants:
disc, (F), disc, (K /F'), disc, (K), discy (Zy), discy (Y| x, )-

Namely, disc, (F') is the discriminant of F,/Q,, (where p is the prime of Q
below v) and disc, (K') the discriminant of K, /Q,. We set

disc, (K /F) = disc, (K )disc, (F) .

By convention, we shall understand disc,(F) = disc,(K) = 1 if v or w are
archimedean. disc,(%,) is as in Section 6 and disc,(¢|k,) is defined in Sec-
tion 8.2.
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For any of the objects above, we set disc(...) = [], discy(...). We note
that disc(Z) >p,, disc(K); this will follow from Lemma 9.5 and the fact that
disc, (2) is bounded from below at each archimedean place.

8.6. Measure normalizations. Let eg : Ag/Q — C be the unique character
whose restriction to R is  — e?™®. Set ep = egotrp/g. We then normalize lo-
cal measures according to the prescription of Section 8.1 with k = F,,, A = K,,.

Let us explicate this to be precise.

We choose for each v the measure on F, that is self-dual with respect
to ep. The product of these measures, then, assigns volume 1 to A/F. We
define a measure on F* by d*z = ( F,v(l)lcz%. We make the corresponding
definitions for K, replacing the character ep by the character ex := epotrg/p.
Taking the product of these measures yields measures on A, Ag, A*, A, This
fixes, in particular, a quotient measure on Tx(A) = Ax /A*.

We obtain a measure on A, through the identification x — gé}vxggﬂ) from
K, to A,.

We will often denote by dxx the measure on K, and by dpz the measure
on I, or F.

With these definitions, it is not difficult to verify that for finite places v, w:

(23) / djea = dise, (K) 72, / _ djw = disc, (F) /2
ﬁK,w ﬁF,v

(24) / dgr = discw(K)_l/z,/ drz = discv(F)_l/Q.
ﬁK,w ﬁF,v

Moreover, (24) remains valid for v archimedean, if we replace equality by
=, and we interpret O, resp. OF, as the unit balls for the canonical norms
associated to K, resp. F,.

9. Local theory of torus orbits

In this section, we are going to explicate certain estimates over a local
field, which are what are needed for “local subconvexity” discussed in Section 2.
Indeed, the main result of this section, Proposition 9.9, is designed precisely to
bound the (general version of the) quantities “I5” that occur in (6) and (8).

Our methodology is quite general (i.e., would apply to estimates for more
general period integrals of automorphic forms) and is inspired, in part, by the
paper of Clozel and Ullmo [8].

9.1. Explanation in classical terms. A simple case of our estimates is the
following result:
Let @ be a positive definite quadratic form on R?. Consider:

Jotow <t |2yz| "V 2de dy dz.
(25) 1(Q) = S T
vol(x e R3: Q(x) < 1)V
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It will transpire — this will follow from Lemma 10.4 that we prove later —
that the quantity I, defined in (6), will be be bounded by products of integrals
like (25) and nonarchimedean analogues. (More precisely, in the notation of
(6): if the function f is invariant by the rotation group of @, then we will be
able to bound I(f,s) in terms of (25); the general case will reduce to this).
Our goal will be to get good bounds for I(Q). Evidently, the function I is
invariant under coordinate dilations, and thus our bounds should also be so.

9.2. The generalization to local fields. The general setting we consider will
be: we replace R, R? by a local field k and an etale k-algebra A of dimension
n (say).

For an arbitrary norm N on A, we consider the integral

~1/2
Joean(@y<1 114 Pdx

(26) I(N):= vol(z € A N(x) < I/

where dgx denote a Haar measure on A and |z|4 denote the “module” of A
(the factor by which dax is transformed under y — xy). We consider the
variation of I(N) with N. Again, I(N) is invariant by scaling and so defines
a function on the building of PGL(A).'> We shall show that:

(1) I(N) decays exponentially fast with the distance of N to a certain
subspace in the building, viz. the A*-orbit of the norm Ny;

(2) The distance to this subspace measures the discriminant of local torus
data:

Choose an identification ¢ : A — k™ which carries the unit ball for

N (z), to the unit ball of the standard norm on k™. The identification ¢,
together with the action of A on itself by multiplication, can be used to
embed A C M, (k). Thus, we have specified local torus data. Roughly
speaking (Lemma 9.12), the discriminant of this local torus orbit, is
a measure of the distance of N to our distinguished subspace of the
building.

Our final result is presented in Proposition 9.9; the reader may find it
helpful to interpret it in terms of the language above, in order to better absorb
its content.

9.3. Local torus data. In the rest of this section, we fix local torus data 2
consisting of A C M, (k); we shall follow the notation of Section 8. Throughout
this section, we allow the notation < and O(-) to indicate an implicit constant
that remains bounded, if & is restricted to be of bounded degree over R or Q,.

15Throughout this paper, we use GL(A) to denote k-linear automorphisms of A, thought
of as a k-vector space; similarly, PGL(A).
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By the inclusion, A C M,,(k), k™ is a right A-module. For the rest of this
section, we fix an identification of right A-modules ¢ : A — k™; in other words,

(27) (ab)* = a*bya € A,be A

where, on the right-hand side, we regard b € M, (k). The identification ¢ is
unique up to multiplication by elements of A*. We write ¢ on the right to be
as consistent as possible with our other notation.

In this setting, we have described (cf. §7.5) two norms: the canonical norm
on the algebra A, to be denoted N4, and the canonical norm on the algebra
k™, to be denoted Ny. We have denoted their unit balls by &4 and Opn
respectively. These unit balls coincide with the maximal compact subgroups
of these algebras in the non-archimedean case.

We are going to introduce an element h € GL, (k) with quantifies the
relation between these norms. Choose h € GL,, (k) so that:

(28) hNo(z)(:= No(zh)) = Na(z* ), z € k™

This is possible because, by choice, the norm N4 corresponds to a vertex of the
building of GL(A), i.e. takes values in ¢Z in the nonarchimedean case. Observe
that choice of h depends on the choice of ¢; given ¢, the quantity |deth| is
uniquely determined.

This definition implies that €@4* = Opnh~'; thus

VolA((ﬁkn)fl) =volg(04)|det hl,

or

txvolg  vola(04)

(29) | det hl.

volgn  vOlgn (Opn)
Similarly, we define hq € GL(A) by the following rule:
(yha)" =y'h,y € A.
This means that
(30) hatNog = N4 = thNy,
and so |det halr = | det hl.
With these conventions, and those of Section 7.8,
(31) t Ny = Ny, (t e AX).

Let us be completely explicit, because t is acting in two different ways on the
two sides of this equation. According to the conventions set out in Section 7.8,
the left-hand side is the norm on k" defined by x + Na(xt:~!); in particular,
t is acting as an endomorphism of £". The right-hand side is the norm on k"
defined by x ++ N(x¢~'t); here ¢ is acting by right multiplication on A. The
coincidence of the two sides follows from (27).
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9.4. Discriminant vs. discriminant. We have two notions of “discrimi-
nant” attached to the local data A C M, (k):

On the one hand, we have the absolute discriminant, disc(A), of the k-
algebra A:

— If k£ is non-archimedean, then it is given by
vola(07%)
vola(O4)’
Here 0 denote the dual lattice of 04 in A

O ={acA:|try(ala)| <1} D Oa.

— If k is archimedean, then we set disc(A) = 1.

disc(A) =[O} : Oa] =

In particular in either case, we have

. _ vol A(0%)
(32) disc(A) =, LA (Gn)

On the other hand, in our previous discussion Section 6, we have defined a
notion of discriminant disc(Z) which is relative to the embedding A C M, (k).
We shall presently compare the two notions and for this we shall interpret
disc(Z) in more geometric terms.

Let A be the set of x € A with operator norm < 1 with respect to the
norm Ny; here we regard k™ as an A-module via the right multiplication of
A C M, (k). If k is nonarchimedean, then A is an order (and thus is contained
in 04); indeed, A = AN M, (0}). Let A* be the dual to A,

(33) A ={ye A:ltra(yA)] <1}
9.5. LEMMA. We have (compare with (32))
. _ vola(A¥)
disc(2) =, vola(h)

Moreover, =, may be replaced by equality if k is nonarchimedean, of residue
characteristic exceeding n.

Proof. The definition of disc(2) is explicated in (14). Choose, first of all,
a k-basis fo =1, f1, fo, ..., fn—1 for A so that the unit cube C on basis f;; i.e.,

(34) > Aifi, [Nl <1,

is equal to A (nonarchimedean case) and comparable to A as a convex body
(archimedean case).

If f; denotes the projection of f; to A/k, then det B(f;, f;) and det(tr(f;f;))
differ by (2n)"~! (see [18, 4.1.3] or §6.2). Let fg, ff,..., fi_; € A be the dual
basis to the f;, that is to say: tr(fif}) = d;;.
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Then the unit cube C* on basis f;* equals A* (nonarchimedean case) and
is comparable with A* as a convex body (archimedean case).

On the other hand, vol(C') /vol(C*) = det tr(f; f;). Our claimed conclusion
follows. g

9.6. LEMMA. Suppose k is non-archimedean, of the residue characteristic
greater than n and that disc(2) = 1. Then A is unramified (i.e. a sum of
unramified field extensions of k) and Oyn is stable under O 4. In particular,
(On) = \Oy, for some X € A*.

Proof. Since k is non-archimedean, we have the chain of inclusions
(35) ANC Oy C Oy C A

our assumption and the prior lemma shows that equality holds.

That is to say, 04 is self-dual with respect to the trace form; this implies
that A is unramified over k.

As for the latter statement, Oy is stable by A by definition, and therefore
by €4 since A = O 4. It is equivalent to say that (ﬁkn)ﬁl is stable under 04,
whence the final statement. O

Therefore, the quantity disc(Z) measures the distance of the data 2 from
the most pleasant situation.

9.7. LEMMA. If k nonarchimedean, let A* be the units of the order A.
Then

vola(AX) - . (disc(2)\ ?
vola(6%) 2 c(n) max(1—n/q,q )(disc(A))

Here c¢(n) = 1 if the residue characteristic of k exceeds n.

Proof. We have by (35)

[A*;ﬁ;}:m:[m;/\]:

volya(Oa)
VOIA(A) ’

hence

vola(A) _ (dise(2)\ ?
vola(Oy) — (disc(A)) ’
where =< may be replaced by equality when the residue characteristic is greater
than n. On the other hand, our normalizations of measure are so that vola (0} )
= vola(O4).
It remains (cf. (32)) to show

vola(A™) > max(¢™",1 —n/q)vola(A).
That is effected by the following comments:

(1) Let 7 be any uniformizer of k. Then 1 +7A C A*.
(2) The fraction of elements in A which are invertible is > 1 — ng~1.
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Both of these statements would remain valid when A is replaced by any sub-
order of 04, containing 0. (1) follows, because one may use the Taylor series
expansion of (1 +7\)~!, for A € A, to invert it.

Note that €4 has at most n maximal ideals. If A € A does not belong to
any of these ideal, then it is annihilated by a monic polynomial of degree < n
with coefficients in &}, and constant term in &, . Therefore A~1 € A also. The

volume of each maximal ideal is, as a fraction of the volume of &4, at most
q~!. This shows (2). O

9.8. Local bounds. For any Schwartz function ¥ on k", we shall write W4
for the function +¥ on A, that is to say,

Uy @z Uz

Our final goal is to discuss bounds for integrals of the form
[ wa@p@die,
zEAX

where 1 is a character of A* (we will eventually normalize it to make it in-
dependent of ¢). We wish to find useful bounds for this, when ¥ is fixed and
the data Z is allowed to vary. We will do so in terms of the following norms:
let ¥ to be the Fourier transform of ¥, with respect to the character e; i.e.,

U(y) = [yepn C(y)e(zy)dy. Put

7] = max (/k ]\If(x)|dvolk(x),/kn () dvole(x) ).

The following proposition presents bounds. The reader should ignore the
many constants and focus on the fact that these bounds decay as disc(A) or
disc(2) increase. In our present language, this is the analogue of the discussion
of (25).

9.9. PROPOSITION (Local bounds). Let ¢ be a unitary character of A*,
W a Schwartz function on k™. Set:

109) = [deth| V2 | wia)fal o) de
AX

(note that |I(V)] is independent of the choice of v). Then:
(1) We have

disc(2) ) ~TonZ

(36) [I(¥)| <n Cy - Cy - (disc(A)

where Cy = vol(O%), and moreover, we may take Cy = 1 when U is
the characteristic function of Ogn.
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(2) We have
(37) ()] e Oy || (disc(y)disc(4) %,

1/2
where Cy = (Vv(ﬁl((gyl) / (the notion of disc(v)) is defined in §8.2.)

In inequality (36) the implicit constant depends at most on n and the
degree'S of k over R or Qp; in (37) it depends at most on these and on, in
addition, the additive character e of k.

9.10. Local harmonic analysis and the local discriminant. We now work
on the building of PGL, (k) and on PGL(A). In particular, to simplify no-
tation, if Ny and Ng are norms either on A or k", dist(NN1, Na) refers to the
distance between their respective homothety classes, dist([N1], [IV2]), as defined
in Section 7.

Let us recall that the norm Ny, defined by No(z1,...,x,) = max |z,
defines a point in the building of PGL,(k), and the norm N4 defines a point
in the building of PGL(A).

9.11. LEMMA. Write A = @&;K; as a direct sum of fields. Let ||-|l; = |- ||k,
be the absolute value on K; extending |- | on k. 17 Fort € AX, set
[#]] = max [#:]]s/ min [|2]];,

where t = (t1,...,t,...) with t; € K. Then, for any t € A*, we have

1
dist(tNa, N4) > 3 log ||¢]|-

Proof. 1t is a consequence of the definition of dist and (19).
Let K be any of the fields K; let Nx be the canonical norm attached to K.
It is easy to see that for any t € K*,

(38) Nt < tllx < Nk ().

Given t = (t1,...,t;,...) € A*, t; € K. Let imax and imin be, re-
spectively, those values of ¢ for which ||¢||; is maximized and minimized. Let
Tmax € A be the element whose iy.x-th component is 1 and whose other com-
ponents are 0 and let z,;n be the element whose i,in-th component is b 1in and
whose other components are 0. Then by (19) applied to v1 = ZTmax, V2 = Tmin

16We have already remarked that the implicit constants in this section may depend on
this degree without explicit mention; thus this is not denoted explicitly in (36) or (37).

T Thus || - |, = | - \%i[Ki:k], in the case when k # C; when k = C we have simply K; = C
and the absolute value on both %k and K; is the usual absolute value on C, according to
Section 7.1.
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and by (17) and (38), one has

1 Na(t max N min
dist(tNA,NA)22log( AltTmax) Na(@ )>

Ny (fEmax) NA(txmin)

1 —
- 5 1Og (NKimax (timaX)NKimin (thlln ))

1 1t |l 1
> —1 B Ee tl. O

Tmin Hzmin

The following lemma shows that the discriminant of local torus data is
related to distance-measurements on the building.

9.12. LEMMA. One has the lower bound

. : _ 1 disc(2
inf dist(No,t: ' N4) > — log (dllz(;((A))) + On(1);

tEAX 4dn
here one may ignore the Oy (1) term when k is nonarchimedean and of residue
characteristic larger than n.

Proof. The action of PGL,, (k) on the building is proper and so the infimum
is attained. Let ¢ attain the infimum and put A = dist(tot "' Na, No).

We are going to use the characterization of disc(Z) from Lemma 9.5.

Adjusting ty as necessary by an element of £, we may assume:

(39) e ANy < tgr 1Ny < e®Ny.

Suppose that x € k satisfies |z| = exp(—2A). Such an z exists (cf. (19)
and the subsequent comment; A is a half-integral multiple of log ¢ in the non-
archimedean case). If y € A has operator norm < 1 with respect to Np, then
(39) shows that xy has operator norm < 1 with respect to tot "' N4, and vice
versa.

The set of a € A which have operator norm < 1 with respect to Ny is
exactly A.

The set of @ € A which have operator norm < 1 with respect to tot 1Ny
is by definition the set of a such that for all x € k"

tor N (za) < tor "Ny (z);

that is by (31)
Na(z' atg) < Na(a" 'to).

Using that ¢ aty = 2* toa and changing z* 'ty to t, we see that this set is
the set of a € A satisfying for any t € A

NA(ta) < NA(t)

which is precisely 04.
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We conclude:
20y CNC 04, OFCAN Ca 'O}
The second equation is obtained by duality from the first; here A* and &7 are
dual in the sense of (33). Thereby,

vola (A*) vola(07)
voly(A) voly(O4)’
whence the result (cf. (32) and Lemma 9.5). O

< exp(4nA)

9.13. LEMMA. Let R > 0. Then:
vol{t € A*/k* :log||t]| € [R, R+ 1]}
vola (O ) /vol,(O))

(40) <n (14 R)™ L

Here, ||t]| is as in the statement of Lemma 9.11.

Proof. The archimedean case may be verified by direct computation.
Consider k£ nonarchimedean. We may write A = ®]_; K; as a sum of r
fields. The map
log [|as||:
log(q)
gives an isomorphism of A* /€'; with a finite index sublattice @ of %ZT. More-
over, k™ / 0/ is identified with the sublattice Q" C @ generated by (1,1,1,...,1)
€ Z". Finally, the norm log ||¢|| on A* /k* descends to a function on Q/Q’ and
is described explicitly as:

a = da; —

(11, p1r) € Q > log(q) (mgxm — min m) :

The left-hand side of (40) is thereby bounded by:

1 R+1
# {u € SZ'|L: (maxm - m.inuj> <& } :
n! i i log 2

which is bounded as indicated, since r < n. O
9.14. LEMMA. For any « € (0,1),
fteAX/kX exp(—adist(Ng, tt "' N4)) disc(2) 80
vola(O})/voly(O)) @\ disc(A)

Proof. Let Aty be as in Lemma 9.12. Using it, (31), Lemma 9.11, and
the triangle inequality:

(41)

(42) dist(Ng,te ' Ny) > dist(te ' Na, tor ' N) — dist(tor N4, Np)

1
> Slog(t/tol}) - A.
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To estimate (41), we split the t-integral into regions when log ||t /to|| < [4A]
and log ||t/to]| € [R, R+ 1], where R ranges through integers > [4A]. Here [4A]
is the greatest integer < 4A. Thereby, the left-hand side of (41) is bounded by

C(n) <(1 + A)"exp(—aA) + Z exp(a(A —R/2))(1+ R)"1>.
R>[44]

To conclude, we bound A from below using Lemma 9.12. O

9.15. The action of GL(A) on L?(A). Let V comprise —n/2-homogeneous
functions on A4; i.e.,

V={f:A>C:fO)= N2 f(x),) € k,z € A}.
The group PGL(A) acts on V, via

of (@) = f(zg)|det g|/%.

The space V possesses a (unique up to scaling) natural GL(A)-invariant inner
product. We shall normalize it as follows: for any Schwartz function ® on A,
let ® be its projection to V', defined as

B(z) = / B(Aa) AL d* A

A€kX
We normalize the inner product (-,-) on V so that for any v € V:
(v, ®) :/ v(x)P(x)daz.

€A

In particular, let ®1, ®5 be Schwartz functions on A. We have:
(43)

/ (t- By, D) = / / B ()|t] 2T () daadt
teAX [kX teAx JxeA
= ([ ol aw) ([ aw)iely dax)
yeAX TEAX

=G 2wl ) ([_ @@kl )

Let us note that we use, in the above reasoning and at various other points in
the text, the evident fact that the measure of A — A* is zero.

Let K C GL(A) be a maximal compact subgroup, corresponding to the
stabilizer of tNy, i.e. in the nonarchimedean case, the stabilizer of the lattice
(Opn)"". Let Ty : GL(A) — C be the Harish-Chandra spherical function with
respect to K. For two vectors vy,vy € V, and o € GL(A), we have the bound
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(see [11] and also equation (20)):

(44)  (owvr,v2) < (dim Kvy)Y?(dim Kva)2Z0(0)"||v1]]2]|va |2
o (dim Kv1)Y?(dim Kva)Y? exp(—adist (0t Ny, ¢No))|[v1]|2][v2 |2

for any a < 1/n. Here distances are measured between homothety classes of
norms.

9.16. Proof of the first estimate in Proposition 9.9. Since 1 is a unitary
character, it is sufficient (by taking absolute values) to assume that v is trivial
and ¥, nonnegative.

Let ¥ be a nonnegative Schwartz function on k™; put ¥4 := W o, ® the
characteristic function of the unit ball of ¢ Np, and &2 = 14,.

These are all Schwartz functions on A. In the nonarchimedean case ® is
the characteristic function of (n)* . Also, the definition of hy (see (29))
shows that &5 = h4®. Indeed, h4P is the characteristic function of

{z€A: No((wha)) <1} ={z € A: Nalw) < 1} = Oa.

Consequently, ha® = | det h|i/2m — | det h|11c/252'

We shall proceed in the case when k nonarchimedean, the archimedean
case being similar (the only difference: one needs to decompose ¥ as a sum of
K-finite functions in the archimedean case, and the implicit constant will be
bounded by a Sobolev norm of ¥).

Let us observe that there is a constant C'y > 0, equal to 1 when ¥ = &,
so that

(Wq,04) < CF(D, D).

Indeed for some Ay € k, one has ¥(z) < ||¥|lg, (Awz), € k™; this
bounds W4 in terms of ® and leads to the above-claimed bound.

For t € A* /K>,

(45) | det h|}/*(tW 4, Bg) = (1WA, ha®) = (h;' 104, D)
o _ 1
<o [[Wall2]|®]|2 dim (KW 4) exp(—adist(h ttNo, tNp)), a < —

We have applied (44) with vy = Vo v9=0,0= h;lt; observe that our choice
of ® means dim(K®) = 1.

We observe, using the definitions (28), (29) and the compatibility (31),
that we have dist(h,'t:No,tNg) = dist(No,t 't ' N4). To write out every
step, this follows from the chain of equalities

dist(h ;' ttNo, tNo) = dist(ttNo, hatNo) = dist (teNo, Na) = dist(No, ¢ 1t Ny)
= dist(No, t 17N ,) = dist(t Ny, . N 4) = dist(No, t L7 N).
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We now integrate over ¢t € A*/k*. By (43) and (45) we have, for any
1
o < )

(46) ’/\I/(J:L)‘mﬂlﬂd/;m /ég(x)\m\j/zdﬂ

:CA(1)—1AX/kX<t@,5>

L C| det h|; V?(dim GL,(64).9)|[ D12 / o adist(Not =1 Na)
teAX kX
We show below that
5 2
(47) H ||271/2 <Lpn ‘ det h‘kVOIk(ﬁ]:)
foA (1>2($)|1’|A dax

Combining (46) and (47) with Lemma 9.14, we establish the first claim of
Proposition 9.9.
To prove (47), proceed as follows: First of all,

[ elva day = [l day = vola(@)ca1/2)
Y

A

Noting that ®(z) = .No(z) /2 f\)\lkél |A|Z/2dXA, we see:

118 = [ AR Nol) "2
Ax<1 tNo(z)<1

= volo(67)C(n)2) / WNo(z) ™ ?d s,
tNo(z)<1

Noting that ¢Ng = h;llNA, we have

/ LNo(z) ™ 2d gz = / NA($h21)_”/2dAx,
«No(z)<1 Na(zhH)<1

so that, making the change of variable 2/ = xh;l, the previous integral equals
| det hA]k/ Na(z) ™ ?dgz = | det h|k/ Na(z) ™™ ?d .
Na(z)<1 Oa

For k nonarchimedean, the last integral equals (7 denote an uniformizer of k)

i 7n/2/ _ J 7n/2/
7 daz = s daz
2, Il Na@=lwly 2, Il .

jZO JZO NA(:DTrfj):l
= vol({z, Na(x) =1}) 3_ ||/
320

=vol({z, Na(z) =1}){k(n/2).
Combining these, the left-hand side of (47) is bounded by:

VOIA({.%' cA: NA(x) = 1})

<y | det hpvol,(0}) vola(O%)
A
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The last ratio is easily seen to be bounded above by (14 n/(g — 1)); in par-
ticular, it is bounded above in terms of n and the claim (47) follows. O

9.17. Proof of the second estimate in Proposition 9.9. For any character
Y of A* we set s(z) = ¥(z)|z|%. Let us comment that the notation t;*
always denotes the character z — ¢ ~1(z)|z[%. In other words, we apply the
operation of twisting by |z|% after the operation of inverting ).

The following result is proved in Tate’s thesis. See [43, (3.2.1), (3.2.6.3),
(3.4.7)].

9.18. LEMMA (Local functional equation). Let ® be a Schwartz function
on A, and set

3(e) = [ ealen)®)day.
yeA
Then, for a unitary character ¢ of A,

[ @) din _ [a Bl (@)

L(A, 1, s) LAy, 1—5)
where s — €(A, 1, s,e4) is a holomorphic function of exponential type. More
precisely, both sides of (48) are holomorphic, and

(48) (A, ¢, 5,ea)

(1) If \70\1,4 denotes the Haar measure dual to volg under the Fourier trans-
form!8, then |e(A, 1, s,e4)|? = % when RN(s) = 1/2.
vol 4
(2) |e(A, v, s,e4)| = |e(A,1h,0,e4)|(0(e)disc(y))disc(A))RE) | where 5(e)
8 a positive constant depending on the additive character e of k.

We remark that one may take d(e) = 1 in the unramified case, i.e. when
k is nonarchimedean and e is an unramified character of k.

We now proceed to the proof of the second estimate in Proposition 9.9.
Recall that ¢ is unitary. To ease our notation, we suppose (as we may do,
without loss of generality) that || W] = 1.

For R(s) = 1, we have:

/.. va@p@)dia
For R(s) = 0 we apply (48) to reduce to (49), obtaining:

fo \IIA(.Z‘)¢S(QS‘)d;§J}
L(A7 ¢a S)/L(Av ¢_1’ 1- 5)

where the constant implied depend at most on the additive character e of &k

Ly vol g txvoly

(49)

< 1 .
B CA( ) VOlkn " VOlkn

(50) e (disc(y)disc(A)) "2,

and on n

18With our choice of normalizations, vol A = vola, but we prefer to phrase the Lemma in
a fashion that is independent of choice of measures.
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We may now apply the maximum modulus principle to interpolate between
(49) and (50). The simplest thing to do would be to apply the maximum mod-
ulus principle to the holomorphic quotients that occur in (48). This would be
fine for nonarchimedean places; however, for archimedean places, this would
run into some annoyances owing to the decay of I'-factors. We proceed in a
slightly different way.

Let F(s) be an analytic function in a neighbourhood of the strip 0 <
R(s) < 1so that F(s)L(A,1,s) is holomorphic. We shall choose F'(s) momen-
tarily. Let U be the right-hand side of (49), and V' the right-hand side of (50).

Take

h(s) = U=V -(-9) p(s) / U 4 (2) s ()
AX
Note that h(s) is holomorphic in 0 < R(s) < 1. We have

|[F'(s)], R(s) = 1.
()] Ken  (F(s)L(A .5
LT R(s) = 0.

(1) k nonarchimedean. We choose F(s) = L(A,,s)~!. Then
sup |F(s)| <n 1,
R(s)=1

whereas supg(s)—o % is also bounded by (a(1).

Therefore, by the maximum modulus principle, one has for R(s)
1/2, |h(s)| <en 1. On the other hand, for R(s) = 1/2, |F(s)|
Ca(1/2)7L. Therefore, for R(s) =1/2,

‘ /A @) diz| <o VOV

(2) k archimedean. In explicit terms, L(A, 1) is a product of a finite

vVl

number of I'-factors
H FKi (3 +v i)a
i
where R(v;) are nonnegative integers, and

Ti(s) = w20 (5/2) = Tr(s) if K =R
7\ 2005 T(s) = Ta(s)Ta(s +1)  if K = C.

We take F(s) = [[p(;)=o0(s+vi)(s+13—100) . Then SUPg(s)=1 | £'(5)]
and supg(5)—g % are both bounded above by functions of
[A : R] < 2n. The first is clear; for the second:
|F(s)L(A, 1, s)| s+v; Ik, (s+v;) Ik, (s +v;)
|L(A 2,1 —5)| - H (s+v;—100) Tk, (1 —s+7;) 5 Tk,(1—s+7v;)

§R(1/i)=0 (117;)750
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It is not hard to see that the right-hand side is, indeed, bounded above
when R(s) = 0, by a function of [A : R].

We conclude that, for R(s) = 1/2, |h(s)| <¢n 1. But, for R(s) =
1/2, we also see |F'(s)| >, 1. We conclude that for R(s) = 1/2:

‘ / U4 (2) s (2) x| <ne VOV

We have therefore shown that, for ||¥| =1,

| det h| /2

[ wa@@)al a5

Lxvol 4

1/2
e | det h| 712 ( ) (disc(tp)disc(A))~H4,

Volkn

Taking into account (29), we see that the proof of the second assertion of
Proposition 9.9 is complete.

10. Eisenstein series: definitions and torus integrals

In this section, we define the Eisenstein series on GL,, and give a formula
(Lemma 10.4) for their integrals over tori. This formula will later be used to
derive (6). This section is included merely to make the paper self-contained.
Indeed these computations go back to Hecke (see also [50]).

10.1. FEisenstein series — definition and meromorphic continuation. We
follow the notation of Section 8 throughout this section.

For each place v of F, let ¥,, be a Schwartz function!® on F?. We suppose
that, for almost all v, the function ¥, coincides with the characteristic function
of O%,. Let ¥ :=T[, ¥, be the corresponding Schwartz function on A™.

Put, for g € GL,(A) and x € Q(Cp),

(52) Ey(x,9) :/ Z U(vtg)x(t)d*t.

LEAX/F  cpn_ (0}

The integral is convergent when Ry is sufficiently large. Note that Ey(x,g)
has central character y .

To avoid conflicting notation, we shall set occasionally, for s € C

FEy(x.$,9) == Fu(xs,9) = Ew(x| - |4, 9)-

Let [-, -] be a nondegenerate bilinear pairing on F". The pairing [, -| gives
also a nondegenerate bilinear pairing A™ x A" — A.

19Recall that this has the usual meaning if v is archimedean, and means: locally constant
of compact support, otherwise.
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Let ¢g* be defined so that [v1g, vag*| = [v1, va]. Therefore | det g|a|det g*|a
=1 for g € GL,(A). The pairing defines a Fourier transform:

U(v*) = . U(v)e[v,v*] dv;

in particular, the Fourier transform of v — W(vtg) is
v = [t "] det g|&1(11\(vt_lg*).

Recall that Poisson summation formula shows that
Z U(v) = Z U(v).
vern veFrn
10.2. PROPOSITION. Eg(x, g) continues to a meromorphic function in the
variable x, with simple poles when x =1 and x = |-|}. One has

res,—1 By (X, 9) = —vol(AL /F>X) ¥ (0)

resy_.;n Bu(x, 9) = | det g[; 'vol(AD /F™) [ W(x)da.
An

Moreover,
| det glaBu(x,9) = Eg(x " n, g%).

Proof. Split the defining integral Ey(x, g) into |t[a <1 and [t[4 > 1. Ap-
ply Poisson summation to the former, and then substitute ¢ «+ ¢t ~!. The result,
valid for Fx > 1, is:

(53) /|t A ( S W(vtg) - xp(@)) NG

veEF™

+ !detg*A/| (dt ( > W(vtg") —/‘17(0)> Xn (1)
tlaz vEFT
—w(0) X(6)d*t + T(0) / Xon(B)d%t.
t]a>1 [ta<1

The last two terms can be explicitly evaluated. If x is of the form |z|}, then

they are equal to —@vol(A(l)/FX) and |detg*|Af5[_—‘flvol(A(1)/FX), respec-
tively; otherwise, they are identically zero. The former two terms define holo-

morphic functions of y. U

10.3. Torus integrals of Fisenstein series. Put Vi = ¥(x'gy), a function
on Ag. Let us recall we have fixed global torus data 2 = (K C M, (F), g9 €
GLo(A)).
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10.4. LEMMA (Integration of Eisenstein series over a torus). Let ¢ €
Q(Ck) be so that x = |p. Then:

Ey(x,tgg)Y(t)dt = Uk (Y)Y (y)d™y.

G
Ty (F)\ T (A) A%

Let us observe that, owing to the restriction xy = |r, the map ¢ —
Eg(x,tg)1(t) indeed defines a function on T (F)\T(A).

The integral on the right-hand side can be expressed as a product over
places of K; for almost all places, the resulting (local) integral equals an L-
function. This is explicitly carried out in (62). Thus, the lemma indeed gives
the reduction of torus integrals of Eisenstein series to L-functions, as discussed
in Section 2.

Proof. We unfold.

(55) Y(t) By (X, tgy)dt

/FK(F NT(A)

dt(t) Z V97 (x.u.t)x(u)

xeF"—{0}

S W((@ut) go)x(u)e(t)dudt

ze KX

_ S Ukt (t)d t = /teAX U (£ (t)d"t. O

teA /KX S

10.5. LEMMA (Class number formula). The measure of Tx(F)\Tk(A)
equals

du /
UEAX /FX €T (F)\Tx (A)

tE(AX /K X) /(A% JFX) /uEAX/FX

. Ress—1(k (s)
vol(A() /Fx)’
Proof. We set g =1, ¢ = |- [§ ,x = |- [}” and take residues in (54) as
s — 1.
We first remark that, for almost all v, the local integral [« W ,(t)[t[5d>t
equals the local zeta function (k () = [Tww (k. (5). Taking residues yields:

vol( T (F)\Tx (&) -vol(AD/FX)
n A

x U (t)|t],d*t
= ResszlfK(s).H fK” CI; ((i|) | )

where almost all factors in the infinite product are identically 1. The result

follows from the choice of the measure. O

11. Eisenstein series: estimates

Let us explain by reference to Section 2.7.2 the contents of this section:
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In Section 10 we have established the general form of (6). We are going
to assume known a subconvexity bound (57), which one can see as a general-
ization of the bound (7)) from the introduction. The results of Section 9 in
effect establish the analog of (8).

Putting these together, we shall obtain in the present section — Proposi-
tion 11.3 — a slightly disguised form of (5). This disguised form is translated
to a more familiar S-arithmetic context in the next section.

11.1. Assumed subconvezity. Our result makes the assumption of a certain
sub-convexity estimate. In order to state what this means, we need to recall
the notion of archimedean conductor. For a character w of a archimedean local
field k, we define the archimedean conductor

(56) C(w) = [T+ [ul),

1

where the v; € C are so that L(w,s) = [[; I'r(s + v4),say. (See (51) for def-
initions of I'g.) If w is unitary, then R(»;) € 3N. For x € Q(Cp), and v
archimedean, we put Cy(x) to be the archimedean conductor of x|g,, and let
Coo(X) = Tlvjoo Cu(x). Similarly, one defines C (1)) for ¥ € Q(Ck).

Given a unitary character ¢ € Q(Ck ), we shall assume known the follow-
ing bound

(57)  |L(K, 5,1)| < Cso(1bs)Ndisc(K) /4 ?disc () /40 R(s) = 1/2

for some constants N, § > 0 which depend only on F' and n = [K : F.

The validity of (57) is a consequence of the generalized Riemann hypoth-
esis. The generality in which (57) is known unconditionally is fairly slim, but
it is enough for some applications. For a recollection of what is known uncon-
ditionally, see Appendix A.

11.2. The main estimate. In this section, we use notation as in Section 8.
We regard F,n as fixed throughout; thus we allow implicit constants < to
depend both on n and F'. In particular, any discriminants depending only on
F, e.g. disc,(F'), will often be incorporated into < notation.

For typographical simplicity, we write Dy, Dy, D, D in place of disc(v)),
disc(2), etc. in the following Proposition.

11.3. PROPOSITION. Let & be global torus data, given by K C My (F) and
g7 € AR\GL,(A). Let ¥ be a Schwartz function on A" and ¢ € Q(Ck) a
normalized unitary character, x = |p.
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Suppose known (57). There exists 8 > 0, depending onn and the exponent
0 of (57), so that: for R(s) =n/2 and any M > 1, one has

| det g@]Z/n /
VOl(T i (F)\Tk (A)) JT i (F)\Tx (A

(58)

| Vs/m(t) By (X, s,tg)dt

Coo (ws/n)N
Coo(xs)M

The main point of this is the decay in D, Dg; the reader should ignore the
various factors of C', which are a technical matter. In words, (58) asserts that

<w,m D,’D,’.

varying sequence of homogeneous toral sets, on GL,, become equidistributed
“as far as Eisenstein series are concerned,” if we suppose the pertinent sub-
convexity hypothesis.

In terms of the discussion of the introduction, it is (58) that proves (5).2°

Proof. Let us begin by clarifying volume normalizations. As in Section 8,
we fix an identification ¢ : K — F™ which is an isomorphism for the right
K-module structures (see §8.3).

Define, for each v, local torus data A, and identifications ¢, according to
the discussion around (22). It is important to keep in mind that A, is not
(K ® F,) but rather its conjugate by g,; similarly ¢, is not simply “. @ F,”
but is rather twisted by g,,.

The discussion of (28) yields elements h, € GL,(F},); e.g., for v nonar-
chimedean, we have: Op hyt = (04,)".

Observe that
(59) 11 det hylo| det gg, ol < (disc(E/F))"/2.

v

To verify (59), note that ¢ : K — F™ induces
tp A = KQ®p A — A™.

This identification is measure-preserving, because, with our choice of measures,
both A/F and Ak /K have measure 1. In view of the definition (22) of ¢,, this
remark implies [], |det gg ., twevoldy 1 Therefore, taking product of (29)

v 1
VO. FZL

over all places v,
H VOl(ﬁ Kv) .
vol(O%: ) N

v

[1Idetgol, " det hyf,*
v

which, in combination with (23), yields our claim. (Recall that 0, and Ok,
are defined, at archimedean places, by the unit balls for suitable norms; cf.
§9.3).

20(58) also delivers uniformity in the i-variable; e.g., Section 1.6.2 would use this aspect.
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Without loss of generality ¥ = U, x [], ¥, where, for each finite place v,
U, is the characteristic function of an ,-lattice in F). (In the general case, one
may express ¥ as a sum of such, the implicit cost being absorbed into the <y.)

Let B be the union of the following sets of places:

(1) Boo: v is archimedean.

(2) Bram: discy(¥)disc,(2) > 1, or F, is ramified over Q, or the residue

field at v has size < n.
(3) By: V¥, does not coincide with the characteristic function of &%,

Let us note that
(60) exp(|B|) <pw (DyD2)",
this being a consequence of the fact that the number of prime factors of an
integer N is o(log N).

We denote by L(®) an L-function with the omission of those places in-
side B. Suppose R(s) = n/2. In view of (54),

‘ det 9’11&/2 / E‘P(X757tg)¢s/n(t)
Tk (F)\Tk(A)
factors as:
6 TLldetgsali?| [ Uro®vm(tid

. H | det go.,, det hy, ]11/2
vé¢B

TT | det gg.o[1/2 /K Wi o (D)t ()05t

veEB

. H | det g ,, det Ay 172

T 1detiuls [ Wi (m(ta).

veEB

Here ¥ () := Vy(2'99,4), so that [[, Vi, = ¥i. Moreover, we have
used the following evaluation for v ¢ B: For such v, ¥, is the characteris-
tic function of O, and Lemma 9.6 implies that (ﬁ}}’v)bﬂjl = M\ 04, (some
A1 € AY); because of the definition (22) of ¢, this means that there is A € K¢
with (AOk )99 = Of,. Thus z +— V,(2'gy,) coincides with the char-
acteristic function of A0k ,. Because, by assumption, both ¢ and K/F' are
unramified at such v,

[ Wsca@ybun (a4 = Lol 6, 5/m) A det(g5,)]3/"

By (22) and the discussion preceding (29), (Ok)'92,0 = (Oa,)" = O hyt.
Comparing this with (A0 )92, = O, we deduce that ||, = [ det(hy)|y.

(62) |detgo, "
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The left-hand side of (62) thereby has the same absolute value as
| det g@,v det h‘” ’f)/nLv(Ka ¢s/n)>

concluding our justification of (61).
From the assumed subconvexity bound (57), together with (60),

(63) LK, sn)| < Coo(thsyn) ™ (D D) 7%, R(s) = n/2.

Proposition 9.9, with our measure normalizations, and after identifying a
K ,-integral to an A,-integral in the obvious way, shows for arbitrary M > 1:

(64)

H | det hv|;1/2/K WK,v(t)¢s/n(t)dXt

veEB

COO(XS)iMD[_(l/ZL(l?dJDK)il/{

Ky (DyDg)* S 1

The factor Cuo(xs) ™™ we have interposed on the right-hand side amounts
to “integrating by parts” at archimedean places, before applying Proposi-
tion 9.9; it will be useful for convergence purposes later. Indeed, suppose
v is archimedean. The integral of (64) is unchanged if we replace ¥, (z) by
Y (AN Wy(Az), for A € F). On the other hand, ¥|r = x, so ¥s/(N) =
Xo(AN)AS (A € F)). Thus if v is any probability measure on F,*, the integral
of (64) is unchanged by the substitution:

U, o U0 (2) = A Wy (M) xs (A)dr(N).

Now compare || || and || ¥, ||, the norm || -|| being defined as in the the second
statement of Proposition 9.9. An elementary computation shows that, for a
smooth measure v, we must have:

(65) IV, || <w, Cond,(xs) ™.

Let us note that the implicit constants here depend on higher derivatives of
U, this is permissible.?!

21 1p explicit terms, (65) for v real amounts to a bound of the type:

/ / FOw) A dA
zeR |J 172522

for a Schwartz function f, which is easily verified by integration by parts.

<5 (L+1e)~M,
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Combining (63), (64) and (59), we see that for R(s) = n/2:

E‘IJ(X’ 5, tg)ws/n(t)dxt

(66) ’|detg@ri<2 /
Tr (F)\Tk(A)

Coo(xs) MDD,
<M. Coo (Vg /n) N (DyDg)* v
@ Coolm)™ (Dy D) DY DDy Di) T2,
Pick 0 < p < 1. Using the obvious fact min(U,V) < UPV!=P  we may
replace the right-hand side (ignoring e-exponents) by:

1-p 1

_ _ —Op+ D
(67)  Coo(tha/n)™ Coolxs) MDD T (Dg/ Dic) 1602
S Coo(’(/Js/n)NCoo(Xs)_pMDéaDJb,

where a = min(llﬁ;ng,ﬁ), b=6p— %. For p sufficiently close to 1, these are

all positive. Making M arbitrarily large, and using Lemma 10.5 together with
bounds for Dedekind (-functions, yields the desired conclusion.

12. The reaping: a priori bounds

In this section, we translate Proposition 11.3 into a form that very explic-
itly generalizes (5).

The result is Proposition 12.5. The work has already been done; this
section simply translates between adelic and S-arithmetic.

We begin by explicating the connection of the Eisenstein series Fy with the
classical “Siegel-Eisenstein” series, in the case when the base field is Q. We then
carry out the analogue in an S-arithmetic setting over an arbitrary base field F'.

12.1. Eaxplications over Q. The (Siegel)-Eisenstein series on the quotient
PGL,(Z)\PGL,(R) often appears in the following guise. Let f be a Schwartz
function on R™. To each L € PGL,(Z)\PGL,(R) thought of as a lattice
L C R"™ of covolume 1, we associate the number

(68) Ef(L)= Y f(v).

veL—{0}

We shall explicate the connection of this construction with the Eisenstein
series that we defined previously.

Specialize to the case ' = Q,x = |- |3. We take ¥, to coincide with the
characteristic function of Z;, for all finite v, and ¥, = f. Define f; on R" via
the rule

fu(v) = /t et
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Then f, satisfies the transformation property fs(Av) = |A|7°fs(v). Taking
into account the fact that the natural map R>o <[], Z,; — A@ /Q* is a home-
omorphism, we see that for go, € GL,(R),

| det goo " Bu (| - [° goo) = [det goo/™ >~ fi(v).
VEZ™ .goo
Note that, by Mellin inversion, f = [, fsds, where the s-integration is
taken over a line of the form R(s) = o > 1. Consequently, the Siegel-Eisenstein
series (68) corresponds to the function on PGL,(Q)\PGL,,(A) defined by

g / | det g|f<nE\p(s,g)ds.
R(s)=0>>1

12.2. S-arithmetic setup. We revert to the general setting of a number
field F. We shall henceforth pass from an adelic setup, to an S-arithmetic
setup.

Fix, therefore, a finite set of places S, containing all archimedean ones.
Set Fs = [[ves Fv. We assume that S is chosen so large that

A =F*F§ ] O,
vgS

Under these assumptions, we may identify A*/F* [[,¢5 O, to Fg /0™,
where 0 := F'N[][,¢s OFp. By Dirichlet’s theorem, the quotient of &' by roots
of unity comprises a free abelian group of rank |S| — 1.

Similarly, making use of the strong approximation theorem for the group
SL,,, we can identify

PGLn<F)\PGLn(A)/ H PGLn(ﬁF,v)
v¢S
to the quotient
PGL,(0)\PGL,(Fs).

If 1 is a measure on PGL, (F)\PGL,(A), then we shall often abuse notation
and identify p with the projected measure on PGL,(€0)\PGL,,(Fs).

12.3. The S-arithmetic Eisenstein series. It will take us a little work
to unravel the Eisenstein series into a form which we can easily use in the
S-arithmetic case. There will be some complications arising from the failure
of strong approximation for PGL,,.

Let FS) consist of those elements of F§ with |z| = 1. Then Fg can be
identified with F él) X Rsg. In this way, we can identify a character of the
compact group Fé})/ 0%, to a character of F§ /0*: by extending trivially on
R<q. Thus the group of all normalized characters of C'r, unramified away from
S, is identified to the character group of FS) /O™
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We have already normalized measures on Fg. We normalize the measure
on F él) by differentiating along fibers of the map g — R>o given by x — |z|;
here we equip R+ with the measure d)‘ . The measure of F / 0> then equals
the measure of A(M) /F*.

We now construct the S-arithmetic version of the Eisenstein series. Let
Vg is a Schwartz function on Fg; put ¥ = W x[[,¢5 lgn. Let x be a character
of F él) /O, identified, via the remarks above, with a character of A*/F*.

Set

T S nd
Eq;(xyg)Z/%( o (x:5,9)| det g}/ o

Then, for g € GL,(Fs), Fw(x, g) equals:

69) | U Y wtly)

X (1) Z To(vtlg).

/tng/ﬁX:|t|FS:|detg|Fs veon—{0}

In the first expression, the t-integral is taken with respect to the measure that
is transported from the measure on A(M)/F*; in the second expression, the
t-integral here is taken over a compact abelian Lie group of dimension |S| — 1,
with respect to the measure previously discussed.
Fix a € Fs(‘l) and put, for g € GL,(Fs),
1

(70) Eyalg)= ——37—— >,  xladetg)Ew(x",9)
VOI(F,é' )/ﬁx) X:Fél)/ﬁxﬁsl

= > > Us(vtly).

t"=adetg veOo™—{0}
teFy /0%

Indeed, the y-sum restricts to those t € FZ /0™ so that t" and a det g differ by
an element of R~ (; however, since [t"| Fs |a det g|Fy, this forces t" = adetg.

The t-sum is finite, for the quotient F / 0* is a compact abelian Lie group.
The function Ey 4(g) defines a functlon on PGL, (0)\PGL,(Fs); it is the
S-arithmetic version of our degenerate Fisenstein series.

12.4. Bounding the mass of Ey 4. In order to bound the pg-measures of
functions of the type Ey 4, via Proposition 11.3, we require a subconvex bound
for the L-functions L(K, ), when 1 is pulled back from a fixed character of
F via the norm map, i.e. we require the following estimate for R(s) = 1/2:

(71) |L(K,x oNg/p,5)| < (CoolXs)Dy) D}</4in, X € Q(Cp) unitary
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for some constants N,n > 0 which depend at most on F' and n = [K : F] .
The quantity Co(x) is defined as in (56). Notice that unlike (57), we do not
require in (71) a subconvex bound in the “D,-aspect”.

The bound (71) is known in more cases than (57). For instance, it is
known?? when F' = Q and [K : Q] < 3 (cf. Appendix A).

12.5. PROPOSITION. Suppose (71) is known. Then, for homogeneous toral
data 2,

(72) po(Eya) —6 [ 0| <y disc(2)7?

Af

for some B > 0 — depending on n and the exponent n of (71), and where
0 = 4 € Q belongs to a finite set of rational numbers, depending on S, F' and n.

The ¢ arise from the “connected components.” We could be a little more
precise about their value, but there is no point. This result implies the gen-
eralization, to an arbitrary base field F' and an S-arithmetic setting, of (5),
discussed in the introduction.

Proof. The data Z is defined by a field K C M,(F) and an element
gy € GL,(A).

Recall
(1) Foloo)= [ Fuloso)detgl)"s"
wiX,9 R(s)>1 wiX,S,9 gA 271_1-7
_ 1 —
Eyalg) = ——75—— x(adet g)Ew(x",; 9).
vol(F{V /%) 2

x:F 0% 51

As we have already commented, we are going to identify pg with its
projection to PGL,,(0)\PGL,,(Fs). This being so, let us consider ug(Eyq).
Shift contours to (s) = n/2 in the defining integrals and apply the bounds
of Proposition 11.3. (There are no concerns with convergence; the support of
iy is compact.) The function Fg(x",s,g) has a pole (by Proposition 10.2)
precisely when x" is the trivial character and s € {0,n}; moreover, Proposi-
tion 10.2 computes the residue in those cases.

The result is

(74) po(Eye) = Z o (x(adet g)) / U(z)dz + Error
xF( 0% 551
X"=
22

even in the D,-aspect
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(note that g — x(adet g) indeed defines a function on PGL,,(0)\PGL,,(Fs)),
and

(75) |Error| € ———=——
vol( Yo%)
X > max (1 +|s|)?

R(s)=1/2 9 <E\II(Xn, s, )Xs/n o det)‘ .
X:Fél)/(jx_>51

For x as above, put ¢ := x o Ng/p, a character of Cx. We have

|:U’9 (E\I/(Xnv S, ')Xs/n © det) |
fTK (F\Txk (A ws/n( JEw (X", s,tgy)dt
V01(TK( NTx(A)) '

By (the proof of) Proposition 11.3, we have under (71) for any M > 1 and
some B, N >0

’M@ (E‘I’(Xn7 S5, )Xs/n © det) ‘ <M, v (COO(X?))_MDivDéﬁ

We have utilized the notation x7 := (x")s, the character x — x(z)"|z|°.
We have used the fact that, in the present context, Co(X§) and Coo(1,/y,) are
bounded within powers of each other.

Taking M large enough, we obtain the following bound:?*

s/n

= |det gl

Error <y D,

Let us now analyze the right-hand side of (74). The set of elements of
Cr of the form Ng/p(x).det g (for some x € Ck) is a coset of a subgroup
of Cp of finite index. It projects to a coset of a subgroup of Fg /&> which
contains the nth powers, which we may identify with a coset of a subgroup of
the finite group Fg /0> (Fg)"™. Call this subgroup @ and the pertinent coset
bQ. If x : F§ /0% — St is so that x" = 1, then

g (x(adet g)) !Q| Z (abx).

TEQ
Therefore, the coefficient of [ ¥, on the right-hand side of (74), is given by:

P> g1 2 et

TEQ

In particular, this lies in a finite set of rational numbers. O

23The number of possibilities for x|r., is, in general, infinite. However, if x contributes
nontrivially to Error, then D, is bounded above depending on ¥. Moreover, the number of
such xs with infg(s)—1/2 Coo(xs) < T is bounded polynomially in T
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13. Proof of Theorem 4.9 and Theorem 4.8

Let F' be a number field, and let &; be a sequence of homogeneous toral
data on PGL,, over F'. Let Y; be the associated homogeneous toral sets, and
1 = pg, the corresponding probability measures. Recall that Z; is defined by
a torus T; C PGL,, together with g; € PGL,(A). Let K; be the corresponding
(degree n) field extensions. See Section 6.

When convenient we may drop the subscript i, referring simply to 2, ug,
K, T, etc.

13.1. Bounds on the mass of small balls and the cusp. Fix a set of repre-
sentatives 1 = aq,...,a, € Fél) for Fg/(FE)"0*. Such representatives may
indeed be chosen in F él).

Take € PGL,(0)\PGL,(Fs); we say that a lattice in Fg (i.e. an O-
submodule of rank n) corresponds to x if it is of the form &".got, ! where gq is
a representative for z in GL,(Fys); and tg € Fg' /0 is so that tf = det(go)as,
some 1 < ¢ < r. There are only finitely many lattices corresponding to a
given x.

We say a set Q in F§ is nice if there exists a Schwartz function g on F'¢
so that g > 1 on Q with [ ¥g < 2vol(Q).

13.2. LEMMA. Let Q C F§ be nice; set Lo C PGL,(0)\PGL,(Fs) to
comprise those x € PGL,(0)\PGL,(Fs) so that a lattice corresponding to x

contains an element of Q.
If (71) is known, then

(76) 17 (Lo) < gn vol(Q) + Og(disc(2) 7).

Proof. Indeed, choose ¥g as remarked. As is clear from (70), the func-
tion 37, F'y 4, dominates the characteristic function of Lg. The result is a
consequence of Proposition 12.5. U

Let € = (€y)pes be a choice of ¢, € (0,1) for each v € S. Set ||¢]| =
[Tves l€v|v. For each v € S, let B,(e,) be an e,-neighbourhood of the identity
in PGL,(Fy). Here, we equip PGL,,(F,) with the metric that arises from the
adjoint embedding PGL,, — M,2; and we equip M,2 with the metric that
arises from norm: supremum of all matrix entries.

Let

Bgs(e) = [[ Bu(ew) C PGLy(Fy).
veS

The following is a consequence of Lemma 13.2, for a suitable choice of Q; we
leave the details to the reader.
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13.3. LEMMA (Bounds for the mass of small balls). Suppose (71) is known.
Let xy € PGL,(0)\PGL,,(Fs). Then

no(20Bs(€)) <psn lel" + Oc(disc(2) 7).

Moreover, the implicit constant in Oc(...) is bounded uniformly when xo be-
longs to any fixed compact.

Now let Ny, be the standard norm on F}} (cf. §7). For g € GL,(A), we set

hi(g) ™! = [det(g)[;"" _inf oy TN 000,

Let Kmax = [[, Stabilizer(Ng,) be the standard maximal compact sub-
group of GL,(A), and let K.y be its image in PGL,,. Then ht descends to a
proper map from PGL,,(F)\PGL,,(A)/Knyax to Rsg. In particular, sets of the
type htfl([R, oo)), for large R > 0, define “the cusp.”

The next result is again a consequence of Lemma 13.2.

13.4. LEMMA (Bounds for the cusp). Suppose (71) is known.
1o (ht 7R, 00)) < R™™ 4 Op(disc(2) 7).

13.5. Proof of Theorem 4.8. The volume of the homogeneous toral set
associated to Z is defined in (13). We take the set 2y to be the prod-
uct Tyjoo v X v finite PGLn(OFy). Here, we set Q, C PGL,(F,), for v
archimedean, to equal the image, in PGL,,, of exp(E,); here

By o= Y € M(F3) ¥ has oprsor norm < ).

and the operator norm is taken with respect to the canonical norm on F}}. Let
us note that exp : E, — exp(E,) is a diffeomorphism onto its image, being
inverted by log.

We claim that

(77)  logvol(Y) = Zlog vol{t € T(F,) : g, 'tg, € Qo} ' + o(log disc(2)),

where, on the right-hand side, the measure on T(F},) is normalized as indi-
cated in Section 8; and we understand T(F,) as being embedded in T(A) in
the natural way.

To verify (77) we need to consider our measure normalizations. In the def-
inition of “vol(Y')”, in Section 4.3, we endowed T(F)\T(A) with a probability
measure. If we normalize the measures on T(F,) according to Section 8, the
product measure is not a probability measure on T(F)\'T(A); its mass is given
by Lemma 10.5 to be a certain (-value. By a result of Siegel, log|(x(1)] =
o(logdiscK), and, by Lemma 9.6, disc(K) < disc(Z). This establishes (77).

Let v be a finite place. Let us recall that we defined an order A, C g; ' K,g,
via Ay = g; ' Kpg, N M, (OFy) (see Section 9.4). Therefore, A} = g5 Kyge N
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GL,,(OFy). Thus {t € T(F,) : g, 'tgy, € Qo} is identified, via t — g, gy, to
ASE)/F). Since A, N F, = OF,, we see, given the measure normalizations
of Section 8, that vol{t € T(F,) : g, 'tg, € Qo} = vol(A})/vol(O},). Taking
into account Lemmas 9.5, 9.7 and (23), this becomes: 7

1
(78) logvol{t € T(F,) : g, 'tg, € Q} = 5 logdisc(Z,) + Op(1), v finite.

Here the error term op(1) is identically zero if the residue characteristic of v
is larger than n, F' is unramified at v, and disc,(%,) = 1.

Now we establish an (approximate) analog of (78) at archimedean places.
We claim that, for archimedean v,

(79) log vol{t € T(F,) : g, 'tg, € Qo} = logvol(A,) + Op(1)
1
=3 log disc,(Zy) + Op(1).

The second equality follows readily from Lemma 9.5, so we need to verify the
first equality. Put A, = g; ' (K ® F,,)g, C M,(F,). Because A, is a subalgebra,
we have exp(4,) C A, and log(A,) C A, when log is defined. Therefore,

Ay Nexp(Ey) = exp(A, N Ey).

The set {t € T(F,) : g,'tg, € Qo} is identified, via t — g, 'tg,, to
F)exp(A,NE,)/F). Its measure is therefore easily seen to be bounded above
and below by constant multiples by the A,-measure of exp(A, N E,).{F) N
exp(FEy)}. This set contains exp(A, N E,) and is contained in exp(A, N 2E;).
The measure of exp(A, N E,) and exp(A, N 2E,) are bounded above and
below by constant multiples of the volume of A, by constants, for the map
exp : A, — A} preserves (up to a constant) measure. This establishes (79).

Combining (77), (78) and (79), we see that

1
logvol(Y') = 3 Z log disc(Zy) + or(log disc2).

The conclusion of Theorem 4.8 follows. O

13.6. Proof of Theorem 4.9. Let v be a place as indicated in the proof of
Theorem 4.9. Let S be a finite set of places of F' as in Section 12.2; enlarging S,
we may suppose v € S without loss of generality.

Let H; = g;’vlTi(Qv)gi,v. The measure p; := pg,, upon projection to
PGL3(0)\PGL3(Fs), is invariant under H;. Denote by fi; this projection.

Let fioo be any weak™ limit of the measures figp,, which we may assume is
the projection of a limit us of the original sequence. Because the bounds of
Lemma 13.4 are uniform in %;, the measure i, is a probability measure.

It will suffice to show that fin is SLg(F},)-invariant. In fact, it then fol-
lows that fis is SL3(Fyg)-invariant by irreducibility of the lattice PGL3(&0) C
PGL3(Fg) and, S being arbitrary, that g is SLz(A)-invariant. Once poo
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is SL3(A)-invariant, it is determined by its projection to the compact group
A% JF*(AX)3. We are reduced to showing that limits of homogeneous measures
on a compact abelian group are of the same type, which is easy.

We use the following observation, which is a consequence of Lemma 13.2:
Let P C PGL3 be the stabilizer of a line in F3; let P’ be the stabilizer of a
plane in F3. Thus P, P’ are F-parabolic subgroups.

Let Z C P(F,)\PGL3(Fy,),Z" C P'(F,)\PGL3(F,) be the F,-points of
varieties of dimension < 1. Then:

(80)  fx((P(O)\P(F)).Z) = 0, ji (P/(0)\P'(F5).Z') = 0.

Indeed, the first assertion of (80) follows directly from Lemma 13.2, taking for
Q a suitable sequence of sets. The second assertion may be deduced from the
first by applying the outer automorphism (transpose-inverse) of PGL3 to the
entire situation.

Case 1. Suppose disc,(%Z;) — oo. Let h; = Lie(H;); let hoo be any limit of
b; inside the Grassmannian of pgl;. It is a two-dimensional commutative Lie
subalgebra. The measure i is invariant by exp(h ). Necessarily ho, contains
a nilpotent element.

Identify pgls with trace-free 3 x3 matrices. There are two conjugacy classes
of nontrivial nilpotents in pgl; according to the two possible Jordan blocks.
Suppose that he contains a conjugate of (§ é g) (i.e. a generic nilpotent ele-
ment). Then since the centralizer of this generic element is two-dimensional, it
follows in this case by commutativity of h that hs is this centralizer. That is,
hso contains in any case a conjugate n of the Lie algebra spanned by <§ § é).

We make the following observation: Suppose j is a proper Lie subalgebra
of sl3 containing n. Then j is reducible over F3, i.e. fixes a line or a plane over
the algebraic closure. Indeed, the only proper Lie subalgebra of sl3 that acts
irreducibly over the algebraic closure is so,4, for ¢ a nondegenerate quadratic
form. But so, does not contain any conjugate of n.

By [35] and [39], ficc may be expressed as a convex linear combination of
Haar probability measures u, on closed orbits x, H, with ¢ belonging to some
probability space I; here H, is a closed subgroup of PGL3(Fg). Moreover, all
the measures p, are ergodic under the action of N = exp(n).

Suppose fiso is not SL3(F,)-invariant. Then for a positive proportion of
the ¢, say for « € I’, the subgroup H, does not contain SL3(F}). Therefore, fiso
dominates the convex combination:

oo 2/ My
I/
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Fix some ¢ € I’ and let z, = PGL3(0)g, where we may assume that x,
has dense orbit in z,H, under the action of N. We claim:

(81) There exists a proper F-subgroup J C PGL3
so that z,H, C (J(O)\J(Fs)).g.

For the proof of the claim, consider first H, as a subgroup of a product
of real and p-adic Lie groups: if S is the set of places of Q below S, then
we consider PGL3(Fs) = [Ipes [Twlp,wes PGL3(Fw). It may be seen that, in
a neighbourhood of the identity H, is itself a product of real and p-adic sub-
groups. We define the Lie algebra b of H, to be the product of the real Lie
algebra and the various p-adic ones; this is, by definition, a Qg-submodule
of ®ypespglz(Fy). (Here, and in what follows, we use pgl;(k) to denote the
k-points of the vector space pgls.)

In general, if the map S — S is not bijective, h may not be a direct sum of
its projections to the pgls(F,,). We claim, however, that the projection of b to
pgl;(F,) is a proper subalgebra. Indeed, n is a Lie subalgebra of hNpgls(F,); it
follows that all conjugates of n by elements of H, again belong to h N pgls(Fy,).
Were the projection of h to pgls(F,) surjective, it would follow — by the sim-
plicity of pgls(F,) as a module over itself — that pgls(F,) is contained in b;
contradiction.

Next let J/ be the Zariski closure of gH,g~ ' NPGL3(&); by definition, this
is an F-algebraic subgroup of PGL3. J’ preserves the projection of Ad(g)h to
pgl;(F,), and is therefore a proper subgroup of PGLs.

Just as in the Borel density theorem it follows that gINg~
in J'(F,). In fact, by Chevalley’s theorem there is an algebraic representation
¢ of PGL3 on V and a vector vy € Vj such that J’ is the stabilizer of the
line generated by vg. Fix some parametrization n; of N as a one-parameter
unipotent group. Note that the line spanned by ¢(gnig~')(vs) approaches the
line spanned by an eigenvector vy of ¢p(gNg~!) if |t| — co. By our assumption
on z, we have a sequence t;, € F, with [tx|, — oo for which z,n;, — x, as
k — oo. Therefore, there exists some sequence v, € PGL3(0) N gH,g~! and
gr € PGL3(F,) with gng, = vggr and gi approaching the identity. This im-
plies that gb(gn;flg_l)(%) = gb(gg,;lg_lfyk_l)(%) both approaches vy and vy,
i.e. that vy = Vi and so gNg~!' C J'(F),).

To prove (81), we proceed as follows. Let J” C J’ be the preimage, in
J’, of the commutator subgroup of J'/R,(J’). Since J” is F-algebraic with-
out F-characters, it follows that PGL3(€0)J"(Fs) is closed. Therefore, the
same holds for PGL3(&0)J"(Fs)g which is invariant under N. We see that
PGL3(0)J"(Fs)g contains x,H, by our choice of z,. We can take J := J”".

Next we claim that J is contained in an F-parabolic subgroup P. For this
we need to show that J preserves a line in ' or a line in the dual (F3)*. Indeed,

1 is contained
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as noted before LieJ @ F, preserves a line or a dual line in 2, and so LieJ
preserves a line or a dual line over the algebraic closure. If the Galois conjugates
of this line are not contained in a plane, then J would be a torus, contradicting
the fact it contains unipotents. Otherwise, the Galois conjugates of the line
span either a line or a plane; this yields a preserved line?* in F2 or in (F3)*.

Therefore,

PGL3(0)J(Fs)g C PGLy(0)P(Fs)g,

for some F-parabolic subgroup P, the stabilizer of a line or a dual line.

Moreover, we know that n C Ad(g~!)p where p is the Lie algebra of P.
Thus the fixed line (or dual line) for the parabolic Ad(g, !)P(F,) is also pre-
served by n acting on F3 or (F3)*, i.e. belongs to the kernel of n. The kernel has
dimension 2, and so we see that the coset P.g, belongs to a one-dimensional
subvariety of P(F,)\PGL3(Fy).

Applying (80) and noting that there are only countably many F-parabolic
subgroups, we derive a contradiction.

Case 2. There exists a place v so that the associated tori T; are all F-
split. We may assume that disc,(%;) remain bounded. The subgroups H; then
remain in a compact set within the space of tori in PGL3(Q,). Let H be any
limit of the subgroups H;. Then [i, is H-invariant and H is an F,-split torus
inside PGL3(F}).

By Lemma 13.3, every H-ergodic component of [io, has positive entropy
with respect to the action of a regular element in H. It follows by [16, Th.
2.6] (which generalizes [15] to the S-algebraic setting) that ji, is SL3(F})-
invariant. U

Appendix A. Recollections on subconvexity

In this section, we are going to briefly recall the subconvexity problem for
L-functions and some of the progress towards it. We refer to [27] for a more
complete description of the subconvexity problem.

Let L(m, s) denote an L-function attached to some arithmetic object 7 (of
degree n > 1),

L(rm,s) = HL(ﬂ'p, s) = H ﬁ(l — am(p)p_s)_l.

P =1
L(m,s) is expected to have meromorphic continuation to C with (under an
appropriate normalization) finitely many poles located on the lines s = 0, 1.
It satisfies a functional equation of the form

¢/ L(oc, 5)L(m, 5) = w(m)q =/ *L{moc, 1 = 5)L(m, 1 5).

24Implicitly, we use Hilbert’s Theorem 90.



880 M. EINSIEDLER, E. LINDENSTRAUSS, PH. MICHEL, and A. VENKATESH

Here

n
L(7oo,8) = [[ Tr(s + ptr ), Tr(s) =7 */*T(s/2),
i=1
gr > 1 is an integer (the conductor of 7) and |w(7)| = 1.
A subconvex bound (in the conductor aspect), is a bound of the form

(82) L(m, s) < (Coo(ms))Nax/*™*

for some absolute constants N > 0 and 6 > 0. Here we denote by Cy(7s) the
quantity

d
(83) Coo(my) = TT(1 + lptms + s1):
i=1
The bound (82) is named subconvex by comparison with the (easier) con-
vexity bound — which may be deduced from the Phragmén-Lindel6f convexity
principle — in which the exponent 1/4 — § is replaced by any exponent > 1/4.
In this paper the main class of L-functions for which we consider the
subconvexity problem are the Dedekind (-function of a number field K: the
Dedekind (-function of K is a function of a single complex variable. For
R(s) > 1 it is defined by the rule

Ck(s) = Y Ngjgla)™,
aC Ok
the sum being taken over the nonzero ideals of 0. It extends to a meromor-
phic function of s with a simple pole at s = 1. In that case the conductor of
Cx is the (absolute value of the) discriminant of K:

A.1. HYPOTHESIS. Let K be a number field of fived degree n. There exists
0, N > 0 (depending at most on n) such that for ®s =1/2,

Ci(5) <n |5V disc(K)V40.

By now Hypothesis A.1 is known for a restriced class of number fields K:

— when K is an abelian extensions of QQ of fixed degree (n say); this
follows from the Kronecker-Weber theorem and from Burgess’s sub-
convex bound for Dirichlet L-functions [6]. More generally, Hypothesis
5.1 holds if K varies through the abelian extensions of a fized number
field F' by the work of fourth named author [46].

— when K is a cubic extension of Q: when K is not abelian, (x(s) fac-
tors as ((s)L(p, s) where p is a dihedral (two-dimensional) irreducible
complex Galois representation of Gal(Q/Q); more precisely L(p, s) is
the L-function of a cubic ring class character of the unique quadratic
extension contained in the closure of K. By quadratic base change,
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L(p, s) is the L-function of a GLg g-automorphic form and the subcon-
vex bound for the latter class of L-functions follows from the works
of Duke, Friedlander, Iwaniec [14] and Blomer, Harcos and the third
author [3]. By the work of the third and fourth named authors [37],
this now holds when K is a cubic extension of a fized number field F'.

— More generally, by the above quoted works, Hypothesis A.1 is known
if K/Q is contained in a ring class field of an arbitrary quadratic ex-
tension of an arbitrary ground field F'.

We also need to consider the L-function, L(K, 1, s), associated to a Hecke
Grossencharacter of K v (in other words a character of the ideles of K,
A% /K™). The conductor of L(K, 1, s) is the product of disc(K) and the “dis-
criminant of ¢.” (Usually, the conductor of v is defined as a certain integral
ideal of K’; the norm of this ideal is the discriminant of 1).)

A.2. HYPOTHESIS. Let K be a number field of degree n and ¥ a unitary
character of the ideles of K. Then there exists 0, N > 0 (depending at most
on n) so that for Rs = 1/2,

L(K7 @b, 8) <<TL OOO(¢7 S)N(diSC(i/J)diSC(K))1/4_0,
where disc(v)) denote the conductor of 1.

Hypothesis A.2 is known in even fewer cases:

— when K is an fixed number field and v is varying : this is a consequence
of Burgess work if K = Q and of [46] in general.

— when K is a (possibly varying) quadratic extension of the base field F":
again this follows (by quadratic base change) from the works [14], [3]
and [37].

— when K/F is an extension of given degree which is either, abelian, cu-
bic or contained in a ring class field of an arbitrary quadratic extension
of F' and ¢ factors through the norm map: that is ¢ = x o Ny ,p for
some Hecke character (over F'). In that case L(K,1,s) (viewed as an
L-function “over” F') equals the twist of (i (s) by the character x and
the subconvex bound follows from a combination of the above quoted
works.

References

[1] H. Bass, On the ubiquity of Gorenstein rings, Math. Z. 82 (1963), 8-28.
MR, 0153708. Zbl 0112.26604. doi: 10.1007/BF01112819.

[2] Y. BENoisT and H. On, Equidistribution of rational matrices in their con-
jugacy classes, GAFA 17 (2007), 1-32. MR 2306651. Zbl 1138.37003. doi:
10.1007/s0039-006-0585-4.


http://www.ams.org/mathscinet-getitem?mr=0153708
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0112.26604
http://dx.doi.org/10.1007/BF01112819
http://www.ams.org/mathscinet-getitem?mr=2306651
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1138.37003
http://dx.doi.org/10.1007/s0039-006-0585-4
http://dx.doi.org/10.1007/s0039-006-0585-4

882

[3]

[10]

[11]

[12]

[13]

[15]

[16]

M. EINSIEDLER, E. LINDENSTRAUSS, PH. MICHEL, and A. VENKATESH

V. BLOMER, G. HARCOS, and P. MICHEL, Bounds for modular L-functions in
the level aspect, Ann. Sci. Ecole Norm. Sup. 40 (2007), 697-740. MR 2382859.
Zbl 1185.11034. doi: 10.1016/j.ansens.2007.05.003.

R. BOWEN, Periodic orbits for hyperbolic flows, Amer. J. Math. 94 (1972),
1-30. MR 0298700. Zbl 0254 .58005.

D. Bump, Automorphic Forms and Representations, Cambridge Stud. Adv. Math.
55, Cambridge Univ. Press, Cambridge, 1997. MR 1431508. Zbl 0911.11022.
doi: 10.1017/CB09780511609572.

D. A. BURGESS, On character sums and L-series. II, Proc. London
Math. Soc. 13 (1963), 524-536. MR 0148626. Zbl 0123.04404. doi:
10.1112/plms/s3-12.1.179.

T. CHELLURI, Equidistribution of roots of quadratic congruences, Rutgers Univ.
Ph.D. thesis.

L. CrozeL and E. ULLMO, Equidistribution de mesures algébriques, Com-
pos. Math. 141 (2005), 1255-1309. MR 2157138. Zbl 1077.22014. doi:
10.1112/80010437X0500148X.

J. W. CoaDpELL, On sums of three squares, J. Théor. Nombres Bordeauz
15 (2003), 33-44, Les XXIlemes Journées Arithmetiques (Lille, 2001).
MR 2018999. Zbl 1050.11043. Available at http://jtnb.cedram.org/item?id=
JTNB_2003--15_1_33_0.

P. B. CoHEN, Hyperbolic equidistribution problems on Siegel 3-folds and
Hilbert modular varieties, Duke Math. J. 129 (2005), 87-127. MR 2153457.
Zbl 1155.11326. doi: 10.1215/50012-7094-04-12914-8.

M. CowLING, U. HAAGERUP, and R. HOWE, Almost L? matrix coefficients, J.
Reine Angew. Math. 387 (1988), 97-110. MR 0946351. Zbl 0638.22004.

W. DUKE, Hyperbolic distribution problems and half-integral weight Maass
forms, Invent. Math. 92 (1988), 73-90. MR 0931205. Zbl 0628.10029. doi:
10.1007/BF01393993.

W. DUKE, J. FRIEDLANDER, and H. IWANIEC, Bounds for automorphic
L-functions, Invent. Math. 112 (1993), 1-8. MR 1207474. Zbl 0765.11038. doi:
10.1007/BF01232422.

W. DuUkE, J. B. FRIEDLANDER, and H. IWANIEC, The subconvexity prob-
lem for Artin L-functions, Invent. Math. 149 (2002), 489-577. MR 1923476.
7Zbl 1056.11072. doi: 10.1007/s002220200223.

M. EINSIEDLER, A. KATOK, and E. LINDENSTRAUSS, Invariant measures and
the set of exceptions to Littlewood’s conjecture, Ann. of Math. 164 (2000),
513-560. MR 2247967. Zbl 1109.22004. doi: 10.4007/annals.2006.164.513.
M. EINSIEDLER and E. LINDENSTRAUSS, Diagonalizable flows on locally homo-
geneous spaces and number theory, in Internat. Congr. Math. Vol. 11 (Ziirich,
2006), Eur. Math. Soc., 2007, pp. 1731-1759. MR 2275667. Zbl 1121.37028.
doi: 10.4171/022-2/82.

M. EINSIEDLER, E. LINDENSTRAUSS, P. MICHEL, and A. VENKATESH, The
distribution of periodic torus orbits on homogeneous spaces: Duke’s theorem for
quadratic fields, 2010, preprint.


http://www.ams.org/mathscinet-getitem?mr=2382859
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1185.11034
http://dx.doi.org/10.1016/j.ansens.2007.05.003
http://www.ams.org/mathscinet-getitem?mr=0298700
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0254.58005
http://www.ams.org/mathscinet-getitem?mr=1431508
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0911.11022
http://dx.doi.org/10.1017/CBO9780511609572
http://www.ams.org/mathscinet-getitem?mr=0148626
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0123.04404
http://dx.doi.org/10.1112/plms/s3-12.1.179
http://dx.doi.org/10.1112/plms/s3-12.1.179
http://www.ams.org/mathscinet-getitem?mr=2157138
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1077.22014
http://dx.doi.org/10.1112/S0010437X0500148X
http://dx.doi.org/10.1112/S0010437X0500148X
http://www.ams.org/mathscinet-getitem?mr=2018999
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1050.11043
http://jtnb.cedram.org/item?id=JTNB_2003__15_1_33_0
http://jtnb.cedram.org/item?id=JTNB_2003__15_1_33_0
http://www.ams.org/mathscinet-getitem?mr=2153457
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1155.11326
http://dx.doi.org/10.1215/S0012-7094-04-12914-8
http://www.ams.org/mathscinet-getitem?mr=0946351
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0638.22004
http://www.ams.org/mathscinet-getitem?mr=0931205
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0628.10029
http://dx.doi.org/10.1007/BF01393993
http://dx.doi.org/10.1007/BF01393993
http://www.ams.org/mathscinet-getitem?mr=1207474
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0765.11038
http://dx.doi.org/10.1007/BF01232422
http://dx.doi.org/10.1007/BF01232422
http://www.ams.org/mathscinet-getitem?mr=1923476
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1056.11072
http://dx.doi.org/10.1007/s002220200223
http://www.ams.org/mathscinet-getitem?mr=2247967
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1109.22004
http://dx.doi.org/10.4007/annals.2006.164.513
http://www.ams.org/mathscinet-getitem?mr=2275667
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1121.37028
http://dx.doi.org/10.4171/022-2/82

[18]

[24]

[25]

[26]

[27]

[28]

DUKE’S THEOREM FOR CUBIC FIELDS 883

M. EINSIEDLER, E. LINDENSTRAUSS, P. MICHEL, and A. VENKATESH, Distribu-
tion of periodic torus orbits on homogeneous spaces, Duke Math. J. 148 (2009),
119-174. MR 2515103. Zbl 1172.37003. doi: 10.1215/00127094-2009-023.

J. S. ELLENBERG and A. VENKATESH, Local-global principles for represen-
tations of quadratic forms, Invent. Math. 171 (2008), 257-279. MR 2367020.
Zbl pre05248087. doi: 10.1007/s00222-007-0077-7.

A. EskIN, G. MARGULIS, and S. MozES, Upper bounds and asymptotics in a
quantitative version of the Oppenheim conjecture, Ann. of Math. 147 (1998),
93-141. MR 1609447. Zbl 0906.11035. doi: 10.2307/120984.

A. EskIN, S. Mozgs, and N. SHAH, Unipotent flows and counting lattice points
on homogeneous varieties, Ann. of Math. 143 (1996), 253-299. MR 1381987.
Zbl 0852.11054. doi: 10.2307/2118644.

A. EskiN and H. OH, Representations of integers by an invariant polyno-
mial and unipotent flows, Duke Math. J. 135 (2006), 481-506. MR 2272974.
Zbl 1138.11011. doi: 10.1215/S0012-7094-06-13533-0.

W. T. GAN, B. Gross, and G. SAVIN, Fourier coefficients of modular forms
on Ga, Duke Math. J. 115 (2002), 105-169. MR 1932327. Zbl 1165.11315. doi:
10.1215/80012-7094-02-11514-2.

O. GoLDMAN and N. IwaHORI, The space of p-adic norms, Acta Math. 109
(1963), 137-177. MR 0144889. Zbl 0133.29402.

E. HECKE, Mathematische Werke, third ed., Vandenhoeck & Ruprecht,
Gottingen, 1983, with introductory material by B. Schoeneberg, C. L. Siegel and
J. Nielsen. MR 749754. Zbl 0526.01034.

H. IwaNIEC, Fourier coefficients of modular forms of half-integral weight,
Invent. Math. 87 (1987), 385-401. MR 0870736. Zbl 0606.10017. doi:
10.1007/BF01389423.

H. IWANIEC and P. SARNAK, Perspectives on the analytic theory of L-functions,
Geom. Funct. Anal. (2000), 705-741, GAFA 2000 (Tel Aviv, 1999). MR 1826269.
Zbl 0996.11036.

A. Katok and R. SPATZIER, Invariant measures for higher-rank hyper-
bolic abelian actions, Ergodic Theory Dynam. Systems 16 (1996), 751-778.
MR 1406432. Zbl 0859.58021. doi: 10.1017/S0143385700009081.

S. KATOK and P. SARNAK, Heegner points, cycles and Maass forms, Is-
rael J. Math. 84 (1993), 193-227. MR 1244668. Zbl 0787.11016. doi:
10.1007/BF02761700.

A. W. KNAPP, Representation Theory of Semisimple Groups, Princeton Math.
Series 36, Princeton Univ. Press, Princeton, NJ, 1986, an overview based on
examples. MR 0855239. Zbl 0604.22001.

C. G. LATIMER and C. C. MACDUFFEE, A correspondence between classes of
ideals and classes of matrices, Ann. of Math. 34 (1933), 313-316. MR 1503108.
Zbl 0006.29002. doi: 10.2307/1968204.

Y. V. LINNIK, Ergodic Properties of Algebraic Fields, Ergeb. Math. Grenzgeb.
45, Springer-Verlag, New York, 1968, translated from the Russian by M. S.
Keane. MR 0238801. Zbl 0162.06801.


http://www.ams.org/mathscinet-getitem?mr=2515103
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1172.37003
http://dx.doi.org/10.1215/00127094-2009-023
http://www.ams.org/mathscinet-getitem?mr=2367020
http://www.zentralblatt-math.org/zmath/en/search/?q=an:pre05248087
http://dx.doi.org/10.1007/s00222-007-0077-7
http://www.ams.org/mathscinet-getitem?mr=1609447
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0906.11035
http://dx.doi.org/10.2307/120984
http://www.ams.org/mathscinet-getitem?mr=1381987
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0852.11054
http://dx.doi.org/10.2307/2118644
http://www.ams.org/mathscinet-getitem?mr=2272974
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1138.11011
http://dx.doi.org/10.1215/S0012-7094-06-13533-0
http://www.ams.org/mathscinet-getitem?mr=1932327
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1165.11315
http://dx.doi.org/10.1215/S0012-7094-02-11514-2
http://dx.doi.org/10.1215/S0012-7094-02-11514-2
http://www.ams.org/mathscinet-getitem?mr=0144889
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0133.29402
http://www.ams.org/mathscinet-getitem?mr=749754
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0526.01034
http://www.ams.org/mathscinet-getitem?mr=0870736
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0606.10017
http://dx.doi.org/10.1007/BF01389423
http://dx.doi.org/10.1007/BF01389423
http://www.ams.org/mathscinet-getitem?mr=1826269
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0996.11036
http://www.ams.org/mathscinet-getitem?mr=1406432
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0859.58021
http://dx.doi.org/10.1017/S0143385700009081
http://www.ams.org/mathscinet-getitem?mr=1244668
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0787.11016
http://dx.doi.org/10.1007/BF02761700
http://dx.doi.org/10.1007/BF02761700
http://www.ams.org/mathscinet-getitem?mr=0855239
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0604.22001
http://www.ams.org/mathscinet-getitem?mr=1503108
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0006.29002
http://dx.doi.org/10.2307/1968204
http://www.ams.org/mathscinet-getitem?mr=0238801
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0162.06801

884

[33]

[39]
[40]

[41]

M. EINSIEDLER, E. LINDENSTRAUSS, PH. MICHEL, and A. VENKATESH

G. MARGULIS, Problems and conjectures in rigidity theory, in Mathematics:
Frontiers and Perspectives, Amer. Math. Soc., Providence, RI, 2000, pp. 161-174.
MR 1754775. Zbl 0952.22005.

, On some aspects of the theory of Anosov systems, Springer Monogr.
Math., Springer-Verlag, New York, 2004, with a survey by Richard Sharp:
Periodic orbits of hyperbolic flows; translated from the Russian by Valentina
Vladimirovna Szulikowska. MR, 2035655. Zbl 1140.37010.

G. MARGULIS and G. M. ToMANOV, Invariant measures for actions of unipo-
tent groups over local fields on homogeneous spaces, Invent. Math. 116 (1994),
347-392. MR 1253197. Zbl 0816.22004. doi: 10.1007/BF01231565.

P. MicHEL and A. VENKATESH, Equidistribution, L-functions and ergodic
theory: on some problems of Yu. Linnik, in Internat. Congr. Math. Vol. 11, Eur.
Math. Soc., Ziirich, 2006, pp. 421-457. MR 2275604. Zbl 1157.11019.

, The subconvexity problem for GLo, Publ. Math. Inst. Hautes Etudes
Sei. (2010), 171-271. MR 2653249. doi: 10.1007/s10240-010-0025-8.

A. A. Popra, Central values of Rankin L-series over real quadratic fields,
Compositio. Math. 142 (2006), 811-866. MR 2249532. Zbl 1144.11041. doi:
10.1112/80010437X06002259.

M. RATNER, On Raghunathan’s measure conjecture, Ann. of Math. 134 (1991),
545-607. MR 1135878. Zbl 0763.28012. doi: 10.2307/2944357.

P. C. SARNAK, Diophantine Problems and Linear Groups, 11, Math. Soc. Japan,
Tokyo, 1991. MR, 1159234.

K. SOUNDARARAJAN, Weak subconvexity for central values of L-functions,
Ann. of Math. 172 (2010), 1469-1498. MR 2680497. Zbl 05808592. doi:
10.4007/annals.2010.172.1469.

H. M. STARK, Some effective cases of the Brauer-Siegel theorem, Invent. Math.
23 (1974), 135-152. MR 0342472. Zbl 0278.12005. doi: 10.1007/BF01405166.
J. TATE, Number theoretic background, in Automorphic Forms, Representations
and L-Functions, Proc. Sympos. Pure Math. XXXIII, Amer. Math. Soc.,
Providence, R.I., 1979, pp. 3-26. MR 0546607. Zbl 0422.12007.

V. VATSAL, Uniform distribution of Heegner points, Invent. Math. 148 (2002),
1-46. MR 1892842. Zbl 1119.11035. doi: 10.1007/s002220100183.

W. A. VEECH, Siegel measures, Ann. of Math. 148 (1998), 895-944.
MR 1670061. Zbl 0922.22003. doi: 10.2307/121033.

A. VENKATESH, Sparse equidistribution problems, period bounds and subcon-
vexity, Ann. of Math. 172 (2010), 989-1094. MR 2680486. Zbl 05808581. doi:
10.4007/annals.2010.172.989.

J.-L. WALDSPURGER, Sur les coefficients de fourier des formes modulaires de
poids demi-entier, J. Math. Pures Appl. 60 (1981), 375-484. MR 0646366.
7Zbl 0431.10015.

, Sur les valeurs de certaines fonctions L automorphes en leur centre de
symétrie, Compositio Math. 54 (1985), 173—242. MR 0783511. Zbl 0567.10021.
Available at http://www.numdam.org/item?id=CM_1985_.54_2_173_0.



http://www.ams.org/mathscinet-getitem?mr=1754775
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0952.22005
http://www.ams.org/mathscinet-getitem?mr=2035655
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1140.37010
http://www.ams.org/mathscinet-getitem?mr=1253197
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0816.22004
http://dx.doi.org/10.1007/BF01231565
http://www.ams.org/mathscinet-getitem?mr=2275604
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1157.11019
http://www.ams.org/mathscinet-getitem?mr=2653249
http://dx.doi.org/10.1007/s10240-010-0025-8
http://www.ams.org/mathscinet-getitem?mr=2249532
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1144.11041
http://dx.doi.org/10.1112/S0010437X06002259
http://dx.doi.org/10.1112/S0010437X06002259
http://www.ams.org/mathscinet-getitem?mr=1135878
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0763.28012
http://dx.doi.org/10.2307/2944357
http://www.ams.org/mathscinet-getitem?mr=1159234
http://www.ams.org/mathscinet-getitem?mr=2680497
http://www.zentralblatt-math.org/zmath/en/search/?q=an:05808592
http://dx.doi.org/10.4007/annals.2010.172.1469
http://dx.doi.org/10.4007/annals.2010.172.1469
http://www.ams.org/mathscinet-getitem?mr=0342472
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0278.12005
http://dx.doi.org/10.1007/BF01405166
http://www.ams.org/mathscinet-getitem?mr=0546607
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0422.12007
http://www.ams.org/mathscinet-getitem?mr=1892842
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1119.11035
http://dx.doi.org/10.1007/s002220100183
http://www.ams.org/mathscinet-getitem?mr=1670061
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0922.22003
http://dx.doi.org/10.2307/121033
http://www.ams.org/mathscinet-getitem?mr=2680486
http://www.zentralblatt-math.org/zmath/en/search/?q=an:05808581
http://dx.doi.org/10.4007/annals.2010.172.989
http://dx.doi.org/10.4007/annals.2010.172.989
http://www.ams.org/mathscinet-getitem?mr=0646366
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0431.10015
http://www.ams.org/mathscinet-getitem?mr=0783511
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0567.10021
http://www.numdam.org/item?id=CM_1985__54_2_173_0

[49]
[50]

[51]

DUKE’S THEOREM FOR CUBIC FIELDS 885

A. WEIL, Sur quelques résultats de Siegel, Summa Brasil. Math. 1 (1946),
21-39. MR 0015393. Zbl 0063.08199.

F. WIELONSKY, Séries d’Eisenstein, intégrales toroidales et une formule de
Hecke, Enseign. Math. 31 (1985), 93-135. MR, 0798908. Zbl 0581.12006.
S.-W. ZuanG, Equidistribution of CM-points on quaternion Shimura va-
rieties, Internat. Math. Res. Not. 2005 (2005), 3657-3689. MR 2200081.
Zbl 1096.14016. doi: 10.1155/IMRN.2005.3657.

(Received: August 9, 2007)
(Revised: November 20, 2009)

ETH, ZURICH SWITZERLAND
FE-mail: manfred.einsiedler@math.ethz.ch

PRINCETON UNIVERSITY PRINCETON, NJ and
THE HEBREW UNIVERSITY OF JERUSALEM JERUSALEM, ISRAEL
E-mail: elonl@math.princeton.edu & elon@math.huji.ac.il

EPF LAUSANNE, LAUSANNE, SWITZERLAND
E-mail: philippe.michel@epfl.ch

STANFORD UNIVERSITY, STANFORD, CA
E-mail: akshay@math.stanford.edu


http://www.ams.org/mathscinet-getitem?mr=0015393
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0063.08199
http://www.ams.org/mathscinet-getitem?mr=0798908
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0581.12006
http://www.ams.org/mathscinet-getitem?mr=2200081
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1096.14016
http://dx.doi.org/10.1155/IMRN.2005.3657
mailto:manfred.einsiedler@math.ethz.ch
mailto:elonl@math.princeton.edu & elon@math.huji.ac.il
mailto:philippe.michel@epfl.ch
mailto:akshay@math.stanford.edu

	1. Introduction
	2. An overview of the proof for PGL3(Z) "026E30F PGL3(R)
	3. Number theoretic interpretation
	4. Homogeneous subsets in the adelic context
	5. Packets
	6. Homogeneous toral sets for GLn
	7. The local building
	8. Notation
	9. Local theory of torus orbits
	10. Eisenstein series: definitions and torus integrals
	11. Eisenstein series: estimates
	12. The reaping: a priori bounds
	13. Proof of [RealTheorem]Theorem 4.9 and [Volumes]Theorem 4.8
	Appendix A. Recollections on subconvexity
	References

