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§1. Introduction.

We can find some examples of arithmetic triangle Fuchsian groups of type
(2, e, e;) in the book written by Fricke-Klein [I]. Mr. T. Kaise has proved
some results on arithmetic triangle groups of type (¢, ¢,¢) ([2]). In the paper
[5] we have given a characterization of arithmetic Fuchsian groups. As an
application of this result, we shall determine in the present paper all arithmetic
triangle groups explicitly. In §3 we shall give a necessary and sufficient con-
dition for a triangle group to be arithmetic (Theorem 1, §3). Making use of
this condition we shall prove that there exist only finitely many arithmetic
triangle groups up to SL,(R)-conjugation in §4). In §5 by making
use of a computer we shall give a complete list of all arithmetic types (e, e,, e;)
(Theorem 3, §5).

The author is grateful to professor G. Shimura for many valuable sug-
gestions.

§ 2. Triangle Fuchsian groups.

Let SL,(R) be the special linear group of degree 2 over the real number
field R. Then SL,(R) operates on the upper half plane H={z=C|Im (z)>0}
by fractional linear transformations. This gives a homomorphism 7 of SL,(R)
onto the group Aut(/) of all analytic automorphisms on H. For any
g=(¢ 3)ESL2(R) put g=x(g). Then we have #(z)=(az-b)/(cz+d). The
kernel of 7 is {=£1,}.

Let I' be a Fuchsian group of the first kind (i.e. a discrete subgroup of
SL,(R) such that quotient space H/x(I") is of finite volume). Then =(I") is
generated by 2g hyperbolic elements {@;}, {5} (1=<i<g), s elliptic elements {7}

(1<j<s), and t parabolic elements {7;} (s+1=<j<s+f), which satisfy the funda-
mental relations

5“151521_151_1 (?gﬁgdglﬁglfl o Tere=1s,

7o=1, (1=Zj<s),

(1
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where ¢; (L=< j=s) is a positive integer =2. Put ¢;=co for s+1=j=<s+¢ Then
(g; ey, e5,) is called the signature of I'. This satisfies the inequality

2g—2+:§1(1—1/e,~)>0, @)
where 1/¢;=0 for e¢;=co.
In the case where g=0 and s+¢=3, I is called a triangle group of type
(ey, 5, 05). If t=0 (resp. t=1), then we say that I" is of compact (resp. non-
compact) type. By (1) there exist elliptic or parabolic elements {7} (1=;7=3)
of I' which generate #(I') and satisfy the fundamental relations

Fifefs= 1L,
VT asiss). 3)
Ti=1,
By (2) we have the inequality
1/e,+1/e,+1/e,< 1. (4)

By changing generators we may assume that
25,5, Se; =00, (5)

Now we shall determine all triangle groups of given type (e, ¢, ¢;) up to
SL,(R)-conjugation.

PROPOSITION 1. Notations being as above, let (e, e,, ;) be a triple satisfying
(4) and (5). Then the following assertions hold:

(i) If s=1 and at least one of e; (1= j=s) is even, then there exists a triangle
group L'y of type (e, e,,e5) such that any triangle group of type (e, e, e;) is
SL,(R)-conjugate to I'y. I'y contains —1,.

(ii) If 2=<s=3 and all ¢; (1=j=s) are odd, then there exist two triangle
groups I'y and I'y of type (ey, e, ;) such that any triangle group of this type is
SL,(R)-conjugate to one of these groups. Iy contains —1, and I', does not. In
particular, I'y and I’y are not SL,(R)-conjugate to each other. I, is a subgroup
of I'y of index 2.

(iii) If either s=1 and e, 1s odd or s=0, then there exist three triangle
groups I'y, I'y and I', of type (e, e,, e;) such that any triangle group of this type
is SLy(R)-conjugate to one of these groups. I'y contains —1, and I'; (2<i<3)
does not. I'; is a subgroup of I'y of index 2.

ProOF. We need the following well-known lemma (cf. [3]).

LEMMA 1. Let I' and I be two triangle groups of the same type. Then
a(I") and #(I"") are Aut (H)-conjugate to each other.

It is shown in that for any triple (e,, e, ¢;) satisfying (4) and (5) there
exists a triangle group I’ of type (e, e,, e;) generated by {r,;} (1=j=3) and
{—1,} such that

tr (7o) =2cos(w/e;) (1=j=3), (6)
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where cos (7/e;)=1 for e;=o0.
The fundamental relations are given by

T01Toz7’03(— 12) =1,,
r—ly=1, (I=£j=s), (=L)=1,, (M
TOj(_lz)T(TjI(—lz>:12 (1=5<3).

(i) Suppose that e, is even. Let I' be any triangle group of type (e, e,, e;).
We shall show that I contains —1,. [’ contains an element y such that 7 is
of order ¢;, Hence we have y*=+1,. Assume that y*=1,. Since ¢; is even,
we have (y°/%)*=1,. Hence y**=+1,. This means that 7 is of the smaller order
than e;, which is a contradiction. Therefore, we see that y®=-—1,. This shows
that I" contains —1,. It implies that "=z (x(I")). By Lemma 1, I" is SL,(R)-
conjugate to I,

(ii) Suppose that all ¢; (1=j<s) are odd. Put y;;=—7,; 1=7=3). Let [,
be the subgroup of I’y generated by {r,;|1=<;=<3}. By (7) these satisfy the
relations :

el iy, ®

7’(1317 =1,
Since =(I')==(I"y), I', is of type (e, ¢,,¢;). We shall show that I', is of index
2 in I', and that I", does not contain —1,. Since =z(I",) (==r([l",)) is presented
by (3), in view of (8) there exists a homomorphism p of =(I',) onto I'; such
that po(7,,)=7,; (1=7=3). It is easy to see that (x| )op=the identity and that
po(m|p)=the identity. It follows that =|p is an isomorphism of I', onto
z(I')). This shows that I', does not contain —1, and that [[,: I';]=2. In
particular, I'; is not SL,(R)-conjugate to I .

Suppose that 2=<s=<3. Let I’ be any triangle group of type (¢;, ¢, ¢;,). We
shall show that I" is SL,(R)-conjugate to I', or I',. Suppose that I" contains
—1,. Then by I' is SL,(R)-conjugate to I',. Suppose that I" does
not contain —1,. By we may assume that =(/)==([l",). Since I is
isomorphic to n(/’,), there exists a set of generators {r;|1<;7<3} of I’ such
that 7,=7,; (1=7=<3). Hence we have y;=¢,r,;, where ¢;==+1 (1=<7<3). Since
I’ and I', do not contain —1,, we have &-&,-e;=¢cji=1 (1<j<s). Since all ¢,
are odd, we have ¢;=1 (1=</=s). By the assumption that 2<s<3 we see that
g;=1 (1=j=3). This shows I'=T",.

(iii) First consider the case (e,, o0, o) such that e, is odd. Let I'; and I,
be the same as in (ii). Put 7, =—70;, 722=70. and 72:=7:. Let I, be the sub-
group of I', generated by {y,;/1=<7=3}. Then by the same argument as in
the case of I',, we see that I, is isomorphic to #([",) and that I', does not
contain —1,. In particular, I, is not conjugate to I',. We shall show that
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I'; is not conjugate to I',. Assume that I, is conjugate of I',. Since 7 is
a primitive parabolic element of I', such that tr(y,)=2, I', also contains a
primitive parabolic element y such that tr(y)=2. Consequently, there exists
an element d= [, such that 7=4§"'-7,+6 or 7=46"'-7%-5, where v=+1. Since
I'y does not contain —1,, we have y=d"'-7%-0 or y=0d'-7}-6. Since tr(y,)
=tr (y;3)=—2, this is a contradiction.

Let I' be any triangle group of type (e, co, o). We shall show that I is
SL,(R)-conjugate to one of I'; (0<i<2). By we may assume that
a(IM==(l"y). If I' contains —1,, then I'=1",. Suppose that I does not contain
—1,. Since I' is isomorphic to =(I"), I" is generated by {7,;11=<;7=<3} such that
7;=70; (1=j=3). Hence we have 7,=¢,7,;, where ¢;==+1 (1=7=3). By the
fundamental relations of /" and I, we see that ¢,6,6,=¢f'=—1. Since ¢, is odd,
we have ¢,=—1. Therefore, we have ¢,=é&,=1 or —1. Hence we see that
I'=r,or I,

Now consider the type (co, o0, c0). We shall give I, explicitly. Let I'(1)
be the modular group SL,(Z). It is easy to see that I, can be given as the
group generated by

7’01:((1) %)v 7’02:(__% (1) ) 7’03:<:% g)

ro={=¢ Jero

Put
a—1=b=c=d—1 (mod2)}.

Then I'(2) contains I',. Since I'(1) is of type (2,3, c0), comparing the indices
of I'y and I'(2) in I'(1) we see that I',=1"(2). Let I';and I, be the subgroups
of I’y generated by {—7o, —7e» —70st @and {—yos, 702 703} respectively. Then
I'; does not contain —1,. Since 7. is a primitive parabolic element of /', such
that tr (yo.)=2, I', is not conjugate to I;.

Let I" be any triangle group of type (oo, 00, o0). We shall show that I is
SL,(R)-conjugate to one of I'; (0<i<2). By we may assume that
o(M=n=(I",). 1f I" contains —1,, then we see that I'=I",. Suppose that I’
does not contain —1,. Then I' is generated by {r;|1=<7=3} such that 7,=7,;
(1<j<3). Hence we have y,=¢, 7,; (1=j=3), where ¢;==+1. Since I" does
not contain —1,, we have e,-¢,-e,=—1. Hence (e, ¢, &)=(—1,—1,—1) or
(—-1,1,1) or (1,—1,1) or (1,1, —1). By the following relations:

4G D o= D
20 DA =G D

SDG A =G B
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-1
& D Y =G D
we see that the group I for (¢;, &,, 65)=(1, —1,1) or (1,1, —1) is SL,(R)-conjugate
to I',. This completes the Proof of [Proposition 1.

PROPOSITION 2. Let I' be a triangle group of type (e, e, e,). Then tr ()
is contained in the ring Z[2,2cos(n/e,), 2cos(x/e,), 2 cos (n/e,)] generated by
{2, 2cos(m/e,), 2cos(n/e,), 2 cos(m/es)} over Z, where w/e;=0 for e;=oco. In
particular, the field k,=Q(tr (y)|y ') coincides with Q(cos(m/e,), cos (w/e,),
cos (m/e,)).

Proor. Clearly we may assume that /" contains —1,. Hence it is sufficient
to verify the assertion for I', defined in the Proof of Proposition 1. Now we
need the following

LEMMA 2. Let I' be a finitely generated subgroup of SL,(R). Let {3, -, 0,}
be a set of generators of I'. For any subset {i,,---,i} of {1,---,7} put ti..
=tr (0;, - 05;). Then tr (') is contained in the ring Z[ t;,... | {iy, -+, iy {1, -, 7} 1.

PROOF OF LEMMA 2. This lemma is given in the book p. 148, without
proof. We shall sketch the proof. For any y=I' we have y*—t-y+1,=0,
where t=tr (y). Hence we have for any integer n,

=0 T80 1, )

where f.(T) and g,(T") are monic polynomials in Z[T]. Moreover, for any
a, B,rel’ we have

tr (a)-tr (B)=tr (a-B)+tr (a- 57,

(10)
tr (aBay)=tr (af)-tr (ay)—tr (5-77").

For any yeI' we can express

T:‘SEI}] e 5;188 .

Let m(y) be the minimum of > |n,| for all such expressions. Making use of
ji=1

(9) and (10) by induction on m(y) we can verify the assertion of Lemma 2.
Since I’y is generated by {y,1, 7o, —1.}, by Lemma 1 we can prove Propo-
sition 2. Q.E.D.
Let I" be a Fuchsian group of the first kind. Let 2, =Q(tr (y)|ye ) be
the field generated by the set tr (I') over Q. Let A(I") be the vector space
generated by I over k, in M,(R). It is shown in that A(I") is a quaternion
algebra over k,.

PROPOSITION 3. Let I' be a triangle group of type (e, e, e,) (25¢,Ze,<e,
<oo). Let {r;} (1=j7=3) be the elements of I' such that {7;} (1=<j=3) satisfy
(3). Then {1,, 71,72 73} s a basts of A(I') over ky. For any E=x,1,+x,7,+ %57,
+x;5-75€ A(I) the reduced norm n,py(E) can be expressed as follows:
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nA(I‘>(5) = (%o, Xy, Xoy X5)» D+, Xy, X5, X5) ,
where

1 tr (yy)/2 tr (7,)/2 tr (y5)/2
tr (7.)/2 1 tr(re7i /2 tr(rse7i)/2
tr (72)/2 tr (e 777)/2 1 tr (ra-727)/2
L tr (7)/2 tr (raeyiD/2 tr(rseya®)/2 1

PROOF. Assume that y, commutes with 7,. Then we see that I is abelian,
which is a contradiction. Hence y; does not commute with y,. First consider
the case where 7, is elliptic. We can find an element g=SL,(C) such that

I

(11)

g—l'rl'g:<g} g/w)’ where w is a complex number such that w?#1, 0. Put

g"~7'2-g:(zZ 3) Since 7, does not commute with 7y, we see that bc+0.

d/w

bw .
o/w —aw)' By the equation

Making use of (4), we have g“-rg-g:i(_

= be(w—1/w)*+0,
a b c d

—d/w bw c¢/w —aw

we see that {1,, g% 7,-8,8 " 7.-8, & ''7s 8} are linearly independent over C.
Hence {1,, 71, 72, 75} is linearly independent over k,. Suppose that y, is para-
bolic. By the same argument as in the elliptic case we can verify the asser-
tion.

Now we shall give the reduced norm n,(€) of A(I") with respect to the
basis {1,, 71, 72, 7s}. For any &= A(I") denote by ¢ the image of & under the
main involution of A(I"). Then we have &-&=n (&) -1,=det (£)-1,. It follows

that for any 5:(? Z)EA(F) we have 52(_? _z). In particular, we have

7=y for any y=I'. Therefore, for the expression &=x,1,-Fx; 71+ % 722575
we have §:x012+x17;‘+x2r2‘1+x3-7'3‘1. Now it is easy to obtain the explicit
form of the reduced norm. Q.E.D.

PROPOSITION 4. Let I' be a triangle group of tvpe (e, e, ¢;) (2=e¢,<e,=<e,
<o), Let k, be the field

Q((cos (m/e,))?, (cos (m/e,))? (cos (m/e,))?, cos (w/e;) cos (m/e;) cos (m/ey)) .

Let {y;11=7=3} be a set of generators of I' such that {7;} (1<j=<3) satisfy (3).
Let A, be the vector space generated by {1,, 7%, 3, yi- 73} in My(R) over k,. Then
A, 1s a quaternion algebra over k, such that AO@ k,=A().

0
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ProoOF. In view of we may assume that I" contains —1, and
that {r;|1=j=3} satisfy (6) and (7). By the equations 7j—t?;-7,+1,=0, where
t;=tr (y;)=2cos (n/e;) (1=7=3), we have

7= (bt )t Fo—ty ot bty

Hence we see that

[1s, 73, 73, 73 7i)=[1s, 72 75 711Q, (12)
where
1 —1 —1 1—-t,t,t,
0 t, 0 —t,
Q= (13)
0 0 t3 _t3
0 0 0 Lots

By (4) we see that 3Ze,< e3<oo Hence #,1;#0. Therefore, the matrix @ is

non-singular. By [Proposition 3, {1,, 73, 73, 73- 73} is a basis of A(I') over k..
Now we shall show that A, is a k,-algebra. Constructing the multiplication

table of A, with respect to {1, 7, 73, 7373}, it is sufficient to show that 73, r3
and 7373 are contained in A, Since tr(yj) (=t3—2) is contained in k,, 7}
(=tr (#%)-73—1,) is contained in A,. By the following calculations:

== ) tr (3 )L = — (=13 +(H—2)1y)
. (—T§+(f§—2)12)+t1‘ ((tz . ?’2_‘12)(13‘ 7’3"12»12
= (B+8— 88—ttt — DL+ (B—2) +B—2) 1~ 73,
we see that 73-73 belongs to A, Clearly A ®k1-A(F) Q.E.D.

Let I' be a Fuchsian group of the first kmd Let I'® be the subgroup of
I' generated by {y*|y=I’}. Then I'® is a normal subgroup of I" such that the
quotient group I'/I'® is a finite elementary abelian group of type (2,2,:-,2).
Let k, be the field Q((tr (7))*|y=I"). Then it can be proved that k, coincides
with the field Q(tr ()| I"®) (cf. [BD.

ProPOSITION 5. Notations being the same as above, k, coincides with k,
and A(I’®) coincides with A,.

PROOF. In view of we may assume that /' contains —1,.
Therefore, we can take {y;|1=<;<3} satisfying (6) and (7). Clearly ¢} (=(tr(y;))?
is contained in k,. By the equations

tr (T% 7’%’ T%) =tr ((¢,- 7'1—12)<t2'7'2_12)(t3 Y 1))
=H+8B+1EH1t,t—2,

we see that ¢,f,f; is contained in k,. This shows that k, is contained in &, and
that A, is contained in A(I'®). In order to verify the converse inclusion we
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distinguish three cases.

(i) Suppose that at least two of {¢;|1<7<3} are odd. If e, ¢, are odd,
then by (7) we see that 7,=y7,=—1, (mod I'®). Hence y,=—1, (mod I'®).
This implies that I' is generated by I'® and —1,. It follows that k,=%, and
that A('®)=A(I'). Since e, and ¢, are odd, we see that Q((cos(x/e;))?)
=@Q(cos (r/e;)) (1=7<2) and that cos (x/e,) cos (n/e,)#0. Therefore, k,=k,=k,
and A(I'®)=A,. In the other cases we can similarly verify our assertions.

(ii) Suppose that one of {e;|1=<j=3} is odd and the others are all even
or co. If e, is odd, then y,=—1, (mod I'®) and 7,=7,=—1, (mod ['®). Now
we shall define a homomorphism v,, of I' onto Z/2Z. We can express any
yel as follows:

e R
Put vyu(r)= 2; Sn]- (mod 2). Since e, and e, are even or oo, in view of (7) this
lj: N

is well-defined. It is easy to see that v,, is a homomorphism of I" onto Z/2Z.
Let I',, be the kernel of v,,. Then it is a subgroup of I” of index 2. I,
contains I'® and —1,. Since I is generated by I'® and {7,, —1,}, we see that
I'=I,;+4937' Iy, and that [y =I"®\U(—1,)-I'"®. We need the following well-
known lemma (e.g. cf. [6], p. 96).

LEMMA 3. Let G be a group generated by {a;|i€I}. Let H be a subgroup
of G. Let {b;lj]J} be a complete set of representatives of the right cosets G/ H.
Let ¢;; be an element of H uniquely determined by ab;=b,c;; for any pair (a; b,).
Then {c;;liel, je ]} generates H.

Since I’ is generated by {y,, 7., —1,} and I'=1I",3+73'-I'y;, applying
3 to I', we see that [',; is generated by {74, 72-7:1:725 73, —1.}. We shall show
that I',; is contained in A, Clearly 73 and —1, are contained in A4,. By the
equations 77'=(1/t,)(y7?+1,) (2<j<3) we have

1= _7'34' 751: (_t1/<t1t2t3))(7’3_2+12)(72_2+12) .

Since e, is odd, Q(t))=Q(¢,). This shows that 7, is contained in A, Since
rilra 772 ) 73 73=1,, 72:71 72 is also contained in A, Therefore, I'® is
contained in A,. Consequently, 2,Ck, and A(I'®)C A,. Therefore, we see that
k,=Fk, and that A(I'®)=A, In the case where ¢, (resp. ¢;) is odd and the
others are all even or co, we can define a homomorphism v, (resp. v,,) of I’
onto Z/2Z. In the same way we can verify our assertions.

(iii) Suppose that all e; (1=7<3) are even or oo. In this case we can
define homomorphisms v, vs;, vy, of I’ onto Z/2Z in the same way as in (ii).
Put I";;=Ker(v;;). Then I';; is a subgroup of I" of index 2 and contains the
group I'{? generated by I'"® and —1,. Since I’ is generated by I'® and {y,, 7.},
we see that [ : I'®]1=2 or 4. Since [y, I's; and Iy, are different subgroups
of I', we see that [['y;: I'?]1=2 and that [',,=I'®+y:'-['®. Applying Lemma
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3to I" and I'y; we see that [y, is generated by {7,, 75:72-75% 73, —1,}.  Applving
again Lemma 3 to "5, and 'Y we see that I’ is generated by

o rerre ey pore e ey 7 iy, — L
By the equations
7o Ts 7o 75 =/ B P+ L) L) B3+ L)+ 1),
rarre it = U/ ED) A L) A1)+ 1)+ 1)
re 7t =BG L) (P L),

we see that I'® is contained in A,. Hence k,Ck, and A(I'®)C A,. This shows
that k,=k, and that A(I®)=A,. Q.E.D.

§ 3. Arithmetic triangle groups.

Let 2 be a totally real algebraic number field of finite degree. Let A be
a quaternion algebra over % such that there exists an R-isomorphism p

p: AQeR— My(R)YDHS - QH, (14)

where H is the Hamilton quaternion algebra over R. Then there exists a k-
isomorphism p, of A into M,(R). Let O be an order of A. Put U={e=0]|e0
=0, ny(e)=1}, where n,( ) is the reduced norm of A. Then U is called the
unit group of O of norm 1. Let I'(A, O) be the image of U under p,. Then
I'(A, 0) is a subgroup of SL,(R). It is well-known that I'(4, O) is a Fuchsian
group of the first kind.

DEFINITION 1. Let I be a Fuchsian group of the first kind. I’ is called
arithmetic if I' is commensurable with I'(A, O). If I' is a subgroup of I'(A, O)
of finite index, we say that I is derived from a quaternion algebra.

REMARK. The isomorphism p is not unique. If we take another iso-
morphism p’, then p, is changed into the composite of p, with an inner auto-
morphism of M,(R). Therefore, if I' is arithmetic, then the conjugate group
g-I'-g ' of I' by g=SL,(R) is also arithmetic.

DEFINITION 2. If a triangle group of type (e, ¢,, ;) is arithmetic, we say
that the triple (e, e,, ¢;) is arithmetic.

By Proposition 1 and the above remark, if the triple (e,, ¢,, ¢;) is arithmetic,
then all triangle groups of this type are arithmetic. Now we shall prove

THEOREM 1. Let I' be a triangle group of type (e, e, ¢;) (2=5e,<e,<e;<00),
Let ky be the field

Q((cos (n/e,))?, (cos (m/e,))?, (cos (/e,))?, cos (n/e,) cos (/e;) cos (n/ey)) .
Then the following assertions hold :

(i) Suppose that I' is of compact type. Then I’ is arithmetic if and only

if either ky=Q or k,2Q and for any non-identity isomorphism o of k, into R
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the following inequality holds:

o((cos (w/e))*+(cos (n/ey))*+(cos (n/es))®
+2cos (r/e,) cos (w/e,) cos (m/e,)—1)<0. (15)

(i) Suppose that I is of non-compact type. Then I' is arithmetic if and
only if k, coincides with Q.

ProoOF. (i) We may assume that /" contains —1,. Hence I is generated
by {r1, 72 75 —1s} which satisfy (6) and (7). By we have k,=k,
and A(["®)=A, By A1), Kl_z)l and Kﬁl’ for any &=y,lo+y-r3+y. ity 7313
€ A,, the reduced norm n,,(§) can be written as

14,(8) = (Yo, Y1, Y2 ¥3)* Do "(Yos Y1» Vo ¥a)

where D,='QDQ.
Let d; (resp. dy;) be the principal minor determinant of D (resp. D,) of
degree 1 (1=i<4). Then we have

(d,=1,

d,=1—(cos (x/ey))?,

d;=—(cos (r/e,))*—(cos (7 /e,))*—(cos (n/e;))*
—2cos(m/e;) cos (xw/e,) cos (n/ey)+1,

| d,=d3.

Since @ is an upper triangular matrix, we see easily that

dpy=1,

dop=2%(cos (n/e,))*(1—(cos (x/e,))*)

dys = —24(cos (m/e,) cos (1) e,))*(( cos (/e))2+(cos (m/e,))*4-(cos (m/e,))?
+2cos (w/e,) cos (/e,) cos (n/e,)—1),

( doyy=d3s .

Suppose that I is commensurable with I'(A, O). Then it is shown in that
k,=Fk and that A(['®)=A. By [Proposition 5 we see that k=Fk, and that A=A,.
Suppose that #,2Q. Since A satisfies [14), for any non-identity isomorphism
o of k, into R the conjugate form o(n,(§)) of n,,(§) must be positive definite.
Since d,,, dy, and d,, are totally positive, a(n,(§)) is positive definite if and
only if o(d,;) is positive. This is equivalent to (15).

Conversely suppose that either k2,=@Q or k2Q and for any non-identity
isomorphism o of k, into R the inequality (15) holds. Then A,=A(I'®) satisfies
(14). Since I'®C A;NSL,(R), for any non-identity isomorphism ¢ of %, into R
we see that o(tr (I'®)C[—2,2]. On the other hand, by tr (I®)
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is contained in the ring of integers in &, It follows from in
that /™® is a Fuchsian group derived from a quaternion algebra. Since I'®
is of finite index in I°, I' is arithmetic.

(i) Suppose that I" is of non-compact type commensurable with I'(A, O).
Then we see that k,—=Fk, and that A,=A('®)=A. We shall show that k,=Q.
Assume that %, is a proper extension of @. Then there exists a non-identity
isomorphism ¢ of k, into R. Suppose that e,=co. Then we have d,=0. So
that the conjugate matrix o(D,) of D, by o is not positive definite, which is
a contradiction. Suppose that e,<oo. Then we have e;=co. Hence cos (n/e;)
=1. In this case we have dy,=—2'cos (n/e,))*(cos (n/e,)+cos (n/e,))?. This
shows that ¢(d,;) is negative, which is a contradiction. This proves that k,=Q.

Conversely suppose that k,=@Q. Then we see that tr (I') is contained in Z.
It follows from in that I'® is a Fuchsian group derived from
a quaternion algebra over @. This implies that /' is arithmetic. Q.E.D.

§4. Finiteness of arithmetic triangle groups up to SL,(R)-conjugation.

Let I be the set of all triples (e, e, e;) of positive integers e; (1=j=3)
such that 2<e¢,<e¢,<e,<oo and 1/e¢,+1/e,+1/e;<1.

DEFINITION 3. Let p, (n=1,2,---) be the n-th odd prime number in order
of magnitude. Let (e, e, ¢;) be an element of J. Let e be the least common
multiple of {e¢;}. If p,p,-- pn_y divides e and p, does not divide ¢, we say that
(ey, ey, €5) is of the n-th type. Let J, be the set of all (e, e, e;)eI of the n-th
type. Furthermore, put

Jni=1{(ey, €5, €)EInl20<er =€ =ey}
Jne=1{(ey, €5, e5)EJnl e, <2pr<e, =5},
Snys={(ey, €3, €)EJnl e = €, <2 <es}
Jna=1{(ey, €, e5)EJnler = € = e <2p,} .
Then we have
3=U8,  8=U 3
Let A be the set of all (ey, e, ¢;) of arithmetic type. Put
W=ANIn, Wi = AN Sy (1=i=4).

Then we have
oo 4
A=VU A, W= U Un,s
n=1 =1
Now we shall prove
PROPOSITION 6. Notations being as above, U, is a finite set for each positive

integer n. More precisely, the following assertions hold:
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(1) If (ey, ey ¢5) is contained in N, ,, then
e;<3pn, ¢, <4p,, ;s <pn(20,+1) .
(ii) If (ey, e, €5) is contained in W, ,, then either

el<p‘ﬂ,! e2<2pzl’ e3<2p31 ’
or
Pa<e, <2, 82<2pn(j7n+1) ’ €3<4pi(pn+1) .

(iii) If (ey, ey, e5) is contained in W, 4, then
e,=e,<2p,,  e;<4p;.
(iv) If (ey, e, e5) is contained in Ny, then

e S e = e;<2p,.

ProOF. The assertion (iv) is trivial by definition of U, Let (e, e, ;) be

an element of . Let e be the least common multiple of {e;|1=;=3}.

Then

the field Q(cos (w/e)) is a normal extension of @ whose Galois group is iso-
morphic to (Z/2eZ)*/{£1}. For any integer a prime to 2¢ we can give the
corresponding element o, of Gal(Q(cos(w/e))/Q) by a,(cos (x/e))=cos (za/e).
There exists a unique integer a; (1=7=3) such that g,(cos(n/e;))=cos (za/e;)
=cos (ra;/e;), 1=a;=<e¢;—1. Now the condition (15) in [Theorem 1 is equivalent

to the following conditions:
For any integer a prime to 2e¢ such that

((cos (wa,/e,))?, (cos (may/e,))?, (cos (was/es))?,
cos (mwa,/e,) cos (wa,/e,) cos (wa,/e;))
+((cos (n/e,))?, (cos (/e,))* (cos (n/es))?,
cos (w/e,) cos (w/e,) cos (w/e,)) ,
the inequality holds:
(cos (wa,/e,))*+(cos (ray/e,))+(cos (ra,/e;))?
+2cos (wa,/e;) cos (wa,/e,) cos (wa,/e;)—1<0.

By an easy calculation we have

cos(l—|a,/e,—ay/e,])<cos (ra,/e;)<cosn(|a,/e;+a,/e,—1]).

Since
la,/e;—a,/e,| <1 and |a,/e;+a,/e,—1|<1,

we have
la,/e;+ay/e,—1] <ay/e,<1—|a,/e,—a,/e,] .

This is equivalent to the inequalities:

(16)

(17)

(18)
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a,/e,+az/e,+as/e;>1,

—a,/e,+a,/e,+as/es <1,
(19)
a,/e,—ay/e;+az/e; <1,

ar/e,+as/e,—ay/e;<1.

We need the following
LEMMA 4. Let (e e, e5) be an element of N, Let a; (1=<j<3) be the
integer defined above for a=p,. Then the following inequalities hold:

a;=pn (1=5=3), |ees—a,e,—aze,| = 1.

PROOF. Suppose that e¢;<p,. Since ¢;=¢;—1, we see that a;<p,. Suppose
that p,<e;. Then by definition of a; we have a,=p,. This proves the first
set of inequalities.

Assume that e,e,—a,e;—a,e,=0. Since a;=+p, (mode;), we have p,e;=0
(mod ¢,). Since p, is prime to ¢,, we have ¢,=0 (mod e¢,). Similarly, we have
¢,=0 (mod e,). Consequently, we see that e,—e¢, and that a,=a,. Hence
e}—2a,e,=0. Hence e¢,=2a,. It implies that 2p,=0 (mode,). Hence 2=0
(mod ¢;). This means that e;=e,=2, which contradicts (4). Q.E.D.

In the cases of U,,;, sy, An,s by the inequality 2p,<e;, we see that op, is
not the identity on k,. Therefore, and (19) are valid for a=p,.

(i) Let (ey, e, e;) be an element of A, ,. Then for a=p, we have a,=a,
=a;=p,. By (19) we have 3p,/e,=p./e,+Dn/e,+Dn/es>1. Hence e, <3p,.
Furthermore, we have 2p,/e,=pn/e,+Pn/€;>1—p,/e,>1/2. Hence e,<4p,. By
the inequalities pn/es>1—p,/e;—pn/e;=1—2p,/ (20, +1)=1/(2p,+1), we see that
e;<pa(2pnt1).

(ii) Let (ey, e,, ;) be an element of A, ,. Then for a=p, we have a,=a,=p,.
By definition we have e;<2p,. Suppose that e;<p,. Then 2p,/e,=p,/e.+D./e;
>1—a,;/e;=1/e,. Hence e,<2p,e,<2p;. By the inequalities p,/e;>|e,e,—a,e,
—ase,| /(eie;) =1/(e,e,), we have e;<pree,<2p;. Suppose that p,<e;<2p,. Then
we have a,=p,. By the inequalities 2p,/e,>1—p,/e;=1/(p,+1), we have
e, <2pa(Ppp+1) and e;<pne,e,<4pi(p,+1).

(iii) Let (e, s, €5) be an element of A,s;. Then by definition we have
e,<e,<2p,. In the same way as in (ii) we have e;<p,e,e,<4pd. Q.E.D.

PROPOSITION 7. The notations being as above, the following assertions hold:

(i) WUy, is empty for all n=9;

(ii) W, is empty for all n=12;

(iii) U, is empty for all n=10;

(iv) U, is empty for all n=7.

PrROOF. Making use of the results of by definition of U,
we see that
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(i) If A,,, is non-empty, then p, -+ p,_, <12p5(2p,+1);

(ii) If %A, is non-empty, then either p, --- p, <4, Or Py -+ Pr-1<16p%(Pn
+1)%;

(iii) If A, is non-empty, then py -+ p,-,<16p3 ;

(iv) If %A, is non-empty, then p, -+ p,_, <8pj.

Now is a direct consequence of the following

LEMMA 5. For any positive integer n we denote by p, the n-th odd prime
number in order of magnitude. Then the following assertions hold:

(1) Py a1 <1205(2pn+1) if and only if n=8;

(ii) (@) Py Ppa-1<4p) if and only if n=11;

(b) Py Pr-a<16p3(Pnt+1)* if and only if n=11;

(iii) Py Pa-1<16pd if and only if n<9;

(iv) Py Pa-1<8P% if and only if n=6.

ProoF. (i) Suppose that p, - .. <12p5(2p,-+1). Then we have p, -+ Pu-y
<32p4. By Cebysev’'s theorem on the distribution of prime numbers we have
Dr1<Pn<2pn-,. Hence pr<2Yp,_, -+ Pn-i. Therefore, we have p, - p,.,<2%.
By an easy calculation we see that n=<10. Now we can easily verify the
assertion (i).

In the similar way we can also verify the assertions (ii), (iii) and (iv).

Q.E.D.

This completes the Proof of

Now we can prove the following

THEOREM 2. There exist only finitely many arvithmetic triangle groups up
to SL,(R)-conjugation.

Proor. First consider the compact case. In this case our assertion is a
direct consequence of Proposition 1, 6 and 7.

We turn to the non-compact case. Let I' be a triangle group of non-
compact type (e, ¢;,¢;). Then by [Theorem 1, I" is arithmetic if and only if
ko=Q((cos (m/e,))? (cos (m/e,))?, (cos (m/e,))?, cos (n/e,)-cos (n/e,)-(cos /e;)) coin-
cides with @. It follows that ¢;=2 or 3 or 4 or 6 or co. By [Proposition I we

can verify our assertion. Q.E.D.

§5. Determination of all arithmetic types (¢, ¢,, ¢,).

5.1. Non-compact types.

Let (ey, e, ¢;) be a triple of non-compact type. Then by an argument in
the Proof of we see that ¢,=2 or 3 or 4 or 6 or co (1=<j<3).
Considering all the conditions for (e, e, ¢;) to be arithmetic, we see that
(e, @5, €;) must be one of the following triples:

(2’ 39 OO)J (27 4) OO)’ (2, 67 OO)! (2! OO! OO)’ (3’ 3) OO)’ (3’ OO, Oo))
(47 4! 00)7 (6’ 67 (>O)’ (OO, 007 OO) .
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5.2. Compact types
In order to make uss of a computer we shall derive some inequalities. By

- — 11 .
Proposition 6 and 7 we see that A= \U A, and we obtain the absolute bounds:
n=1

e, =73, e, <2811, e, <10°.

Let (e, e, ¢;5) be an element of A, such that o¢,, is not the identity on &k,
Then for a=p, we have

2bn/es = ay/e,tag/e;>1—a,/e; .
Hence we have
e, = e,<c,=2pge /(e —ay). (20)

By the inequalities p,/e;>|1—a,/e,—a,/e;| =1/(e,e,), we have
e3<C3=DPne,es/ | e,,—a,e,—a5e,| = pre,e,<2phe,/(e,—a,) . (21)

Hence e,e,<4piei/(e;—a,)®. Let g(e, n) be the product of all p, (1=m=n—1)
such that p, divides ¢,, where ¢(e,, n)=1 if no such p,, exists. Since p, -+ Pn_s
~divides e,e,e;, we have

D1 o+ Pn-i/q(ey, n)<Apiel/(e,—a,)®.
Put

A(ely 71) = Q<en n)e?/(ef—al)z ’ B(n) :p1 pn—l/(4p§1) .

Then we have
B(n)< Ale,, n). (22)

Let d,(e;e,, n) be the product of all p, (1=<m=<n—1) such that p, does not
divide e,e,. Then e; must be a multiple of d;(e,e,, ). By making use of a
computer for all triples (e, e, ¢,) satisfying (20), (21) and we check the
condition (19) for any integer @ prime to 2e¢ satisfying (16). In this way we
can obtain all (e, e, ;) in A, such that o,, is not the identity on k,.

On the other hand, if o,, is the identity on k,, then (e, ¢,, ¢;) is contained
in A, , Hence we have ¢,=¢,<¢;<34. By making use of a computer for all
triples (ey, ¢,, ¢;) such that ¢,<e,<¢,=<33 we check the condition (19) for any
integer a prime to 2e satisfying (16). Making use of the computer TOSBAC-
3400, Saitama University, we have the following

THEOREM 3. The complete list of all triples (e, e, e;) of arithmetic type is
as follows:

(i) Compact types.

(2,3,7), (2,3,8), (2,3,9), (2,3, 10), (2,3, 11), (2, 3,12), (2, 3, 14), (2, 3, 16),
(2,3,18), (2,3,24), (2,3,30), (2,4,5), (2,4,6), (2,4,7), (2,4,8), (2,4, 10),
(2,4,12), (2,4,18), (2,5,5), (2,5,6), (2,5,8), (2,5,10), (2, 5, 20), (2, 5, 30),
(2,6,6), (2,6,8), (2,6,12), (2,7,7), (2,7, 14), (2,8, 8), (2, 8, 16), (2, 9, 18),
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(2, 10, 10), (2, 12, 12), (2, 12, 24), (2, 15, 30), (2, 18, 18),

3,3,4), 3,35, 3,36, 337, 3,378), 33,9, 3,3,12), (3,315,
(34,4, 3,4,6), (3,4,12), 3,55), (3,6,6), (3,6,18), (3,8,8), (3,8, 24),
(3, 10, 30), (3, 12, 12),

(4,4,4), 4,4,5), (4,4,6), (4,49, (45,5, (4,6,6), (4,8 8), (4,16, 16),
(5, 5,5), (5,5, 10), (5,5, 15), (5, 10, 10),

(6, 6, 6), (6,12, 12), (6, 24,.24), (7,7,7), (8,8, 8), (9,9, 9), (9, 18, 18),
(12, 12, 12), (15, 15, 15).

(i) Non-compact types.

(2, 3, ), (2, 4, o), (2,6, ), (2, o0, c0), (3,3, ), (30000),(4400)
(6, 6, o), (o0, o, ).

REMARK. As to the triples of types (2, 3, ¢;), (2,4, ¢;) and (2, 6, ¢,), our result

coincides with the list of pp. 610-611. It remains to classify all triples
listed in with respect to the commensurability. In the non-compact
case this is trivial because these groups are all commensurable with some con-
jugate group of the modular group.

[1]
[2]
(3]
(4]
(5]
[61]
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