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REMARKS ON SMALL SETS ON THE REAL LINE

MALGORZATA FILIPCZAK — ELZBIETA WAGNER-BOJAKOWSKA

ABSTRACT. We consider two kinds of small subsets of the real line: the sets of
strong measure zero and the microscopic sets. There are investigated the proper-
ties of these sets. The example of a microscopic set, which is not a set of strong
measure zero, is given.

The notion of strong measure zero set was introduced by E. Borel [Bol.
Properties of these sets were investigated by W. Sierpinnski, A. S. Besico-
vitch, F. Galvin, J. Mycielski, R. M. Solovay, and others.

DEFINITION 1. A set EE C R is a strong measure zero set if for each sequence
{€n}nen of positive real numbers there exists a sequence of intervals {I,,}nen
such that E C | J—, I,, and m (I,) < €, for n € N.

Sometimes, in the definition of strong measure zero set, instead of E C
o2, I, one demands that E C limsup,, I,,, where

n=1
o0 o0
limsup I,, = m U I,.
" p=1n=p
The following theorem shows that both conditions are equivalent.
THEOREM 1. The following conditions are equivalent:

(i) E is a strong measure zero set;
(i) for each sequence {n,}nen of positive real numbers there exists a sequence
{Jn}nen of intervals such that E C limsup,, J, and Y oo m (Jy) < 0y for
n € N;
(iii) for each sequence {8, }nen of positive real numbers there exists a sequence
{I,}nen of intervals such that E C limsup,, I,, and m (I,) < d,, forn € N.
Proof. (i) = (it). Let E be a strong measure zero set and let {n, },en be
an arbitrary sequence of positive real numbers. Put
O, = min{ny,...,nm} for m e N.
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Obviously, the sequence {6, }men is nonincreasing and 6,,, < n,, for m € N.
Let [akn]ren,nen be an arbitrary infinite matrix of positive real numbers such

that oo o0
Y amm <1 (1)

k=1n=1
(for example, ag, = Qk% for k,n € N). Let us consider a function ¢ : NxN — N
defined as follows:
Y (k,n) =21 (2n - 1) for (k,n) e NxN.
It is not difficult to prove that v is a bijection. Put
k) = akn Oy (k,n) for k,neN. (2)

Let k be a fixed positive integer. From (i) it follows that for the sequence

{e;’“)} there exists a sequence {I,sk)} of intervals such that
neN neN

Ec|JI® and m (I,Qk)) < e®) (3)
n=1
for n € N. Let m € N. Since 9 is a one-to-one correspondence between N x N
and N, there exists exactly one pair (k,n) € N x N such that ¢ (k,n) = m. Then
put
Ty = TP,

Obviously, F C limsup J,,, since each point of E belongs to infinitely many of
intervals L(Lk), n,k € N.

Let p € N. Put 4, = {(k,n) € Nx N: 4 (k,n) > p}. Using (3), (2), and (1)
we obtain

im(Jm): Z m(Iflk)>< Z k)

m=p (kn)eA, (k,n)eA,
= Z aknew(k,n)
(k,n)eA,
o0 oo
= Z aw71(m)9m S 91) Z a¢71(m) S 91) S Tp-
m=p m=p
The other implications are obvious. O

The notion of microscopic set was introduced by J. Appell in [Al]. The
properties of these sets were investigated by J. Appell, E. D’Aniello, and
M. Véath in [AAV] and [A2].
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DEFINITION 2. A set E C R is microscopic if for each ¢ > 0 there exists
a sequence of intervals {1, },en such that

EC U I, and m(I,) < €" for neN.
n=1

THEOREM 2. The following conditions are equivalent:

(i) E is a microscopic set;

(i) for each positive number n there ezists a sequence {Jp}nen of intervals

such that
E C limsup J, and Z m (Ji) <n” for meN;
" k=n

(iii) for each positive number & there exists a sequence {I, }nen of intervals such
that

E Climsup [, and m (I,) < " for neN.

Proof. (i) = (i4). Suppose that F is a microscopic set and n € (0,1). Let
1 : N x N — N be the function considered in the proof of Theorem 1. Put

o= —— (4)

and
en =02 for keN.

Let k be a fixed positive integer. From (i) it follows that there exists a se-
quence {L(Lk) }n N of intervals such that

EcC G 1% and m (1,(ﬁ>) < ()" (5)
n=1

Let m € N. There exists a unique pair (k,n) € N x N such that ¢ (k,n) = m.
Put

T = I,
Then E C limsup,, Jp,. Let p € N and A4, = {(k,n) € Nx N: ¢ (k,n) > p}.
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Using (5) and (4) we obtain

Sm= X om(®) < ¥ (@)

m=p (k,n)eA, (k,n)EA,

_ Z 92’“71

(kn)eA,

_ Z 92’“*1~2n < Z 92’“*1(271—1)

(kn)eA, (kn)eA,

= 3 vt

(kn)eA,
S
m=p

o o\
—= < —=
1-0 = (1—9) s

since0 <1—-6<1,s0(1—0)"<1-6.

The other implications are obvious. O

Denote by P, S, M, N the family of countable sets, strong measure zero sets,
microscopic sets, and Lebesgue measure zero sets, respectively. It is easy to see
(compare [BJ] and [AAV]) that both families S and M are the o-ideals situated
between countable sets and sets of Lebesgue measure zero. Obviously, each strong
measure zero set is microscopic, so

PCcSCMCWN.

We have M # N, because the classical Cantor set has Lebesgue measure zero
but is not microscopic (see [AAV]). If we assume CH, then P # S, since every
Luzin set is a strong measure zero set which is uncountable (see [BJ]). Recall that
a Luzin set is an uncountable subset of a real line having countable intersection
with every set of the first category. The construction of such a set using the
continuum hypothesis was given first by Luzin (1914) and Mahlo (1913),
independently. It is easy to see that each Luzin set is a strong measure zero set.
Indeed, suppose that A is a Luzin set. Let {r, },en be a sequence of all rational
numbers and let {e,}nen be an arbitrary sequence of positive real numbers.
Then the set

> €2n €2n
nL:J1<rn 2 Tt 3>
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is open and dense, so its complement is a set of the first category. Consequently,

the set
B=A\ |OO| ry— 20, 4 22
= n 3 bl n 3

is countable. Let {z,, },en be a sequence of all elements of B. Then

€on > €2n—1 €2n—1

n=1

so A is a strong measure zero set.
Now we will construct an example of some set A € M\ S.

EXAMPLE 1. Let {ry}ren be a following sequence of all rational numbers from
the interval (0,1):

112123
27373747474
Let I be a closed interval centered at a point r; with a length equal to
1
ﬁ fOI‘ k € N
(k+1)
Put
Ap=1,2_,,,U---Ul,2,, for neN
2 2
and
A =limsup A,.
n
Then
oo oo oo o0
A=AUa=nUn
p=1n=p p=1n=p

First we will prove that A is a microscopic set. Let € be an arbitrary positive
number. There exists kg € N such that

— < €.
(ko +1)%"°

Obviously,

AC UI —UIko+n 1-

’nk‘o

We will show that

m (Lgg4n—1) < €" for neN.
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We have
2k0+n72 —_ 2]{:071 . 27171
> okl .y for neN,
SO
1 1 S
m (Iko—i-n—l) = (ko N n)2k0+n72 S (ko N 1)2k071 <€ for neN.

Consequently, A is a microscopic set.

Now we will prove that A is not a strong measure zero set. We will construct
a sequence {€e, }nen of positive numbers such that for each sequence {J,, },en of
intervals with m (J,,) < €, for n € N, we have

AN\ #0.
n=1
Put

O = min{m (I;) : I; C A,}

and
1 2
A= , e " for neN
n+1 n+1 n+1
Obviously,
n?4+n>2n for neN,
SO
1 1
6n:m(I712 n>: 2 S
o (-n2+n+2_)2n =2 n+1
2

and the set A7 is the e-net of the interval [0, 1] for e =1/ (n + 1).

We will define by induction two sequences {€, }nen and {i, }nen in a following
way. Put €; = %63. There exists a positive integer i; > 1 such that
1 1

< —€7.
h+1 o7

Put e = d;,. Now suppose that the positive real numbers €, ..., €, and positive
integers i1, ...,i,_1 are chosen. There exists i,, > i,_1 such that
1 1

< —€n.
i+l o7

Let us put €,41 = 9;,,.
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Now, let {J,, }nen be an arbitrary sequence of intervals such that m (J,,) < €,
for n € N. We will find the descending subsequence {Ij },en of the sequence
{Ix}ken such that for each n € N

U7 |0t =0.
j=1

We have . L1 1
m(J1)<61—§63§51—§
Simultaneously, A3 = I, U I5 U I and the distance between I4 and I is greater
than § because m (Ig) < m (I4) < . So, there exists the component interval of
the set Az which is disjoint with .J;. Denote it by Iy, (if there is more than one
such component interval, we take the longest one).
Let us consider the interval Iy, and the set A7 . Since m (Ix,) > d3, in the

interval I}, we can find at least six points of the set A7 . We have
1
i+ 1
so, card (Jg N A;‘l) < 1 and J5 has non-empty intersection with at most three

component intervals of A4;,. Consequently, there exists a component interval I,
of the set A;, such that

I, C I, and Ikzﬂb:@.

m(Jg) < €9 = 6i1 <

Suppose that the intervals Iy, , Ix,,. .., I, such that
Ik1 DIk2 IDERE DIkn;

Iy, is a component interval of the set A; | forp=1,...,n and

U Jj N Iy, = 0
j=1

are chosen. Let us consider the interval Iy, C A;,_, and the set A} . We have
1

in + 1

so card (Jp41 N A7 ) < 1. Hence, there exists a component interval Iy, ., of the
set A;, such that

1

m (Jny1) < €ny1 = 6;, <

Ikn+1 - Ikn and Ikn+1 N Jpt1 = 0.

Consequently,
n+1

U Jj N Ik"+1 = (.
j=1
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Let zg € ﬂff:l I, . Then xg € limsup,, I, = A. On the other hand, z¢ € I, , so
zo ¢ Uj_, Jj for each n € N. Consequently, o ¢ U~ J;, i.e., 2o € A\U,—; Jn-

In the previous example we have shown straightly from the definition that A
is not a strong measure zero set. Remark that it is sufficient to observe that A
is a perfect set because no perfect set has strong measure zero (compare [BJ]).
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