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Aim. To investigate the possibilities of applying non-simultaneous reciprocal trigonometrical levelling over water
surfaces while partially taking into account vertical refraction. Methodology. Experimental investigations of vertical
refraction over water surfaces during day time on a plain and hilly terrains in summer. Non-simultaneous reciprocal
observations were made over different water surfaces with the use of an automated electronic tachymeter. For
comparing the results, the elevations between the points of observation were determined by the method of geometric
levelling. Results. Average integral quantities of vertical refraction have been computed. It has been revealed that
either stable or unstable stratification of the terrestrial atmospheric layer can set in over the water surfaces. Average
integral components of vertical refraction have been computed from the results of reciprocal observations and the
extent of the fluctuations of zenith distances. The elevations obtained as a result of non-simultaneous reciprocal
levelling with vertical refraction in the presence of fluctuations of zenith distances have been compared with those
obtained from the equivalent heights elevations obtained by geometric levelling. Scientific novelty. The formulas for
computing the abnormal component of vertical refraction according to reciprocal linear-angular observations, as well
as for computing the extent of the fluctuation of zenith distances during reciprocal observation have been obtained.
Practical applicability. The possibility of applying non-simultaneous reciprocal trigonometric levelling on the routs
under 1 km in length instead of geometric levelling over water surfaces.

Key words. Trigonometric levelling, geometric levelling, vertical refraction, index of vertical refraction,
fluctuations of zenith distances, automated electronic tachymeter.

Introduction This issue was considered by many scientists,
such as K. Kazanskiy (1966), B. Tlustiak (1974),
D. Maslitch (1984), A. Ostrovs'kyy (1990, 2007),
P. Baran (1996), Waloand A. Pachuta (2004),
V. Diemien'tiev (2009, 2011), J. O. Bjelotomic¢
(2011), A. Celms, A. Brants (2013), K. Tretiak (2015).
According to O. Moroz (2003), vertical
refraction causes significant errors in the results of
trigonometric levelling. Therefore, the enhance-
ment of its accuracy is possible when vertical
refraction is taken into account. This problem is
quite difficult and as of yet has not been solved.

The creation and development of high-attitude
sites on the territory having numerous hydrological
objects requires the application of combined
methods of levelling to accurately determine the
elevations.

It is known that geometric levelling is one of
the most accurate methods of determining
elevations, however laying grade lines on the
terrains with developed hydrology has some
obstacles such as by-pass routes of lakes or
wetlands and bridges. The by-pass routes of water
obstacles causes the increase in material costs and
errors in geometric levelling.

GNSS (Global Navigation Satellite System) The aim of this paper is to investigate the
levelling is a prospective method of determining  possibilities of applying non-simultaneous trigo-
elevations, but, as yet, it cannot be used with high- nometric levelling over water surfaces including
precision due to vegetation and relief of the terrain, ~ partially taking into account the vertical refraction.
especially at short distances.

The transmission of heights over water surfaces
using trigonometric levelling is one of the optimal According to one-sided measurements of vertical
methods and enables the sufficient acceleration of angles and inclined distances, elevation / , (without
levelling process in the areas with developed
hydrology. The main obstacle in approaching high-
precision results is the determination of the
influence of vertical refraction on the over-water
elevation.

Aim

Methodology

taking into account the deviation of plumb lines) is
calculated by the formula (Periy, 2015)
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where D, pis the inclined distance measured
between fixed points; Z ,z1s a measured zenith
distance; i, is tachymeter height; vp is a height of
sighting target; R=6380 km is a mean radius of

curvature of the Earth on the territory of Ukraine;
k 4 1s a coefficient of vertical refraction along the

observation line determined at the observation
point.

The coefficient of vertical refraction 1is
subdivided into two components; normal and
abnormal (Izotov, 1955)

kA_B = knorm + kabnorm’ (2)

where £, is the coefficient of normal component

of refraction; k is the coefficient of abnormal

abnorm
component of refraction.

Coefficients of the normal component of
vertical refraction are computed according to the
values of atmospheric pressure P, and air
temperature measured at the observation points
when the dry-adiabatic temperature gradient in dry
atmosphere is equal to y_, . =0,0098 K/m and

with the use of the dependence (Izotov, 1955)

P
k.,..=12,27 77 (3)

where P is atmospheric pressure in mb; T is air
temperature in K, T = (273,15°+°C).

The coefficient of the abnormal component of
vertical refraction depending on meteorological
values is represented by formula (4)

_s03L ¢ )

g 7> K’

abnorm
where cis the abnormal temperature gradient at a
height of 1 m; and A’ is the equivalent height of

directional ray above the underlying surface.
The equivalent height of the directional ray

above the wunderlying surface is calculated
according to formula (5) (Izotov, 1955)
D
1 2 /
Pyl el )
h, D" yh

where b is the power roughly equal to 1, which
depends on the stratification of the atmosphere.

A general formula for determining the
coefficient of wvertical refraction dependent on

temperature and pressure is obtained on the basis of
(2), (3) and (4) (Izotov, 1955).
P c

k:12,27i2+503—2—b . (6)
T T h,

The coefficients of the normal component of
vertical refraction, as it can be derived from (3), is
determined only according to the measurements of
temperature and pressure on the observation points.
Let us rewrite formula (1) as follows (Periy, 2015)

2 .2
hl{B = DAB Cos ZAB +iA —Vpt (1 _knorm)% ’ (7)

where hLB is an elevation taking into account the
Earth’s curvature and the normal component of
vertical refraction.

Let us write the system of equations for deter-
mining elevation on the basis of (1) for reciprocal
observations taking into account (2) and (7):

D’ sin* Z
hy = hLB ~Kitnorm a8 =L
2R (8)
D;, sin’ Z
ho = hl —k. BA BA
BA BA abnorm BA 2R

The integral value of the coefficient of the
normal component of vertical refraction is
determined by formula (9) obtained from the
system of equations (8) under the condition

k‘nt.(a‘bnorm) = kdbnormAB = kdbnormAB :

(B +hy )% R .(9)

2 2
(DAB +D,, j y {Sm[zﬂ, +7=Z,, ﬂ
2 2

The coefficients of vertical refraction can be
also determined by fluctuations of zenith distances
with the use of the laws of statistical physics of at-
mosphere for different values of atmosphere strati-
fication using the simplified formulae (Periy, 2013)

kjm (abnorm =

k(unstuble) = k] _7’17D_1/2he_2/3m; ’ (10)
k(ind([/"érert) = k[ 1 8’35 D71/2h;2/3m; H (11)
Kianio =k +133 D72hmy . (12)

Numerical values of coefficients in formulae
(10)—(12) are the aggregate values for different
atmosphere stratification. Actually, the values of
these coefficients change depending on turbulence,
particularly for stable stratification, when dynamic
turbulence exceeds the thermal one.
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Comparing (6) to (10)—(12), we can see the
functional relationship between the abnormal
component of the coefficient of vertical refraction
and the fluctuations of zenith distances. But,

fluctuations of zenith distances m, are determined

as root-mean-square deviations from average
values of observations received on certain targets.
They do not contain the information about
atmosphere stratification, that is, do not take into
account the sign of temperature gradient c.

The atmosphere stratification can be determined
using the reciprocal observations according to the
sign and value of the integral coefficient of vertical
refraction (9) and under the condition of its
equality in mutually opposite directions. In the
periods of indifferent stratification (close to the
periods of steady images), the accurate
determination of the type of atmosphere
stratification is problematic due to the possibility of
transient periods.

Corrected elevations, taking into account the
vertical refraction and measurement errors in zenith
distances, are obtained by a technique for
processing the results of reciprocal trigonometric
levelling using the fluctuations of zenith distances
(Periy, 2015)

1 1 b _ b 1 1
Jreciige ~ hAB — hBA _ Mz, — Mz, hAB + hBA (13)
B = b b ’
m, +m, 2
AB BA

2

where M, and M, are the fluctuations of ze-
AB BA

nith  directions, determined from received
observations; and b is the power depending on
atmosphere stratification (for unstable stratification
b=1).

The corrected elevation can also be obtained by
the equivalent heights if formula (13) is to be
represented as follows:

b b
Jreciris. ~ hlm - hzlaA " he a5 = heps hlm + hIL‘A ,(14)
v 2 h: T hf BA 2

The power b can be determined from formula
(13) by substituting the value of elevation of

reciprocal trigonometric levelling 45" with the
elevation from high-precision geometrical levelling
h*™. For simplifying the formula, let us substitute
its part for a coefficient A :

Py =y, | oo
2
By+hh,)
2

where  2*“"is the
geometrical levelling.

Therefore, the final formula for determining the
power will look like

A= (15)

elevation obtained from

(16)

Results

For conducting the experiment, four points of
observation (T1, T2, T3, T4) were set at the shore
of Pisochne Lake creating 2 triangles (AT1T2T3,
ATI1T2T4) with mutual visibility between the
points (Periy, 2017).

Fig. 1. The plan of network on Pisochne Lake
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The measurements on the points are carried out
with the use of tachymeter Leica TC 2003 (the
accuracy of measuring angles 0.5”, lines
Imm + 1ppm).

Linear-angular observations on the points were
conducted 10 times. Pointing to the reflectors was
done in the automatic mode using the special
function of the tachymeter consisting of maximum
observation of the reflected signal.

Non-simultaneous reciprocal observations were
conducted in sunny weather.

From the results of reciprocal observations, the
integral abnormal components of the coefficients of
vertical refraction were calculated for each line
using formulae (9) (Table 1).

Analyzing signs and values of the integral
abnormal components of coefficients of vertical re-
fraction are shown in Table 1, where we can observe
the unstable atmosphere stratification over the lake
during the period of observation. It means that air
temperature decreases when height increases.

Table 1

Values of integral abnormal coefficients
of vertical refraction as a result of observation
on Pisochne Lake

Name of line D (m) K.anom.refr.
T1-T3 740 -0.675
T2-T3 541 -1.389
T1-T2 349 -1.995
T1-T4 903 -0.491
T2-T4 748 -0.979

For the same lines, the elevations are calculated
using formula (12) with different values of power b
1/2, 1/3,-1/6,-1/3,-1/2,-2/3. These elevations were

compared to elevations obtained from the results of
repeated III class geometric levelling (Moroz,
2015). Differences between elevations obtained by
trigonometric and geometric levelling are given in
Table 2.

Analyzing Table 2, we can see the ambiguity in
determining the power along the directions of
observation. The least mean value of errors is
located between values obtained by geometrical
and trigonometric levelling taking into account the
fluctuations of zenith distances in powers -2/3 and
equals to 1.6 mm, and the least mean square
deviation from the mean square error (MSE) with
the use of the power 1/2 equals 0.9 mm.

The power b of calculations using formula (16)
is given in Table 3.

As we can derive from Table 3, the peak-to-
peak value of the power is considerable and
changes from 2 to -2. It points to errors, which are
connected with non-simultaneity of observations
along the lines, and to device errors contained in
the values of fluctuation.

The experiment was repeated for the
experimental geodetic ground in Berezhany city in
the summer of 2017.

Investigations were conducted over the water
surface of a pond.

For the experiment, 4 points were chosen, 2 on
the left and 2 on the right shore (see Fig. 2).
Elevations between these points were determined
with a digital level Dini03 with the use of invar
rods according to the program of class Il geometric
leveling.

Linear — angular measurements were conducted
with the tachymeter Leica TC 2003 according to
the special program of observations.

Table 2

Differences of elevations between geometric and trigonometric levelling taking into account

the fluctuations of zenith distances with different powers b (Lake Pisochne)

Line b1 b*1/2 b*1/3 b0 b"-1/6 b~-1/3 b"-1/2 b"-2/3
(mm) (mm) (mm) (mm) (mm) (mm) (mm) (mm)
T1-T3 54 4.6 43 3.7 34 3.1 2.8 2.5
T2-T3 7.9 33 1.7 -1.5 -3.1 -4.7 -6.3 -1.9
T1-T2 7.3 3.9 2.7 0.2 -1.0 -2.3 -3.5 -4.6
T1-T4 3.6 5.0 5.4 6.3 6.8 7.3 7.7 8.2
T2-T4 -0.3 2.8 3.8 59 6.9 7.9 9.0 10.0
Average 4.8 3.9 3.6 2.9 2.6 23 2.0 1.6
MSE 3.3 0.9 1.4 3.5 4.6 5.6 6.7 7.8
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Table 3
Calculated values of power b
(Pisochne Lake)
Line b

T1-T3 -2.15
T3-T2 0.16
T2-T1 -0.03
T1-T4 2.31
T2-T4 0.96
Average 0.25

Table 4

Values of integral abnormal coefficients
of vertical refraction by the results of
observation over Berezhany pond

Line D (m) K.abnorm.refr.
1-3 1111 0.1556
1-4 1092 0.1556
2.3 1107 0.1520
2-4 1089 0.1626

The sequence of observations is as follows:

1. On the points 1, 2, 3, 4, supports with
tripods were installed. Over point 1 the device was
installed, on points 2, 3, 4 reflectors were mounted.

2. The heights of device and reflectors were
measured with the help of special equipment with
the use of reading by the method of photofixation.
On the point of device location, the temperature of
air and water, as well as atmospheric pressure was
measured.

3. From point 1 towards the other three points
of quadrangle 2, 3, 4, horizontal and vertical circuits
were in turn read and inclined distances were
measured. Measurements were taken in 10 steps.

4. Observations on other points were
conducted in the same way. The device was turn-
by-turn mounted on consequent points, and
reflectors were mounted and oriented instead of it
on vacant places.

According to results obtained from reciprocal
observations, integral abnormal components of the
coefficients of vertical refraction for every line
were calculated using formula (9) (Table 4).

As we can derive from Table 4, the values of
the abnormal component of the integral coefficient
of vertical refraction are positive, which
corresponds with stable atmosphere stratification
over Berezhany pond. It is caused by the increasing
temperature with height (temperature inversion).
For these lines, the elevations were calculated by
formula (13) with different power values: - 1, -2/3,
-1/3,0, 1/3, 1.

5.Moreover, elevations were calculated taking
into account equivalent heights (14) instead of the
fluctuations of zenith distances. Equivalent ray
heights were determined by (5): along the lines 1-3,
1-4, 2-3 1 2-4 with height equals to 10 m, while
along the lines 3-1, 3-2, 4-1, 4-2 heights were equal
to 5 m. These elevations were compared to the
values of elevations obtained from class II
geometric levelling, and the differences are shown
in Table 5.

Fig. 2. Layout of the experiment over Berezhany pond
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Table 5
Differences between elevations from geometric and trigonometric levelling
taking into account the fluctuations of zenith distances (with different powers),
and taking into account equivalent heights (Berezhany pond)

Li A A A A A A A

e mh*-1 | mh"-2/3 mh*-1/3 mh"0 | mh*1/3 mh*1 he

1-3 0.3 2.0 3.8 5.6 7.5 10.9 0.6
1-4 3.6 3.1 2.5 2.0 1.5 0.4 -2.8

2-3 4.1 4.7 53 5.9 6.5 7.7 1.0
2-4 0.7 1.9 3.2 4.5 5.8 8.3 -0.6
Average error 2.2 2.9 3.7 4.5 53 6.8 -0.4
MSE 1.9 1.3 1.2 1.8 2.6 4.5 1.7
As we can derive from Table 5, the least Conclusions

average error occurs between the values of geo-
metric and trigonometric levelling taking into ac-
count the equivalent heights and equal to 0.4 mm,
and MSE equal to 1.7 mm. The least value of MSE
is that with the use of the fluctuations of zenith
distances raised to the power -1/3 and equal to
1.2 mm. Both methods meet the accuracy of class
II geometric leveling. It shows the inverse
relationship between the fluctuations and the value
of vertical refraction and can be explained by the
presence of dynamic turbulence on bigger heights
of propagation of a directional ray over the water
surface in the investigated area.

Powers calculated by (16) and shown in Table
6 confirm the suggested hypothesis of backward
linkage. Air flows over Berezhany pond move
along the Zolota Lypa Valley with high river
banks, which form a dynamic wind tunnel.

Table 6
Calculated values of power b
(Berezhany pond)
Line b
1-3 -1.07
1-4 1.27
2-3 -3.39
2-4 -1.18
average -1.09

For increasing the accuracy of levelling, the
authors plan to create the technique for determining
the powers at the fluctuations of zenith distances
and equivalent heights during the performance of
simultaneous reciprocal trigonometric observa-
tions.

1. The possibility of non-simultaneous recip-
rocal trigonometric levelling for height trans-
mission over water surfaces while partially taking
into account the vertical refraction and accuracy of
class II geometric levelling is shown.

2. The occurrence of stable, as well as unstable
stratifications of surface air is revealed.

3. Fluctuations of zenith heights for determi-
ning elevations for stable atmosphere stratification
have stronger relationship with dynamic turbu-
lence. Therefore, their powers are negative while
determining partial values of vertical refraction in
the range from -1 to -0.3.

4. During unstable stratification for reciprocal
trigonometric levelling, powers of fluctuations of
zenith distances are in the range from +1 to +0.3.

5. At stable stratification under the conditions
of strong dynamic turbulence, it is better to use
equivalent heights for determining partial values of
vertical refraction.
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JIOCJIJIPKEHHS PEGPAKIIIMHOI'O [OJIS HAJT BOJHUMM [TOBEPXHSIMU

Mera. J[locmimuT# MOMJIMBOCTI 3aCTOCYBaHHS JBOCTOPOHHBOTO HEOIHOYACHOTO TPUTOHOMETPUYHOTO
HIBEJIIOBaHHS Ha/l BOJHUMH NOBEPXHSIMH 3 YaCTKOBUM ypaxyBaHHSIM BepTUKaIbHOI pedpakiii. Meroanka. Bukonani
eKCIIepUMEHTAIIbHI JIOCII/PKEHHSI BEPTHKaJIbHOI pedpakxiiii HaJl BOXHIUMHU HOBEPXHSIMH B ICHHUH Mepio] Y piBHUHHIN
Ta TOpOKyBaTiif MiCIIEBOCTI y JITHIO IMOPY POKy. BuKoHaHI HEomHOYACHI B3a€MHI JIIHIHHO-KYTOBI CLIOCTEpEKEHHS HaJl
pI3HMMHM BOJHUMH TIOBEPXHSIMHM 13 3aCTOCYBaHHSIM pOOOTH30BaHOrO TaxeoMmerpa. /Iyl MOpPIBHSHHS, BU3HAYECHO
MEPEBUIIEHHS MK CIOCTEPE)KYBAaHMMH IYHKTaAMH T'€OMETPUYHHM HiBelloBaHHSM. Pesyasratn. OOumcieHi
CepeIHbOIHTerpabHI KOe(illieHTH BEPTHKANBHOI pedpakxiiii. BusBieHo, 1m0 Haa BOTHAMH IOBEPXHIMH MOXE
BCTaHOBJIIOBATUCh SK CTiliKa, Tak 1 HecTilika crpartudikauis mpuzeMHOro armocgepHoro mnpourapky. OOuucieni
CepeHbOIHTETpaIbHI CKJIAJI0BI BEPTUKANBHOI pedpakuil i3 ABOCTOPOHHIX CIIOCTEPEKEHb Ta CTeNeHl (IyKTyarii
3€HITHHX BifcTaHed. [IOpiBHSHO MEpeBUINCHHS OTPUMaHI i3 JTBOCTOPOHHBOTO HEOJHOYACHOTO TPUTOHOMETPUYHOTO
HIBCIIOBAHHS 13 ypaXyBaHHSIM BEPTHKANBHOI pedpakxiii 3a (uIyKTyaIrisMi 3eHITHUX BiIICTaHEH, a TaKOXXK OTPHMaHUX
i3 ypaxyBaHHsSM €KBIBaJIECHTHUX BUCOT i3 MEPEBHUILICHHSIMU OTPHUMaHMMHU I'€OMETPHUYHMM HiBentoBaHHsAM. HaykoBa
HoBu3Ha. OTpuMmaHa (opMyna po3paxyHKy aHOMAIBHOI CKIIaJOBOI BEpTHKAIBHOI pedpakmil 3a JBOCTOPOHHIMHU
JMHIHHO-KYTOBAMH criocTepekeHHsIMH. OTpruMana Gopmyna oOUYHCICHHS CTereHs (IyKTyaliil 3eHITHHX BiICTaHEH
M 4Yac JBOCTOPOHHIX croctepexeHb. I[IpakTuuna 3Hauymiictb. [lokazaHa MOXJIIMBICTH 3aCTOCYBaHHS
HEOJHOYACHOIO JIBOCTOPOHHBOIO TPHUIOHOMETPHYHOTO HIBENIOBAHHS Ha TpacaX 1o 1 KM B3aMiH F€OMETPHYHOTO
HiBETIOBaHH: HaJl BOJHUMH ITOBEPXHIMHU.

Kniouosi cnosa: TpUroHOMETpUYHE HIBENIOBAHHS; TICOMETPUYHE HIBEIIOBAHHS; BEPTUKAIbHA peQpaxiis;
Koe(ilieHT BepTUKaIBHOT pedpakuii; GuykTyanii 3eHITHUX BiICTaHei; poOOTU30BaHUI €IEKTPOHHUI TaXeoMeTp
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