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1. Introduction. The principal purpose of this paper is to give a

negative solution for the problem of Borsuk and Jaworowski [3,

p. 164],1 that is to say, in §4 we prove that Begle's example [2] shows

that the homotopical stability of points is not invariant under Car-

tesian multiplication (Theorem 4).

In §2 we investigate set-theoretic properties of the joins of spaces.

The relation between our problem and the join is also described in §2

(Theorem 1). In §3 homology groups and fundamental groups of the

joins are considered.

2. Set-theoretic properties of the joins. Throughout the paper all

spaces are finite complexes (= finite polyhedra) and nonvacuous,

unless the contrary is explicitly stated. The equality between two

spaces implies they are homeomorphic.

Definition 1. Let A and B be spaces, their join A * B is the space

obtained from A XB XI by identifying each set of the form a XB X1

with aEA and each set of the form AXbXO with bEB, where /

denotes the interval Og/:gl. Let either A or B, say B, be vacuous,

their join is A itself. Let either A or B, say B, be a point b, their

join will be called a cone A of the base A and the vertex b. Let either

A or B, say B, be the (ra —l)-sphere Sn_1 (ra^l), their join will be

called an n-fold suspension of A.

Under the identification q>a*b, A and B may be regarded as subsets

wa.b(A XBX1) and o)A.b(A XBXO) of A *B respectively.

Lemma 1. (i) A *B=B *A,

(ii) ifA = \)nt_iAi, A*B = U?_i (Ai*B),
(iii) if A=C\7~i Ai, A *J5=n"-i (Ai*B), where ra is a positive in-

teger.

Proof, (i) Let h: AXBXI^BXAXI be a homeomorphism de-
fined by taking h(a, b, t) = (b, a, 1—t) and let ij/=o3B»Aho}2}B. It is easily

checked that \f/ is a 1:1-transformation. From Lemma 3 of [8], ^ is a

homeomorphism.   (ii) Since 03A.B\AiXBXl=(aAi.B, it follows that
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A *5DU?_! (Ai*B). For each point x£<4 *B we may find aGAi such

that x=o)Ai*B(a, b, t). Hence we have A *.B£U?_1 (At*B). (iii) It is

similar to (ii).

Lemma 2. A *B is arcwise-connected.

Proof. If both A and B are arcwise-connected, from Definition 1

A *B is arcwise-connected. In the general case, let x and y be arbi-

trary points of A *B. From Lemma 1 there are arcwise-connected

components A', A" of A and B', B" of B such that xGA'*B',

yGA" *B" and A'*BT\A" *B'DB', A" *BT\A" *B"Z)A". It
follows that x and y are in an arcwise-connected component of

A * B. This completes the proof.

Lemma 3. A XB = (A XB^JA XJ3)~.

Proof. Let A=A*a0, B=B*b0 and (A XB^JAXB)~ = (A XB

yJA XB) *c. From Lemma 4 of [8 ], cojxB = (coj, w^), «xxB = (identity,

Ub) and o>2xb — (ua, identity) are identifications. Let P be a space

obtained from A XBXboXI^JA Xa0XlXB by identifying each point

(a, b, bo, 1) with (a, a0, l,b) and Wi be the identification. Then from

Lemma 3 of [8] we have an identification u2:P—>A XB^JA XB such

that oi2ui\AXBXboXI=oiAx% u^^A Xa0XlXB =wrXB. Let u3 be

the identification w3:(A XB^JA XB) XcXI->(A XB^JA XB)~. Let
f-.AXaoXlXBXboXl^AXBVAXB)^ be a transformation de-

fined by taking

fco3(co2a,1(a, 6, 6„, f//), (c, t)) for * ^ t',
f(a, ao, t, o, bo, t) =   <

(.a)3(a)2oj1(a, a0, t/t', b), (c, t')) for t' ^ /,

where 0/0 means 1.

Let <p=fo>2XB'.A XB^>(A XB^JA X-B)"\ It is easily checked that/
is a map and <j> is a 1:1-transformation. Therefore the lemma follows

from Lemma 3 of [8].

Lemma 4. A XBV)AXB=A *B.

Proof. Let g:A XBXboXl^JA Xa0XIXB^>A XBXI be a map
defined by taking

(g | (A X B X h X I))(a, b, b0, t) = (a, b, 1 - t/2),

(g\ (A X ao X I X B))(a, a0, t, b) = (a, b, t/2),

and let K=o>A.BgUi 1u21'.A XB^JA XB—>A *B, it is easily checked

that k is a Ill-transformation. From Lemma 3 of [8] k is a homeo-

morphism.
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Theorem 1. Let K, L be complexes and a, a vertex of K,A a neighbor-

hood complex of a and b, a vertex of L, B a neighborhood complex of b.

Then A *B is a neighborhood complex of (a, b) in AX A.

Proof. From Lemma 3 and the definition of the neighborhood

complex [6, §3], A XBVJA XB is a neighborhood complex of (a, b) in

AX A. Therefore the theorem follows from Lemma 4.

3. Homology groups and fundamental groups of the joins.

Definition 2. Let A, B he complexes augmented by the null-

simplex. The join A *B of A and B is the augmented complex whose

vertices form the union of the vertices of A and B respectively. A set

of vertices are those of a simplex if the join of its subsets in A and B

span a simplex there [5, p. 137].

From Lemma 1 it readily follows that Definition 2 and Definition

1 are equivalent.

We already know the boundary relation for the join;

F(t'*v<) = (FZ')*v*+ (-l)"+H"*(Fvq),

where £p is a ^-dimensional chain of A, i]q is a g-dimensional chain of

B, and F denotes the boundary operation [5, p. 139].

Let Hr(A) and TT(A), r Si 1, be the integral r-dimensional homology

group of A and the integral r-dimensional torsion group of A respec-

tively and Ha(A) be the reduced (berandungsfahigen) O-dimensional

homology group of A [l, p. 209].

Then by Lefschetz's method [5, p. 137] and Kunneth's theorem

[l, p. 308] we can deduce;

Theorem 2. Hn(A *B) ~Hn-i(A XB) ~ 2~2p+<,=n-i(Hp(A) ®Hq(B))
© X2r+«-»-2 (Tr(A) ®T,(B)) for ra^O, where the symbols £2 and @

signify the direct sum of groups and ® signifies the tensor product of

groups.

Corollary. The homology groups of the n-fold suspension of A are

HP(A*S"-1) « Hp-n(A) ® Hn_i(S«-1) « H^A) for p ^ ra,

HP(A *Sn~1) ~ 0 /or 0 ^ p < ra.

Theorem 3. Let either A or B be arcwise-connected, then the funda-

mental group of the join of A and B is trivial, that is to say, iri(A * B)

« unity.

Proof. In the first place we assume that both A and B are arcwise-

connected. From Lemma 2 and the assumption complexes A XB,

A XB, and A XB are arcwise-connected. From Theorem 1 of [7, p.
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177] and Lemma 4, wi(A *B) =ti(k(A XBKJA XB)) is a factor group

of the free product iti(k(A XB))Owi(k(A XB)). Since iri(AXB)

^iri(A Xb) and iri(AXB) ^iri(aXB), tri(A *B) is a factor group of

tti(k(A Xb))Oiri(K(aXB)), where a, b are fixed points of A, B respec-

tively. It is easily seen that each closed path of k(A Xb) which passes

K.(a, b) and n(a, b) are homotopic in the cone u>A.B(A XbXl) relative

to *c(a, b). Since each generator of iti(k(A Xb)) is null-homotopic in

A *B and the same is also true foriri(K(aXB)), then wi(A *B) «unity.

In the next place we assume that either A or B, say A, is arcwise-

connected. Let B\, ■ ■ ■ , Bn be arcwise-connected components of B,

from Lemma 1,A *B=A *BiKJ • • • \JA *Bnano\A *Bi<~\A *Bj=A,
where ij^j and l^i, j^n. Since A *Bi, ■ ■ ■ , A *B„ are arcwise-

connected, tti(A * B) is a factor group of the free product 7Ti(.4 *Bi)

O ■ ■ -OiriiA *Bn). Thus the theorem follows from the first con-

sideration.

Corollary. A *B is noncontractible if, and only if, there exists

p^O such that HP(A XB)not~0.

Proof. Necessity: If A*B is noncontractible, either iri(A*B)

not ~unity or Hn(A *B) not ~0, ra^2. If iri(A *B) not ~unity, from

Theorem 3 neither A nor B is arcwise-connected. Then we have

Ho(AXB) not «0. If Hn(A*B) not ~0, ra^2, from Theorem 2,

Hn-i(A XB) not ~0. Sufficiency: From Theorem 2 it is trivial.

Remark. From the above facts we can easily deduce:

Let either A or B be arcwise-connected and Hi(A) «0, Hj(B) «0 for

i<p,j<q. Then irp+q+i(A * B) «HP(A) ®Hq(B), where -rrr(A) denotes

r-dimensional homolopy group of A, r ^ 2.

4. Application to the homotopical stability of points.

Example. Let A be a complex which is obtained from a Poincare's

sphere with nonvanishing fundamental group by omitting an open

3-simplex and let K = (a0^Jai) * A and let L = (b0VJbi) * 5n_1. Then

from Theorem 1, A *5"-1 is a neighborhood complex of (a0, 60) in

KXL. From Theorems 3.1 and 3.2 of [6] and corollaries of Theorems

2 and 3, we have that a0 and Z>0 are homotopically stabile but (a0, bo)

is homotopically labile. When Sn~1 = S°, then the example is the one

of Begle [2].

Thus we have;

Theorem 4. The homotopical stability of points is not invariant under

Cartesian multiplication.

From Theorem 3.2 of [6] and corollary of Theorem 3 we have:
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Theorem 5. A point (a, b) of K^L is homotopically stabile if, and

only if, there exist neighborhood complexes A of a in K and B of b in L

such that HP(A XB)not~0 for some p^O.

Remark. We may propose an analogous problem for the stability of

points owing to Hopf and Pannwitz [4]. From Theorem 6 of [4], the

boundary relation for the join in §3 and Theorem 1, we can deduce;

For homogeneous complexes the stability of points owing to Hopf and

Pannwitz is invariant under Cartesian multiplication.
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