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A PROOF OF PROJECTIVE DETERMINACY

DONALD A. MARTIN AND JOHN R. STEEL

0. INTRODUCTION

Let w be the set of all natural numbers. “w is the set of all functions from
w to w. We regard “w as a topological space by giving it the product of the
discrete topology. (With this topology it is homeomorphic to the irrationals.) A
subset of the finite product J (“w) is projective if it comes from an open subset
of some k(‘”w) via repeated applications of projection and complementation.

The projective sets admit a natural hierarchy: a set is E(l) iff it is open, l'l,ll iff

it is the complement of a }:,1, set, and Z:‘ 4+ iff it is the projection of a H:, set.

Although the projective sets are in some sense simply definable, many ques-
tions concerning them cannot be answered within ZFC, the standard system of
axioms for set theory. In general, ZFC gives a good theory of Borel sets, decides
some questions concerning I'I: and l'l; sets, and decides little about l'[; and

beyond. For example, while ZFC proves that all H: sets are Lebesgue mea-
surable (Lusin, cf. [12, p. 105]), it neither proves nor refutes the assertion that
all Hi sets are Lebesgue measurable (Godel, Solovay; cf. [3, pp. 528, 537]).
The situation is similar with regard to other “regularity” properties of projective
sets, for example the Baire property and the property of either being countable
or containing a perfect subset. In a different direction, ZFC proves that all 1'[:

relations admit II: selection functions (Novikov, Kondo; cf. [12, p. 227]), but

does not decide whether all H; relations admit projective selection functions
(Levy [6]).

There is, nevertheless, a fundamental regularity hypothesis concerning pro-
jective sets, one which seems to decide all of the open questions about them. To
each set Y and each 4 C “Y is associated a two-person infinite game played
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as follows:

I Yo Y,
I Y, V3

Each y, must belong to Y. I wins a play of the game if and only if (y,|i €
w) € A. The notions of strategy and winning strategy for the game associated
with 4 (and Y ) are defined in the natural way. A is determined (as a subset of
“Y ) if one of the two players has a winning strategy for the associated game.
H,', determinacy is the assertion that all H,ll subsets of “w are determined;
projective determinacy, or PD, is the assertion that all projective subsets of “w
are determined.

During the last 25 years or so, descriptive set theorists have shown that PD
settles all the classical questions about projective sets left undecided by ZFC.

The earliest results concerned the regularity properties: PD implies all pro-
jective sets are Lebesgue measurable (Mycielski, Swierczkowski), have the Baire
property (Banach, Mazur), and either are countable or have a perfect sub-
set (Davis) (cf. [12, pp. 295-301]). Later, through the work of Kechris,
Moschovakis, and others, it was shown that, under PD, the deepest methods
and results of the classical theory can be generalized and extended to the whole
of the projective hierarchy. For example, Moschovakis found the proper gener-
alization of the classical sieves on I'I: sets (a basic tool for dealing with such

sets), and showed that under PD H;" 41 Sets admit such “generalized sieves.” As
1

a consequence, IT,, , relations admit l'[,;n 41 selection functions [12, p. 317].
The theory of projective sets one gets from PD generalizes in a natural way
the theory of Borel, l'l: , and H; sets one gets from ZFC; indeed, with the
benefit of hindsight we can regard much of the latter theory as based on II(')
determinacy, which is provable in ZFC (Gale and Stewart; cf. [12, p. 289]).

Because of the richness and coherence of its consequences, one would like to
derive PD itself from more fundamental principles concerning sets in general,
principles whose justification is more direct.

We know of one proper extension of ZFC which is as well justified as ZFC
itself, namely ZFC + “ZFC is consistent.” Extrapolating wildly, we are led to
strong reflection principles, also known as large cardinal hypotheses. (One can
fill in some intermediate steps.) These principles assert that certain properties
of the universe V' of all sets are shared by, or “reflect to,” initial segments V_
of the cumulative hierarchy of sets. (Reflecting reflection, we get ordinals x
such that certain properties of ¥, reflect to smaller V, ’s. This is the form of
the principles below.) Reflection principles have some motivation analogous to
that for the axioms of ZFC themselves, and indeed the axioms of infinity and
replacement of ZFC are equivalent to a reflection schema (Levy, Montague; cf.
[5D).

The principles of interest to us assert the existence of nontrivial elementary
embeddings j of the universe V into transitive classes M . The greater the



A PROOF OF PROJECTIVE DETERMINACY 73

resemblance between M and V', the stronger the principle. (M = V is im-
possible by a result of Kunen; cf. [3, p. 314]). The critical point of such an
embedding j or crit(j), is the least ordinal o such that j(a) # a. To see
the reflection inherent in such a principle, notice that if P is a property of
K = crit(j), and M resembles V' enough that P(k) is true in M, then M
satisfies (Ja < j(k))P(a), so that if j is elementary with respect to P, V
satisfies (Ja < k)P (a).

The “large cardinal” associated to an elementary j: V' — M is its critical
point; the more M resembles V', the larger this cardinal must be. A cardinal
K is measurable iff k¥ = crit(j) for some nontrivial elementary j: V — M.
A cardinal x is superstrong iff k = crit(j) for some nontrivial elementary
j:V - M with Viy €M . A cardinal x is w-huge iff k¥ = crit(j) for
some nontrivial elementary j : V — M with ij(K) C M, where j (k) =
sup{j(x), j(j(x)), j(J((x))),...}. By Kunen’s result there is no nontrivial
elementary j:V - M with V, . CM.

The first indication that large cardinals are connected with determinacy was
Solovay’s proof (cf. [3, p. 556]) that PD implies there is an inner model with
a measurable cardinal. This suggested that large cardinal hypotheses would
be necessary in proving determinacy. Results of Gaifman, Rowbottom, and
Solovay suggested they might suffice, and indeed in [7] Martin showed that the

existence of a measurable cardinal implies l'l: determinacy. The next natu-
ral target was II; determinacy. By extending Solovay’s arguments, Martin,
Simms, and Green showed that small fragments of l'I; determinacy imply the
existence of inner models with many measurable cardinals. Thus one needed a
hypothesis stronger than the existence of many measurables in order to prove
II; determinacy.

During the ten years between [7] and [8] considerable effort was devoted
to deriving II; determinacy from the existence of supercompact cardinals, a
hypothesis slightly more powerful than the existence of superstrong cardinals.
There was no success. Then Martin [8] showed that the existence of w-huge car-
dinals implies H; determinacy. Although the hypothesis seemed outlandishly
strong, the proof looked natural to descriptive set theorists. This and the earlier
failure with supercompacts and the like led to a general opinion that the exis-
tence of an w-huge cardinal was a necessary hypothesis for H; determinacy.
This opinion was reinforced by subsequent work of Woodin, who showed that
PD (and more) follows from large cardinal hypotheses somewhat stronger than
the existence of an w-huge cardinal. It seemed one had only to wait for the
inner model theory to reach these very large cardinals in order actually to prove
them necessary for PD. Unfortunately, the inner model theory had bogged down
well below superstrongs.

It came as a great surprise when Woodin [13], using freshly minted techniques
of Foreman, Magidor, and Shelah [2], showed that the existence of supercom-
pact cardinals implies all projective sets are Lebesgue measurable. This meant
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that if there are inner models with supercompact cardinals which resemble in
certain very basic ways the known inner models with measurable cardinals and
the like, then these models with supercompacts must be quite complicated—too
complicated to construct under the hypothesis of PD. If the pattern of connec-
tion between large cardinals and determinacy that was known in detail at the
level of II: determinacy and slightly beyond were to persist, this meant that
supercompact cardinals must imply PD. In fact, Woodin and Shelah soon low-
ered the large cardinal hypothesis for the Lebesgue measurability of projective
sets below superstrongs. In particular, Woodin showed that the existence of »
“Woodin cardinals” (as they are now known) with a measurable above them
all implies that all II:, 42 sets are Lebesgue measurable. If the earlier pattern
were to persist, this meant that the existence of n Woodin cardinals with a

measurable above them all must imply H,', . determinacy.

In this paper we show that this is in fact the case. Thus the existence of
infinitely many Woodin cardinals implies PD. We also give the proof, using a
result of Woodin, that every set in L(#) is determined if there are infinitely
many Woodin cardinals with a measurable cardinal above them all.

Our large cardinal hypotheses are essentially weakest possible. For the case of
l'l; determinacy, we show this in [11] by getting an inner model for a Woodin
cardinal in which II; determinacy fails. Similar results can be proved for
higher levels of the projective hierarchy. More recently Woodin has shown
that, e.g. II; determinacy implies that there is an inner model for a Woodin
cardinal, and he has gotten some equiconsistency results relating determinacy
and Woodin cardinals.

As the foregoing capsule history of determinacy proofs suggests, the authors
owe a great debt to the work of Foreman, Magidor, Shelah, and Woodin. Nev-
ertheless, the technical ideas in our proof have no relation to that work. We
arrived at our proof by asking what it is about Woodin cardinals that makes their
inner models so complicated. In earlier work on inner model theory, there had
arisen the worry that superstrong cardinals might generate complicated “itera-
tion trees” (cf. §3). It turns out that Woodin cardinals generate such trees, and,
while this is a problem for inner model theory, it can be used to prove determi-
nacy. Our proof also makes heavy use of the connection between determinacy
and homogeneous trees and of the method for constructing homogeneous trees
of [9].

For more on the background of our theorems, as well as condensed versions
of some of the proofs, see [10].

We have tried to make this paper fairly self-contained. Thus in §1 we de-
velop the theory of the ultrapowers given by towers of measures and especially
the theory of extenders in some detail, although we are presenting mostly mate-
rial familiar to large cardinal experts. Similarly, in §2 we develop the theory of
homogeneous trees from the beginning, a theory well known to experts in deter-
minacy. The reader needs: for §1 a familiarity with axiomatic set theory at the
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level of an introductory graduate course and an acquaintance with measurable
cardinals (with the ultrapowers they give and with Rowbottom’s Theorem); for
§2 the definition of the projective hierarchy and the normal form for H: sets
in terms of well-orderings. At the end of §2 we state our Main Theorem, using
the concepts introduced in §2 and the bare definition of Woodin cardinals. We
then deduce the determinacy results mentioned above. The rest of the paper is
devoted to proving the Main Theorem. In §3 we introduce and study our prin-
cipal technical concept: that of iteration trees. In §4 we develop the theory of
Woodin cardinals, relating them to other large cardinals and showing how they
can be used to generate iteration trees. The results of §§3 and 4 are combined
in §5 to prove the Main Theorem. No new assumptions of knowledge on the
part of the reader are made in §§3-5.

In order to avoid technicalities that might obscure the intuitive ideas, we
have made free use of proper classes. The reader who would like not to think
about technicalities but who nevertheless wants to regard the paper as proving
results in a definite formal theory should think of Kelley-Morse set theory as the
working theory of the paper. With one exception, everything we do obviously
makes sense and goes through in KM. (We explain how to deal with the excep-
tion when it arises.) Actually all our uses of proper classes could be eliminated,
since we need apply our lemmas about proper classes only to certain specific
classes, so our main results are provable in ZFC. We shall occasionally make
comments about our uses of proper classes.

Our exposition has been influenced by a set of lectures given by Matthew
Foreman on our results in 1985. Readers familiar with notes from those lectures
should be warned, however, that the proof, the concepts, and the terminology
are somewhat changed.

1. EXTENDERS

In this section we assemble various concepts and facts from the theory of
large cardinals.

Convention. Throughout this paper we shall mean by a measure on a set X a
function u : 2(X) — {0,1} (where Z(X) is the power set of X ) which is
finitely additive and satisfies u4(X) = 1. By a measure we mean a measure on
some set.

Later in the paper we shall have to deal with ultrapowers with respect to two
kinds of towers of measures: extenders and sequences of measures associated
with homogeneous trees. A bit of the theory of these two kinds of ultrapowers
can be developed in a common framework, and that will be our first task. Our
framework will be just general enough to cover our two examples.

Let D be a directed nonempty set of sets: if a,b € D thenthereisa c€ D
such that aU b C c¢. Suppose that Z is a set and (u, | a € D) is such that

(1) each u, is a countably additive measure on “Z={f|f:a—>2Z};
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(2) the u, are compatible: if a Cb and u,(X) =1, then

m({f 1S TaeX})=1

We wish to define the ultrapower (of the universe V') by (u, | a € D). (This
will really be a direct limit of ultrapowers rather than an ultrapower proper,
but calling it an “ultrapower” is by now standard.) Suppose F : “Z — V and
G:°Z -V with a,beD. We say

Fa~Gop({h|F(hla)=Ghb)})=1

for some ¢ 2 aub with ¢ € D (iff, by directedness and compatibility, u.({% |
Fhta)=Gh 1 b)})=1 forall ¢ D2aub with c € D. Let [F] be the set of
all members of minimal rank of the equivalence class of F with respect to the
equivalence relation ~. For F :“Z —» V and G: bz v, let [FIELG] «
u,{h| F(ha)e Gt b)}) =1 for some (all) ¢ D aub. The ultrapower by
(u, | a€ D), U(V ;{u, | a € D)) is the proper class model for the language of
set theory whose domain is the class of [F] such that (3a € D)(F :“Z — V),
with “ € ” interpreted by E. (The only models we shall deal with in this paper
are models for the language of set theory, sometimes with constants added.)

Lo$’s Theorem holds for our ultrapower construction: For any formula
¢(v,,...,v,) andany F,,... . F,, ¢[[F,1. ... .[F,]] holdsin Ult(V ;{u, |
ae D)) ifandonly if u ({h | ¢[F,(h1a,)),... ,F,(h1a,)]holdsin V})=1,
for some (all) ¢ 2 U< <nd; » Where YZ = domain(F;). Thus we get an ele-
mentary embedding i = [ yalaeD) with i: V = Ult(V;{u, | a € D)) . (Note our
systematic abuse of notation: we do not distinguish between a model and its do-
main unless there is a possibility of confusion. Thus we write ' above, meaning
the proper class model (V'; €), and we often write Ult(V ;(u, | a € D)) or
the like when we are talking of the domain of this model.) i is defined by
i(x) = [c;] for some (all) a € D, where ci(f)=x.

Ult(V'; (1, | a € D)) may or may not be wellfounded. If it is wellfounded,
then it is isomorphic to a unique transitive class by a unique isomorphism.

Convention. If Ult(V;(u, | a € D)) is wellfounded, we let [F] be, not the
equivalence class of F, but rather its image under the isomorphism. (It is
usual to use “Ult” in this way; what is unusual is our use of “Ult” for the
literal ultrapower in the nonwellfounded case.) This convention applies also to
ordinary ultrapowers by single measures. (These are always wellfounded for
countably additive measures.)

There is an alternative way of building the ultrapower by (u, | a € D). For
each a € D we can form the ordinary ultrapower Ult(V;u,). Since p, is
countably additive, Ult(V'; u,) is by our convention a transitive class. We have
the elementary embedding i, : V — Ul(V;u,) given by i, (x) = [egl,, -
(We use the subscript u, to indicate in what ultrapower c)‘: is representing the
object.) For a,be D with aC b, let

Jup UMV 1) = UV 5 1)
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be given by j, ,([F],,)=[F'],, , where F'(g) = F(g I a). By compatibility,
the functions j, , are well-defined and are elementary embeddings.

(UI(V ,u,)|a€D),{j,,laCb&aecD &beD))

is a directed system of models and elementary embeddings. Let ((M, < j, |
a € D)) be the direct limit of this system. M is canonically isomorphic to
Ult(V';{u, | a € D)). We shall not distinguish notationally between these two
objects. Note that if the empty set & € D, then i (talaeD) corresponds to j .

Lemma 1.1. The following are equivalent.
(a) The ultrapower by (u, | a € D) is not wellfounded.
(b) There are a countable D' C D and (X, |a € D'y with p,(X,)=1 for
each a € D' such that there isno f:\UD' — Z with f | a€ X, for
all ae D".

Moreover, if D is countable then (a) and (b) are equivalent to:

(c) There is (X, | a € D) with each u,(X,) = 1 such that there is no
S:UD — Z with VaeD)f [a€X,.

Proof. We first show (a) = (b). Let ([F.,] | i € w) be an infinite descend-
ing sequence of “ordinals” of Ult(V;(u, | a € D)). For each | € w, let
F,: %Z — ON with a; € D. By directedness and compatibility, we may as-
sume that i < j = a; Ca;. Let D' = {a;| i € w}. Let X, = “Z and
let X, ={fe€“Z|F, () <F(1a)}. Clarly u,(X,)=1 for
each i. Suppose f: U,,4 — Z and f | q; € Xa,- for all i € w. Then
F. . (f 1a,) < F(f I a) for each i, giving us an infinite descending se-
quence of ordinals in ¥ and so a contradiction.

Now let us show (b) = (a). Let D' and (X, | a € D) witness (b). Let
D' = {a; | i € w}. By directedness, compatibility, and countable additivity, we
may assume that i < j = a; C a; and that whenever | < j & f e Xa, then
f la,€X, . Let

T={(fili<n|ncw& 3f)(f:a,_ = Z& N i<n)f=f"1a)
& (Vi<n)f,€eX,}.

If we partially order T by s, < s, < s, properly extends s,, then (7', <) is
a wellfounded partial ordering. Let

F (f)=rank, {(f;|i<n+1)|(Vi<n+1)(f,=fa))}
for f e X,, » where rank.(s) is defined inductively for s € T by
rank,.(s) = sup{rankT(s') + 1] s’ properly extends s & s € T}

The [F,] form an infinite descending sequence of ordinals of Ult(V ;(u, |
aeD)).
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(b) = (c) in general. To see this let D’ and (X, | a € D') witness B. For
aeD -Dlet X,="Z. (X,|ae€ D) witnesses (c). If D is countable,
obviously (c) = (b). O

Iterations. We need to consider not just ultrapowers and their elementary em-
beddings but also iterated ultrapowers and the associated iterations of embed-
dings. First we prove two simple very general facts.

Lemma 1.2. Let M, , k € w, be transitive proper class models of ZFC and let
(ipn | m < n € w) besuch that each i : M, — M, is an elementary
embedding and such that Iy p®lpp =1, , Jor m < n < p, where o de-
notes composition. Let (M_, (i, . | k € w)) be the direct limit of the system
(M, |kew), (i, ,Im<new)).

m.,n

(@) M, is illfounded if and only if there are ordinals B, , k € w, with each
BoeM, and (m<n=1i_ (B.)>8).

(b) Assume My =1V . Let e, € M, for each k € w. Define measures v,
as follows:

m.,n

ve(X) =1 (i, (e,) | m<k)€i, (X).

The v, are compatible and they are k-complete, where i is the smallest
critical point of the i, . Moreover, UW(V ;{v, | k € w)) is wellfounded
if M is wellfounded.

Proof. (a) If the B, ’s exist, then (i, (B,)|m € w) is an infinite descending
sequence of ordinals of M_ . Suppose then that M__ is illfounded, and let us
show that the f, ’s exist. Let (b, | kK € w) be an infinite descending sequence
of ordinals of M_ . Let y, and m, be such that by 0o (Pk) = b, . We may
assume without loss of generality that m; =0 and k, <k, = my, <m, . For
0<g< My = My let ﬂmk+q = imk ,mk+q(w Ve My —my—q).

(b) The compatibility of the v, is easily verified, as is the x-completeness
of the v, . For m<new,let j, , :UV;v,)— Ul(V;v,) be the elemen-
tary embedding as defined earlier (in the alternative definition of Ult(V'; (u, |
a € D))). For each k € w, define =, : Ult(V ;v,) — M, by

1 (IF1,,) = (g ((F))({iy 4 (€,) | m < K)).

It is easy to see that m, is well defined and is an elementary embedding. More-
over, we have the following commutative diagram:

M im .n M

m n

T Tn I Ty

Ul(V ;v,,) -2 UV ;v,)
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This is because
7, o([F1, ) =7, ([F',,)
(ig w(F )l y(€y) | M < 1))
= (ig y(F) (i (€)M’ < m))
Ly (g FN (s e,) | m' < m)))
=i, ,(n,([F1,)).

where F'(f) = F(f | m). Hence we get an elementary embedding T
Ult(V; (v, | k € w)) — M defined by n_(j, (X)) = i) (7 (x)). If M
is wellfounded, then Ult(V ; (v, | k € w)), which is embedded into M__, must
be wellfounded also. O

As in the case of a single measure, the notion Ult(M , (4, | a € D)) makes
sense when M is a transitive (set or class) model of ZFC and M satisfies “D
is a directed family of sets and (u, | a € D) have, with some Z, properties
(1) and (2).” ((1) and (2) are the properties formulated at the beginning of this
section.) Just let Ult(M ; (u, | a € D)) be (Ul(V ;(u, | a € D)™

By an internal iteration on M of length q + 1, with M a transitive proper
class model of ZFC and g € w, let us mean a system ((M, | k < q).(i, , |
m < n < g)) such that each M| is a transitive proper class model of ZFC with
My=M,eachi M —M, is an elementary embedding, poz =i,
whenever m<n<p, each I gy 18 Ik laeDy) for some Z, and (4, la € D )
with M, satisfying “D, is a directed family of sets and (1) and (2) hold of Z
and <;/; |aeD,)” and each M, =UI(M,;(u’|aeDy).

An internal iteration on M of length @ is a system ((M, | k € w), (i, , |
m < n € w)) such that each ((M, |k <gq),(i, ,|m < n<gq)) is an internal
iteration on M of length g + 1.

Remark. The foregoing definitions are an example of our unnecessary use of
proper classes. The models M, and the embeddings i , are completely de-
termined by the systems of measures and the model M . Thus we could have
defined an internal iteration as a sequence (,u’; | a€ D) | k € w). This would
make an internal iteration a set instead of a proper class.

Lemma 1.3. If (M, | k € w),{i,, , | m < n € w)) is an internal iteration on
M of length w and (M (i, | m € w)) is the direct limit of this internal
iteration, then M__ is wellfounded.

Proof. Assume that the lemma is false. Let M be such that there is an internal
iteration on M of length w witnessing the falsity of the lemma. There is
then, by Lemma 1.2(a), an ordinal « such that there is an internal iteration
(M, | kew,{i,,|m<new) on M of length w and there is a
sequence (B, | k € w) such that each f, is an ordinal and i, ,(8,,) > 8,
whenever m < n and such that §, = a. Let a be the least such ordinal and
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let (M, |kew), (i, ,|m<new),and (B, | k € w) witness that «a has this
property. Let ((uﬁ | a € D) | k € w) witness that this is an internal iteration.

Let y be an ordinal such that both (f, | kK € w) and ((/4’; |a€D,)| ke w)
belong to V,.

Consider a formula ¢ (v, ,v,), indicated as follows.

m.,n

¢(v,,v,): v, and v, are ordinals and there are ((ﬁs | a e ﬁk) | k € w)
and (,[?k | k € w), both in V,_ , and there is an internal iteration ({(M, | k €

V)
). (i, , |m<new) on V of length w such that (&% |ae D,) | k € w)
and (B, | k € w) witness that this iteration is internal, such that i, ,(8,)> 8,
whenever m < n, and such that Bo =, .

M satisfies g[a,y], for otherwise the set of all finite attempts to build a
witness that M satisfies ¢[a, y], partially ordered by putting proper extensions
before the initial parts they extend, is wellfounded in M . By the absoluteness
of wellfoundedness, this partial ordering is really wellfounded. But (8, | k € w)

and ((,ui‘ | a € D) | k € w) give an infinite descending chain in this partial
ordering.

Similarly M satisfies “ a is the least ordinal & such that ¢(&,y).” Hence
M, satisfies “i; (a) is the least ordinal ¢ such that ¢(, i, ,(y)).” But
(M, | k € W), (i,;) sy | m < n € w)) is an internal iteration on M, .
Hence absoluteness arguments as before show that M, satisfies ¢[f, , 7]. Since
Y < iy (7)., M, satisfies g[B, i, ()] Since B, < iy (@), this is a contra-
diction. O

Extenders, to which we now turn, are a refinement due to A. Dodd and
R. Jensen of an analysis by W. Mitchell of arbitrary elementary embeddings
j:V — M in terms of directed systems of measures. Our definition here is a
little more general than that of Dodd and Jensen (see [1]), since it is convenient
for us to permit arbitrary transitive sets and not just ordinal numbers as supports
of our extenders.

We shall in fact give two different, but essentially equivalent, definitions of
“extender”. The first definition is more elegant and fits into the general theory we
have been developing. The second, which we shall use in the bulk of the paper,
has special technical advantages for the uses to which we shall put extenders.

Let Y be a transitive set and let k¥ be a cardinal number. An extender with
critical point k and support Y is asystem E = (E |a€ ““[Y]) (T“[Y] is the
collection of all finite subsets of Y ) with the following properties:

(i) Each E, isa kx-complete measure on “(VK) , and at least one E, is not
k" -complete.

(i) The E, are compatible in the sense defined at the beginning of this
section.

(iif) E,({f |/ :(a, €)= (range(f); €)}) = 1.



A PROOF OF PROJECTIVE DETERMINACY 81

(iv) If F: “(VK) — V. and E ({f | F(f) € U(range(f))}) = 1, then there
isa y € Y such that Eau{y}({f |F(fta)=f(h=1.
(v) UI(V;(E,|ae="[Y]) is wellfounded.

Remarks. (a) Properties (i) and (ii) imply that V, and (E, |a € <“[Y]) satisfy
(1) and (2) above (with Z=V_ and D = ““[Y].

(b) One could also speak of k as the completeness of E instead of the critical
point of E .

(c) The term “extender” should really also be applied if we replace V. by an
arbitrary set. We use the more restrictive definition here because it is convenient
to deal only with extenders in our restrictive sense.

Lemma 14. Let E=(E |a€ <“IY1) be an extender with critical point . Let
ip:V = UW(VE) be the canonical elementary embedding. Then i, | V,_ is
the identity but i.(x) > k. (Thus k is the critical point, in the usual sense, of
ip.)

Proof. The proof of the first assertion is just like that for the corresponding fact
about the embedding from a single x-complete measure on k : One proves, by
induction on rank, that constant functions with values in V, represent their
values, using the k-completeness of the E . For the second assertion, let E,
be not x*-complete. Let X, for a <k, besuch that E (X )= 1 but suppose
also that £ (N, . X,)=0. Let F :“(V,) — Kk be given by F(f) = the least
a < k such that f ¢ X . Itis easy to see that a < [F] for each a < x but
[FI<ig(xk). O

Lemma 1.5. Let E = (E_ | a € ““[Y]) be an extender with crit(E) (the critical
pointof E) =k . Foreach y € Y and each a € ““[Y] with y € a, let

HYS) = 1)
forall fe(V,). In UKV E), y=[H].
Proof. We prove the lemma for all y and a by induction on rank(y). Note
first that the definition of the ultrapower gives directly that [[H;]] = IIH}’fIl for
any a and b with yeanb.

Suppose the lemma holds for all z € ¥ with rank(z) < rank(y). Let z€ y.
Let a be such that {z, y} C a. By clause (iii) in the definition of extender,
E({f | f(z) e f(»}) =1. Thus E,({f | H;(f) € H}(/)}) = 1, and so
[H;] € [H,]. Since z = [H,] by our inductive assumption, it follows that
z € ﬂH}‘f]]. By the remark at the beginning of the proof, z € [[Hf]] for any b
with yeb.

Now suppose y € a and [F] € [H,] with F : “(V,) — V. Then
E({SI1F(f)ef(y)}) =1so0 E({f|F(f)e€U(range(f))}) = 1. By clause
(iv) there is a z € Y such that Eau{z}({f | F(f 1 a) = f(z)}) = 1. Hence
[F] = [H*'] = z. But we also have E, (S 1 f(2) € f(»}) =1, and
so (iii) gives that z € y. Hence [F] € y as required. O
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Example 1. Let j: VV — N be an elementary embedding with N transitive. Let
kKeYCV NN with Y transitive, where x = crit(j). For each a € <“[Y]
define a measure E, on “(V,) by

E(X)=1% ;"1 j@)ejX).

Let E=(E, |a€~"[Y]).

It is easy to see that each E_ is a k-complete measure on “(VK) and that
the E, are compatible. E{K} is not k" -complete, since j moves k = crit(j).
Thus (i) and (ii) in the definition of extender hold. (iii) holds since j_l [ j(a):
(J(a), €) ~(a, €). To verify (iv), let F:"(VK) — V with

E, ({FlF(f) € U(range(f))}) =1.

By definition, (j(F))(j~' | j(a)) € U(a). Thus (i(F)(j™' 1 j(a)) € y for
some y € a. Therefore (j(F))(j_l | j(a)) =z for some z € Y, since Y is

transitive. By the definition of Eau{z} )

E U IF(f1a)=f(z)})=1.
Let k: Ul(V;E) — N be defined by

K(IFD) = GENG™ 1 ja))

for F € “(VK) . It is easy to check that k is well-defined and is an elementary
embedding. Since, in particular, this means that & is a monomorphism of
Ult(V ; E) into the wellfounded model N, we have (v) and so have that E is
an extender.

In addition, we have the following commutative diagram:

| N
j/'Tk

v L UV ;E)

To see this, note that if ¢ : “(V,) — {y} is the constant function then
k(ip(y)) = k(e D) = GlegNG™" 1 i(a) = j(y).

Suppose y € Y. By Lemma 1.5, k(y) = k(IH,1) = G(H,)(j~' | j(a)) =
(j_l I j@)yy)) =j_'(j(y)) = y. In other words, k | Y is the identity.

We shall call the extender E defined from j and Y as above the extender
derived from j with support Y .

If E is an extender with support Y, then Lemma 1.5 implies that Y C
Ult(V ; E), and so we can define the extender E' derived from i ¢ With support
Y . We see as follows that E' is just E itself: Let E = (E, |a € ““[Y]) and
let E' = (E. |ae “[Y]). We have that E.(X) =1 & i' [ i (a) € i (X).
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For y €a, ip'(ig(y)) =y = [H;]. Hence ig' | ig(a) =[{(/(»)|y€a)l
S e WM =L/ | f €W = [idyy, ] Hence EL(X) =1 [id, ] €
X)) e E({f1feX)=1eEMX)=1.

Thus every extender is the extender derived from some j : ¥V — N with
support some Y C VJ(K) N N. We could, if we wished, have made this our
definition of extender and have taken our present definition as a derived result.
In [10] we do define extenders in this way.

Example 2. Let E be an extender with support(E) = Y, i.e. with Y the
support of E. Let Y' C Y be transitive with Y' ¢ V. Let E'=E | Y', ie.
let E' = (E,lae <“[Y']). It is easy to check that E' is an extender with the
same critical point as £ and with support(E’) = Y'. In fact, E’ is the extender
derived from i, with support Y', as the argument of two paragraphs ago
essentially shows. Thus we have the elementary embedding k : Ult(V ;E’) —
Ult(V; E) as in Example 1. k can also be defined by k([F1.) = [F1, since

if F:%V,)—V then (ip(F))(ip' Iig(a)) = (ig(F))(lidsy,, 1) = [F1.

We gave the particular definition of extender that we did because it fits
directly into the general scheme introduced at the beginning of this section.
But our definition has one defect: The measures E, are essentially measures
on I"'(VK) but they are not literally measures on I“'(VK). This small differ-
ence would produce—if we continued to operate with our official definition—
numerous small notational problems. For this reason we shall use an alternative
definition of extender (whose specific form was suggested to us by M. Foreman).

We replace (E, | a € <“[Y]) by (E(q) | ¢ € “Y) where ““Y is the col-
lection of all finite sequences of elements of Y . Each E (q) is a measure on
”"‘”(VK), where ¢h(q) is the length of g. Let

E(@)(X) = Eppee{S | 8, € X)),

where g.(n) = f(g(n)). We no longer have a system satisfying (1) and (2),
so the ultrapower must be defined differently: Elements of the ultrapower are
of the form [F],, when g € “Y and F : ”'(‘”(VK) = V. [F], = [G], «
E(@ r)({h | F(h 1 th(q)) = G((h(th(q)+ m | m < th(r)))}) = 1. (q"r is
the concatenation of the sequences ¢ and r.) The characterization of when
[F1, € [G], is totally analogous. We leave to the reader the easy verification
that this ultrapower is isomorphic to the ultrapower by the system E described
previously.

Our new definition of extender is thus finally: An extender with critical point
Kk and support Y is a system (E(a)|a € ““Y) such that

(i*) Each E(a) is a x-complete measure on ”'(")(VK) and at least one E(a)

is not x*-complete.
(ii*) The E(a) are compatible in the sense that if (E(a))(X) =1 then

(E(a"b))({z |z I th(a)e X}) = 1.
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(iii") (E(a)({z|(Vvm < th(a))(Vn < th(a))(a(m) € a(n) & z(m) € z(n))}) =
1, and if m is a permutation of ¢4(a), then

(E(aom))({zom|ze X}) = (E(a))(X).

(v If F:"PW )=V, and (E(a)({z|F(z) € U(range(z))}) = 1, then
there isa y € Y such that

(E(a” (y){z | F(z 1 th(a)) = z(th(a))}) = 1.
(v") The ultrapower Ult(V ;E) as described above is wellfounded.

Note that we are reverting to using “E ” and “a ” when we talk of extenders in
the new sense, but we write E(a) instead of E, to indicate that we are dealing
with an extender in the new sense. Our two notions of extender are equivalent
in that there is a natural one-one correspondence between extenders of the two
types, and corresponding extenders have isomorphic ultrapowers.

We shall sometimes want to consider ultrapowers Ult(M ; E) where M is
a set rather than a proper class and where M may not satisfy full ZFC. Let
ZC be ZFC without replacement (but with Aussonderung). Assume that M is
a (set or proper class) model of ZC + X,-replacement + (Vx)(3a)x € V. The
ultrapower of M by a system (u(a) | a € D) such that M satisfies “D is a
directed set of sets and (u(a) | a € D) and some Z have properties (1) and
(2)” makes sense and is definable in M .

We shall often want to form the ultrapower of a model by an extender of
a different model. Suppose M and N are transitive (set or class) models of
ZC+ZX,-replacement + (Vx)(3a)x € V, and suppose that V,__ NnM =V, _ NN
for some ordinal k¥ of M N N. Suppose M satisfies “F is an extender and
crit(E) = k.” We can form Ult(N ; E), the ultrapower of N by E, as follows.
If @ and b belong to ““(support(E)) and both F : "®(¥_nN) - N and

G:"®(V_nN)— N belong to N, then

(F.a)~(G,b)
@ (E(@ b)({z | F(z | th(a)) = G({z(th(a) + m|m < th(b)))}) = 1.

~ is an equivalence relation, and we can therefore form equivalence classes
(N their members’ minimal rank) which we denote [F ]]iv . As usual we define
UIt(N ; E) and get the embedding ig : N - Ult(N;E). (If confusion is pos-
sible, we shall henceforth denote the embedding of M itself into Ult(M ; E)
by ig .) ig is elementary if N satisfies replacement for the domain ch( E)-
In general Ult(N ; E) need not be wellfounded, even if M and N are proper
classes. The following lemma gives a useful sufficient condition for its well-

foundedness.

Lemma 1.6. Suppose M and N are transitive (set or class) models of ZC +Z,-
replacement + (Vx)(3a)x € V, , that V, , ,NM =V, NN forsome k € MNN,

k+1 K+l
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and that M satisfies “E is an extender and crit(E) = k .” Suppose also that M
is countably closed, i.e. that “M C M . Then UIW(N ;E) is wellfounded.

Proof. Assume for a contradiction that Ult(N ; E) is illfounded. Let ([F i]]zl
i € w) be an infinite descending “e-sequence” of Ult(N ; E). We may assume
that i < j=a;, C a;. Just as in the proof of the (a) = (b) part of Lemma 1.1,

define X, ="“(y) and X, ={ze€ ™V )IF, (2) < F(z1th(a))}.
Each X e N and so each X | € M . As in the proof of Lemma 1.1, there
is no f W — V. with each f I ¢h(a;) € X, , or else we have an infinite
descending e-sequence in V. But M is countably closed, so (a,|i € w) € M
and (X, | { € w). But then M does not satisfy “E is an extender,” contrary
to hypothe51s O

Lemma 1.7. Suppose M and N are transitive (set or class) models of ZC + X,-
replacement + (Vx)(3a)x € V_, that VpHnM =V, NN, that k < pe MNN,
that M satisfies “E is an extender with critical point k and support Y ,” and
that Ult(M ; E) and UIt(N 'E) are wellfounded. Then

(a) V\,(pmr\Ult(M E)= NUI(NE).

(b) Y C UI(N;E).

(c) For x € V"(p)+l NUI(M ;E), the same functions with range C V

represent x in Ult(M ; E) asin Ut(N;FE).

i (p)+1

(Note that here, as always, we identify a wellfounded ultrapower with the
isomorphic transitive set or class.)

Proof. (c) is obvious. (¢) = (a). (a) = (b) since Y C Vl.;_,(x)nUlt(M;E). o

Lemma 1.8. Let M and N be as in Lemma 1.6 and suppose that N and Y ,
as well as M , are countably closed. Then UIt(N ; E), which is wellfounded by
Lemma 1.6, is countably closed. (For arbitrary sets or classes such as Y , let us
take countable closure to mean that every countable subset of Y belongs to Y .)

Proof. Suppose we are given ([F 1]]: | i € w). We must show that this sequence
belongs to Ult(N;E). Each a; belongs to Y, since Y is countably closed.

Hence b = (a; | i € w) € Y by the countable closure of Y. Let F: l(VK)ﬂN —
N be given by

F((y)) = {

Each F, € N. Hence (F, | i € w) € N by countable closure of N. Since
¢h(a,) is the n such that domain(F,) ="(V,)NN, F € N. Hence |[1?]]z,> €
UI(N;E). Since (E(b)){() | v : @ = N & (¥)(»(i) € ")) = 1
(essentially by Lemma 1.5), we have that [F ]]?,',) is a function with domain w.
Furthermore, [[I? ]]?2)(1') =[F I.]]Z for each i, since

E(b)"a){(») zlz=y(}) =1 O

(F(y(i))|i€w) ify:w—N&V)i)e"w));
@ otherwise.
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2. HoMOGENEOUS TREES

In this section we shall introduce the basic concepts needed to state our
Main Theorem and prove some well-known facts about these concepts—facts
that, however, do not seem to have been literally proved in any publication.
We then deduce (assuming large cardinals) projective determinacy from these
results and the Main Theorem (to be proved in §5). We also deduce ADH)
from these results, the Main Theorem, and a theorem of H. Woodin.

A tree is a partially ordered set (7, <) with the property that, for each
x € T, the set of all y < x is wellordered by <. In descriptive set theory, the
word “tree” is often used in a more special sense, for a set T of finite sequences
which is closed under initial segments. If we order sucha T by x < y & x
is properly extended by y, then (T, <) is indeed a tree. Unfortunately it
is also customary to order T backward, letting x < y mean that x properly
extends y. This is because the main interest is often in whether or not T is
wellfounded with respect to this backward partial ordering.

We adopt the following conventions.

(1) We use tree in the general sense (for a partially ordered set with wellordered
initial segments).

(2) By a tree on a set X we mean a subset T of ““X such that (s C ¢t &
teT)= s €T, partially ordered by s < ¢ < ¢ properly extends s. (Hence
a tree on a set is literally a special kind of tree.) Since the partial ordering is
determined by T, we usually speak of T itself as a tree.

(3) We define other notions as in descriptive set theory: a tree 7 on X is
wellfounded just in case > is a wellfounded relation on T, i.e. just in case T
has no infinite branches, where an infinite branch of T isan f:w — X such
that each x [ n € T. [T] is the set of all infinite branches of 7. (So T is
wellfounded < [T]=@.) If T is wellfounded, then we define inductively, for
t € T,therank of t in T, rank,(f) by rank,(t) = sup{rank,(s)+ 1| s €
T &t G s}. The rank of T is sup{rank (s)+1|seT}.

When we deal with trees on cartesian products we shall always pretend that
the trees consist of pairs of finite sequences instead of finite sequences of pairs:
If T isatreeon X xY then we regard the members of 7 as pairs (s,?) with
se€ ““X, te“?Y, and ¢th(s) = ¢h(t). Similarly we regard the members of
[T] as pairs (f,g) with f€“X and g€ Y.

If A€ “X x“Y, pA, the projection of A,is {f : (3g)(f.g) € A}.

If x is a cardinal number and B C “X, B is x-Souslin if there is a tree T
on X x k with B = p[T].

We are primarily interested in subsets B of “w. The axiom of choice is
easily seen to give that every such B is 2"°-Souslin. Proofs of determinacy
from large cardinal axioms—including the proofs in this paper—typically de-
pend on showing that the relevant set is not just k-Souslin for some x but
homogeneously Souslin. It is to this concept that we now turn.
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Atree T on Y x Z is homogeneous if there is a system (u_|s € <“Y) such
that

(1) each p_ is a countably additive measure on 7, = {t | (s,t) € T};

(2) if 5, Cs,, then u, (X)=leu, ({tltteth(s)eX})=1;

(3) if x € p[T], then the ultrapower by (4., | n € w) is wellfounded.

(3) makes sense, as we canset D = w, Z =2, and u, = [T and then
(2) asserts compatibility in the sense of §1.

Lemma 2.1. A tree T on Y x Z is homogeneous just in case there are (i |s €
“Y) such that (1) and (2) hold and (3') if x € p[T] and n (X,) =1 forall
new, then there is an f € “Z with (Y¥n)f [neX,.

Proof. The lemma follows from Lemma 1.1. O

xtn

Remark. There is a more general notion of homogeneous tree which has certain
advantages and disadvantages. Replace (u, |s € <“Y) by (1, | s € R), where
R C ““Y isatreeon Y . Replace (3) by: if x € p[T] then (Vn)(x | n € R) and
the ultrapower by (u,,, | n € w) is wellfounded. All our results in this paper
would go through with this liberalized definition. Among the advantages would
be that it is a theorem of ZF that every closed subset 4 of “Y is p[T] for
some homogeneous (in the liberal sense) 7. (Let R = {s|(3x)|s C x & x € A4}.
Let T = {(s,s) | s € R}. Let u_ be the measure on {s}.) The disadvantages—
having to pay attention to R —are more important for us here.

Atree T on Y xZ is k-homogeneous if some (u_|s € <“Y) witnesses that
T is homogeneous with each u; x-complete. A set 4 C “Y is homogeneously
Souslin if A = p[T] for some homogeneous 7. A is k-homogeneously Souslin
if A= p[T] for some x-homogeneous T .

The notion of homogeneous trees has its roots in [7], but the general notion
was only isolated much later by Kechris [4] and Martin independently and was
motivated in part by work of K. Kunen.

The following theorem provides the basic example of a homogeneous tree. It
comes essentially from [7].

Theorem 2.2. If A C “w is II: and Kk is a measurable cardinal, then A is
K-homogeneously Souslin.

Proof. As is well known, we can associate with each s € ““w a linear ordering
<, of ¢h(s) in such a way that s, C's, = <, €<, » and hence that a linear

ordering <_ of w is associated with each x € “w, so that
(Vx € “w)(x € A ¢ < is a wellordering) .

In fact, the existence of such an association s ~— <, is equivalent with A°’s
being II: .
Define a tree T on w X Kk by
T={s.t)|se “w&te "k & th(s) = th(t)
& (Vm < Lh(s))(Yn < Lh(s))(m <, n < t(m) < t(n))}.
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A = p[T], since an f with (x, f) € [T] is just a verification that <_is a
wellordering. (So far we have used only that k¥ > w, .)

Let v be a normal, k-complete measure on x¥. By Rowbottom’s Theorem
(see Theorem 70 of [3]), if F :"[x] — {0, 1}, where n € w, then there in an
X Ck with v(X) =1 and F | "[X] constant. Thus we can define, for each
s € ““w, a measure u_ on T, by

p(X)=1e 3X Cr)w(X)=1& (V1)(t € T, & range(t) C (X)) = t € X)).

(Note that range(f) determines ¢ for t € T, .)

Each u  is k-complete, since v is k-complete. It is also easy to see that
property (2) in the definition of homogeneous trees is enjoyed by (u, | s € ““w).
To prove that T is homogeneous, we must then verify property (3) and so, using
Lemma 2.1, we need only verify property (3').

Let X, c T, with 4, (X,)=1 foreach n € w and let x € 4. For each

xfn
n,let X, Cx be such that v(X,) =1 and (€ T,,, & range(t) C X,) =1 €
X,. Let X =(,c,X,. Since x € A, < is a wellordering. Since X is an
uncountable set of ordinals, there is an f : w — X such that (Vm)(Vn)(m <
n <« f(m) < f(n)). Foreach n, f I neT,, and range(f | n)C X C X,
so flneX,. O

In

Remark. The theorem continues to hold—with essentially the same proof—if
welet 4 C“Y with =4 R,-Souslin.

For our purposes, the most important property of homogeneously Souslin
sets is determinacy. The following theorem is a standard fact in determinacy
theory, but does not seem to have appeared in a published work. The theorem
is a generalization of [7].

Theorem 2.3. Let A C “Y be k-homogeneously Souslin for some k > |Y|. A
is determined.

Proof. Let T on Y x Z be kx-homogeneous with 4 = p[T]. Let G be the
game given by 4. Let G* be the game played as follows.

I (yy.2) (¥5,2)
4 Y Vs

The rules are: Each y;, must belong to Y. Each z, must belong to Z. Each
((y,1i<n),(z;|i<n)) must belong to T . The first player to disobey one of
these rules loses. If all rules are obeyed, I wins.

G" is a closed game and so is determined. If / has a winning strategy for
G", then I has a winning strategy for G. (Just play the y;’s given by the
strategy for G .)

Suppose then that t* is a winning strategy for /I for G*. Let (u | s € ““Y)
witness that 7 is x-homogeneous for some k > |Y|. We now define a strategy
t for II for G. Let (y,|i < 2n) be a position in G with II to move. Since
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Ky ii<n 18 |Y|"-complete, there is a y € ¥ such that u, ., ({t € "z
calls for II to play y in the position given by (y, | i <2n) and ¢}) = 1. Let
7 call for /I to play this y in the position (y, | < 2n).

Let x € “Y be a play of G consistent with 7. For each n € w, let X, =
{t € "' Z | t*calls for II to play x(2n + 1) in the position given by x | 2n +
! and ¢} . By the definition of 7, Hpngr(X,) =1 for each n. Assume for
a contradiction that x € 4. By Lemma 2.1, there is an f € “Z such that
(Vn)| ftn+1€X,. Butthen x and f give a play of G* consistent with "
with all rules obeyed, contradicting the fact that t* is a winning strategy for
Ir. a

Our determinacy results will be proved via Theorem 2.3. In particular, we
shall prove PD by showing—assuming Woodin cardinals—that every projective
subset of “w is homogeneously Souslin. To do this we shall use Theorem 2.3
and our Main Theorem, which will give us a method for propagating homoge-
neous Souslinness up the projective hierarchy.

A well-known fact (whose ultimate origin is [9])—but which, like Theo-
rem 2.3, does not seem to have been published (though see [4])—is that, if
B C “Y x “w is homogeneously Souslin and 4 = -pB, ie, x € 4 &
(Vy € “w){x,y) ¢ B, then 4 is k-Souslin for some k via a tree T con-
structed in a canonical fashion from a homogeneous 7 with B = p[T] plus
measures witnessing the homogeneity of 7. Our Main Theorem will say that
under certain conditions 7T is n-homogeneous for certain 7.

Shortly we shall define the operation giving T , but first we shall describe a
simpler operation, starting with a tree 7 on Y x Z for some Z and (u, |
s € ““Y) witnessing the homogeneity of T, and giving a tree T~ such that
p[T*] = —p[T]. There is a theorem simpler than the Main Theorem, giving
that T* is under certain conditions n-homogeneous for certain #. In §5 we
shall first present the proof of this simpler theorem, since all the ideas needed
for the Main Theorem’s proof appear in a more easily digested form in the
proof of the simpler theorem.

We begin with the construction of T°. Let T be a tree on Y x Z. Let
(s | s € ="Y) witness that T is homogeneous. For s € ““Y, let j =i, :
V.- M =UlV;u). For s, Cs,, let j M, — M, be given by

js| Jz([[F]]”J )= [[F']|#S2 , where F'(t) = F(t | ¢h(s,)). As noted in §1, j;

1,52

well defined and is an elementary embedding. Define 7* on Y x ON by

is

(s,uye T" o (Lh(s) = th(u) &
(Vi, < £h(8))(Viy < Ch(s))(i, < iy = u(iy) < Jpi 1, (WD)
Lemma 2.4.
pIT 1= pIT" | (2%)"] = -p(T1,
where T* 1a={(s,u)|(s.u)e T" & ue “a}.
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Proof. Suppose x € p[T*]. Let (x, f) € [T"]. We have Jati M
with M, the ultrapower by (u ;| i € w), for each i € w. Now

J\»[,\f(f(l)) = jxfi+l ,_\»(jxr,'_,\,f,}](f(i))) > jx[i-H x(f(l + l))

Hence (j,,; (f(#)) | i € w) is an infinite descending sequence of ordinals in
the ultrapower by (u_,; |/ € w). Hence x ¢ p[T].
Suppose then that x ¢ p[T]. T(x) = {t| 3n)(t € T

xin)} 1s a well-
founded tree. For t € T let G, (1) = rank, . ¢. Let f(n) = [[G"]]M"

xln?
Since G,,,(t) < G, (¢ I n) forall t € T, ., f(n+1) =[G, H]]””"H
ij'X“MIIGn]]ﬂ_\_M = jx[n,x[n+l(f(n))' Hence (x,f) € [T*] and so x €
pIT"].

If Z is finite every x belongs to p[T]. If Z is infinite, then |f(n)| =
I1G,1,;,] < {F | F:"Z — rank(T(x))}| < |Z|”! = 2!, (This part of the
lemma is not really important.) 0O

Suppose now that 7 isatree on (Y xw)x Z and that (u(s 0 |se Y &te
““w & th(s) = ¢h(t)) witness that T is homogeneous. Let Iyt , ... enumer-

ate ““w so that each ﬁniie sequence is enumerated before any of its proper
extensions. Define a tree 7 on Y x ON by

(s.,u) € T & (Vi\)(Vip)l(i) < i < th(s) &r, Cr,)
= uliy) <Jstentr,) ) s1thny) ) BT

with the obvious definition of the j(s. £ 2 ta) *

Lemma 2.5. p[T]=p[T 1 (2" ={x | (vy)(x.») ¢ pIT]}.
Proof. Assume first that x € p[7~"]. Let (x,f) € [T]. Let y € “w. Let
re=Y I k forall k € w. Then

SUt) <Jierk pry ikt preany S ()

forall kK € w. As in the proof of Lemma 2.4, this gives us an infinite descending
sequence of ordinals in the ultrapower by (x4, ,,,,In € ®). Hence (x,y) ¢
plT].

Now suppose that (Vy € “w){x,y) ¢ p[T]. Let S = T(x) = {{r.¢t) |
((x I ¢h(r),ry,t) € T}. S can have no infinite branches, i.e. S is well-
founded. Let G,(t) = ranky((r;,?)) and let g(i) = [G ]]u(‘“m,), . As in
the proof of Lemma 2.4, if r, C r then Gj(t) < Gi(t | th(r, ))' f'or all t €

T(xm,(,]),rl). As in the proof of Lemma 2.4, this implies that g(j) <

j(_mh(r')_r‘) '(X[,h(,/)’r’)(g(i)) and so that (x,g) € {f]. Thus x € p[7~’] .
Also as in the proof of Lemma 2.4, g(i) < (2|ZI)Jr foreach i. O
In order to state our Main Theorem, we must formulate our large cardinal

hypothesis. This means we must define the relevant kind of large cardinals:
Woodin cardinals. In this section we shall give only the bare definition. Woodin
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cardinals will be studied in §4 and will be related to more familiar kinds of large
cardinals. A cardinal & is Woodin if, for every f :6 — J, thereisa k¥ < 4§
such that x is closed under f and such that there is an elementary embedding

j:V —» M with crit(j) =k, M transitive, and V(/(f))(x) eM.

Main Theorem (Theorem 5.11). Let & be a Woodin cardinal, let (mgs " | s €

“w & r € ““w & th(s) = th(r)) witness that the tree T on (w X ) xZ
is 8" -homogeneous, and let T be defined as above. For each a < &, T s
a-homogeneous.

Remarks. (1) The measures witnessing the a-homogeneity of T for various
a < ¢ all concentrate in some sufficiently large <“f . Hence they witness that
the set T | B is a-homogeneous.

(2) The theorem remains true—and our proof continues to work with essen-
tially no change—if we let 7" be a tree on (Y x w) x Z forany Y € V.

Corollary. For each n € w, if there is a measurable cardinal larger than n
Woodin cardinals, then (II, +1) determinacy holds.

Proof. Let 6, < J, < --- < J, be Woodin cardinals if n > 0. Let §, = w
Let p >4, be measurable Let 0, <a, <94, for i<n andlet o, = p.
By mductlon we show that every H,. .1 setis «, ,-homogeneously Souslin, for
0<i<n.

For the case i = 0, Theorem 2.2 gives that every l'[: set is p-homogeneously
Souslin. a, (=a,=p.

Assume that every n 41 Setis o, -homogeneously Souslin, for 0 <i<n.
Let A C ““o be II},,. Then 4 = {x | (Vy)(x.y) ¢ B} with B e II} .
Let T on (w x w) x Z for some Z witness that B is «, ;-homogeneously
Souslin. Since (5,, _i <a, ; and @, _iny < d,_;» the Main Theorem implies
that 7 (and so T | B for some B)is a -homogeneous. By Theorem

2.5, p[f] = A and hence 4 is a,_ (i+1)

The case i = n gives us that every mn
so, by Theorem 2.3, determined. 0O

n—(i+1)
-homogeneously Souslin.

a1 SEt is homogeneously Souslin and

More determinacy can be deduced from a combination of the Main Theorem
and results of H. Woodin.

Theorem (Woodin). Ifthere is a measurable cardinal larger than infinitely many
Woodin cardinals, then every subset of “w in L(Z) is ofthe form {x|(¥y)(x,y)
¢ p[T)} for some tree on (wx w)xZ, for some Z, such that T is 6*-homoge-
neous for some Woodin cardinal ¢ .

Corollary (to the Woodin Theorem and the Main Theorem). Ifthere is a measur-
able cardinal larger than infinitely many Woodin cardinals, then every subset of
“w in L(R) is determined (hence the Axiom of Determinacy holds in L(Z#)).

The corollary follows directly from the Woodin Theorem, the Main The-
orem, and Theorem 2.3. Assuming the existence of more Woodin cardinals,
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Woodin can strengthen the conclusion of his theorem, replacing L(#) by larger
classes. The conclusion of the corollary is correspondingly strengthened. From
the stronger hypothesis that a supercompact cardinal exists, Woodin proves the
conclusion of his theorem in [13]. In [13] Woodin states his conclusion in terms
of weakly homogeneous trees. For our purposes a weakly homogeneous tree is
a tree on Y x (w x Z) such that the corresponding tree on (Y x w) x Z is
homogeneous.

Embedding normal form. If atree 7 on Y x Z is homogeneous and 4 = p[T],
then there is a system ((M, | s € =“Y), (ky 5, 15, S5y &sp.5, € <“Y)) such
that

(a) M,=V and each M_ is a transitive proper class model of ZFC.

(b) k, ,, :M; — M_ iseclementary and (s, €5, C 53 =k =

o
51 .8 $2 .53

518527 °
(c) if x€®Y and (M, (k,,, .
((fon ' ne Cl)), <kxfm.x[n
wellfounded.
(Just let (u | s € <“Y) witness that T is homogeneous, and let ks' P
js. 5t Ms. — Ms2 , where M, = Ult(V;u.) and js, 5 is the canonical elemen-
tary embedding.)

| n € w)) 1is the direct limit of the system
| m < ne€w),then x € 4 & M_ is

Let us say that ((M, | s € ““Y), (k, |5 C s, & 5,5, € ““Y)) gives
an embedding normal form for A if (a), (b), and (c) hold and that 4 has an
embedding normal form if some system gives an embedding normal form for
A.

In proving the Main Theorem, it will help our motivation if we aim directly
for an embedding normal form for {x | (Vy)(x,y) ¢ p[T1}, rather than for
full homogeneity of T . Once we get embedding normal form, we will see that
our method for doing so also gives homogeneity.

3. ITERATION TREES

In order to prove (under the hypotheses of the Main Theorem) that p[f]
has an embedding normal form—and that the conclusion of the Main Theorem
holds—we shall associate with each x € “w not just a single sequence of el-
ementary embeddings but rather a whole tree of elementary embeddings. One
branch of this tree will provide us with the sequence of embeddings which give
an embedding normal form. We need the rest of the tree to be able to control
the wellfoundedness of the direct limit model along the main branch.

For n € w, an iteration tree on V of length n + 1 is a system

(<. AM |k <n) (E | k<n).(p | k<n))

with the following properties:

(1) (n+1, <) is a tree with 0 the <-least element, and < respects the
natural orderingon n+ 1.
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(2) Each M, is a transitive proper class model of ZFC and M, = V.

(3) (p, | k< n) is a nondecreasing sequence of ordinals.

@) k<k<n=V, M =V,  0M,.

(5) M, satisfies “E, is an extender” (so, in particular, E, € M, ).

(6) Support(E,) 2 me nM,.

(7) Let k™ be the immediate predecessor of k + 1 with respect to <, for

k<n. p,.>crit(E) and M, , =Ul(M,. ;E)).

Remarks. (a) Our definition is almost the same as that of [11]. In [11] only
extenders with ordinal supports are considered. This necessitates a change in
(6). The natural replacement is
(6) V, N M, CUNME,).
Allowing only ordinal supports and replacing (6) by (6') makes no real change
in the concept: For any iteration tree in one of the two senses, there is an
iteration tree in the other sense with the same models M, , the same ordinals
Py » and the same elementary embeddings of M,. into M, _, . In[l1], however,
the clause corresponding to (6) (in the final official definition) is not (6') but
rather
V2 NM, C UM, E}).

The reason for this is certain technical problems connected with iteration trees
of transfinite length. We shall not consider such trees here, so we keep the more
natural p, + 1.

(b) In [11] iteration trees not on V are considered. There not only the
condition M, = V' is dropped but also the condition that the M, be proper
classes is dropped and the condition that they be models of ZFC is weakened.

(c) Note that (4) guarantees that (7) makes sense—that there is an
Ult(M,.;E,). ((4) actually follows from the other clauses.)

(d) The possibility that superstrong cardinals might generate complicated
iteration trees arose as a worry in Steel’s work on inner models for large cardinal
axioms (see [11]).

(e) Implicit in (7) is the requirement that Ult(M,.;E,) be wellfounded. In
fact, it can be proved that this is automatically the case. See [11]. Here we shall
avoid having to prove this by considering only “countably closed” iteration trees.

An iteration tree on V' of length n+1 is countably closed if each M, satisfies
“support(E, ) is countably closed.” By Lemma 1.8, this implies—and so is
equivalent with—the countable closure of all the M, and all the support(E,).

(f) Note that (<,(E, | kK < n), (p, | kK < n)) completely determine the
iteration tree. If we were being careful about sets versus classes, we would have
defined this set to be the tree.

Lemma 3.1. Let (<, (M, | k < n),(E, | k<n), (p|k<n)) bea countably
closed iteration tree on V of length n+1. Let E € M, and p > p, ,, if
n> 0, be such that M, satisfies “E is an extender with countably closed support
and support(E) D V" Suppose n < n is such that crit(E) < p,. There
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is a unique countably closed iteration tree (<',(M, | k < n+ 1) (E, | k <
n+1),(p, |k<n+1)) on V of length n+2 with M, = M, forall k <n,
p,=p,.and E, =E_ for k<n, <'|n+1=<, E, =E, p,=p,and h
the immediate predecessor on n + 1 with respect to <.

Proof. Let <"} n+1 =< andlet k < n+1 & k < 7. By (4), the critical point
k of E satisfies V, ,NM, =V,  NnM, . Thus we can form Ult(M,;E).
By Lemma 1.6 and the fact that M, is countably closed, we get that M,', =
Ult(M, ; E) is wellfounded. By Lemma 1.7, VM, = Vp,,+l NM, . Thus
(4) holds with k, =n+1. O

An jteration tree on V of length w 1is a system
T =<, M, |kew),(E | kew),(p |kew))

such that each I, = (i n+ 1, (M, | k < n) (E | k<n),(p | k<n))is
an iteration tree on V' of length n + 1. 9 is countably closed if each 7 is
countably closed.

Let I = (<, (M |k<a),(E |k+1<a),{p | k+1<a)) bean iteration
tree on V of length o with 0 < a < w. The canonical elementary embeddings
associated with F are the ik. & for k, < k, < a, defined as follows.

(i) Ik, &, is the identity: M, — M, .
() G oy =g My = My,

(iii) i, K = by ey O b, 4, fOT k, <k, k.

A branch of an iteration tree on V' of length a < w is a maximal linearly
ordered subset of w with respect to the < of the iteration tree. An infinite
branch of an iteration tree on V' of length w is then an infinite, maximal
linearly ordered (<) subset of w. If b is a branch of an iteration tree, we can
form the direct limit

(M, . iy, | k €b))

of the directed system ((M, | k € b).{i, 4, | kK, = k, € b)). In order to
get embedding normal form results, we would like to be able to build iteration
trees with infinite branches b so that we can control whether or not M, is
wellfounded. It is easier to guarantee that an M, is illfounded than that it is
wellfounded. (Just build in an infinite descending sequence of “ordinals” of
M, .) Lemma 3.2 will help us to deal with this problem. What Lemma 3.2
says is that, if all infinite branches other than b are illfounded and if this is
witnessed in a sufficiently continuous fashion, then M, is wellfounded.

Lemma 3.2. Let I = (<, (M, | n € w),(E, | n € w),(p, | n € w)) bea
countably closed iteration tree on V of length w and let b be an infinite branch
of . Suppose that there are ordinal numbers (&, | n € w — b) such that, for
each n with n* ¢ b, &, <i.  (&.) (ie &, <ip™(&,.)). Then M, is
wellfounded.

Proof. Let i, ,.m = n, be the canonical elementary embeddings associated
with our iteration tree. Let y be a limit ordinal such that, for each n,
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support(E,) € V, .. We may assume without loss of generality that each
¢, for n ¢ b is m M, a limit ordinal of cofinality > io,n(Y) with Vé" sat-
isfying Zz-replacement. (Just replace the given ¢, by the ¢, th limit ordinal &
of cofinality > i, (y) such that Vé satisfies X,-replacement in M, .)

Assume for a contradiction that M, is illfounded. By Lemma 1.2(a) let
(¢, | n€b) besuchthat ¢ | < ig”"(én ) for each n suchthat n+1€b.

Our plan is to replace ((M, | n € b),{i,, , | m < n € b)) by an internal
iteration ((M, | n € by, (i, . |'m =< n € b)). We shall have elementary
embeddings n M — M, , embeddings that commute with the embeddings
of the two iteratlons Furthermore, we shall arrange that each ¢, , for n€ b, is
in the range of the corresponding 7, . This will give us the contradiction that
the direct limit of the internal iteration is not wellfounded. To get an internal
iteration, we replace the natural candidates for the ﬁn , n ¢ b, by models
which belong to earlier models 7l7m. This is done by taking Skolem hulls of
ranks in the natural candidates. The £, , n ¢ b, will give us the ranks in
which to take these hulls. Note that we are not building a new iteration tree,
but only a kind of approximation to one.

We begin by defining a sequence of countable sets which contain the impor-
tant elements of the M, . For each d € M, 41 » ChoOsE fnd €M,, and aZ EM,

such that d = [ f ]]a,, 5, making sure that f: has minimal possible rank.
For m,n € w we shall define, by induction on m, subsets C,'," of M, . Set
C,? ={¢, E,.p,}. If C" has been defined for each n, let

Cm+l CmU{a |d€Cm }U{f:,'ldeC'"

n+l n'+1
Now let C, =U,,c,, C» - We shall see that

(i) each C, is a countable subset of M, ;
(i1) for cach n, {6, E,.p,} €C,;
(iii) whenever d € C,, ,there are a € C, and f € C,. such that d =
1% s

(iv) foreach new-b, C, —{¢,} CV, ;foreach n andeach d€C, ,

if n ¢ b then al €V, andif n* ¢ b then [ €V,
(i), (ii), and (iii) are obvious. For (iv) we proceed by induction on m,
showing that C,"—{¢,} C V, foreach n ¢ b. For m=0 and n ¢ b we have

that support(E,) € V, ) g V. and that V nM, C support(E, ), the latter

by the definition of 1terat10n tree Since ¢, 1s a limit ordinal, these facts imply
E, e V and p, € V . Now let us consider the induction step, for m + 1. It
suﬂices to show, for d e C

.. thatif n ¢ b then af: €V, andif n” ¢ b then
fn € Vé,.-' Now a” e~ (support(E ) €V, for n ¢ b. Assume n* ¢ b.

ol Smce d= [[f ]]a"E

d
Dot g, € Ve, i1 € Vu,,.“," by the fact that ¢, < lE,, "(&,.). By the

& n=(n")}.

By induction we have that d € Ve this means that
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minimal rank constraint on the choice of f: this implies that f ;(z) €V,
for every z. Since ¢,. > p,. > crit(E,) and since £,. is a limit ordinal of
cofinality > i, () we get that ff €V, as desired.

We next turn to the main construction of the proof of the lemma, in which
we replace the iteration along b by an internal iteration which nevertheless has
illfounded direct limit.

We shall define, by inductionon n, (M, |new), (E,|ne€w), (p,|ne
w), and (r, | n € w) such that

(a) foreach ne b, 7\7n is a countably closed transitive proper class model
of ZFC;

(b) foreach new—-5, Hn is a countably closed transitive set model of
ZC +X,-replacement (see §1);

(c) foreach n € b, =, : M_n — M, is an elementary embedding with
C, C range(n,) ;

(d) foreach new—b, T, 717" — V, N M, is an elementary embedding
with C, - {¢,} C range(m,);

(e) foreach n, m, (p,)=0p,;

(f) each Hn satisfies “Fn is an extender with countably closed support
and support(E,) 2 Vet 5

(8) M,,,=Ult(M,.;E,) foreach n such that n+1€b;

(h) foreach n with n+1 € b, we have the following commutative diagram:

My

M. 2 M

n n+l
[
i_""
_ E —
Mn - Mn+l

(i) foreach n, v, ., nM, =_Vp"Jrl NnM, for every m > n;
(j) foreach n, n, | Vp"+£ M”_-_— T, | Vp,,+1 nMm,,
(k) foreach n€e w—-b, M, € M,, where 7 is the largest element of b

smaller than n (in the natural order of w).

Let M=V andlet m,: V — V be the identity.

Assume that (M, | k <n), (E, | k<n), (p, | k<n),and (n, | k < n)
are defined and satisfy (a)—(k).

Let us consider first the case that n + 1 € b. By (c) and (d) and property
(ii) of C,, we may define E, and p, by n,(E,) =E, and 7,(p,) = p,. (e)
holds by definition. If n € b the elementarity of =, : Tfn — M, ((c)) gives
(f). If n ¢ b then n, : M, — Ve, N M, is elementary, and so we need only
check that Ve, "M, satisfies “E, is an extender with countably closed support
and support(E,) 2 Vot .” But the definition of iteration tree implies that M,
satisfies this formula and the formula is absolute in M, for limit ranks.

for every m > n;
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crit(E,) < p,. , by the definition of iteration tree, and #,.(p,.) =7,(p,.) =
p,., so crit(E,) < p,.. Therefore (i) guarantees that Vm( Fy NM,. =
VeiwEner "M, . We may then set M, , = Ult(M,.;E,). We have the el-

crit(E,)+1
ementary embedding IE" :M,. - M, . By(a),(b), (d), and (f), Lemma

n+l
1.6 gives that M nel 18 wellfounded, and Lemma 1.8 gives that it is countably
closed. Hence (a) holds for n+ 1.
Define o, : M, . — M . by

n+l
Ty (1Y% ) = 07, (N Dty i, -
To see that 7, is well defined, let a,b € ““(support(E,)), let m = th(a),
and let m' = ¢h(b).
/D)% =1lel, s
S (E(@0){z| f(z1m)=g(z(m+k) | k<m))}) =1
& (n,(E (a"b))(m,({z | f(z I m)=g((z(m+k) | k< m'))}))=1
¢ (since 7, and 7,. agree on Vp"_ an M 4+ and since CI'lt(E") <p,.)
(1 (E (@ b)(7,.({z| f(z I m)=g((z(m+ k)| k<m))})=1
& (E (m,(@) m,(0){z | (m,.(N))(z | m)=(m,.(8)({z(m+k)|k < m')}) =1

Mu

& [, (Nprey 5, = [, (&) 5, -

A similar argument shows that =z
quired by (c).

To check that the rest of (c)—that C, | C range(r, ) —holds, let d € Cn 41
By property (iii) of C,_, let aeC, and fe€C,. be such that d = |If]]a 'E,
By (c) and (d) for n and »n* and by property (iv) of C,and C,. ,let n,(a)=a
and 7,.(f) = f. By the elementarity of 7, a € ““(support(E,)). The
elementarity of 7,. gives that f : ”'(”)(crit(_En)) —M,.,since m,.(crit(E, W) =
m,(crit(E,)) by (j) and the fact that crit(F ) < p,.. Let then d = IIf]]a z.
Tt (d) =7, (DD =Ty, =4 Hence d € range(1,, ).

Let us next check (h). Let d € Mn.. Moe (d) = [[ca,]](a 5 where ¢, :

oy vit(E,) — M, 1s the function with value d. Hence

T (d)) = [y, Doy, = T8 (2,-(d)).
To check (i), note first that Ult(M n .E,) is wellfounded by Lemma 1.6.
since p, < i'(crit(E,)) < iH"(p,.) and V, . O M, = Vp" LN M,
Lemma 1.7(a) gives that V' nUlt(M E n) = p aNUl(M,  E ). Since

n+l n+1

:M,, , — M, is elementary, as re-

n+l n+l

Pl

support(E,) 2 ¥, . N M, , it follows that
Vo "M, =V, nUKM,E)=V, NM,.



98 D. A. MARTIN AND J. R. STEEL

The rest of the requirement of (i) will be seen to be fulfilled if we can prove
that n' <n = Py < p,. But(j) and (c) give that =, (p,.) = n,.(p,) = p
p, =m,(p,). So the elementarity of #, implies that p, < p, .

Finally let us verify (j). By what has just been proved, it is enough to

v <

show that =, , I (V, | nNM, ) = ' (V,,,1 N M,). Suppose then that
AT : A Mn MII'

d e Vi NM, . Since p, +1 < i p,.), d = IIf]]a,E,, for some a

and some f : "y Ve@) = Vo, - crit(E,) < p,., so [ is essentially

a member of Vp iy

By Lemma 1.7(c), d = IIf]]M" Hence =#,(d) =
[=,(f )]]Z’;a)' E, - Since 7, ( f) is essentially a member of Vp". +1» Lemma 1.7(c)

gives that 7,(d) = [n,(/)Iy"%, ;- But m,(f) = m,.(f), by (j). Hence

7,(d) = [%,,. (/) , - But this is just 7, ([f12%) ==,,,(d).

Now let us turn to the case n + 1 ¢ b. We proceed in two steps, the first
analogous to the case n + 1 € b, and the second to take care of (k).

Define E, and p, as before by n"(F") E, and 7, (p,) = p,. As before,
(e) and (f) hold. Now set M’ o = Ul(M,. E ). M, is wellfounded and
countably closed by Lemmas 1.6 and 1.8, and we have the elementary embed-

ding i%" _:M,. — M, . Inparticular weget (b') M, isa countably closed
set model of ZC +X,-replacement if n" ¢ b and a countably closed proper
class model of ZFCif n* €b.

Define 7 :M'  — M

n+l n+l

7 (IS = I, (12 -

The arguments of the case n+ 1 € b give us that nn +1 1s well defined and also

by

n+1

d") nn " .Mn o=V, nM., 1s.an elementary embedding with C, , C
range(r,,, ), where 7, =iy" (¢,.) if n* ¢ b and y,,, =ON if n*
e b;
o !
(l ) p +1mMn+l Vp,,+lﬂMn’

(J ) nn+lr( p+InMx+l) nnr( p+InMn)'

Let Cn 41 be the preimage of C,,, under n:, +1 - Since M,', +1 1s countably
closed, C’ el € M ue1 and M +| satlsﬁes “C +1 18 countable.”

Let 7, ,(&,,)=¢&,.,- M,: ., satisfies ZC and so M’ ", contains a set S of

Skolem functions for Vé,” nNM'

n+l -
Let Z be the smallest subset of V¢ N M ] such that

(i) Z,,, is countably closed;
i) Z,,, is closed under the Skolem functions in §;

n+1

vee /
(lll) (V‘ 1+I) uc n+l {énH} < Z
Z,. GM,H and |Z"+l| = WV, al My
. . ! —
Let @ Ty Mn+l ~ ZnJrl with Mn+l transitive. Let Ty =T O, -
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(b) holds. (d) holds since @, [ (V,, M., )iV, nM,, —V, (M

n+l Envt n+1
is an elementary embedding and since Cn +1 — 18, ) € range(z, ). (i) holds
since V, anM, . < Z"+l and (i') holds. (j) holds since 7, | (V, , ,NM
is the identity and (j') holds.

It remains only to check (k). crit(E,) is inaccessiblein M, so it is inaccessi-

ble in ﬁ - » Since, by the same argument as in the case n+1 € b, crit(Fn) <p,.

pntl n+l)

and s0 V5, N M, = Veir@Eys1 N M, . Thus iM"‘ (crit(E,)) is inacces-
sible in M"JrI |Z"+,| My = |V ot M zM"‘ (crit(E,)), because p, + 1 C
support(E") CV+. Hence M . belongs to V4 e ! But

" (crit(En)) n* (crit(E,)) n+ls
;7

Vi;’:' (crit(En)) n M"“ = Vi%’,:’(crit(_f,,))
Since M, = 7\7'1/:] or M, e M, = —M—’m , it follows that M, € H"T , as
required.

Now let us use our construction to get a contradiction. For each n, E" € 7\7,,
and so E, € M, whenever n ¢ b. If n+ 1€ b, then either n* = n or else
n* = n. In either case, n+ 1 € b implies that E, € M,. . Thus

NUWJT,E,) € i, Thus 7,,, € ,.

My, M, Mp
i "o M i

M

ny nsy ’

=7 Euz—l
—

<7 En -1
V=M, 5 M

""n;—l
—

is a internal iteration, where 0 = Mooy fys e is an enumeration of b in
order of magnitude. Let M, - M y be the obvious elementary

g Mg ny
embeddings for k < k'. Let (M, (i, o LK S k' € w)) be the direct limit
of the system (M, |k € ), (i . |k <k’ € w)). By Lemma 1.3, M, is
wellfounded.

By (h) we have the commutative diagram

ng Ny

ill RN
k- "k
— s M
Mllk Ny
I”nk T”nkl
— l>Ilk . "kl —_—
—_—

for k <k'.

Let é be given by =, (ém) m , using property (ii) of C, ) and (c). Since
& < ink (&) s follows that fnk, Dng o, ,(é ). Thus (Tn (&) | k € w)
is an infinite descending sequence in the ordmals of M . This contradiction
completes the proof of the lemma. 0O

Remark. We are dealing with countably closed iteration trees simply because the
proofs of Lemmas 3.1 and 3.2 are simpler than the proofs of the assertions that
would result from deleting all occurrences of “countably closed.” Nevertheless
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those resulting assertions are true—and are proved in [11]. Armed with them,
we could delete all occurrences of “countably closed” from the rest of this paper.

In the proof of the Main Theorem, we shall be concerned with iteration
trees living in a certain V; and with homogeneous trees whose measures are
d*-complete. It will be important to know that the canonical elementary em-
beddings associated with the iteration trees act trivially on the elementary em-
beddings from the J*-complete measures and that the latter act trivially on the
former. This is the content of the following lemma. The proof of the lemma
is at bottom the same as the proof that embeddings witnessing two distinct car-
dinals are measurable act trivially on one another. The extra complexity is due
to the facts that our iteration tree embeddings are from extenders rather than
measures and—more importantly—the extenders do not belong to the model
the embeddings are applied to.

Lemma 3.3. Let 7 = (<, (M, |k<a) (E, |k+1<a),(p | k+1<a)) be
an iteration tree on V of length < w. Let i, 4»Jfor m < n, be the canonical
elementary embeddings associated with 7 . Let u be a o- complete measure
on X, let v be a 6-complete measure on X', and let q : X — X' be such
that v(A) =1 & u({z | q(z) € A}) = 1, with & a strong limit cardinal with
each support(E,) € V;. Let j =i, let j =i, andlet j°: UV ;v) —
Ult(V ;1) be the elementary embedding given by j*(IF1,) = [F 1, where
F(z) = F(q(z)). Then

@) iy, () =71 M5 i) =)t M, and iy ,(j")=j" 1 J'(M,).

(®) (il ) I ON=('(G, ) | ON)=4, | ON.
Here, for example, i, ,(j)=U, i, ,( I'V,)-

Proof. We shall first prove (a). Let us begin by showing

) if Y Ciy (X) and Y € M,, then (iy ,(w)(Y) = 1 if and only if
u{zli, (z) €Y =1.
Proof of (i). Assume (i) holds for all n < m. Let Y C 10 me1(X) with Y €
M, ., . Assume that (i, . (u))(Y)=1.Let Y = IIf]] " . Let

m.n

K ={xe" W) | Uy m- () = 1}.

(E,(a))(K) = 1. For each x € K, our inductive assumption gives that (i)
holds for n = m", and so there is a Z_C X such that u(Z ) = 1 and
(Vw € Z)(iy - (W) C f(x)). Let Z =N . Since u is d-complete and
0> crlt( W) M(Z)=1.

xeK

weZ=VWxeK)(weZ,)
= (Vx € K)((i0 (W) € f(x))
= (E,,(a))({x | iy e (w) € f(x)}) = 1

= Ly m+l(lo m-(W)) € |If]]a '2" = Iy (W) EY.
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We have shown then that (i, "H(,u))( )=1=u({z| iy, (2) €Y} =
If (i, (W)Y) =0, then u({z | g per(2) € iy, (X) = Y}) =1 and so
1wz iy (2)€Y}) =
For each n € w and each F € M, n"™ M let ® (F): X — M, be
given by
(@,(F))(z) = F(i, ,(2)).

(ii) For each G € XM" there isan F € M, N (i°"'(x))Mn such that

[®,(F)], = [Gl,.
Proof of (ii). Assume that (ii) holds for al n <m. Let G: X - M,__,.
For each z € X, let G(z) = [f, ]] Since u is Jd-complete and 6 >
|support(E, )| there must be an a € (support(E )) such that
u({z | a, = a}) = 1. For this a, pu({z | G(z) = [f, ]]a % 1) = 1. Define
G:X—- M, by
G(z)=/,.

Our inductive assumption gives that (ii) holds for n = m", and so there is
an F' e M

e With F* iy (X) — M. such that [®,.(F")], = [G'],.

Define 4 : ”'(")(Vm(E ) — M, by letting h(x) : iy ,..(X) —

(h(x))(z) = (F*(2))(x). Let F = IIh]] " . We must show that
W Fiy s (2) = G2 = 1.

We know that u({z | G(z) = IIf]] v & F'(iy ,..(2)) = G'(2)}) = 1. Let z

belong to this set. Then

(RO g - (2)) = (F™ (i e (2D))(X) = (G7(2))(x) = [,(x).

with

m *

Hence F(ig ,,1(2) = Fiye pilig e (2)) = IL10% =LA,10, = G(2).
(i) implies that ®, induces an elementary embeddmg of (i, ,())(M,) into
J(M,). To see this, let y(v,,...,v,) be a formula of set theory and let

n

G,,...,G, beelementsof M, n"" M p .

(g n M) ¥ [IG T - -+ TG D 0]
(lo,,, mz | M, EviG(2), ..., ,(Z)]}) =1
& (by (1) u{z | M, = vIG, (i, ,(2). ... .G (i ,(2)]}) =1
e u({z | M, Eyl(P,(G))z), ... .(<D,,(Gk))(2)]}) =1
& j(M,) E wll®,(G)], . ... 19,(G)T,].
(ii) implies that the elementary embedding induced by ®, is a surjection and

so is an isomorphism, i.e. is the identity. Since ®, sends each constant function
to the constant function with the same value, it follows that (i, ,(j))=Jj | M, .
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Using functions CD'n analogous to the @, , we similarly get that (io ul iN=i

M, . To see that (io_n(j*)) =j" [j'(Mn), note first that (i ,(J ))([[F]]’O (U)) =
. n % | 4 14

[F o lo,n(q)]lf:,,(u), but j*([®,(F),) = [(®@,(F))oql, = [Foi,o q]l,,

[F o iy (@) iy,0, = [®,(Foiy,(@)],. Since ® and &, induce the

identities on equivalence classes, this completes the proof of (a).

Now let us turn to (b). Let n be arbitrary. Since u is d-complete, j(V) is
closed under sequences of length < 6. The elementarity of iy - thus implies
that (i, ,.(j))(M,.) has the same sequences of ordinals of length < iy - (9)
as does M,.. Now (i, ,.(J))(M,.) = j(M,.), as we already showed. Hence
J(M,.) has the same sequences of ordinals of length < i ,.(d), and hence
the same functions F : <“'(Vmw )) — ON as does M,.. Since j(E,) = E

it follows that j(i,. ,.,) =i, .., . Since n was arbitrary, (b) follows by the
definition of the /. O

m.,n

Remark. In our applications, 4 and v will be, for example, By and o,
respectively, for some m < n € w, where (U | s € <ww) witnesses that some
tree is d-homogeneous. In this case g is given by q(¢) =t | m.

In §5 we shall often be dealing with iteration trees of a particularly simple
sort: alternating chains. Let <" be the partial ordering of w given by

m<"ne(m<n&(m=0V n—miseven)).

An alternating chain on V of length o < w is an iteration tree on V of length
a whose tree ordering is <" | a.. We shall usually describe alternating chains as
systems ((M, |n<a),(E, |n+1<a),(p,|n+1<a)),ie weomit“<".”
Pictorially an alternating chain is

M M, LA
i il i3

V=M M 2 M
=My — M, 3
Mo
)
uz My
ll_s
M 2R s —

4. REFLECTING CARDINALS

In this section we develop the theory of Woodin cardinals in order to get the
technical tools we need to build iteration trees in §5.

First, however, we give some proofs which are not needed for §5 but show
where Woodin cardinals sit in the hierarchy of large cardinal axioms. A cardinal
K is A-supercompact if there is an elementary j: V — M with M transitive,
crit(j) = x, and ‘M c M. kis superstrong if there is an elementary j :
V — M with M transitive, crit(j) = x, and Vi EM . x is Shelah if for
every f ik — x thereisa j: V — M with M transitive, crit(j) = k, and
V(jm)(x) C M. A cardinal J is Woodin if for every f:J0 — 0 thereisa Kk <
closed under f andthereisa j:V — M with M transitive, crit(j) =« , and
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Vi € M . k is A-strong if there is an elementary j : V — M with M
transitive, crit(j) =k, and V, C M.

The concept of A-supercompactness is due to R. Solovay. The notions of
A-strong and superstrong cardinals arose out of the work of W. Mitchell. Shelah
and Woodin isolated the notions named after them. The lemma that follows
catalogues some basic facts about the relative strengths of the large cardinal

axioms corresponding to these concepts. No part of the lemma is due to us.

Lemma 4.1. (1) If k is 2"-supercompact then there are x superstrong cardinals
< k. (2) If x is superstrong then x is Shelah and there are i Shelah cardinals
< k. (3) If k is Shelah then x is Woodin and there are k Woodin cardinals
< k. (4)If 6 is Woodin then § is inaccessible and there are & cardinals k < &
such that (VA < d)k is A-strong.

Proof. (1) Let j:V — M witness that « is 2"-supercompact. Let E be the
extender derived from j with support Vi N M . For each a € <“’(Vj(,(,) nM,

E(a) is a measure on (V) and (E(@))(X) = 1 & a € j(X). Thus E
depends only on Vj(h.,nM and j [V, .But j[V,, e s 50 JI Ve €

K
M. Hence E € M. ig’ : M — N is an element embedding, belongs to M,
and is such that Vj(k) N M € N. We have the commutative diagram

M
I k
V — UIY(V;E)

lE

Hence j(x) = k(ig(x)) 2 ig(r) 2 iy () . It follows that ¥,y N M € N . Thus
E

i? witnesses that x is superstrong in M . To see that (1) follows from this,
suppose 8 < k. In M there is a superstrong cardinal between 8 = j(#) and
j(x),soin V there is a superstrong cardinal between £ and k.

(2) Let j: V — M witness that « is superstrong. j also witnesses that
i is Shelah, for if f :x — x then V(j(f))(x) C ij C M. Let us check that
i is Shelah in M also, from which (2) follows. Suppose f :kx — k. Let E
be the extender derived from j with support V( i+ Y Veor- E € Vj(K)
so E€ M. We have k : U(V;E) - M with koi, = j and with k |
Viimme = the identity . Thus k(i (f)) = Jj(f). kI V,,, is the identity, so
k(x) = k. It follows that k((i (f))(x)) = k(ix(f))(k(x)) = ((f))(x). Hence
ig(f)(x) < (actually =)(j(f))(k), and s0 Vi, r)0) € Vi & UV E).
Since ¥, NUI(V; E) = VN UIt(M ; E) and ib(f) =iy (f), we have that

V(i"’( ) C Ult(M ; E). This means that ig’ witnesses that x is Shelah in M .
E

(3) Let k be Shelah and let f:x — k. Let g(a) =a+2+ f(a)+ 1. Let
j:V — M witness that « is Shelah, with respect to g. Let E be the extender

derived from j with support V; ;.. E: W) = LPK)), so
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E is coded by an element of V, ., i sy, - Hence E € M. (j(f))(x) =

(ig(N(K) = (ig’(f))(x). Furthermore k is closed under j(f), since j(f) |
Kk = f. Thus if; witnesses the Woodinness of j(x) with respect to j(f) in
M . By the elementarity of j, some embedding witnesses the Woodinness of x
with respect to f in V. Since f was arbitrary, k¥ is Woodin. Note also that
Ee Vj(K) N M, so we also get that some i such that F is an extender € V,
witnesses the Woodinness of x with respect to f in V. (We will see later that
Woodin cardinals always have this property.) Such an extender belongs to M
and so witnesses the Woodinness of x with respect to f in M . Moreover,
for any elementary k: V' — N with N transitive and crit(k) = «, this same
extender witnesses the Woodinness of x with respect to f in N. But our
argument has shown that for every f and every such N, k is Woodin with
respect to f in N . Since there is such an N, the remaining part of (3) holds.

(4) Let 6 be Woodin. If & is not regular then there is a y < d and an
f :y — & with unbounded range. Let g(0) =y, g(a) =f(1+a) for a<y,
and g(a) = 0 for 6 > @ > y. No ordinal > 0 is closed under g, so g
contradicts Woodinness. If limit ordinal y < d and 2" > d,let f :0 — &
be such that f(0) = y. If j witnesses Woodinness of x with respect to f,
then crit(j) is a measurable cardinal. But crit(j) > f(0) so crit(j) cannot
even be a strong limit cardinal. This contradiction completes the proof that x
is inaccessible.

Assume that f < ¢ is such that, for all ¥ with f <k <, thereisa A <J
such that x is not A-strong. For x« > f, let A(x) be the least 4 > k such that
Kk isnot A-strong. Let f(x) = B for k < B andlet f(x) =A(k)+3 for k > 8.
Let j:V — M witness Woodinness of  with respect to f . Let x = crit(j).
Let E be the extender derived from j with support V( ) - E € M . Since
Vianw € Ult(M ; E), it follows that E witness that « is ((j(4))(x))-strong in
M . But k > 8, since k is closed under f, and so k¥ > j(f) = B. This gives
us the contradiction that x is not ((j(4))(x))-strongin M. O

The argument just given generalizes to give the following useful consequence
(actually an equivalent) of Woodinness.

Lemma4.2. Let 6 be Woodin and let A C V. There are arbitrarily large x < 6
such that for all a < J thereisa j:V — M with j elementary, crit(j) =k,
M transitive, V., C M, and V.NA =V, N j(A). Moreover j can be chosen
as iy for E an extender € Vs with support(E) 2 V_ and with support(E)
countably closed.

Proof. Assume for a contradiction that f < J is such that for all « with
0 > K > f there is an a < ¢ for which there is no extender E € V; with
support(E) 2 V,_, support(E) countably closed, crit(E) = k and V, N4 =
V.Nig(A). For k > B let a(x) be the least a > k + 2 with this property.
Let f(k)=p+1 for k < B andlet f(x) be a(k)+w, +1 for k > . Let
j:V — M witness Woodinness of J with respect to f. Let x = crit(j).

Let E be the extender derived from j with support V( @) K)o, * EFEeM,
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E € Vi
diagram

and support(E) is countably closed. We have the commutative

M
> k
Vv — UWVE)

lE

with &£ | Vi) o, the identity.M k(ig(A4)) = j(A), so j(4)Nn V(}.(X})(K) =
ANV i e T Vi = Ig [MVKH, so j(A) N Vl(é.(a))(x) = i (4N
VU(Q))(K). Since j(A)NV, =ANV,, ip (J(4)N I/iz,(x) =i (4)N V,.,;:,(K) , and

M, M . .
50 Iy GOV jiani) = Ie (DN janie) = J(A OV i)y - K 1s closed under
f,so k> f and therefore «¥ > j(f). Thus E contradicts the definition of
the function j(a) in M. O

Though we do not need the next lemma later, we prove it to show that Wood-
inness of & is always witnessed by extenders in V.

Lemma 4.3. Let § be Woodin and let f : 6 — 6. There is an extender E €
Vs, with countably closed support and with crit(E) closed under f, such that
Vieieriey S support(E).

Proof. We may assume without loss of generality, that f(y) >y forall y<d.
Let A= f,ie. A={(y,f(y))|y<9d}. Let x be as given by Lemma 4.2. Let
a= f(k)+ 3. Let E be given as in Lemma 4.2. Since Vf(K C support(E), it
suffices to show that f(k) = (i(f))(x). But (k, f(x)) € VI(K)Jr3 N A and so
(k. f(x)) e Vf(x)”niE(A). Hence (i (f))(k)=f(k). O

Let J be a strong limit cardinal. Let w < a <J and B be ordinals and let
z€~“(Vy,5). The (a,B)-type of z relative to J is the set of formulas ¢ of
the language of set theory with constants c(a) for elements a of V and with
a constant ¢(J) for 4 if B> 0 such that (de; €,(alaeV))E olz] (or,
more briefly, V;, 5 E ¢[z]). Note for future reference that the (a, f8)-type of
z is essentially a subset of V_, for a infinite. It follows that if w < d<a<d
and B’ < B then the (o', B')-type of z relative to J is expressed by a single
element of the (a, B)-type of z~(f').

For strong limit cardinals J, ordinals f#,and z € Vs, ﬁ) , we say that x <
0 is B-reflecting in z relative to ¢ if for all a < J there is an extender E € V
with support(E) countably closed, crit(E) =k, i (6) =dJ, V,  C support(E),
and the (a, B)-type of z relative to 6 in V' the same as the (a, i (B))-type
of i.(z) relative to 6 in Ult(V;E). Note for future reference that if x <4
and B’ < B, then the assertion that « is f'-reflecting in z relative to & is
expressed by a single element of the (x + 1, 8)-type of z~(8'). The only non-
obvious point in the verification of this is using the fact that V; i p,)nUlt( V,E)
satisfies ¢[i.(z),a] if and only if E(a)({x | Vsipr satisfies [z, x]}) = 1.

<w(
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Lemma 4.4. Let & be an inaccessible. The following are equivalent.

(a) d is Woodin.

(b) Forall B andall z € <“’(VM/}), the set of k which are B-reflecting in
z relative to 6 is unbounded in ¢ .

(c) Forall z€ <‘"(V5+l), there is a k¥ < & such that k is 1-reflecting in z
relative to 0 .

Proof. We first show that (a) implies (b). Assume that J is Woodin, that § is
an ordinal, and that z € <“( Vs.p) - Inthe sequel we omit the phrase “relative to
J0.” Let A =the (d, f)-type of z. By Lemma 4.2 there are unboundedly many
k < ¢ such that for all o < J there is an extender E € V; with crit(E) =k,
V, C support(E), support(E) countably closed, and ¥V NA =V _Nig(4). J is
inaccessible and E € V5,50 i,(d) =J. i (A) = the (J,i.(B))-type of i,(z)
in Ut(V; E), so the fact that V_ N4 =V _Ni.(4) means that the (a, f)-type
of z in V is the same as the (a, i (f))-type of i (z) in Ult(V;E). Thus all
of these unboundedly many x are S-reflecting in z.

We complete the proof by showing that (c) implies (a). Assume that J sat-
isfies (c). Once again we shall omit “relative to §.” Let f:Jd — 6. Let
be l-reflecting in (f). Let o = max{x + 1, sup{f (&) +1|& < k}}. Let E
witness for a that x is l-reflecting in (f). Let £ < k and let y = f({).
The fact that y = f(£) is expressed by a member of the (a, 1)-type of (f).
Hence the same element of the («, 1)-type of i, ((f)) expresses the fact that
(ig())&) =v. For ¢ <k this gives us that (i (f))(&) =y = f(&) <a < ig(k)
and so that f(¢) < k. Hence « is closed under f. For & = k we get that
(ig()(x) =y = f(x). Since Vi € support(E), i, witnesses the Woodin-
ness of k¥ with respectto /. O

Our goal in the rest of this section is to prove a technical lemma which will
give us the individual steps in our construction of iteration trees in §5. First we
prove a preliminary lemma.

Lemma 4.5. Let M and N be countably closed, transitive, proper class models
of ZFC. Let 6 be inaccessible. Let k <6 with V, , ,NnM =V, (N. Let B
and B' be ordinals and let x € <“’(V5+/})OM and x' € <“’(V‘Hﬁ,)nN. Suppose
that the (x, B)-type of x relative to & in M is the same as the (x , f')-type
of x' relative to 5 in N. Suppose that E witnesses, for some a < 6, that
K is B-reflecting in x relative to 6 in M. Then UW(N;E) is wellfounded,
V., NUWNE) =V, N M, and the (a,iy(B"))-type of iy (x') relative to & in
Ult(N ; E) is the same as the («, B)-type of x relative to 6 in M.

Proof. We omit “relative to J.” By Lemma 1.6, Ult(N;E) is wellfounded.
Since ¥V, NN =V_ ,NM we have that V, NUI(NE) = V,,;V,(K)Jrl n

K+l K+1 NX(r)+1
Ult(M ; E). Since a < if;(lc) , it follows that ¥V, NUIW(N; E) = V, NUIY(M ; E)
=V NM.
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Let 7 = the (o, B)-type of x in M = the (a, il (B))-type of iy (x) in
Ult(M;E). Let © = [f]. Since f:* @V ) — V,,,, it follows that t =
Lr ]]2/. Furthermore, the values of f are (&, f)-types of x in M for various
& < k. By assumption, the (¢, B)-type of x in M is the same as the (£, f')-
type of x' in N for every & < x. Hence [f]) is the (a,i}(B"))-type of
iN(x') in UKNE). O

Lemma 4.6 (One-Step Lemma). Let M and N be countably closed, transitive,
proper class models of ZFC. Let 6 be Woodin in M and inaccessible in V , let
k<d,let n<&,let B and B' be ordinals, let £ < B, let x and y belong to
<“’(VM{) NM,let x'e <“’(Vaw,) NN, and let ¢(v) be a formula of set theory.
Assume

(@ V., ,nM=V_ 0N,

(b) the (x, B)-type of x relative to & in M is the same as the (i , B')-type
of x' relative to 6 in N;

(c) K is p-reflecting in x relativeto & in M ;

(d) Vs pNM o).

Then there is an E € Vs M such that M satisfies “E is an extender
with countably closed support,” such that crit(E) = x, and such that Ult(N ; E)
is wellfounded, and there are also k™ with n < k* < d, & < ig (B') with
ip(x") € “°(Vs,.), and y* € ““(V;,.) NUI(N ; E), with the properties that
support(E) 2 V.. ,NM and

@*) V. NUWN;E)=V., NM;

(b™) the (x*,&)-type of ig(x')ﬁy' relative to 6 in UIt(N ;E) is the same
as the (" ,&)-type of x"y relative to & in M ;

(™) K is & -reflecting in iy (x')"y* relative to 8 in UW(N;E);

@A") Vo F0lE")
(e*) if y is a finite sequence of ordinals, then y* is definable in Vs v 0

+i
UIt(N; E) from 6, if,(x'), and elements of V..., NUW(N ;E).

*+1

Proof. Once more we omit “relative to §.” Let «* be such that n < k™ < § and
k" is &-reflectingin x”y in M . Let E witness that « is f-reflecting in x in
M for k*+1. By Lemma 4.5 we have (a*) and that the (x*+1, iy (8"))-type of

ig(x') in UIt(N , E), which is wellfounded, is the same as the (k" + 1, §)-type
of x in M.

Let 7 be the (x*,&)-typeof x"y in M. V; ,NM satisfies
. . <w
(3u)(Fv)(v is an ordinal & u € ~(Vy,,)

& 7 =the (k" , v)-type of x"u relative to J

& K" is v-reflecting in x " u relative to § & ¢(v)).
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Therefore (the formal version of) this formula belongs to the (k" + 1, f)-
type of x € M. Hence the formula belongs to the (x* + 1, i’EV(B'))-type
of ig (x) in UIt(N;E). So there are y* and & such that ¢* is an ordinal
and 7 = the (k" ,¢&")-type of i’EV(x')Ay* in Ult(N;E) and x" is &"-reflecting
in ilEv(x')Ay' in Ult(N;E) and V5+i2w,)nUlt(N;E) E= ¢[¢*]. This gives
(%), (c*),and (d*). If y is a finite sequence of ordinals, then so is y* and
we may take the lexicographically least y*~(¢*). This y” is definable from
d,7,k", and ig'(x') in VJHg(ﬂ,)ﬂUlt(N;E). Since 7 essentially belongs to
V., »(€") holds. D

Remark. The hypotheses of the One-Step Lemma actually imply that J is
Woodin in N and so in Ult(N;E). We see this as follows. Since ¢ < £,
B >0 and so, by hypothesis (b), V;, pNM and hence V;, p NN satisfy “J 1s
Woodin.” (In the applications we shall always know without this argument that
0 is Woodin in N .)

5. THE MAIN THEOREM

Thoroughout this section let 6 be a fixed inaccessible cardinal. When we
speak of (a, B)-types and of f-reflecting cardinals we shall omit the expression
“relative to 4.”

We begin by illustrating the use of the One-Step Lemma in building iteration
trees by proving the following theorem (which will not directly be used later).

Theorem 5.1. If & is Woodin then for every n € w there is a countably closed
alternating chain on V of length n+ 1.

Proof. The theorem is trivially true for n = 0. Assume then that n > 0. Let
Kk, be (n — 1)-reflecting in &. Assume inductively that we have, for some k
with 0 < k < n, a countably closed alternating chain ({(M, | m < k) ,(E,, |
m<k),(p,, | m<k)) on V and ordinals k,,x, ... ,k, witheach E,_ €V,
with crit(E,) = x,, for m < k, and with x, < p, _, if kK > 0. Assume
inductively also that the (x, ,n —k — 1)-type of & in M, is the same as the
(x, . n—k—1)-typeof @ in M, -, (where k—j=k—j if k> jand k=j=0
if kK <j)and that x, is (n—k — 1)-reflecting in & in M, .

If n—k > 1, apply the One-Step Lemma with M = M, , N = M, .,
k=kK,,n=k,B=B=n-k—-1,E=n—k-2, p(v) as“6 +v is the
greatest ordinal,” and x =x' =y =@. Let E, k", £, and y* be as given
by the One-Step Lemma. Clearly ¢&* =n—-k -2 and y" =@. Let E, = E
and p, = k. Let M,,, = Ult(M, . ;E,). Let x,,, = k. Our inductive
assumptions hold for k + 1.

If n=k+1 let E, witness that x, is O-reflectingin & in M, with a =K,
let p, =k, ,and let M, =Ul(M, . ;E). O

The theorem just proved makes no use of the fact that Lemma 4.4 gives
arbitrarily large reflecting cardinals < J, and it similarly makes no real use of



A PROOF OF PROJECTIVE DETERMINACY 109

the n of the One-Step Lemma. To see how we can make use of these ingredients,
consider the following game ¥ :

I « ay e a1 ap
n Ko (Eq. po. 1) (En—-2,Pn-2,Kn—1) (En—1, Pn—-1)
The first player to disobey one of the following rules loses a play of & . If
all the rules are obeyed then II wins.
(1) o <9d.
(2) <k, <97, Kot S Pes Pyy >, E € Vs, the E, and the p,
generate a countably closed alternating chainon V', and crit(E,) = k, .

Theorem 5.2. If § is Woodin, then for every n € w player II has a winning
strategy for .

The proof of Theorem 5.2 is just like that of Theorem 5.1, except that we
take x;, > a,, in the application of the One-Step Lemma we take n = o, |,
and in the case n = k + 1 we let E, witness that x, is O-reflecting in @ in
M, with a=a,+1. O

In fact Theorem 5.2 does not require full Woodinness of J . It suffices that
J be Woodin with respect to functions definable in V. Indeed this property
can be shown equivalent with I7’s having winning strategies for all the & .

A further ingredient of Lemma 4.4 and of the One-Step Lemma is missing
from Theorem 5.2 as well as from Theorem 5.1. In the proofs of these theorems
we took the z of Lemma 4.4 and the x,x’, and y of the One-Step Lemma
to be the empty sequence. In the construction to come we shall be building
an alternating chain and—in the two branches of the alternating chain—be
building branches through the images of a certain tree 7 . The parameters just
mentioned will allow us to extend one of these branches when we are given an
extension of the other.

Superficially it appears that the One-Step Lemma is useful only for building
finite alternating chains. The requirement that ¢ < 8 seems to militate against
building infinite chains via the lemma. Since we need to build infinite alternat-
ing chains, we must sidestep this problem. There is more than one way to do
so. Here we proceed as follows.

For the rest of this section let 1 < ¢, < ¢, < ¢, be cardinals such that A > 9
and

(i) All ¢,, k <2, are strong limit cardinals of cofinality greater than 4 ;

(i) ¢, and c,| satisfy the same formulas in V., allowing parameters from
Vt/}+| (€., the (A+1,c,)-type of ¢, is the same as the (A+1,c,)-type
of ¢, ).

Lemma 5.3. For any A > 9, there exist c,,c,, and c, satisfying (i) and (ii)
with A< cy<c, <c,.

Proof. Let Z be the class of all strong limit cardinals of cofinality > J. Let ¢,
be the |V, +2IJ'th element of Z. There are only |V, ,| possible (A+1,c,)-types,
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so there must be ¢, < ¢, < ¢, with ¢, and ¢, € Z and ¢, and ¢, having the
same (A+1,c,))-type. O

Our plan is to use the “descending” sequence of ordinals:
ot lcg~e ot l,cyg~e ..

The key points are (a) If k < J is ¢,-reflecting in some z € <“’(V,1 +1)» then
ch satisfies “k is ¢, -reflecting in z” and so (ii) gives that V., satisfies “x is
c,-reflecting in z.” (b) For « < J and z € <“’(V/M), the (a,c,)-type of z is
the same as the (a,c,)-type of z. Condition (i) is for notational convenience.
It guarantees that ¢, ¢,, and ¢, will be fixed by all the embeddings arising in
iteration trees whose extenders belong to .V .

We first consider the problem of embedding normal form for -p[T], where
T isa d*-homogeneous tree, and of the homogeneity of the corresponding 7 .

For x; <J and T atree on w x A (the 4 we chose above), consider the
following game %Z

I (mg.n, ao) {my,m,ap)
1 (Eo. potg. k1. Ey. pr. BrK2) (Ey, p2. 1. k3, E3, p3, B K4)

The first player to disobey one of the following rules loses a play of ?j(: CIf
all rules are obeyed, I/ wins.

R1. The E, and p, generate a countably closed alternating chain on V
with all £, € V.

As long as R1 is obeyed, let My =V and M, , =Ul(M,  ;E,). (- was
defined during the proof of Theorem 5.1.) Also let i, poform<nand m=0
or n — m even, be the canonical elementary embeddings associated with the
alternating chain.

R2. k, =crit(E,).

R3. k,, <a,<9d.

R4. K2n+2 > K2n+l > @, -

RS. ﬂn+l < i2n ,2n+2(ﬂn) ’ where pO = CO :

R6. Let ¢, = (iy 5,5(m) [ k<n)y. {({m | k<n),t )€ij, (T).

R7. Let u, = (i, ,2n~'-l('7//() lk<n). ((m | k<n)u, )€y, (T).

R8. 7, is definable in ¥V, N M,, , from elementsof (V, . NM, U

{0,465 201 (T) G0}

Remark. A few words about what is happening in the game are perhaps in order.
I is playing a (x, f) € [T], along with some ordinals «,. II is playing an
alternating chain, an f” such that (x, f’) belongs to the image of [T] in the
direct limit along the odd branch of the alternating chain, and a sequence of
ordinals B; which give a descending chain in the direct limit along the even
branch. The sequence f " is required to belong to a certain subset of the image
of [T'(x)], a subset of size less than 6. The role of the «; is to keep the critical
points of the extenders increasing.

n+1 mer+1
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Lemma 5.4. If § is Woodin and T is a tree on w X A, then the set of K, < ¢
such that II has a winning strategy for ?Kz is unbounded in ¢ .

Proof. By Lemma 4.5, there are unboundedly many x < J such that x is
(cy+ 1)-reflecting in (T'). Let k,, be any such x . We shall construct a winning
strategy 7 for Il for & KZ.

Assume inductively that we have defined 7 on all positions of length < 2n.
Suppose that we are given a position of length 2n which is consistent with
7 and is such that neither player has disobeyed the rules. Let us also assume
inductively

(*)n Kon < Pan-i if n>0;

(#x), the (x,,, B, + 1)-type of (iy,,(T)) iy, ,,(t,) in M, isthe same as
the (x,,.cy+ 1)-type of (iy,,.\(T)) u, in M, . ;
(x%%), Ky, is (B, + 1)-reflecting in (iy,,(T)) iy, ,,(2,) in M, .
Note that (), and (+##), hold. (Recall that 8, =c,.)
Let I play (m,,n,,a,) and assume that this move obeys the rules. Thus

@, <d and ¢, , = izn;z’z"(t")”(r]") is such that ((m, | k < n),1, ) €
ip 2n(T)-
The assumptions of the One-Step Lemma hold with M =M, , N=M,, . ,

k= KZn » = ) ﬂ = 'Bn+l ’ ﬂl = C0+1 ’ 6 = Bn » X = (iO,Zn(T))AiZn;Z,2n(tn) ’
x" =iy g0t (TN u,, ¥y = (n,), and p(v) as “6 + v is the largest ordinal.”
(¥), and the fact that R1 has been obeyed give (a) of the One-Step Lemma,
(x), gives (b), and (xxx), gives (c). (d) is obvious.

Let E,k",& ,and y" be given by the One-Step Lemma. (b* ) of the One-
Step Lemma implies that y* is a sequence of length one. (d”) implies that
& =c¢,.

Let 7 call for II to play

E

* ! * *
Zn:E’ p2n=K ’ ('7,,)‘—‘)’ ' and K2n+l =K .
(The rest of II’s move will be specified later.)
By (x),, (a”) of the One-Step Lemma, and Lemma 3.1, R1 is obeyed. (We
still have an alternating chain.) The definitions of k,, , and p, , together
with (b”*) and (¢ ") of the One-Step Lemma, give

’

(*)7 Kan+ < P>

(%), the (ky,,,,co)type of (ig,,, (7)) u,,, in My,
(K2n+l ,,B")-type of (iO .Zn(T))Ath in M2”;

/ . . . . ~ .
(k%) K, is c,reflecting in (iy,, . (7)) u in M,, .

) is the same as the

n+l
R2 is obeyed, since «,, = k* = crit(E) = crit(E,,). R4 is obeyed, since
Kyppg =K >n=a,. By () and the fact that R6 has been obeyed,

((mk | k < n) 'un+l) € i0,2n+l(T)



112 D. A. MARTIN AND J. R. STEEL

and so R7 is obeyed. (e*) of the One-Step Lemma gives that y* is defin-
able in V, nM. from &, (iy 3, (7)) iy,-y 2psi(4,), and elements of

d+co+! 2n+1 . , '
Vs +1 NM,,,, . Since earlier moves obeyed R8, i, ., , . (u,) is definable
in ¥V, NM,,,  from elements of Vst "My, ) U {6,064 21 (T) o} Tt

follows that R8 is obeyed.
By property (ii) of (c,,c,,c,) (we have been using property (i) without
mention), (*)| and () imply

" . ~ . .
(#+), the (k,, ., c)-type of (iy,, (T)) u, , in M,  isthesame as the

(K2n+l ’Bn)-type of (IO ,2II(T))AtI1+] in M2n >
" . . . . —~ .
(x*%), K,,,, is ¢ -reflecting in (i;,,  (T)) u,, , in M, .

The assumptions of the One-Step Lemma hold with M = M, o N=M,,,

K= K2n+l » N = K2n+| ’ ﬂ = cl ’ ﬂ/ = ﬂn ’ é = CO +1 » X = (i0.2n+l(T))Aun+l 4
x" =iy ,,(T)"t,,,» ¥y =@, and ¢(v) as the trivial formula v = v. (),
and the fact that R1 has been obeyed give (a) of the One-Step Lemma, (x*)”
gives (b), and (x*x)" gives (c). (d) is trivial.

Let E, «*, &, and y* be given by the One-Step Lemma. (b") of the
One-Step Lemma implies that y* = @. (b") of the One-Step Lemma implies
that &* is a successor ordinal.

Let © call for II toplay E,, ., =E, p,,,, =k, B,,,+1 =¢, and
Kypip =K. By (¥)), (a") of the One-Step Lemma, and Lemma 3.1, R1 is
obeyed. The definitions of «,, ., and p, , and (b*) and (c*) of the One-
Step Lemma give (*),,,, (x*),,,,and (xx*), . R2 is obeyed, since k,,, , =
K* = Crit(E) = Crit(EZnH) - Since ﬂn+l < é* < i2n ,2n+2(ﬂ,) = i2n ,2n+2(ﬂn) » RS
is obeyed. Thus all rules are obeyed. 0O

Theorem 5.5. If T is a 0 -homogeneous tree on w x A and & is Woodin, then
-p[T] has embedding normal form.

Proof. By Lemma 5.4 let k, < J be such that /I has a winning strategy t©
for the game ?xf . Foreach (s,f) € T, let (M, (s,t) |k < 2th(s)) ,(E,(s,?) |
k < 2th(s)), (pe(s.t) | k < 2th(s)), (u(s,t) | k < th(s)), and (B, (s,¢t) |
k < th(s)) result from play consistent with 7 in which I plays m, = s(k),
M = (ig 2 (5. ))(t(k)), and «a, = K, (already played by II) for k < ¢h(s).
Let (u,|se <“w) witness that T is J"-homogeneous. Since each E(s,t)e
V5, R8 implies that all u,(s,?) are definable in V,_ from elements of V;u
{6.¢,,T}. Since the u, are 6" complete, it follows that the E, (s, ), p,(s.1),
and u,(s,t) are, for each s, constant on a set of measure 1 with respect to
Y, and, consequently, that the M, (s,¢) are also constant. Let M,(s), E,(s),
pi(s), and u,(s) be these constant values, and let p(X;) = 1 with these
constant values attained whenever ¢ € X . Note that s, C s, implies that
M, (s,) = M (s,) for k < 2th(s)), E.(s;) = E,(s,) and p,(s,) = p.(s,)
for k < 2¢h(s)), and u,(s,) = u,(s,) for k < ¢h(s,). Let Iy, x,(8), for
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k, < 2th(s), k, < k,, and k = 0 or else k, — k, even, be the canonical
elementary embeddings associated with

(M (s) | k < 2¢h(s)) , (E (s) | k < 2¢h(s)), {p,(s) | k < 2¢h(s))).
Let us show that the system
My 15 € “w), (Lanisy) 2emsy | 51 S8, & 5.5, € ““w))

gives embedding normal form for -p[T].

We must check property (c) in the definition of embedding normal form.
Let x € “w. Let M, = M(x | n), E, = E,(x | n),and p, = p,(x I n),
where »n is large enough that these are defined. Let Z be the alternating chain
(M, |k €ew),(E, | k€ w),(p, | k €w)). Recall that Even = {2n | n € w}.
We must show that

x € p[T] = Mg, is illfounded;
x & p[T]= M, is wellfounded.

ven

Assume first that x € p[T]. By Lemma 1.1, there is an f : w — A such that
(VE)(f 1 ke X,,,). Foreach k e w,let B =B, (x [ k,[ | k). RS implies
that

Brir <t aki2(Bi)

where the i, are the canonical elementary embeddings associated with % .
Thus (/) gyen(Bi) | kK € w) is an infinite descending sequence of ordinals of
M

Even *

Assume now that x ¢ p[T]. Let u, = w,(x [ k). By R7, u, , €
Iy ok (T(x)). Since x ¢ p[T], T(x) is wellfounded. Let

Ve =r1ank, ooy ()

Since iy 53Uy, ) € Uy, we have that iy, 50 (%) > ¥, Foreach k

let &, =7,. The £ , n € w-Even, satisfy the hypotheses of Lemma 3.2.
Hence M, is wellfounded. DO

Even
Theorem 5.6. If T is a 6" -homogeneous tree on w x A, T is defined from T
as in §2, and & is Woodin, then (Na < 8)(T" is a-homogeneous ).

Proof. Let (u,|s € ““w) witness that T is 6*-homogeneous. Let a < Ky <0

so that I/ has a winning strategy t for ?KZ Let M, (s), E.(s), p.(s), and
B, (s, t) be defined as in the proof of Theorem 5.5. Let i,, ,(s) be the canonical
elementary embedding associated with

(M, (s) | k < 2th(s)) . (Ey(s) | k < 2¢h(s)) , (p(s) | k < 2¢h(s))) ,

m.n

for m < n < 2¢h(s) and either m =0 or else n —m is even.
For s € ““w and k < ¢h(s) define f : T, — ON by

L@ =B (sTk,0).
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Let e, (s) = [/;1,,,
1(X) = 16 (i 205)()(€4(8)) | Kk < £h(8)) € (i s (N(X).

R4 implies that «, ., > Kk, , > a, = Kk, . Hence the critical points of the
E,(s) are > k,, and the v_ are all k,-complete and so are a-complete. If
5, Cs,, then

v (X) =1 & ((Iy 2nis (SN (8))) | & < Lh(s))) € (g s,y (51))(X)
& (g 2o $))(@ (8)) | & < 8h(5)) € (g yyngs (5))(X)
& (g 20y 5@ (52)) 1 & < 8h(5,)) € (i 26 (52))(X)
& VSZ({Z |z [ th(s))eX})=1.

Furthermore, if x ¢ p[T], then the proof of Theorem 5.5 shows that Mg (x),
the direct limit of ((M,, (x [ k) |k € w), (i5,, ,,(x R+ 1) m< new),is
wellfounded. By Lemma 1.2.(b), it follows that

x € p[T"]=x ¢ p[T]=Ul(V;({v,,, | n € w)) is wellfounded.

. Define measures v, for s € ~“w by

The theorem will be proved if we show that, for all s € ~“w, v (T)) = 1.
Fix then s € ““w. We must show that

vi({z | (VK)(k + 1 < h(s) = z(k + 1) < ji ,,,(z(k))}) =1,
where j, ., m < n,are the canonical elementary embeddings of Ult(V ; u st m)
into Ult(V ;u,,). By the definition of v_, this is equivalent to

stn
(VK)(k + 1 < 2h(s) = (i 2unis)€s1)) < U 2unis) U ks 1)) Uk 2onisy(€)))

where we abbreviate ¢, (s) by e, and Fix then k with
k + 1 < ¢h(s). We must show that

m ‘"(S) by im ne

Loer 20nis) (k1) < Uy 2ongsy Uk ket DUk 20n(5)(€1)) -
By the elementarity of ,, , 2eh(s) * this is equivalent to

it < (g 22Uk ki D (gp 2pe42(€)) -
Since Mgy and pop, . are 6" -complete, Lemma 3.3 gives that (g 2kr2Uk ks1))
I ON = j; ,.,  ON. What we must show is thus finally reduced to
€t < Ji ka1 Uk axs2(€4)) -
On the other hand, RS implies that B, (s.,f) < iy 5 ,,(B (s, 1)) for all
teT,,andso B (s 1 hk+1,0)<iy . (B(stk,tk)) forall teT,,,, .
By the definition of f;,, and f;,

Ser(0) <y (SR (2 1K)
forall t € T, . Thus [fg,\1, .., < ikt 2s2 © K1,,,)- Since
. 1) . . 5
ank,2k+2 ofknﬂs“ = (]0 ,k(lzk ,2k+2))(ﬂfk ]]/‘\M) , we get

0,1 < T g1 (U o (i .2k+2))(ﬂ/:]]u,“))'

stk
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By the definitions of ¢, and e, e this means that

vt < Ji g1 (Uo kU 2442))(€4)).

Applying Lemma 3.3 again, we get

it < Ji st Uk 2k42(€)) -
Since this is exactly what we are trying to show, the proof is complete. O

Our remaining task is to extend the results obtained thus far in this section
for the operation T — T to corresponding results for the operation T + T .
For this we need to build iteration trees which have, instead of a single infinite
branch in addition to Even, branches by for each y € “w. To do this we have
to amalgamate a tree of alternating chain constructions of the sort already done.
For this we require a modification of the game ?}: . For this in turn we need a
slight generalization of the notion of an alternating chain.

A pseudoalternating chain on V of length 2n + 1 is a system ((M, | k <
2n) (E, | k< 2n),(p, | k<2n),(My | k<n),(iy | k<n)) such that

(1) forall k <2n, M, isa transitive proper class model of ZFC; M, =V';
forall Kk <n, A/sz is a transitive proper class model of ZFC;
(2) (p, | k < 2n) is a nondecreasing sequence of ordinals;

(3) forall k< n, sz“Ll nNM, = prLl nM2k+l'; forall k<n VM+l+l al
My, = szm+l N M, ,;and, forall k with k+1<n, VM“+l n
My =V, My

(4) forall k<n, M\Zk satisfies “ E,, is an extender”; and, for all k < n,
M, satisfies “ E,, | is an extender”, R

(5) for all k < n, support(E,) 2 Vmwl N M, ; and, for all k < n,
support(Ey ) 2V, N My

(6) forall k < n, crit(E,,) < p,,-, and M, = Ul(M,, - ;E, ); and,
forall k < n, crit(Ey,,) < p,, and M, ,, = Ut(My, s E,, )5

(7) forall k < n, ka M, — M\Zk is an elementary embedding (which
may be the identity, in which case M\Zk =M, ),

(8) for all k with 0 < k < n, crit(iy) > p,,_,. (If i, is the identity
then we declare crit(i,,) = oo, with oo > any ordinal number.)

Remark. A pseudoalternating chain on V' of length 2n+1 is just an alternating
chain on V' of length 2n + 1 with the extra “links” M,, SEL AZk interposed:

~ ~
Mo Moy

Ea-y

1 o~ . 4 o~ ]
V=M, - oﬂ*Mzi*Mz—‘ o2 M

2n
A.uo\y
iy,
o

My i“’lu—}
e Ey-2

2n—1
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when n > 0. If all the ;Zk are identities, then we have, in essence, an ordinary
alternating chain. Note that condition (8) guarantees that the last clause of (3)
holds.

Let us say that a pseudoalternating chain on V' of length 2xn + 1 is count-
ably closed if each M\2k satisfies “support (E,,) is countably closed,” each

M,,,, satisfies “support(E,, ) is countably closed”, and each M\Zk is count-
ably closed.
We have the following analogue of Lemma 3.1.

Lemma 5.7. Let ((M, | k <2n) (E, | k<2n), (p, | k< 2n), (M\2k | k < n),
(ka | kK < n)) be a countably closed pseudoalternating chain on V. Let M
be a countably closed proper class model of ZFC and let i M, — M be an
elementary embedding such that crit(i) > Py ¥ n>0. Let p bean ordinal
with p > p,, , if n>0. Let E € M be such that M satisfies “E is an
extender with countably closed support ” and such that support(E) 2 V/J an M.
Assume that crit(E) < p,,_, if n > 0 and that crit(E) < max(p,crit(2)) if
n=0. Let p° be an ordinal > p. Let E* € Ul(M,, . ;E) be such that
Ult(M,, | ; E) satisfies “ E' is an extender with countably closed support” and
such that support(E*) D Vet NUIM,, - | E). Assume that crit(E*) < p.

There is a unique countably closed pseudoalternating chain ((M,: |k <2n+
2) (E; | k< 2n+2), (p;|k<2n+2) (A2'k|k<n) (ij,_k|k<n>) on vV
of length 2n + 3 with M =M, forall k <2n, E = E, and pk = pk fo;
all k < 2n, Mzk"‘Mk and 12k=12k forallk<n M b, =1,
E2n =E, pZn =P E2n+l = E and p2n+l ,0 :

The proof of Lemma 5.7 is like that of Lemma 3.1. The only new point
is that the fact that crit(i) > p,,_,, which guarantees (8), implies also that
sz,,—:+l nM,, = p’" N M as required by the last clause of (3).

For trees T on (w x w) x A and ordinals k, < J , we consider the following
game ?K:

I (mo.po.fo.cxo. Mo io)  (my. py.my. ey, My, i)
1 (Eo. po.ng. 1, Evupr. Broia)  (Ea.pa.n) k3, E3, py, Ba.ka)

The first player to disobey one of the following rules loses a play of ?j; If
all rules are obeyed, I/ wins.

R1. The E,, p, i‘zn, and M. , generate a countably closed pseudoalter-
nating chain on V' withall E, € V and with crlt(zo) > Ko, 12"(6) J, and
(Vk < 2)(12,,(ck) =¢).

Aslongas R1 isobeyed define M, and i, ,
Note that R1—unlike R1 of ?K:—is a constraint on the moves of / as well as

: M, — M, inthe obvious way.
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of II. In particular, / violates R1 if he does not choose I, M,, — M\Zn as
an elementary embedding or fails to have crit(fz,, +2) > Py -

ﬁ2, R3 , I~{4, RS , and R8 are word-for-word repetitions of R2, R3, R4,
RS, and R8 respectively. R6 and R7 are the natural variants of R6 and R7
respectively:

R6. Let 1, = (i), 5,-,(m) | k<n).

(({m |k <n) (D |k <n)),t,.,) €y ,,(T).
R7. Let u, = (iy, | 5o, (M) | k< n).
(({m 1k <n) (p 1k <n),u,,)€iy (T

Here, or rather in the following Lemma 5.8, we are passing beyond the bounds
of Kelley-Morse set theory, since a strategy for I/ has to be of a higher type
than a proper class. In the application of Lemma 5.8, each 12 MZn — MZ"

will be | va’ ‘M b, M for some iteration tree .7 € V with models M and

canonical embeddings i va The careful reader will then want to think of Rl

as strengthened to demand that on and ]/\4\2" are of this sort, so that /’s moves
may be thought of as sets.

Lemma 5.8. If 0 is Woodin and T is a tree on (WX w)xA4, then the set of
Ko, < 0 such that Il has a winning strategy for ?KZ is unbounded in ¢ .

Proof. As in the proof of Lemma 5.2, we let k, < Jd be (c, + 1)-reflecting in

(T'), and we construct a winning strategy 7 for II for ?”KC .

The construction of 7 is almost the same as the construction in the proof
of Lemma 5.4. Assume inductively that we have defined 7 on all positions of
lengths < 2n and that we are given a position of length 2n which is consistent
with 7 and is such that neither player has disobeyed the rules. Assume induc-
tively (x),, (**),,and (*++) —word for word repetitions of the corresponding
assertions in the proof of Lemma 5.4. As before, By =1c¢,-

Let I play (m,,p, « M, , iz,,) and assume that this move obeys all rel-

n’ " 2n
evant rules. Thus «, <6 and ¢,,, =i,,-,,,(¢,) (n,) is such that

n+1

(((mk I k < n) 4 (pk I k < n)) 'tn+l> € iO.Zn(T)'

Furthermore M\Zn is a countably closed proper class model of ZFC, Z2n M,, —
M,, is elementary, crit(i, ) > Pyn_y if n >0, crit(l,,) > K, if n =0,
1,,(6) =4, and, forall k <2, i, (¢,)=¢, .

Thus (((m, | k Sf’) AP, | k< n)), ka(t,,+|)) € fzn(i0 n(T)) . Furthermore
we have, since crit(s,,) > p,,_, if n >0 and crit(i,,) > k, if n =0, that
K,, < crit(i,,). This gives us the following.

—

(**): The (K2n ' i2n(ﬂn) + 1)-type of <;2n(i().2n(T))Ai2n(i2n—'2,Zn(tn)) in MZn
is the same as the (k,, ,c, + 1)-type of (iy ,, - (7)) u, in M, ., .
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(***): Koy is (22"(/3”) + 1)-reflecting in (2z,z(io,z,;(T)))Afz,z(iz,x;z.2n(tn)) in

MZn :

The assumptions of the One-Step Lemma hold with M = M\Zn s N=M,, -,
k = KZn’ n= @, ﬂ = 22,,(ﬁ,,) + 1’ B, = CO + l’ é = iZII(ﬂH)’ X =
(;2n(i0.2n(T))>A;2n(i2né2,2't(tn))’ .X’ = (iO,Zn——l(T»Aun’ y = (nn)’ and (/1(‘1))
as “J +wv is the largest ordinal.” (), and the fact that R1 has been obeyed
give (a), (xx)" gives (b), and (x+*)" gives (c). (d) is obvious.

Let E, x*, & ,and y" be given by the One-Step Lemma. y” is a sequence
of length one and ¢* =¢;.

Let 7 call for II to play

* 1 * *
E2n =K, ,02,, =K, <nn> =y, and K2n+l =K .

As in the proof of Lemma 5.4, RI1 is obeyed. As in that proof we get the
following.

[
(*)n K2n+l < p2n :

(**)A' The (Kopy1+Co)-type of (iO .2n+l(T))Aun+l in M,, ., is the same as the

(K2n+l ’ iZN(ﬂn))-type of <;2n(i0.2n(T))>Ai2n(tn+l) in M2n :
/ . . . . —~ .
(kxx), Ky, 1s co-reflecting in (i ,, . (T)) u,,, in M, .

As in the proof of Lemma 5.4, §2, fi4, R7 , and RS are obeyed.
As in the proof of Lemma 5.4, we get the following.

()" The (Kgpey » €)-type of (ig 5., (T)) u,,, in M,,  isthe same as the

(K2n+l ’ ;2n(ﬂn))'type of (iZn(iO ,zn(T)))Ai2n(tn+l) in M2n :
(x#6)"" k., is c-reflecting in (iy,2n+ 1(T)) u,,, in M,,,,.

The assumptions of the One-Step Lemma hold with M = M, ,, N =

M2n’ K = Kopyrs '7 = i€2n+l’ ﬂ = CJ’ ﬂ, = i2'1('8r1)’ é = CO+ I, x =
<i0,2n+l(T))’-\un+l ’ ‘xl = (iZn(iO ,2n(T)))Ai2n(tn+l)’ y=49,and ¢(’U) the trivial
formula v =v.

Let E, k¥, £, and y* be given by the One-Step Lemma. y" =&. & is
a successor ordinal.
Let t call for II toplay E,  , =E, p,,,, =k, B,,,+1=¢", and

Kopsr = k" . As in the proof of Lemma 5.4, R1, R2 ,and RS are obeyed and
(F)pyr» (¥%),,,>and (x*x), . hold. O

Let < be the following partial ordering.

(i) O0<n forall n>0.
(i) 2m<2nem<n.
(iii) 2m+1 <2n+ler, Cr..,
of ““w in §2.
(iv) m < n only if (i), (ii), or (iii) require m < n.
Note that (w, <) is a tree.

where (r, | k € w) is the enumeration
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Lemma 5.9. Let T be a tree on (w x w) X 4, let k, < 4, let © be a winning
strategy for I for %Z and let (|5 € “Co & re“w & th(s) = th(r))
witness that T is 8*-homogeneous.

There are (7, |s € ““0), (X, |s€ Y0 &re~w & th(s) = th(r)), and
(P, ls€P0&rew&th(s) =th(r) & te X, ,) such that

= (< 2£h(s)+l (M (s) | k <2eh(s))
(E,(5) | k < 2¢h(s)), (B, (s) | k < 2¢h(s)))

is a countably closed iteration tree on V of length 2th(s)+1, 7 , extends I_
if s, extends s,, I r)(X(S r)) , P ) isa posztton oflength 20(r) =

(srt

2 max{¢h(r,)) | r, € r&q < th(r)} in ? with all rules obeyed, and the

following condztlons are met.

(@) If (s,r,t) extends (s',r',t'), then P, P extends P (st 1t 1y - Moreover
if0(ry>k and rtk=r'tk and t 1 k=1t | k (and teX(“> and
eXx (s .y ) then the first 2k moves of Py, are the same as those of

(s.ri )"

(b) my(s.r. 1) =s(k), py(s, v, 0) = r(k), m(s.7,0) = (ig (.7, (e(K)).
(Where m,(s,r,t), etc., are the appropriate moves in Py, _,).)

(¢) If ry Cr, then ay(s,r,t)=k,. If r,,, Cr and 0 < k < ¢h(r), then
Yy y—1 87 8) = Py (8).

(d) If Fewp © 1 oand k < Ch(r), then M2t’h(r )= 2(s r,t) = M,/(s),
’uhm )= Hs,r.t) = 10 2w (8) if th(r, ) =1, and lzeh(r 2(s r,t) =
Lyria 2k (S) if k' < k is maximal such that Ferer S Fegy - (Here zm a(8),
m < n < 2¢h(s), are the canonical elementary embeddings associated
with I .)

(e) P<S .y IS consistent with .

() If rppy Sr and k < th(r), then

Eppirg, 28,7 0) = Ezk(s) ;
Poth(re,y—2(8 275 1) = Py () 5
Motiry, =1 (827 51) = Moy (5) 5
Eothir )1 S22 8) = 2k+l(s) ;
Paenire, -1 7 8) = Py (8) 5
Mgy, (827 8) = Moy (5) .
Proof. Fix k € w. Assume that we have defined all our objects for all s and

r whose lengths are < k and that all our conditions are satisfied. (In the case
k =0 this can be done trivially.)
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Now fix s with ¢h(s) = k+ 1. Let M (8) = (s I k) for n < 2k;
En(s) = E"(s P k) and p,(s) = p,(s I k) for n <2k (ie., let I, extend Z,
as required). i

Let us pause to calculate lower bounds for crit(s,, ,,.,(s)) for n < k. By
definition this is crit(Ez,,H(s)) By (f) and the fact that En+,(s) =
EZn-H(S k), Eypp(s) = Eseng (Fayi)— (s I k,r,t) for r,,, Croand t €
Xtk oy - Fix such r and ¢. crnt(z:,_n ana(8) = crit(Ezlh(,"H)_]( [ k,r,t) =

sz(rm)_l(s lk,r,t). R4 gives that
Kathiry)—1(8 T k,r,t)> %piraiy—1 8 1 k,r,t).
Hence crit(iy, 5,,5(5) > @y, ,_ (s I k,r,t). Thus the case n =0 gives
crit(ly ,(8) > ag(s 1k, r. 1) =k, ,

and, for n >0 )
crit(iZn ,2n+2(s)) > ﬁ2n—l(s)‘
(In both cases we have used (c).)
Now fix r with ¢h(r)=¢th(s)=k+1.
If r,,, € r then 6(r) = 6(r [ k), and so we let X(”) = ka”k) and let
Pisr iy = Pisticrikapy for 1€ X .

Assume then that r, |, Cr. X(S ” will project to a subset of X(”k”k) (i.e.,
XonC{tle? keX rk)}' We shall actually define P, forall ¢ such
that ¢t [ k € X(s[k R -

For t € X(s[k iy 2] , let Myr, l(s r,t), pmm - (s.r,0), Nohiry, 1)~ (s,r.0),
X s, M2lh(n )= 2(s r,t), and l2lh(n )—2(8.7,1) be given by (b),
(c), and (d).

Since ¢ € T(s o this move obeys R6. It is easy to see that it obeys all

(tk.r

the requirements of R1 except perhaps those that cnt(z2 142) > Py, and that
Cl‘lt(lo) > K -

Assume first that ¢h(r,,,) = 1. We must show that crit(io(s,r, 1)) > k.
If k>0 then crit(iy(s,r, 1)) = crit(ly 5, (s)) = inf{crit(l,, ,,,,(s)) | n < k} >
inf{p,, ,(s)10<n<k}>pys)>2k,. If k=0 then ;o is the identity map,
s0 crit(iy) = 00 > K, .

Now assume that éh(rkH) > 1. We must show that crit(i Lathire,)—2(S 15 1)
> Ponre,y-3(8 7). Now Dygnire, =208 72 8) = Ty 5 5, (5), where k' < k is
maximal such that r,, , Cr. . So

Ctit(lypy, (s, 7. 0)) = inf{erit(iy, 5,,,(5)) | k' < n<k}
> inf(p,,_,(s) | k' <n <k}
2 ﬁZk’+l(5)
= Patniry, -1 S T = Do 38700

as required. (Note inf@ = 00.)



A PROOF OF PROJECTIVE DETERMINACY 121

For te€ X 4 ot Ky > We complete the definition of P<x ) by letting I/ move
as dictated by 7, and hence by (e). Note that condition (a) continues to be
satisfied.

Since By is d*-complete, there is a set X 5.y projecting into X (sth r k)
with s, (X ,) =1 and there are £, p, M, E', p',and M’ such that,

(s.r

forall t e X<S "
Eyniry )28 1 1) = E,
pZUI(rkﬂ)—z(S,r,t) =p,
My (8.1, 0) =M,
/
E2t’lx(r“|)_|(5,r,t) =F,
!
pzeh(r“,)_l(S,",t) =p,
and

!

My ySor ) =M.

In accordance with (f), set E,, (s) = E, p,, (s) = p, My, (s) =M, E,, . (s) =
E', Py (s)=p",and M, ,(s)=M". N ~

It remains only to verify that (<[ 2k + 3, (M, (s) | k' <2k +2), (E..(s) |
k' < 2k +2),(p,.(s) | k' < 2k +2)) is an iteration tree, and our induction step
will be complete.

With r as above (r 2 r,,, and th(r) = ¢h(s)), let t € X - Most of the
properties of iteration trees are easily verified. Some examples:

Ezu,(r“,)_z(S P L) E MZl’h(r“,)—Z(s JrLt),
so EZk(S) € ﬂ;/((s)- If ¢h(r,,,)>1 then
le’h(’kn)—l(s 1ol = Uh(MZ(’Ir(rk+|)—3(S s E2£h(u+l)-2(s 1),
sO N N )
M2k+l(s) = Uh(MzkIH(S) §E2k(S)) ,
where k' < k is maximal such that r,,,, Cr,,,. 2k’ +1 is the < immediate

~

predecessor of 2k + 1, so A72k+|(s) = Ult(M(Zk).(s);EZk(s)) as required. We
omit the other verifications, except for that of p, _,(s) < p, (s) for k> 0.
We have that p,, (s) = Pathir,,,)-2(8 -7+ 1) . By property (6) of pseudoalternating
chains,

Patnirg =28 70 1) Z eritlEngy, (8.7, 0) = Kygyir ya(S07 0).
By R4,
Kathire, -1 (S 1o 0) > gy (8,7, 1)

By (c),
al’h(rk”)—l(s'rrt)=p~2k_|(s) f0rk>0. a
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Theorem 5.10. If T isa 6 -homogeneous tree on (wx w)x A and & is Woodin,
then {x | (Vy)(x,y) & plT1} has embedding normal form.

Proof. Let (u | s € ~“w & r € ““w & th(s) = th(r)) witness that T is
d*-homogeneous. By Lemma 5.8 let ko < 0 be such that II has a winning
strategy 7 for ?j(f Let

T lse o), (X, ,ls€ 0 &re “w&th(s)=th(r),

and
(P, |se w0 &re o &th(s)=th(r) & te X ,)
be given by Lemma 5.9.

Note that the % completeness of u (s ry BUarantees that there is a set of ¢ of
M ,y Measure 1 on which u,(s,r,t) is constant. Without loss of generality,
we may assume that X (1) is a subset of this set. Let then u(s,r) = u(s,r,t)
forall t e X(”) .

Let us show that the system

st

17 <w k1 <w <w
My 1S € 7 0) g,y 2misy 1 51 E5H &S € T w&ks, € w))

gives embedding normal form for {x | (Vy)(x,y) ¢ p[T1}.

Let x € “w, in order to check property (c) in the definition of embedding
normal form. Let fvfk = ﬁk(x k), Ek = Ek(x P k+1),and p, = p,(x | k+1)
for k € w. The infinite branches of the iteration tree

T = (<, (M, | kew),(E |kew),(p|kew))

are Even = {2n | n € w} and, foreach y € “w, by ={0yu{2n+1]r,,, Cy}.
We must show that

(3y)((x, y) € p[T]) = Mg, is illfounded;

(Y¥)((x,y) ¢ p[T]) = Mg, is wellfounded.

Assume first that (3y)((x,y) € p[T]). Fix y such that (x,y) € p[T]. By
Lemma 2.1, there is an f : w — A such that (Vk)(f | k € Xixtk yiiy) - For

each k,let g(k) be such that Faysr =V 1 k+1. Let

Bioy =B (xtak)+ 1,y 1qk)+1,f1aqk)+1).

RS implies that
ﬂk+2 < i2q(k)+2 ,2q(k+l)+2(ﬁk+l)
where the f,n .»M < n, are the canonical elementary embeddings associated

with 7. Thus (fzq(kmvaen(/?kH) | k € w) is an infinite descending sequence
of ordinals of ﬁEven .

Assume now that (Vy)(x,y) ¢ p[T]. R7 gives that, for each k € w,

({(x 1 Zh(rk+l),rk+|) ,u,,,(rm)(x tk+1,r)e (iO,Zl’It(r“|)-l(x Tk+1,r,O))T)
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forall » D r ., with th(r)=k+1 andall t€ X, Since

Xthk+1.r)*
Iy 2engry, -1 (X T+ 1,1, 1) = o 2kt

for all such » and ¢ (by (d) and (f)), it follows that
((x T eh(re ) or) g (X T k+1,r)e z0,2k+1(T)

forall » D r ., with th(r)=k+1.
Since (Vy)((x,y) ¢ p[T]), the tree T(x) of all (r,¢) such that ((x |
¢h(r),r),ty € T is wellfounded. Let

Pkt = rankio A4 (T(\’))((rk+l ’ uﬂh(r“,)(x Phk+1,r)

for ¥ 2 r ., and ¢h(r) =k + 1. Since

’zrh(ru,,)—l 2ehir,)—1X T k+1,r,0) =ty g4

for r,,, Cr, Cr, th(r)=k+1,and t€ X, we have that

xtk+1,r)?
i2k'+l .2k+l(uk’+l(x Pk+1 )G uk+l(x Ph+1 /)
for rp,,, Cr,, CSrand th(r)=k+1.Thus Ly, e (Peyy) > 7y, - If we

let &,,,, = 7,1, then the & , n € w-Even, satisfy the hypotheses of Lemma
3.2, and therefore Mg, is wellfounded. O

Theorem 5.11 (Main Theorem). If T isa 8*-homogeneous tree on (w x w)xZ,
d is Woodin, and T is defined from T as in §2, then (Na < 0) (T is a-
homogeneous).

Proof. We may assume Z = A, since A was an arbitrary cardinal > J and
replacing Z by a set of ordinals gives a tree isomorphic to the original T .
Let (u,, | s € 0 &r e ““w & th(s) = th(r)) witness that T is ot-
homogeneous. Let a < k, < d be such that II has a winning strategy for ?Kf .

Let A7k(s) , Ek(s), P, (s), and zm ,(8) be as in the proof of Theorem 5.10.
For k < th(s), r, Cr,and t € X (5.7 consider the ordinal ﬂlhm)(s,r ).

By the second part of condition (a), this ordinal depends only on s and ¢ |

th(r,) for t € X(s n- For s e ““w and k < ¢h(s), we may thus define

ok . k
S ZE = ON with sy 00(Z5) = 1 by
fks(t) = Bg[,(r,‘)(s T tl)

forall t€Z¥, all r 27, with ¢h(r) = th(s) ,and all ¢ D¢ with ¢ € X -

Let e,(s) = [/;1 . Define measures v_ for s € ““w by
s tehirgy g ) s

V(X)) = 1 (T 50 ($))(€(9) |k < Lh(s)) € (B pn5)($))(X).-

Since the critical points of all E, (s") are > K, the v _ are all xj,-complete
and so a-complete. If 5, Cs, then v (X) =1 ({z | z | th(s) € X}) =

1, exactly as in the proof of Theorem 5.6. Furthermore, if x e p[T] then
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(V»)((x.y) ¢ p[T]) and so the proof of Theorem 5.6 gives that the model
M. (x) which is the direct limit of

Even
((ﬁzk(x Pk) | kew),(iy, ,y(x Tn+1)|m< new)

is wellfounded. By Lemma 1.2(b) it follows that

x e p[T]= UV ;v

tn | n € w)) is wellfounded.

The theorem will be proved if we can show that, forall s €*” w, Vs(i) =1
Fix then se€ ““w. We must show that

v,({z | (VK)(VK')(r, C 1 & k' < th(s)) = z(k') < ji (2} =1,

where j, ., is the canonical elementary embedding of Ult(V; st Ur(ru.u))
into Ult(V;u (s1eh(r) 'rk,)). By the definition of v, this is equivalent to

(VE)(VK)(r, C 1 &K' < Lh(s)) =
Iy 2enis) (@) < (I 20n(s) Uk " 2en(s)(€k))

where we abbreviate e,(s) by e, and i, .(s) by i, ,.

Fix then k and k' with r, Cr, and k' < ¢h(s). We must show
Ehat L 2engs) (@) < (g 20ms) Uk 1))k 2en(sy(€))- By the elementarity of
Lygr 20h(s) * this is equivalent to

e < (g oo U o)) U e (€)) -

Since s toniry) ) and Bisteniry) roy  2T€ 6" -complete, Lemma 3.3 applies.
Thus iy, (g ) 1 ON = j, ,, | ON. What we must show is thus finally
reduced to

€ < Jp wr (g opr(€)) -

On the other hand, RS gives that
Beniry (1 8) < Uagnirey 2engroy S 7 8 D By (8570 1))

forall r 2, with ¢h(r) = ¢h(s) and all ¢* € X, ,. (d) and (f) thus give
that
Bonr (7)) <l apr By (557, 17))

for all such r and ¢*. By the definition of f; and f},,
S lt)) < Iy o (S2(0))
forall ' € Zf’ and all ¢ € Zf with ¢t C ¢ . Thus

) . et A
u:fk’]]/‘(\lth(rk,) "k') < ‘]k -kl(l[le 'Zkl ° fk ]]/l(.\(l/l(lL)."‘) ) :

Hence

/1 < Jie (U 4 U e NS T )

/l(\lllurk/).rk/) /‘(\llh(rk;.lk)
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By the definitions of e, and e¢,,, this means that

e < Jp 1 (U s Uiy 24))(€))-

Applying Lemma 3.3 again, we get

€ < Jp wo (g apr(€4))-

Since this is just what we are trying to show, the proof is complete. 0O
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