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Abstract: We consider an inverse scattering problem of recovering the unknown coefficients of a quasi-linearly
perturbed biharmonic operator in the three-dimensional case. These unknown complex-valued coefficients
are assumed to satisfy some regularity conditions on their nonlinearity, but they can be discontinuous or sin-
gular in their space variable. We prove Saito’s formula and uniqueness theorem of recovering some essential
information about the unknown coefficients from the knowledge of the high frequency scattering amplitude.
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1 Introduction

We consider a quasi-linear three-dimensional differential operator of order four defined by
Hyu(x) = D2u(x) + W(x, [ul) - Vuo) + Vx, [uhu(x),

where A is the three-dimensional Laplacian and - denotes the dot-product in R for complex-valued vec-
tors in C3. The hi-Laplacian is perturbed by first- and zero-order nonlinear perturbations, a vector-valued
function W and a scalar function V that may be complex-valued and singular. Basic assumptions for the
coefficients of H, are the following.

Assumption 1.1. We assume that the following conditions hold:
—
() V(x,1), W(x,1) € L (R?), where 3 < p < co.

loc

(ii) There exists R > 0 such that for all |x| > R,

= C
|V(Xs 1)'9 |W(X’ 1)| <
|x[¥

with u > 3 and some constant C > 0.
—
(iii) For any p > 0, the functions W and V satisfy the following conditions:

[V(x,s1) = V(x, 52)] < CpBv(x)Is1 - sal,
— — )
[W(x, s1) = W(x, s2)| < C,Bw(x)Is1 - s2l,

where s1, s, < p and the functions Sy and B satisfy conditions (i) and (ii), with some constants C,, Cl’J > 0.
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The motivation and the interest to study multi-dimensional quasi-linear operators of order four arise, for
example, in the study of elasticity and in the theory of vibration of beams. As a concrete example, the non-
linear beam equation (see [3])

o7 U(x, t) + A2U(x, t) + m()|U(x, HPU(x, t) = 0
under time-harmonic assumptions U(x, t) = u(x)e " '*! leads to the equation
A2 u(x) + mOO)u)Pu(x) = w?u(x).

In particular, when we fix w to be large enough and then apply a limiting process, some high-frequency
scattering problems (for the potential equation) can be considered.

Some examples of scattering problems for biharmonic operators (including nonlinear equations) can
be found in [8] and in the references therein. One can refer also to [13], where the fundamental result con-
cerning the global uniqueness for an inverse boundary value problem was proved. For operators with vector
potentials, we mention [12].

The present work follows in the footsteps of [2, 5, 10, 11, 16].In [2, 5, 11], the inverse scattering prob-
lems for multi-dimensional nonlinear Schrédinger operators were considered. In [16], a similar study was
carried out for a multi-dimensional biharmonic operator with linear perturbations of first- and zero-order
(see also [15]). In [10], the fixed energy problem (the inverse scattering problem with fixed wave number) for
nonlinear Schrodinger operators is studied. In [17], these problems were considered for biharmonic opera-
tors with first- and zero-order nonlinear perturbations on the line, while a general nonlinear Schrodinger
operator on the line was investigated in [9]. The purpose of this work is to initiate similar studies in the
multi-dimensional case.

The present work is concerned with the following scattering problem for the operator Hy:

Huu(x, k, 0) = kK*u(x, k, 6),

u(x, k, 0) = uo(x, k, 0) + usc(x, k, 0), where ug(x, k, 6) = e, (1.1)
lim r[%f - ikf] -0 for both f = ug and f = Ausc,

meaning that we are interested only in solutions that can be expressed as a sum of a plane-wave uy and
an out-going wave ug.. Here k > O corresponds to the wavenumber and it is inversely proportional to the
wavelength, 6 € $? is the direction of the incident, and here (and later) (-, - ) denotes the inner product in R3.
The function us is out-going in the sense that it satisfies the Sommerfeld radiation conditions for biharmonic
operators as they were posed in [16].

We are looking for the scattering solution us. to the equation in (1.1) in the Sobolev space WéO(IR3 ). Under
the Sommerfeld radiation conditions (see (1.1)), the scattering solutions to (1.1) are the unique solutions of
the Lippmann-Schwinger integral equation (see [16] for details)

Usc(X) = - j Gyp(lx - YD[W(y, [ul) - Vu + V(y, lubu] dy, (1.2)
R3

where the function G; is the outgoing fundamental solution of the operator A% — k* in R3, i.e., the kernel of
the integral operator (A? — k* — i0)~. This function G; in R? has the following form:
eiklx| _ a-kix]
T8k
Once we have shown that the unique solution exists, by repeating the calculations that were done in [5, 16],
we obtain that for fixed k > 0 the function ug. has the following asymptotic behavior as |x| — co:

A(k, 9’,9)+0(%>,

G(x|) = k> 0.

eikx]
- 8k?|x|
where 0’ = x/|x| is the angle of observation and the function A is called the scattering amplitude given via
the formula

Usc(X) =

Ak, 6, 9) = j e KON [W(y, lul) - Vu + V(y, lulu] dy.

R3
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From the point of view of inverse problems, one regards this scattering amplitude as one possible scat-
tering data. For these purposes, one requires the scattering amplitude to be known for all possible angles 6
and 6’ and all arbitrarily high frequencies k > 0.

To formulate the main result (Saito’s formula), we need more conditions for the nonlinearities W and V,
namely the following assumption.

Assumption 1.2. The functions W and V satisfy Assumption 1.1 with 3 < p < co in condition (i). We also
—
assume that the function W has the following representation:

e e T T * 2
Wkx,1+s)=W(kx,1)+ W*(x)s + W**(x,s*)0(s?),
for some |s*| < |s|, where the functions W* and I/T’** satisfy Assumption 1.1 with some 6 < p < co.

As the main result of this work, we prove Saito’s formula. Similarly to other scattering problems, it allows us
to obtain a uniqueness result for the inverse problem with full scattering data and a representation formula
for the unknown combination 8 which appears in Saito’s formula. What is more, it was shown in [14] and
further demonstrated in [6] that Saito’s formula can be inverted numerically by fixing a large value for k > 0
and solving the convolution-type equation for . This recent development further underlines the importance
of the formula.

Theorem 1.3 (Saito’s formula). Let the functions W and V satisfy Assumption 1.2 and, in addition, let the
—
function V - W(x, 1) satisfy conditions (i) and (ii) in Assumption 1.1 with 3 < p < oco. Then

lim K2 J J e k00 4k 0/, 0)dO' df = 872 J BY)_ 4, 1.3)
k=00 Ix —yl?
§2 §2 R3

holds in the sense of distributions, where B(y) = —%V . W(y, 1)+ V(y, 1).
The most significant consequences of Saito’s formula are contained in the following corollaries.

Corollary 1.4. Let

1 T 1 —
B1(y) = _EV' Wiy, 1)+ Vi(y,1) and Ba(y) = _EV Wiy, 1) + Va(y, 1)

be as in Theorem 1.3 and let A,(k, ', 0) and A, (k, 8', 0) be the corresponding scattering amplitudes arising
from these two scattering problems. If these scattering amplitudes coincide for all angles 6, 0' and for some
sequence kj — co as j — oo, then 1 = B, in the sense of tempered distributions.

Corollary 1.5. If all conditions of Theorem 1.3 are satisfied, then

B(y) =

 lim [ [ A6, 0)10 - 0'ke ¢ do

$2 52
in the sense of tempered distributions
Proofs for these corollaries can be found, for example, in [5, 7].

The following notations are used throughout the text. The symbol L’; (R3),1 < p < 00, 8 € R, denotes the
p-based Lebesgue space over R3 with norm

5 1/p
Mg = [ @+ n®ifeop ax)
R3
The weighted Sobolev spaces W’" (]R3) are defined as the spaces of functions whose weak derivatives up to
order m > 0 belong to Lp (R3) and the norm is defined by

IAlwn, = 3 1Dz

lal<m

For L?-based spaces, we use the special notation

H'(R?) = Wy (IR%).
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Throughout the text, the symbol C (compare with the constants C with some special index and special mean-
ing) is used to denote generic positive constants whose value may change from line to line.

The paper is organized as follows. In Section 2, we study the direct scattering problem and establish its
unique solvability under some suitable assumptions. Section 3 is devoted to proving the main result of the
paper, i.e., Saito’s formula.

2 Direct scattering problem

The goal of this section is to find sufficient conditions for nonlinearities W and V under which the direct
scattering problem has a unique solution.
To this end, the following theorem holds.

Theorem 2.1. Let functions V and W be as in Assumption 1.1. Let p > O satisfy the conditions

sup [ Br g, 7
xe]R3]Rs |x =yl Cp+1
Wy, Dl Bw )| -
y’ ! Wy
su —dy< (n—C su J d ),
xe]gj |X—y| y=p p+1x€]£]R3 |X_Y| Y

where the constant C;J .1 > 0 is as in Assumption 1.1. Then there exists ko > 0 such that equation (1.2) has
a unique solution in the ball

B,(0) = {f € WL(R?) : Ifly, <p} forallk>ko.

Proof. We will use the Banach fixed-point theorem [18, p. 19] to prove this result. Since B,(0) is a closed
subset of a Banach space W1, (IR?), this approach is well justified.
Let us start by defining an operator F by setting

N
Fo(x) = - J Gi(x = yD[W(, luo + @l) - V(uo + @) + V(y, luo + @|)(uo + )] dy,
]R3
where ¢ € W§0(1R3). We will show that the operator F is a contraction from B, (0) to itself. For the fundamental
solution GZ’ the following estimates hold for all k > 0 and x, y € R>:

1 1
Gi(x - < — d |ViGi(lx - < —. 2.2
|G (Ix=yDI| < 4l ix—y] and |VxG(x -yl < 7Kx =y (2.2)
For a function g satisfying conditions (i) and (ii) in Assumption 1.1, we introduce the following notation:
lg(y)I
S(g) = su I =
(&) xellg [x =yl
]R3
Let now ¢ € B,(0). By Assumption 1.1, we have
—
1 [W(y, luo + ¢I)| 1 j [V(y, luo + @Il
F < \Y% d d
Fouol < o | Fr 2 PR v + play + o [ S g 4 glay
R? R3
—
1 W, DI+ Cp Bl 1 [V(y, DI + Cp 1 Br(V)lgl
k 1
Slmk2 J [x -yl ( +p)dy+4nk2 J [x -yl (1+p)dy
R3 R3
CI CII
< ? + F, (23)
where the constants C’ and C" are given by
1 —
C'= 4_n(S(W(" 1)) +pC,')+15(ﬁw)),
| 1+p
c'= 4_n(S(W(" 1)) +pC,')+15(ﬁw)) * i (S(V(-, 1)) + pCpi1S(Bv))-
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In a similar fashion, for the gradient of F¢p, we have
4CII
k
By assumption (2.1), we have 4C’ < p, and therefore there exists § > 0 such that 4C" + § < p. Now,

|[VEp(x)| < 4C" +

5¢" 4+ C'
IF@lly, < 4C+ ———<p
when " )
k> k= %,

and thus F maps from B, (0) to itself for all k > k;.
Next we will show that F is a contraction. Let ¢, 1 € B,(0). We split the difference Fo(x) — F(x) into two
parts

Fo(x) - Fip(x) = - j GL(Ix = yYD[W(, luo + @) - Vo + @) - Wy, luo + PI) - V(uo + )] dy

R3
- j Gy (x = yD[V(, luo + @) (uo + @) = V(y, luo + P)(uo + )] dy
R3

211 +Iz.

Let us now consider the absolute values of both of these terms. Using estimate (2.2), we have

N — —
1] < JIGk(IX—yI)IIW(y, [uo + 1) = W(y, luo + PDIIVuo| dy
R3

. — —
+ JIGk(IX = YDUW(y, luo + @l) = W(y, luo + YDIIVeldy

R3

+ JIGZ(IX ~YDIW(, uo + Y)IIVe — Vip| dy
R3

!

p+1

pCp+1
2 SBWI = Yl + 7

= SW(-, D)l - Pllwy, +

——5 SBwle - Yllwy,

pCp+1

S Bl - Yy,

4 k2
Similar calculations show that

I < i k2 lp — Yllwe, ((p + 1)Cp1S(By) + S(V(+, 1)) + pCp+1S(Bv)),
and thus
IR~ Fleo < (52 + 22)lp ~ bl
where .
C1:= =S (Bw),

(2.4)
Cy:= 4—71[2/3 p+15(ﬂw) +S(W(-, 1))+ (2p + 1)Cp1S(By) + S(V(-, 1))].
Similarly, for the gradient of the difference, we have

( 4C2

IVEp(x) - VEY ()| 4C1+—)||g0 Pl -

By combining these estimates, we have that

5C2 +C
)9 - Yl

Since 4C; < 1byassumption (2.1), there exists k, > Osuch that4C; + % < 1forall k > k,. Now by choos-
ing ko = max{ky, k»}, we have that F is a contraction from B, (0) for all k > ko. This proves the theorem. [

IFg — Fipllys, < (4C1 +
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Remark 2.2. The Banach fixed-point theorem gives us an iterative way of finding the solution. If we set
usc)(x) 0 and define us’c)(x) Fu(’ 1)(x), then

Usc(X) := lim ué’c)(x)
j—oo

is the unique solution to the Lippmann-Schwinger equation. Moreover, for all j = 2, 3, ..., we have the
following a priori estimate for the error term:

5C, +Ci\-1, 1
e R I

j 5Cy + Cy\J
I - Uscllwz, < <4C1 + Tl) (1 —4C; - -

where the constants C; and C, are given in (2.4) and
1 1
I, < —SW(-, 1)) + = (SW(-, 1) + 58(V(-, 1))).

Lemma 2.3. Let functions W and V be as in Theorem 2.1. Then for k > ko, where ko is the same as in Theo-
rem 2.1, the following norm estimates hold:

and  |Vusclleo < C,

=l o

lusclloo <
where the constant C > 0 does not depend on k.
Proof. Clearly, we have that
Vusclloo < lluscllwz, < p.
For the first estimate we can use (2.3), and we have that

i C
luselloo < 2+ 75

where the constants C; and C, are given in (2.4). Therefore, the lemma follows whenweset C = C; + C,. [

In what follows, we will also need norm estimates in weighted Sobolev spaces in the form of the following
two results.

Lemma 2.4. The integral operator with kernel G; maps from L%(IR%) to il s(R?) with norm-estimate

"@‘Pllm —=lolz, j=0,1,2,

< —
k3—1
with some constant C > 0, where § > %

Proof. Thislemma follows from Agmon’s estimate [1, Appendix A, Remark 2], which states that for § > % and
k>1,

Y, KD 2, ey < Coll(A? = KAl gy

|lal<4

for all f € H*(R"), where the constant Cy > 0 only depends on n and 8. O

Corollary 2.5. Under the assumptions of Theorem 2.1, the following norm estimates hold for the function ugc:

”uSC”H{ﬁ < my j:()’ 1) 2)

with § > 1 and some constant C > 0.

Proof. By Theorem 2.1, we have that ug is a solution to equation (1.2). Therefore, it suffices to show that
—
IW-, ful) - Vu+ V(- , luhul2 < Ck

for some constant C > 0. For simplicity, we only consider the term VT/(y, lul) - Vu(y). Assumption 1.1 gives us
—
that W(-, |u|) € L¥ (R3), where 2 3 < p < 00, and there exists R > 0 such that when |y| > R,

loc

IW(y, lu)| < — i |

where u > 3,
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uniformly in |u| < p. Therefore, the Cauchy-Schwarz inequality gives that

w 2 28\ 7 2 2
IIW(-,Iul)-VullL§ < J(1+Iy|) [W(y, [ul)“IV(uo + usc)|” dy

R3
— (k +p)?
< j (L+lyD*IW(, luD*(k +p)* dy + C j 1+ 'y')ZSWTﬁ dy
lyI<R lyI>R
< Ck?,
when § < u - % Similarly, [|V(-, |ul)ul 12 < C, and therefore Lemma 2.4 gives us that
C .
”uSC”Hi_é < m, ]:0’ 1,2.
For a general § > %, the result follows straightforwardly from the inequality
IIJ‘]IHz;é1 < ||ﬂ|Hf62 forall 6; > 85.
This finishes the proof. O

For the convenience of the reader, the asymptotic behavior of the solution is recorded in the following
theorem.

Theorem 2.6. Let ug. be the solution of (1.2) obtained in Theorem 2.1. Then, for fixed k > ko, it has the following
asymptotic representation as |x| — oco:
ikix] 1
-———— Ak, 0',0)+0( =),
87t|x|k? ( ) (|X|)
where 0' € S? is the angle of observation, i.e., 0' = |"7| and the function A is called a scattering amplitude and it
is given by

Usc(X) =

Ak, 0, 0) = J e*ik(el’y)[ﬁ)/(y, [ul) - Vu + V(y, lul)u] dy.
]R3

Proof. See [16, Theorem 5.2.] O

3 Saito’s formula

The main goal of this section is to prove the main result of the paper, i.e., Theorem 1.3 (Saito’s formula).
The proof of Saito’s formula makes frequent use of the following technical lemma.

Lemma 3.1. Let functions Wand V satisfy Assumption 1.1 and let V - W( -, 1) satisfy conditions (i) and (ii) in
Assumption 1.1, with 3 < p < co. Then for 6 > % and k > ko, where ko > O is as in Theorem 2.1,

j e OOy (y)dO € Y ()
§2

as a function of y € R3, uniformly in x € R3. Moreover, there exists a constant C > 0 such that the following
estimates hold:

; C
||Je_lk(e,X)uSC(')de|l S o= j= 0: 1,2-
)ed 3-
$? N
Proof. Recall that the function ug. can be presented as
—_— =
usc = G (W - Vu + Vu).
By the Fubini theorem, we may change the order of integration and we have

J e Oy (1) df = Eﬁ( J e O W (2, Jul) - Vu(z) + Viz, ul)u(2)] de).
$2 $2
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Let us denote the argument of the operator (/}i above by h. We want to use Lemma 2.4, and therefore we need
to estimate the Lé-norm of the function h(z). We start by splitting the function h into four parts:

h(z) := J e KO [W(z, |u)) - Vu(z) + V(z, lul)u(z)] dO

§2
= [ Oz, 1) ko) O a6 + [ KO ([Wz, ) - Wiz, 1)- (k8N do
$2 $?
+ [ e HCOTz, lul) - Vuse(2) 46 + [ KOV, lulutz) do
§? §2

= hy(z) + h2(2) + h3(2) + hy(2).

Let first 1 < 6 < - 1. Now we can estimate the L3-norm of each function h; separately. First, we note that

hi(z) = W(z,1) -V, J a-ik(0.x-2) g
SZ
Here the integral over 6 can be calculated precisely (see [4, Appendix D.3]) and we obtain

J o-ik0.x-2) 4g — 4rsin(k|x - z[) (3.1)

klx - z|
52

Therefore, we have that

|V, J e ik(0.x-2) 4| = 4n|ﬁ cos(k|x - z|) + kX -z 5 sin(kx - z[)

|x -z

1 sin(k|x - z|)
[Ix—zl |k|x—z|2 ]

$2

< 8nm

< . (3.2)
|x -z

Now by using the Cauchy-Schwarz inequality and the previous estimate, the L%-norm of hy can be esti-
mated as

il = @+ )PP dz
R3
= [T 1V, [0 dop oz
IR3 SZ
W 2
25 Wz, D

T dz. (3.3)

<C J(l +|z|)
IR3
This integral is finite uniformly in x € R3 and k > ko, since

Y. 1 3 [es) 3
W( s 1) € Wpy]OC(IR ) — L (IR )1

loc

and it satisfies the decay property (ii) in Assumption 1.1.
To estimate the L(zs-norm of h,, we use Assumption 1.1 and Lemma 2.3 and we have

a1, = [ (1412002 [ €409 Wz, ) - Wz, 1)) - (K8) dof? dz
R3 $2

<C J(1 + |z|)25(k J|W(z, ul) - W(z, 1)| ole)2 dz

R3 $2
2
<C j(l #1202k jnuscuoo a6l (2)1) dz
R3 $2
< CIBwlZ,,

where the constant C is independent of x and k.
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For the functions h3 and h4, we substitute
— — — —
Wz, lul) = W(z, 1) + W(z, |u]) - W(z,1) and V(z,|u|) = V(z,1) + V(z, lu]) - V(z, 1),
respectively, and we have

sl < [ (14120201 [ e HC1DW(z, 1) Vuse(z) d6I? dz
13

R3 $2
v j(l v |z|>2°‘|j e HOX2) (W (2, |uf) - W(z, 1) - Vitse(2) d6]2 dz
R3 $2
—
<C J(1 + 22| W(z, 1)2 [nwscng0 dodz
R3 $2
+C j J(l + 122 Wz, lul) - W(z, 1)]*[Vuscl|, dzd6 < C.
$2 R3

Similarly,

Ihaliy < [ (141202 [ e#O2V(z, 1) - u(z) do? dz

R3 $2
+ J(1 + |z|)25|J e kOX2) (2, |ul) - V(z, 1)) - u(z) d6|* dz
R3 $2
<C J(1 +12)20|V(z, 1)) J||u||§o dodz
R3 $2
+ CJ J(l +121)2°|V(z, |u]) - V(z, 1)]*lull2, dzdf < C. (3.4)
$2 R3

All of these estimates hold uniformly in x € R? and k > k. To combine, estimates (3.3) and (3.4) give us
that h € L3(R?) with a norm estimate
IIhIILg <C,

where the constant C > 0 does not depend on x € R> and k > ko. Therefore, Lemma 2.4 gives us the claim for

all % <éd<u- % For a general § > %, the result follows straightforwardly from the inequality

IIﬂIHz;61 < Il N forall 6; > 6>. 0
Proof of Theorem 1.3. We split the left-hand side of (1.3) into four parts as follows:

i@ [ [ MO0 0,6, 60" do =i [ [ e k000 [ KONy, lul) - Vussely) dy o' d6
$2 §2 $2 §2 R3

o2 [ [0 [ ONTy, - k6) dy ae' ao
$2 §2 R3

2 j J o ik(0-0,%) J e KON Yy, lulusc(y) dy 48’ do
$2 §2 R3

#1e [ [ erikO-00 [ k000 vy, ju)) dy e do
$2 §2 R’

211 +Iz +I3 +I4.
N
Let us first consider the term I,. Assumption 1.2 allows us to write the function W(x, |u|) as

WO, ) = Wx, 1)+ 5 (0 @ottse + o) + Wx, 50 ). (3.5)
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Indeed, using the Taylor expansion for small values of z, i.e., (1 + z)" = 1 + rz + 0(z?), for |u| we have (see
Lemma 2.3)

luo + Uscl = (1 + Uolse + UgUse + |Uusc|)?

1 . .
=1+ E(uousc + UpoUsc + |usc|2) + O((uoUsc + Uglsc + |usc|2)2)
1 .
:14-50mum+wmu“)+00umﬁl
Therefore, (3.5) follows when we set
— — —
W(x,s*) = W*(x) + W**(x, s*).
By substituting (3.5) into I, we have

I = k2 J je*i’“”’ﬂ‘) I KO0 (ik) . W(y, 1) dy d6' d6
$2 52 IR3
K J J e J e kO-0.9)ik6) . W* (y) (uoiise + Hotise) dy A6 dB
$2 §2 R3
K J J e E0 J &K'V (ik0) - W(y) O(|use|?) dy d6’ do
$2 §2 R3
IV 1P+ 19,

Now,

1 =1 [ [0 [ e MO0y, 1) ik(0 - 0 dy o’ d
$2 52 R3
L2 J I o ik6-6',0) I e KO0y, 1) . (ik6') dy dO' d6
$2 §2 R3
— 1 [ [0 [ g, k000 Ty, 1)dy e’ do - 1. (3.6)
$? §2 R3
Here we have used integration by parts and Assumption 1.1 for the function W. The fact that ~I (21) appears

in (3.6) follows from the substitutions y = -6’ and y’ = -6.
Rearranging equation (3.6) leads us to

21 = -2 I J e ik(0-6'x) J e kO-00y . W(y, 1)dy d6’ do
§2 §2 R3

_ g2 = 4msin(k|x - y])\2
" R[V W(y,l)(—k|x_y| )d

— —
=812 J VW, 1) dy + 87° J NARL(VZED) cos(2k|x — y|) dy.

Ix —yl?

By our assumptions,
N
V-WwW(-,1
—() e LY(R3)
IX —. |2
uniformly in x € R3, and therefore the second term above tends to zero as k — co due to the Riemann-

Lebesgue lemma. So, we have that

1 b d

(1) _ 2
I, =8nm J T

dy + o(1)

for large values of k > 0.
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Next we consider the term I (22). Using the Leibniz rule for differentiation together with (3.1), we have

I(Z k2 J j eik(e’,X)VXe—ik(G,X) J e—ik(e’—e,y)W* (Y)(U_Ousc + uOu_sc) dy del de

$2 §2 R3

-1, [ ARG ) [ MO e+ o) Oy

$2

war? [ v SEEID Y 0) [ RO e + o) A0y

=-VyxLi(x, k) + Ly(x, k).
Let us consider now the term L1 (x, k). Using first the Holder inequality and then Lemma 3.1, we have the

following estimate:
L1, K] < 4k [ 1 y>||j KO (g + uoTisc) 6| dy

R3
<ce( [aswimmray)’ Tl e ustra6] | +|[ e 02 ra0] ||
R3 $2 L’G $2 L’B
C
< —
k

uniformly in x € R3. Therefore, we have for any ¢ € C°(R3),

—_— C
[(=VL1(-, k), )| = KL1(-, k), V)| = H Li(x, k)Ve(x) dX| < sup [Li(x, OVl < 7
e XEsupp @ \S

Before we consider the term L,(x, k), we note that, if the function f satisfies Assumption 1.1 with

6 < p < 0o, then for 6 < p — 1 the integral

2
1428 If(y)! d 3.7
El( D2 dy (3.7)
is bounded uniformly in x € R3.
Indeed,
Ix -yl yl
R3
2
- j e P gy [ 0
Ix-yl<1 [x=yl>1

j YI2-2Hx — y[ 2 dy + j )P dy.

p-2
N
< I, j -y dy) " e
lyI<R

|x-yl<1 lyI>R,|x-y|>1

These integrals are all uniformly bounded when 6 < p <coand § < y - % Now we may estimate L;(x, k),

using (3.2), Lemma 3.1 and (3.7), to obtain

-
w* , . .
IL>(x, k)| < 87k? J leﬂlj e KOXY) (g + uottse) dB) dy

-y
R3 $2
T 2 1/2 .
< Ck2< J(l N |y|)25|r)‘(7_()’?|2 ) H” k0.0, (. )d9|| IHe-lk(e,z--x)usc(,)deu Z ]
]R3 y SZ Lfﬂ
C 25|W*()’)|2 )1/2
< p(Jarmm T ay
]R3
C
S —
k

uniformly in x € R3.
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Combining the estimates for -V, L, (x, k) and L, (x, k), we have that
=VxL1(x, k) + La(x, k) = 0(1)

for k > 1, pointwise in x € R3.

For If ), we may use straightforward estimation, (3.7) and the fact that [Jusc[oo < &

T to obtain

1 TA7 *
s e | T [ 170 57 usc) a6 dy
R3 Y §?
< Ck? j Itscloo j(l 1yl
SZ ]R3

J ( J(l + |)’|)25|f/~||/)§3’_’—~9y’|f2)|2 dy)l/z iy

26 [W(y, s*)I*

1/2 s 12
x—yP dy) ( J(l + 1y~ lusc ()12 dy) do
R3

<

§?2 R

IN

o =0

Let us next consider the term I,. First, we split the integral into two parts:

kZ j J e—ik(e—e’,){) J e—ik((-)’—e,y) V(y, |u|) dy del d@

SZ §2 ]R3
— 12 | [ek0r g [ e g vy, 1) dy
R3 §2 $2
12 j j e-kEy=0) qg j e KXV (Y (y, |ul) - V(y, 1) dO dy
R3 §2 $2
=J1+)2.

In J;, integrals with respect to both 6 and 8’ can be calculated using (3.1), and we obtain

sin? (k|x - y|)
=16 ZJ—V ,1)d
1 s T (v, 1) dy
R

= 8112 I iy, 1) dy + 8m2 J V. 1 cos(2k|x - y|) dy

Ix —yl? Ix - yl2
R3 R3
V(y, 1)
= 8m? j x i/y|2 dy +o(1)

for large values of k > 0 due to the Riemann-Lebesgue lemma.
In order to estimate the term J,, we use Corollary 2.5 and Lemma 2.3 to get

sl = kZH 4 sin(k|x - y|)

-ik(8,x-y) _
Kx -yl Jze (V(y, [ul) - V(y, 1))d9dy|

Bv(y)l
[x -yl

< [ [ weoimiayao ek | | juse(y)] dy d6

$? |x-yl<: $2 |x-yl>%

po 1B )1

1+y
< Ck j IBv(¥)ldy + Ck J||usc||L35 d9< J(l + 1yl Ix - y2@»

1 2 3
[x-yl<g $ R

¢ ¢ 2 1/2
< Flbviv ci (e PO ay)

k1-vy g X — y|2(1—)’)

wherep > 3,p’ < % and O < y < 1is chosen so close to 1 that the latter integral is finite under the conditions
for By.
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To combine what we have done thus far, we have shown that

1 b d
Ix-yl?

Iz +I4 = 87'[2 J
R3

dy + o(1),

in the sense of distributions, for large values of k > 0. Therefore, all that is left to show is that both I; and I3
are at most o(1) for large k > 0.
Let us first prove that I; = O(%). We once again start by substituting

— — — —
Wy, lul) = W(y, 1) + W(y, lul) - W(y, 1)
and splitting the integral into two parts:

I =k I J e ik@.y=x) qg' J e‘ik(g’X)W(y, 1) - Vusc(y) d6dy

R3 §2 §2
i -ik(0',y-0 qg' [ e-ik©0 W W . ded
+ e e (W(y, [ul) - W(y, 1)) - Vusc(y) d6 dy
R3 §2 §?
— II +III

By the Cauchy—Schwarz inequality and Lemma 3.1, we have

4msin(klx - y|) — S
') = 4nk| | %W(y, 1)y [ e 0u(y)dody
R3 y $2
—
Wy, 1 i
<tk | 10y, [[eh@0uy) dorey
R3 Y $2
-
W, 12 12 ) . 1/2
<amk( [+ o ST ay) ([ w2, e eoucy) o ay)
R3 y R3 $2
w(,1 B
< Ck" IX(—'I) L IIJ e 0y () bl
8 $2
c
< -
k

Next, we consider the absolute value of the term I". Under Assumption 1.2, we have that

Wy, lul) - W(y, 1) < Cluse)[Bw(y, s*),

where B( -,8%) € Lfoc(]R3), with 6 < p < co. Now, using [|[Vugc|lco < C, we obtain

sin(k|x - i = =
1 = 4] || SRR KD W, )~ W, 1) - V() dy 40

1 D *
e[| i s OB, s7)IVuc(y)] dy 6

$? R3

< ek sl [ @+

$2 R3

$? R3

7 %112 1/2
ol O Y g
Ix -yl

<

)

uniformly in x € R? due to (3.7).
Finally, for Is we once again substitute

V(y, lul) = V(y, 1) + V(y, [ul) - V(y, 1),
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and we have

I3 = k? J Je‘ik(e‘el’x) J e kO NV (y, 1)us(y) dy do' do

SZ SZ IR3
+k J I e ik6-6'0 I e KON (V(y, [ul) - V(y, 1))usc(y) dy d6' d6
$2 §2 R3
=K; +K>.

Now, by the Ho6lder inequality and Lemma 3.1, we have

51 [ sin(k|x —yl) I _ik(8,%)
ol < k| [ HEELV0. 1) [ O 0uy) aody
R3 $2
<2 [ 1V, Dl [ O Duy)ldy
R3 $2
1/2 )
<i2( [ v dy) | [ e Ousy)do|
R3 $2 L7§
C
< —
k
and
1 , , c
Kal = Ck | [ By lluse) dy d6 = C [ el 06 <
$2 R3 Y $2
uniformly in x € R3. This finishes the proof of Theorem 1.3. O

Remark 3.2. If we assume that W =0, i.e., we have only zero-order nonlinear perturbations V in the opera-
tor Hy, then, under the same conditions for V as in Theorem 1.3, the proof of this theorem shows that the
limit in Saito’s formula holds uniformly in x € R? and it has the form

lim & [ [ e -0 Ak, 0', 0)d0’ a6 - 8 | 01 g,
k—c0 Ix-yl?
$2 §2 R3

4 Conclusions

The direct and inverse scattering problems for the first- and zero-order quasi-linear perturbations of the
three-dimensional biharmonic operators in the frequency domain with singular coefficients (in the space
coordinate) were considered. It is assumed that the nonlinearities depend on the modulus of the wave and
that they may be complex-valued and singular. The linear case and many well-known (in physics) types of
nonlinearities are included in the considerations. Under some additional regularity conditions for the non-
linearities, the classical Saito’s formula and very important consequences for the inverse scattering problems
are justified for this nonlinear operator of order four.

One could consider many types of data for solving the inverse scattering problem. For our purposes,
we consider the scattering amplitude A(k, 6', 0) for all angles 6, ' and for arbitrary large frequencies k.
Under this limited (with respect to frequency) data, we proved a formula (Saito’s formula) which allows us to
reconstruct analytically and numerically the combination of the nonlinearities.

Funding: This work was supported by the Academy of Finland (application number 312123, the Centre of
Excellence of Inverse Modelling and Imaging 2018-2025) and by Moscow Centre of Fundamental and Applied
Mathematics — MSU, Russia.
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