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S I X - D I M E N S I O N A L L A N D A U INEQUALITIES 

Abstract . Let X be a complex Banach space, and let t —» T(i)( | |T(i) | | < 1, t > 0) 
be a strongly continuous contraction semigroup (on X) with infinitesimal generator .A.In 
this paper we prove that the following five inequalities 

p { X | | 6 < i ^ i i z f - i A i r 

hold for every x G D(A6) and for a fixed number ¿ = 1,2,3,4,5, where i i j (6) = j ^ j [^ 

such that our symbol [? 1 = • , e 6 » . holds as well as ei = 213655 , e 2 = 5676 , e 3 = 21 5 , 
L 1 J l l(6 —1)° 1 

£4 = 243676 , e5 = 2555 . Analogous inequalities hold for strongly continuous contraction 
cosine functions. In this case of cosine functions constants i i j (6) are replaced by (6) = 
((12)!)* [ * ] £ i ' I n e c l u a ^ i e s are established also for uniformly bounded strongly continuous 
semigroups and cosine functions. 

1. Introduction 
Edmund Landau (1913) [6] initiated the following fundamental extremum 

problem: The sharp inequality between the supremum-norms of derivatives 
of twice differentiable functions / such that 

(L) n / ' i i 2 < 4i i / i i u r n 

holds with norm referring to the space C[0, oo]. 
Then R. R. Kallman and G.-C. Rota (1970) [3] found the more general 

result that inequality 

(1) ||Ax||2 < 4||x|| P 2 x | | 
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holds for every x G D(A2), and A the infinitesimal generator (i.e., the strong 
right derivative of T at zero) of t —> T(t)(t > 0): a semigroup of linear 
contractions on a complex Banach space X. 

Z. Ditzian [1] achieved the better inequality for every x G D(A2), 

(2) ||Ar||2 < 2||z|| \\A2x\\ 

where A is the infinitesimal generator of a group t —> T(t) (||T(i)|| = 1, 
t G R) of linear isometries on X. 

Moreover H. Kraljevic and S. Kurepa [4] established the even sharper 
inequality for every x G D(A2), 

(3) | | A r | | 2 < | | | x | | p 2 s | | 

and A the infinitesimal generator (i.e., the strong right second derivative 
of T at zero) of t —> T(t) (t > 0): a strongly continuous cosine function of 
linear contractions on X . 

Therefore the best Landau's type constant is | (for cosine functions). 
The above-mentioned inequalities (l)-(3) were extended by H. Kraljevic 

and J. Pecaric [5] so that new Landau's type inequalities hold. In particular, 
they proved that 

(la) ||Ar||3 < -J.\\xnAsx\\, \\A2x\\* < 24||z|| \\A*xf 

hold for every x G D(A3), where A is the infinitesimal generator of a strongly 
continuous contraction semigroup on X. Besides they obtained the analo-
gous but better inequalities 

(2a) ||Ac||3 < lllxfUA3®!!, | |A2s| |3 < 3|M| \\A3x\\2 

which hold for every x € D(A3), where A is the infinitesimal generator of a 
strongly continuous contraction group on X. Moreover they got the set of 
analogous inequalities 

Q i yo 
(3a) HAzll3 < t-\\x\\2\\A3x\\, ||A2x||3 < ||A3x||2 

for every x G D(A3), where A is the infinitesimal generator of a strongly 
continuous cosine function on X. 

Denote the afore-mentioned constants by 

R\(2) = 4; Ri(2) — 2; i2?(2) = | 

for every x G D(A2) (on X), as well as 

*i (3) = 2~f, R\{3) = 24; R\{3) = |; R\{3) = 3; R\{3) = R\{3) = | 
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for every x G D(A3) (on X). These constants are employed for the estab-
lishment of the two-dimensional Landau inequalities ([1], [2], [3], [4], [6]) and 
the three-dimensional Landau inequalities [5], respectively. 

Similarly we established the four-dimensional Landau inequalities [7] and 
the five-dimensional Landau inequalities [8] such that inequalities 

(+) n ^ x i r < ^ ( n ) i i x i r i A " x i r 
hold for every x G D{An) (on X), a fixed number n = 4 and n = 5, and 
z = l , 2 , . . . , r a — 1, where k = 1 corresponds to the case of semigroups, k = 2 

to groups, and k = 3 to cosine functions, as well as constants ) (n = 4 
and n = 5) are of the following form: 

= ^ ( 4 ) = ^ , m = 192; 

^ ( 4 ) = 1 0 f t V , = = 5 4 ( 1 3 ) 8 • 6 / ' 2V y 9 ' ' 2536 ' 
1024 400 2880 

*'<4> = w = * » ( 4 ) - u s 
for every x G D{Ai) (on X) and 

R\( 5) = 3(5)(27); 

^ ( 5 ) = 5 ( ¡ J ; 

K d 5 ) ~ (10!/2)4 

for every x G D(A5) (on X). 
In this paper, we extend the above inequalities so that the six-dimen-

sional Landau inequalities (+) hold for every x G D(A6) (on X), where A is 
infinitesimal generator of a uniformly bounded continuous semigroup (resp. 
cosine functions). 

* ì (5) = 
59 

3(27) ' 
Rl(5) = 

2(5«) 
32 ' R¡(5) = 

325275 

26 ' 

Rl( 5) = 
(15)4 

211 ' •«2(5) = 
53(22)2 

38 ' i?§(5) = 
52(17)3 

2834 ' 

Rl( 5) = 
59 

9!' 
Ri(5) = 

(4!)558 

(9!)2 ' 
i?|(5) = 

(35(6!))5 

4(10!)3 

2. Semigroups 
Let t T ( t ) be a uniformly bounded {\\T(t)\\ < M < oo, t > 0) strongly 

semigroup of linear operators on X with infinitesimal generator A, such that 
T(0) = I (:= Identity) in B(X) := the Banach algebra of bounded linear 
operators on X, limT(t)x = x, for every x, and 

( 4 ) Ax = lim T ^ ~ I x ( = r ' ( 0 ) s ) 
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for every x in a linear subspace D(A)(:= Domain of A) dense in X [2]. For 
every x € D(A), we have the formula 

t 
(5 ) T(t)x = x + j T(u)Ax du. 

o 
Using integration by parts, we get the formula 

t u t 
(6 ) ¡ ( J T(v)A2x dvj du = J ( i - U)T(U)A2X du. 

0 0 0 

Employing (6) and iterating (5), we find for every x E D(A2) that 
t 

( 5 a ) T(t)x = x + tAx + \(t - U)T(U)A2X du 
o 

Similarly iterating (5a), we obtain for every x 6 D(A6) that 
(5b) T(t)x 

t t2 t3 i4 t5 1 t 

= x + —Ax + — A2x + -A3X + -A4X + —A5x + - \{t - u)5T{u)A6x du. 
1! 2! o! 4! 5! 5! j 

Consider our auxiliary (6 x 5) coefficient matrix 
(ojj) : i = 0,1,2,3,4,5; j = 1,2,3,4,5, such that 

1 
O01 = «02 = &03 = ®04 = O05 = -ztltztztitb', 0 
a l l = a12 = t ^ t ^ , a13 = ¿̂2̂ 4̂ 51 
a14 = tititztbi a15 = titi^iti't 
0>21 = ¿2^3^ + ¿2^3^ + ¿2^4^ + ¿3̂ 4 ¿5, 
622 = tit$ti + tit^ts + tit^ts + t^t^s, 

623 = tit2ti + + tit^tf, + ¿2̂ 4̂ 51 
624 = + t\t2ts + tyt^t^ + 

°25 = ^2^3 + ilt2^4 + tlt^ti + 
a31 = 2̂̂ 3 + ¿2̂ 4 + ¿2̂ 5 + ¿3̂ 4 + ¿3̂ 5 + 4̂̂ 5) 
®32 = ¿1̂ 3 + + + 3̂̂ 4 + ¿3̂ 5 + tits, 
a33 = + + ¿1̂ 5 + ¿2̂ 4 + ¿2̂ 5 + ¿4̂ 5) 
&34 = ¿1̂ 2 + ¿1̂ 3 + + 2̂̂ 3 + ¿2̂ 5 + 3̂̂ 5» 
°35 = ¿1̂ 2 + ¿1̂ 3 + + ¿2̂ 3 + ¿2̂ 4 + 3̂̂ 4! 
a4i = ¿2 + ¿3 + ¿4 + ¿5, O42 = ti + ¿3 + <4 + <5, 
a43 = ¿1 + ¿2 + ¿4 + ¿5> a44 = ¿1 + ¿2 + ¿3 + ¿5) 
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O45 = ti + t2 + t3 + 

a 5 1 = a 5 2 = a 5 3 = ° 5 4 = O55 = 1 . 

A l s o c o n s i d e r 

dl = t2t3tit^(t2 — t3)(t2 - U){t2 - t5)(t3 - £4)(¿3 - ^5)^4 ~ ¿5), 

d2 = M 3 i 4 i 5 ( < i - i s ) ( < i - * 4 ) ( i i - h){t3 - U){t3 - t 5 ) { u - 1 5 ) , 

d3 = t^Uhih - t2)(h - u)(h - t5){t2 - U){t2 - tb){tA - h), 

d4 = <ii2*3<5(ii - h)(h - f3)(*i - h)(h ~ t3)(t2 - h){t3 - t5), 

d5 = hhhUih - t2)(t 1 - t3){h - U){t2 - t3){t2 - U){t3 - U). 

F i n a l l y c o n s i d e r v e c t o r s : 

a i = (o.ii, a i 2 , a i 3 , a i 4 , a i 5 ) (z = 1 , 2 , 3 , 4 , 5) a n d d = ( d i , d 2 , d 3 , d 4 , d 5 ) 

a s w e l l a s v e c t o r s : a o = (floi 1 a 0 2 , a 0 3 , a041 a 0 5 ) s u c h t h a t aoj = ( j = 

1 , 2 , 3 , 4 , 5 ) w h e r e 0)5 = t i t 2 t 3 t i t 5 a n d 1 = ( 1 , 1 , 1 , 1 , 1 ) . 

N o t e t h a t 

5 

] aijdj = 0,% • d 

j=1 

h o l d s f o r i = 1 , 2 , 3 , 4 , 5 , w h e r e " • " is t h e d o t ( " i n n e r " ) p r o d u c t v e c t o r 

o p e r a t i o n . 

A l s o note t h a t 

tit2t3tit5 = u>5 = ao • 1, 

t\t2t3ti + tit2t3ts + t-yt'zt^tf) + tit3t^t5 + t2t3t4t5 = Oi • 1, 

t\t2t3 + tit2ti + t\t2t*, + tit3t4 + t\t3t^ + iii4<5 + t2t3ti + t2t3ts + t2tit^ 

+ ¿ 3 * 4 * 5 = ( » 2 • l ) / 2 , 

tit2 + tit3 + i i i 4 + tits + t2t3 + t2ti + t2t5 + t3t4 + t3t5 + <4i5 = (a3 • T)/3, 

<1 + t 2 + i 3 + U + h = (04 • l ) / 4 , a n d l = ( o 5 « l ) / 5 . 

D e n o t e v e c t o r 

T = ( T l t T 2 , T 3 , T A , T 5 ) w i t h T j = ( - 1 y ' - ^ ^ - r f o ) , j = 1 , 2 , 3 , 4 , 5 , 

w h e r e a 5 = 1 ! ( 2 5 , !^4 , ( = 7 2 0 0 0 0 ) a n d " d e t e r m i n a n t " : 

(11) D = a5[ht2t3Utb{ti - t 2 )(ti - t 3 )( i i " U)(h - t5){t2 - t3){t2 - t4) 

x ( t 2 - i s ) ( « 3 - U)(ts - h){U - i 5 ) ] 

o r 

T = ff5-^(diT(ti), —d2T(t2), d3T(t3), - d 4 T ( i 4 ) , d5T{t5)). 
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A l s o d e n o t e 

(9) Ti 
1. f o r i 6 { 1 , 2 } 

f o r i e { 3 , 4 , 5 } . 

T H E O R E M 1 . Let t —• T(t) be a uniformly bounded (||T(I)|| < M < oo , t > 0) 

strongly continuous semigroup of linear operators on a complex Banach space 
X with infinitesimal generator A, such that A6x ^ 0. Then the following five 
inequalities 

(7) \\A*x 

< ( < 0 M^(ai»d) + t — ( ä j • 1 
D IUI 5 

M + -M{ri{äi-1 • 1)) \\A6x\\\, 

hold for every x E D(A6) and a fixed number i — 1 ,2 ,3 ,4 ,5 , where ct5,D, 
(i = 1 ,2 ,3 ,4 ,5) , Hi (i = 1 ,2 ,3 ,4 ,5) , d, l , ao are given above. Besides 

(7) holds for every U € R + = (0, oo) (i = 1, 2, 3,4, 5) : 0 < <i < t2 < t3 < 
ti < t$. 

Proof of Theorem 1. I n f a c t , f o r m u l a ( 5 b ) y i e l d s s y s t e m o f f i v e e q u a t i o n s : 

( 10) ^ + ^ A 2 x + + ^ t f A ' x + t * A 5 x 

u 

= 5\T{t)x - 5!x - J (U - u)5T(u)A6x du, for i = 1 , 2 , 3 , 4 , 5 . 

T h e c o e f f i c i e n t d e t e r m i n a n t w i t h r e s p e c t t o Alx ( i = 1 , 2 , 3 , 4 , 5 ) o f alge-

braic system (10) is D given by (11). 

I t is c l e a r t h a t D is p o s i t i v e b e c a u s e : 0 < i i < t2 < tz < ti < h-

T h e r e f o r e t h e r e is a u n i q u e s o l u t i o n o f s y s t e m ( 1 0 ) o f t h e f o l l o w i n g f o r m : 

(12) Ax = (1!){[(Ì2Ì3Ì4Ì5HT(Ìi)x - {ht3t4t5)d2T{t2)x 

+ {t^Ut^daTit^x - (t^ht^diTit^x 

D 
+ {tit2tztA)dbT{tb)x}/ 

05 

— [(Ì1Ì2Ì3Ì4 + h^hh + Ì1Ì2Ì4Ì5 + Ì1Ì3Ì4Ì5 + hhUh) / ^ x } 

is 

- \ K1{u]u)T(u)A6xdu, 

w h e r e u — { t i , t 2 , h M M ) , 
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(12a) A2X = - (2\){[(t2t3t4 + ¿2*3*5 + ¿2*4*5 + t s < 4 Î 5 ) d i r ( i i ) x 

- (*1*3*4 + ¿1*3*5 + *1*4*5 + t3t4t5)d2T(t2)x 
+ (*1*2*4 + *1*2*5 + *1*4*5 + t2t4t5)d3T(t3)x 
- (*1*2*3 + *1*2*5 + ¿1*3*5 + t2t3t5)d4T(t4)x 

+ (*1*2*3 + ¿l¿2¿4 + *1*3*4 + 
<̂ 5 

- [(¿1*2*3 + *1*2*4 + *1*2*5 + *1*3*4 + *1*3*5 + *1*4*5 + *2*3*4 

is 

+ *2*3*5 + *2*4*5 + * 3 * 4 * 5 ) M ] x } + J ^ ( w j u ) T ( u ) A 6 x d u , 
0 

(12b ) A 3 x = (3 ! ){[ ( t 2*3 + ¿2¿4 + ¿2¿5 + ¿3*4 + *3*5 + *4*5 )< i l T ( t i ) x 

- (¿1*3 + *1*4 + ¿1*5 + *3*4 + *3*5 + t4t5)d2T(t2)x 
+ (*1*2 + *1*4 + *1*5 + ¿2*4 + *2*5 + t4t5)d3T(t3)x 
~ (¿ l¿2 + «1*3 + *1*5 + ¿2*3 + *2*5 + t3t5)d4T(t4)x 

+ (*!*2 + ¿1*3 + *1*4 + ¿2¿3 + ¿2¿4 + ¿3¿4)d5Ï 1 (¿5)x ] / — 

- ( ¿ ^ 2 + * i* 3 + *1*4 + *1*5 + *2*3 + *2*4 + *2*5 

+ *3*4 + ¿3*5 + * 4 * 5 ) / ^ 5 M 
ts 

- J K3(u>;u)T(u)Aexdu, 
o 

(12c) = - (4!){[(*2 + <3 + *4 + * 5 ) d i r ( * i ) x - (*1 + *3 + *4 + t5)d2T(t2)x 
+ (¿1 + <2 + *4 + ¿ 5 ) d 3 T f o ) x - (*1 + *2 + *3 + h)dAT(U)x 

+ (¿1 + ¿2 + ¿3 + ¿ 4 ) d 5 T ^ 5 ) x ] / — 
0"5 

<5 

- [(¿1 + ¿2 + ¿3 + ¿4 + ¿ 5 ) M M + \ K4(UJ] u)T(U)A6X du, 
0 

(12d ) A5x = ( 5 ! ) | [ d i r ( i x ) x - d2T(t2)x + d3T(t3)x - d4T{t4)x 

/ D ts 
+ d5T(t5)x] / [l/wB]x f " J ^5(w;u)T(u)^6x£iu, 

a 5 J 0 

w h e r e K{ = Ki(u>;u) a r e g i v e n b y t h e f o l l o w i n g f o r m u l a (13) . T h e a b o v e 

m e n t i o n e d s o l u t i o n Alx (i = 1 , 2 , 3 , 4 , 5 ) o f a l g e b r a i c s y s t e m (10) is o f t h e 

f o r m : 
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(*) A (<0 

t5 <1 
x- J Ki(uj-,u)T(u)A6xdu>, 

where K i — K i { w \ u ) = (—l) 1 ¿ ^ ¿ ( w j u ) such that K i = (jji^j, and 

CTi = e.g. cr3 1 ! 2! 4! 5! 7 ' 

3 = 1 
OVO 

as well as 

' ajidi(ii - u)5 - ai2d2(t2 - u)5 + ai3d3(i3 - u)5 

— a a d ^ t i — u) 5 + a ^ d ^ t ^ — u) 5 , 0 < u < i i 
-a,i2d2(t2 - u)5 + ai 3ci 3( i 3 - u) 5 - a i 4 d 4 ( i4 - u) 5 

+ai5d5(i5 - u)5, ¿i < u < t2 

«¿3^3(^3 - - aud^ti - u)5 + ai5d5(t5 - it)5, t2 <u< t3, 
—<^4 <¿4 (¿4 — u)b + ai5d5(t5 -u)5, t3 < u < ¿4 
ai5d5(t5 -u)5, U<u<t5 

for a fixed number ¿ = 1 , 2 , 3 , 4 , 5 , or equivalently 

5 
Ki = Kik = ^^(—iy~1aijdj(tj - u)5, tk-i <u<tk, 

j=k 

for a fixed number ¿ = 1 , 2 , 3 ,4 , 5 and all numbers k = 1 , 2, 3 ,4 , 5 : io = 0 < 
t\ < t2 < £3 < £4 < £5. Thus we get the formula 

1 5 

( 13) Ki = ( - l y 1 ^ - y^aijdjitj - u)5, tk-i <u<tk, 
j=k 

for a fixed number ¿ = 1 , 2 , 3 , 4 , 5 and all numbers k = 1 , 2, 3 ,4 , 5 : io = 0 < 
tl < t2 < t3 < t4 < i5. 

It is obvious that (—l)5~1Ki(u>-,u) > 0 ^ = 1 , 2 , 3 , 4 , 5 ) for every u 6 
[0, ¿5] and claim that 

\ Ki du = and \Kidu = - — T T j ^ ; ( a i - i • 1 ) 
J 6! J ( » - 1)(6!) 

hold, or 

(14) 
t5 
\ Ki du = ( - l ) 5 - 1 ^ ^ - ! • 1) = ^¿(cii-i • 1) 

where T{ (i = 1 , 2 , 3 , 4 , 5 ) are given by (9). In fact, 
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(15) 5 > 1 
3 =1 3 = 1 

dj 

n 
fe=i 

= w 5 [ ( - l ) 6 - 1 ( I > ) ( i i + ¿2 + *3 + U + t5)/a5u] 

Therefore for i = 5 t 5 5 
j = i 

5 K§du = < 7 5 ^ ( - l ) ' - 1 ^ / 6 Z ) = ^ 

: ( a 4 • ! ) = ^ r 5 ( ä 4 • ! ) . 
1 Tx 5! 

= 24 4 * (5~—T)(6!) 

Similarly we prove the other cases (i = 1 , 2 , 3 , 4 ) of (14) .Besides 
5 

a i » T = {an,ai2,ai3,ai4,ai5) • (Ti,T2,T3,Ti,T5) - ^ ( a j j T j ) 

j = i 
or 

(16) 

z = l , 2 , 3 , 4 , 5 , holds by the triangle inequality. 
Therefore from the formulas (* ) - (14) and the triangle inequality as well 

as the inequalities (16) we establish the inequalities (7). This completes the 
proof of Theorem 1. 

Note that if we set 

t\ = i, <2 = TUit, = 7Tl2i, ¿4 — Tn$t, ¿5 = m^t, 

or t j = ( m j - i ) i ( j = 1, 2, 3 ,4 , 5), 

( 1 7 ) m o ( = 1 ) < m i < m,2 < rnz < 771.4, t > 0 , 

in matrix (a^) : i = 0 , 1 , 2 , 3 , 4 , 5 ; j = 1 , 2 , 3 , 4 , 5 , then we obtain the new 
(6 x 5) matrix ( a i j ) : i = 0 , 1 , 2 , 3 , 4 , 5 ; j = 1 , 2 , 3 , 4 , 5 , such that 

aoj = aojt5, j — 1 , 2 , 3 , 4 , 5 , where 

« o i = a o 2 = a o 3 = ^ 0 4 = < * 0 5 = \ m i m 2 m z m i \ 
a>ij — (*ijt4, j = 1 ) 2 , 3 , 4 , 5 , where 

a n = mim2Tri3m4 , a\2 = 771277137714, Q13 = 771177137714, 
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« 1 4 = 771177127714, Q15 = 777i777277l3; 

j = &2jt3, j = 1 , 2 , 3 , 4 , 5 , w h e r e 

« 2 1 = 771177127713 + 771177127714 + 771177137714 + 771277137714, 

«22 = T l 2 m 3 + 77127714 + 77137714 + 772-277137714, 

«23 : 77117713 + 777i77l4 + 77137714 + 771177137714, 

«24 = 77117772 + 777i77l4 + 77127714 + 77li 7712 7714, 

«25 = mim2 + 77717713 + 77127773 + 777177127773; 

G3j = c*3jt2, j = 1 , 2 , 3 , 4 , 5 , w h e r e 

« 3 1 = 77717772 + 77117773 + 77117774 + 77727773 + 77127774 + 77737774, 

«32 = 7772 + "73 + + + 7772 7774 + 7773 7774, 

«33 = 777i + 7773 + 7774 + 77717773 + 77717774 + 77737774, 

«34 = 7711 + 7772 + ^ 4 + 777 1 7772 + 77li7774 + 77727774, 

«35 = 7771 + "72 + + T77i7772 + 77117773 + 77727773; 

d 4 j = « 4 j t , j = 1 , 2 , 3 , 4 , 5 , w h e r e 

a 4 i = 7771+7772+7773+7774, «42 - 1+7772+7773+7774, «43 = 1+7771+7773 +7774, 

044 = 1 + 7771 + 7772 + "7,4, «45 = 1 + 777l + 7772 + "^35 

05j = « 5 j , j = 1) 2, 3 , 4 , 5 , w h e r e 

« 5 1 = «52 = «53 = «54 = «55 = 1-

T h e r e f o r e 

( 1 7 a ) a y = a y i 5 - < : i = 0 , 1 , 2 , 3 , 4 , 5 ; j = 1 , 2 , 3 , 4 , 5 , 

w h e r e a y a r e g i v e n a b o v e . A l s o s e t t i n g ( 1 7 ) i n di (i = 1 , 2 , 3 , 4 , 5 ) , w e g e t 

( 1 7 b ) d j - r r t f j i 1 0 , j = 1 , 2 , 3 , 4 , 5 , 

w h e r e 1 0 = 4 + (*) a n d 

6 i = 7771777277737774(7771 — 77i2)(r77i — 7773) (7771 — 7774) 

x (7772 - 7773)(7772 — 7774)(7773 - 7774), 

¿2 = 771277737774(1 - 77I2)(1 - T773)(l - 7774)(77l2 - 7773)(7772 — 7774X7773 - 7774), 

63 = 777177137774(1 — 777i)( l — 7773X1 — 7774X7771 — 77Ì3X7771 — 7774) (77I3 — 7774), 

64 = 777177727774(1 — 777i) ( l — 7772XI — 7774X7711 — 77l2)(777i — 7774X77I2 — 7774), 

¿5 = 777177727773(1 - 777i ) ( l - 7772)(1 - r773)(777i - 77l2)(777l ~ ™>z)(m,2 ~ TUs). 
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T h e r e f o r e f r o m ( 1 7 a ) - ( 1 7 b ) , w e find t h a t 

5 5 5 

(17c) ai»d = ^aijdj = ^2(aijt5~i)(6jt10) = t15~i^2aij6j, or 

a{ •!= {oii •6)t15'i, i = 1 , 2 , 3 , 4 , 5 , 
w h e r e 

" 
15 = 5 + 

4 + ' 2 
a n d v e c t o r s 

( * i = ( o i i , & i 2 , < 2 * 3 > a i 4 1 ) ( i = 1 , 2 , 3 , 4 , 5 ) a n d 6 = ( < 5 i , < ^ 4 , ^ s ) , as 

w e l l as v e c t o r s a 0 = ( a 0 i , 0 : 0 2 , 0 0 3 , 0 0 4 , 0 0 5 ) s u c h t h a t a 0 j = ( j = 

1 , 2 , 3 , 4 , 5 ) : 

( 1 7 d ) u>$ = u > l t \ 

w h e r e = 7771777277737774. 

A l s o note t h a t 

00 • 1 = W5 = uj£t5, w h e r e 

W5 = C?0 • 1 = 7711771277137714, 

a i • 1 = ( a i • 1 )t4, w h e r e 

a i • 1 = 771177127713 + 771177127714 + 771177137714 + 771277137714 + 7771771277737714, 

( a 2 • I ) / 2 = [ ( a 2 • l ) / 2 ] i 3 , w h e r e 

( a 2 • l ) / 2 = 77li77l2 + 77117773 + 77117774 + 77727773 + 77727774 + 77737774 

+ 777177727773 + 777i77727774 + 777i77l37774 + 777277137774, 

( a s • l ) / 3 = [ ( o 3 • l ) / 3 ] i 2 , w h e r e 

( a 3 • l ) / 3 = 7771 + 77l2 + 7773 + 7774 + 777i77l2 + 77117773 + 777i77l4 

+ 77727773 + 77727774 + 77737774, 

( a 4 • l ) / 4 = [(a?4 • l ) / 4 ] i , w h e r e 

(a?4 • l ) / 4 = 1 + 77ii + m-2 + ?773 + 7774, a n d 

(05 • l ) / 5 = [ ( 0 5 • l ) / 5 ] , w h e r e 

( a 5 « l ) / 5 = l . 

T h e r e f o r e i n t h e a f o r e - m e n t i o n e d i n e q u a l i t i e s ( 7 ) w e h a v e 

O i . I = ( Q i . l ) t 5 - i | 

and a,_ i • I = (« i_ i • I ) t 6 ~ l J 

f o r i = 1 , 2 , 3 , 4 , 5 . B e s i d e s 

T = ( r i , T 2 , r 3 , r 4 , T 5 ) w i t h 

= ( - i r 1 ^ ^ . ) = ( - i j i - i ^ - ^ t i o j r ^ . . ^ ) , 
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j = 1 , 2 , 3 , 4 , 5 , w h e r e 

( 1 7 f ) D = D*t15 

w i t h 

( 1 1 a ) D* = < 7 5 [ ( m i m 2 m 3 T B 4 ) ( l — m i ) ( l — TO2)(1 - m 3 ) ( l — m4) 

x ( m i - m 2 ) ( m . i - m 3 ) ( m i - m 4 ) ( m 2 - m 3 ) 

x ( m 2 — 777.4) ( 7 7 1 3 — m 4 ) ] 

a n d 

T - = ¿3 ( - 1 y - ' ^ S j T i m ^ t ) t~5. 

T h e r e f o r e 

( l i b ) T = T*t~5, o r T j = T*t~5 

w h e r e 

r * = ( t * , t 2 * , t 3 * , r 4 * , t 5 * ) w i t h 

r ; = ( - l ^ - g ^ r K - i i ) , j = 1 , 2 , 3 , 4 , 5 o r 

T * = a 5 - ^ ( < 5 i T ( i ) , - ( 5 2 T ( i n 1 i ) , « 5 3 T ( m 2 i ) , - ( 5 4 r ( m 3 i ) , < 5 5 T ( m 4 i ) ) . 

T h u s f r o m ( 1 7 a ) a n d ( l i b ) , w e o b t a i n 

5 5 5 

o i . t = = E ^ 5 - ' ) ^ - 5 ) = E a « r / > 

o r 

( 1 1 c ) ai*T = {oii• T * ) t ~ \ ¿ = 1 , 2 , 3 , 4 , 5 . 

B e s i d e s 

5 5 

a , . T* = ¿ a y T / = £ ¿ [ ( - 1 y - ' a ^ T i m ^ t ) ) , 

3 = 1 3 = 1 
o r 

( l i d ) \a.i • T*| < M ^ ( c i i • 6 ) , ¿ = 1 , 2 , 3 , 4 , 5 

h o l d s b y t r i a n g l e i n e q u a l i t y . 

F i n a l l y w e c l a i m t h a t 

( l i e ) Ki(u3-,u) = (K*(uj*;u*))t5~i,t > 0 , m f c _ 2 < = < m f c _ ! 

w h e r e 

i 5 

K*(u*;u*) = ( - i r V i — " « * ) B . 

j=k 
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for a fixed number i = 1, 2 ,3 ,4 ,5 , and all numbers k = 1 ,2 ,3 ,4 ,5 : 

M _ I ( = 0 ) < M O ( = 1) < 7711 < 7712 < 7713 < 

In fact, from (13) and (17)-(17a)-(17b)-(17f), we obtain 

K i = ( _ 1 ) i _ 1 c d ^ ¿ ( - i r - u*)5t\ 

mk-2 < u* ^ = < 77lfc_i, 

yielding ( l ie) . 
iVoie that from ( l ie ) and (17) as well a s « = u*t : du = idu* , we obtain 

U=t 5 "U =7714 

i t = 0 u* = 0 

ts r m4 
( l l f ) \ Ki{oj-,u)T(u)A6xdu= \ K;(u*;u*)T{u*t)A6xdu* 

0 0 
for a fixed number ¿ = 1 ,2 ,3 ,4 ,5 . 

Thus from (17d)-(17e) and ( l l c ) - ( l l f ) as well as (*), we find 

iß —i 

A*x = (-l)*"1^»! 

- m4 1 1 1 
j K*(u*\u*)T(u*t)du* A6xU6~i\ 

• 0 J J J 
for a fixed number ¿ = 1 ,2 ,3 ,4 ,5 . 

T h e o r e m 2 . Let t T(t) be a uniformly bounded ( | | T ( i ) | | < M < oo, t > 0 ) 

strongly continuous semigroup of linear operators on a complex Banach space 
X with infinitesimal generator A, such that A6x ^ 0. Then the following five 
inequalities 

(7a) H ^ x f < 
(ill 
(6ty 

hold for every x € D(A6) (on X) and a fixed number i = 1 ,2 ,3 ,4 ,5 , where 
our symbol 

i*(6 - i)6'* 
holds for a fixed number i = 1,2,3,4,5 and 

«(.i"') = 
6—i 

r¿(a¿_i • 1) 
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with u>* = ( m i , rri2,7713, m 4 ) for some mj G R+ = (0, oo)(j = 1 , 2 , 3 , 4 ) : 
1 < 7Tli < 7712 < 7713 < "14 as Well dS CT5, D*, ,71,(i = 1 , 2 , 3 , 4 , 5 ) , a j ( i = 
1,2,3,4,5), 1, ao are given above. 

Proof of theorem 2 . E m p l o y i n g ( 1 7 ) - ( 1 7 c ) - ( 1 7 d ) - ( 1 7 e ) a n d ( 1 7 f ) in (7) , 
we o b t a i n t h e fo l lowing five i nequa l i t i e s 

(18) 

w h e r e 

k = l i \ 

l l ^ l l <bi-r+Cit*-\ 
t l 

U ZC1/5 

Ci = M 
i\ _ 
— n i d i - i • 1 

for a n y fixed n u m b e r ¿ = 1 , 2 , 3 , 4 , 5 . 
Note t h a t (18) y ie lds a l so f r o m [*] a n d ( l i d ) a s well as f r o m t h e f a c t 

ma 
\ K*{u*-u*)du* = ¿ r i ( a i _ i . 1 ) for i = 1 , 2 , 3 , 4 , 5 . 
5 6 1 

Minimizing t h e r i g h t - h a n d s ide f u n c t i o n s of t of (18) , we ge t t h e sharper 
i nequa l i t i e s 

"6" 
l l ^ l l 6 < (18a) 

w h e r e 

( 1 8 b ) - ~ i < ( 6 - i ) 6 _ i 

for a f ixed n u m b e r ¿ = 1 , 2 , 3 , 4 , 5 a n d 

6 

(18c) 

a s well as 

(18d) 9 i ( u ' ) = 

tf-'ci = S ^ M ^ u ^ l l x f - i ^ x i r , 
(6!) i 

UjJi 

6—i 
r , ( a i _ 1 • 1) 

w i t h u * = ( m i , 7712, rriz, m 4 ) fo r a fixed n u m b e r ¿ = 1 , 2 , 3 , 4 , 5 . 
T h e r e f o r e f r o m ( 1 8 a ) - ( 1 8 b ) - ( 1 8 c ) - ( 1 8 d ) , we o b t a i n t h e i nequa l i t i e s (7a ) . 

T h i s completes t h e p roo f of Theorem 2. 

Note t h a t t h e p o i n t u* = wfi = (77110,77120,77730,77140) s u c h t h a t mi = 
m i o = 2 + -\/3, 7712 = 777.20 = 4 + 2 \ / 3 , 7713 = 77130 = 6 + 3 \ / 3 , 7724 = 77140 
7 + 4 \ / 3 , w h e r e m i o = 77120 — t t i io = 77130 — 77120 = 77140 — 77130 + 1 is t h e 
common g loba l m i n i m u m p o i n t for all f u n c t i o n s = gi(ui*) (i = 1 , 2 , 3 , 4 , 5 ) . 



Six-dimensional Landau Inequalities 427 

Setting 
£i = min^w*) = gi(uo) (i = 1, 2, 3,4, 5) 

we find that 

(18e) d = 213655 ,e2 = 5676 ,£3 = 21 5 ,e4 = 243676 ,e5 = 2555 (= 100000) 

Consider constants Rj(6) for a fixed number ¿ = 1,2,3,4,5 such that 

(18f) i2j(6) = S S i 6 ft. i w 
Therefore from (7a) (theorem 2 with M = 1) and from (18e) - (18f) we 
prove 

THEOREM 3. Let t —» T(t) be a strongly continuous contraction (||T(f)|| < 
l , i > 0) semigroup of linear operators on a complex Banach space X with 
infinitesimal generator A, such that A6x ^ 0. Then the following five in-
equalities 

(7b) II^Nl6 < (6)lkl|6_iM6x|r , 

hold for every x € D(A6) (on X) and for a fixed number i = 1,2,3,4,5, 
where constants Rj(6)(i = 1,2,3,4,5) are given above. 

3. Cosine functions 
Let t - f T(t) (t > 0) be a uniformly bounded (||T(i)|| < M < oo,t > 0) 

strongly continuous cosine function with infinitesimal operator A, such that 
T(0) — I (: — identity) in B(X), lim^o T(i)a: = x,Vx, and A is defined as 
the strong second derivatives of T at zero, 

(19) Ax = T"{ 0)x 

for every x in a linear subspace D(A) dense in X [5]. For every x € D(A), 
we have the formula 

t 
(20) T(t)x = x + \{t — u)T(u)Axdu . 

o 
Using integration by parts, we get from (20) the formula 

(21) \(t -u)(¡(u - v)f(v)dv)du =U(t- v)3f(v)dv , 
0 ' 0 

where f(v) - T(v)A2 x. Note the Leibniz formula 

(22) ( ji(u - v)nf(v)dv) = » ( " • 
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(20a) 

Employing (21)-(22) and iterating (20) we find for every x ED(A2) that 

2 , * 

' 3! 
t2 1 * 

T(t)x = x + —Ax + — \{t - u)3T{u)A2xdx . 
/.' . v J 

Similarly iterating (20a) we obtain for every x € D{A&) that 
flO 

(20b) T(t)x =x + -Ax + -A2x + -A3x + -A4x + —¿5x+ 

1 * 
— \(t - u)nT(u)A6xdu . 

11! u 

THEOREM 4 . Let t —> T(t) be a uniformly bounded (||T(i)|| < M < oo, t > 0) 

strongly continuous cosine function on a complex Banach space X with in-
finitesimal generator A, such that A6x ^ 0. Then the following five inequal-
ities 

(8) IIA'xH < ((2z)!) M^-(ai*d) + ^-(Ei* 1) 

+ 
L(12)! 

M(n(ai-1 • 1)) l l ^ l l , 

hold for every x £ D(A6) and a fixed number i = 1,2,3,4,5, where <75, D, W5 
— — a+ 

ri (i = 1,2,3,4, 5), a,i (i = 1, 2, 3,4, 5,), d, 1, ao are given above and — 
£i 
D • 

Proof of Theorem 4• In fact, setting t(> 0) instead of t2 in (20b), we get 

t t2 t3 i4 i5 

(20c) T(Vtx) = x + -Ax + -A2x + -A3X + A4x + — A5x 
¿1 4! 0! o! 10! 

Vt 
+ 4t u)nT(u)A6xdu . Ill J 11! u 

Formula (20c) yields an algebraic system of five equations with respect 
to Aix: 

(21) ^UAx + H i t 2 A 2 x + H I t * A 3 x + + t ^ x 

Vu 
= 11 \T{Vtx) - lllx - \ (Vk ~ u)nT(u)A6xdu , 

0 
i = 1,2,3,4,5. 
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T h e coefficient de te rm inan t D+ of the s y s t e m (21) w i t h respect to u n -

k n o w n s Alx(i = 1, 2 , 3 , 4 , 5 ) is 

(11a) D+ = att^-

where 

d i b ) » + - < 1 1 ! > 5 
5 2! 4! 6! 8! 10! ' 

(5!) 4 

5 1! 2! 3! 4! 

a n d D is g i v e n b y (11). A l s o f r o m (11) we f ind 

(11c) ^ = — = ht2tztMh ~ t2)(h - t3)(ti - U)(ti - t5)(i2 - i3) 

x ( i 2 - U)(t2 - t5){t3 - i 4 ) ( i 3 - tb){U - h). 

T h e s o l u t i o n Alx(i = 1 , 2 , 3 , 4 , 5) o f the s y s t e m (21) is unique a n d o f the 

f o r m 

(22) 

f r _ i i ^ i 
Aix = (-l)i~1\(2i)\ (ai*T+) (Si«I) x - \ K+ (w;u)T{u)A6xdu L 

I L J J J 

where 

a n d K f = / ^ ( u ; ; u ) ( i = 1 , 2 , 3 , 4 , 5) : 

1 5 

(13a) K+ = ( - l y - ^ t — J2(-l)i-1aijdj(Vti-u)5> < u < 

j=k 

for a fixed n u m b e r ¿ = 1 , 2 , 3 , 4 , 5 a n d all n u m b e r s k = 1 ,2, 3 ,4 , 5 s u c h tha t 

V^o = 0 < v^ i i < \ f h < V h < V U < V h a n d 

( C 1 1 ) ' ) 4 / „ ( ( H ) ! ) 4 

n j = i ( 2 i ) ! V 2! 4! 8! 10!, 

Note t ha t K f = u ) > 0( ¿ = 1 , 2 , 3 , 4 , 5 ) for every u 6 [0, a n d 

(14a ) , 

where T i ( i = 1 , 2 , 3 , 4 , 5 ) are g i v e n b y (9). 
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The rest of the proof is similar to that of Theorem 1. Thus the proof of 
Theorem 4 is complete. 

Similarly from Theorems 2-3 we establish the following Theorems 5-6. 

T H E O R E M 5. Lett —> T(t) be a uniformly bounded ( | | T ( I ) | | < M < oo, t > 0 ) 
strongly continuous cosine function on a complex Banach space X with in-
finitesimal generator A, such that A6x ^ 0. Then the following inequalities 

(8a) K * | | 6 < ( ( 2 0 0 Mlgi{u}*)\\x\\a~l\\Abx 
( (12)0* 

hold for every x 6 D(A6) (on X) and a fixed number ¿ = 1,2,3,4,5, where 

gi = gi{u*) and are given as in Theorem 2. 

T H E O R E M 6. Let t —> T(t) be a strongly continuous contraction ( | | T ( I ) | | < 
L,F > 0) cosine function on a complex Banach space X with infinitesimal 
generator A, such that A6x ^ 0. Then the following five inequalities 
(8b) N ^ x f ^ ^ i ^ i i x i i ^ p ^ I R , 

hold for every x € D(A6) (on X) and for a fixed number i = 1,2,3,4,5, 
where constants Rf(6) (i = 1,2,3,4,5) are of the form 

Ä?(6) = 
n<5 (POO 

((12)!)* 
with given as in Theorem 2 and £{ (i = 1,2,3,4,5) by (18e). 

Query. The corresponding case to groups (k = 2) and the computation 
of the constants R?(6) (i = 1,2,3,4,5) is still open. 

Acknowledgement. We are grateful to the computer scientist Panos 
Karagiorgis for his assistance to find numerical results given by (18e). 
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