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ON THE LAURICELLA PROBLEM 
FOR THE EQUATION A2u(X)=f(X,u(X)) IN THE CIRCLE 

o 
In [l] the Lauricel la problem for the equation A u(X) = 

= f(X) in the c i r c l e was solved. 
In the present paper we shal l study the following Lauri-

c e l l a problem,in the c i ro le K = {x :|x| < R } , 

( 1 ) A 2 U ( X ) = f ( X , u ( X ) ) f o r X e K , 

(2) u(X) = f ^ X ) for X e 3K, 

(3) D .tt(X) = f 5 (X) for X e 3K, 
nX * 

where f , f ^ , f 2 are given functions, n^ denotes the inward nor-
mal to 3K in the point Xe 3K. 

2. Using the convenient Green function G, we shal l replace 
the problem ( 1 ) - ( 3 ) by an integral equation which may be solv-
ed by the Banach method of the contracting mapping. 

Let us denote: 
X = (x-pxg) i s an arbitrary point of K, 
Y = ( y v y 2 ) i a a n arbitrary point of the plane E^, 
X = ( x 1 f x 2 ) i s the symmetric image of X with respect to 3K, 

r 2 (X;Y) = ( y 1 - x 1 ) 2 + ( y 2 - x 2 ) 2 , 

A = - ( 2 R 2 ) ' 1 , B(X) = R2 - r 2 ( 0 ; X ) , 
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and consider the function G of the form 

G(X}Y) = r 2(X}Y)g(X;Y) + AB(X)B(Y) for X c K , X ^ Y, 

where 

g(X;Y) = ln [ r (0 ,X) r (X}Y) (Rr (X ;Y) ) " 1 ] for X / 0 , 
g(0;Y) = lnr(0 ;Y) - InE f o r Y / 0 . 
The function G s a t i s f i e s the following condit ions: 

G(X;Y) = 0 f o r X £ 9K, 

Dn G(XjY) = r 2 (X;Y)D n g(X>Y)i+g(X}Y)Dn r2(X|Y) + 
nX . nX nX 

+ AB(Y)D B(X) = 0 f o r X e 8K, 

because, by [2] Vol.1, p.250, we have g(X}Y) = 0 , 
r 2 (XjY)D g(XjY) = R~1B(X) and AB(Y)D B(X) = -R~1B(Y) for 

nX nX 
X e 3K. 

Moreover 

(4) AyG(X;Y) = 2AB2(X)r"2(X{Y) for Y e 3K, 

(5) Dj^AyGiXjY) = H^XjY) + H2(X}Y) for Y c 3K, 

where 

H^XjY) = 2 ( R 3 r 2 ( X ; Y ) ) " 1 B 2 ( X ) ; H2(X}Y) = 2 {R 3 r 4 (X ;Y) ) ~ 1 B 3 (X) . 

3« Now we shal l give the theorem concerning the unicity 
of the problem (1) - ( 3 ) . Let us introduce the following two 
d e f i n i t i o n s . 

D e f i n i t i o n 1. We shal l c a l l the c l a s s (N) 
the set of a l l functions ucC(KJ such that |u| £ r ( r being 
a positive number). 

D e f i n i t i o n 2. Ve shal l c a l l the c l a s s (F) 
the set of a l l functions f (X,u) such that the functions 
D ^ f ( X t u ) , i = 0 , 1 , are continuous and bounded for (X,u) c D1 = 
= j ( X , u ) : X e K, uc [ - r , r ] } . 
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T h e o r e m 1. I f f e (F), D,(,1 ^ f U . u ) 0 f o r U A n , 
(X ,u) e D 1 , and the f u n c t i o n s u. j ,u 2 of c l a s s C (K) n C (K) 
are s o l u t i o n s of the problem ( 1 ) - ( 3 ) , then u^(X) = u 2 (X) 
f o r X e K. 

P r o o f . By [ 2 ] , V o l . 1 1 , p . 1 7 9 , we have 

P1 = // {[A( ^T-Ug)] 2 - {ii1 [A2i lî  dY = 
K 

= - i [ ( V U 1 " U 2 , , A U 1 - U 2 ) " 

8K x 

- ( i i ^ U g j D ^ A i u ^ U g ) ] dSy = P g . 

o 
By the formula A = f f X , ^ ) ( i = 1 , 2 ) and by the mean value 
theorem,we obta in 

P1 = J J {[A(ia1-u.2)] 2 - ( u r u 2 ) 2 D a f ( Y , u ) } d Y ^ 0 , 
K 

where u = u ^ i u g - u ^ , 0 < Q < 1 , t h e r e f o r e ue (N). S i m i l a r l y 
by the boundary c o n d i t i o n s ( 2 ) , ( 3 ) , we get P2 = 0 . Hence 
P1 = P 2 = 0 i m p l i e s u1 = u 2 , f o r I f K. 

4 . Let the f u n c t i o n V denote the s o l u t i o n of the biharmo-
nic equat ion 

( 1 a ) A 2 U ( X ) = 0 f o r X e K , 

s a t i s f y i n g the boundary c o n d i t i o n s (2 ) and ( 3 ) . 
Consider the i n t e g r a l equat ion 

(6 ) u(X) = S ( X ; u ) + V ( X ) , 

where 

S ( X ; u ) = I.j (X ;u) + I 2 ( X j u ) j V(X) = v 1 (X) + v 2 ( x ) 

and 

I-j (X ju ) = A1 / / f ( Y ; u ( Y ) ) B ( X ) B ( Y ) d Y , 
K 
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I (X,-u) = A1 ¡I f(Y;u(Y))r2(X}Y)g(X}Y)dY, 
K 

V.,(X) = A2 J/f^Y)!) AyGfXjYjdSy, V 
V2(X) - A 2 j f2(Y) AYG(X}Y)dSy, 

3K 
A1 = -(4JT)"1, A2 = -(8R)"1, the functions Dn A^G, AyG being 
given by formulae (4), (5). 

Let || W—Z || = su| | W(X)-Z(X)| = d(W,Z) for any functions 
W,Z € C(K). By [1] , we have 

| V^ (X) +V 2(X)|^B= sup |f̂  (X)| + 2R sup |f2(X)| . Xc9K Xe3K 

Now we shall give the lemma concerning the estimate of 
the Green potentials. 

L e m m a 1. If f e (?) and M. = sup |f(X;u)| , 1 (X;u)eD1 
the following inequalities hold 1 

(a) |I1 (X;u)| < f |A1|M1 R6; (b) |l2(X; u)| ̂  H(R), 

where 
H(R) = C1R2|^C2+C3 |In R| + R2C4|ln R| + C5R2 , 

C^ (i=1,...,5) being a convenient positive constants. 
P r o o f . We omit the simple proof of the inequality 

(a) and we shall prove only (b). Let us write the function 
in the form 

I2(X,u) = J1(X,u)+J2(X,u)+J3(X,u), 

where 

J^ {X,u) = A1//f(Y,u(Y))r2(X;Y) In [r(0,X)r(XjY)] dY, 
K 
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J2(X,u) = -A1 jf f(Y,u(Y))r2(X;Y)ln R dY, 
K 

J3(X,u) = //f(Y,u(Y))r2(X;Y)ln r(X;Y) dY. 
K 

For the function J2 we have the following estimation 

|J2| $ 45r|A1|M1R4|ln R| = 2A3R2|lnR|, where k^ = 2JT| A1 J l^R2. 

Now we shall estimate the function J^. By [2], p.249, we 
have the following inequalities 

(7) R(R-r(0,X)U r(0,X)r(X,Y)<R(R+r(0,X)). 

We shall consider two cases: 
1' r(0,X)> R 

r(0,X) = 0 for X = 0. 
By (7), in the case 1 we have 

(1 - J)r2« r(0,X)r(X,Y) < (1 + ¿)r2, n = 1,2,... 

and we shall consider two cases: 
(a) (i+1)r 2<i, -(b) (i+1)r 2>i. 
Ad (a). |J1 (X,u)| < -2A3R2ln (1 - ¿)r2] . 

Ad (b). Let.M(R) = mai( In [(' -1)*2} • 14 * ¿HI 
and we have |ln[r(0,X)r(X,Y)] I SM(R). Thus |j.,Ufii| ̂  
< 2A3R2M(R). 

Ad 2°. By continuity of the function g(X;Y),from [2], 
Vol.1, p.250 we have 

g(0;Y) = -In r(OjY) + In R. 

Hence we can write the function J^O.u) in the form J.j(0,u) = 
= L^O.u) + L2(0,U), where 
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1 ^ 0 , u ) = A. / / f ( Y , u ( Y ) ) r 2 ( 0 ; Y ) l n H dY, 
K 

L 2 ( 0 , u ) = -A1 / / f ( Y , u ( Y ) ) r 2 ( 0 , Y ) l n r ( 0 , Y ) d Y . 
K 

For the i n t e g r a l s L^, L 2 we have the fol lowing e s t i m a t i o n s 

| L 1 (O.ujj < \ A 3 H 2 ¡In R | ; | L 2 ( 0 , U ) | ¡J A ^ M ^ R 2 / / |ln r ( 0 ; Y ) | dY. 
K 

For the e s t i m a t i o n of the i n t e g r a l L 2 we s h a l l d i s t i n g u i s h two 
c a s e s : 
( c ) fisn, (d) R > 1 . 

Ad ( c ) . Using the polar c o o r d i n a t e s we obtain 

|L 2 ( 0 ,U ) | ^ - \ A 3 R 2 ln R + 5 A 3 R 2 . 

Ad ( d ) . | l 2 ( 0 , u ) | < \ A 3 ( R 2 l n R - \ R 2 + 1 ) . 

Hence 

| ( 0 , u ) j < |L1 ( 0 , U J | + |L 2 (0 ,u)| A 3 R 2 |ln R| - \ A 3 R 2 ln R f 

+ \ A^R2 
4 3 

f o r R $ 1, 

j J 1 ( 0 , a ) | A 3 R 2 |ln R| + \ A 3 ( R 2 l n R - ^ R 2 + 1 ) f o r R > 1 . 

Now we s h a l l e s t i m a t e the f u n c t i o n J^,; we have 

|J 3 (X ,u)| A^M^4R2 / / |ln r ( X ; Y ) | dY. 
K 

Applying the polar c o o r d i n a t e s 

y 1 - x 1 = pcosy, y 2 - x 2 = psin<p, 0 < f < 2 j r , 0 ^ p < P(<f) < 2R, 
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we obtain 

|J3(X,u)j « A3R2(l-21n2R) f o r R S ^ , 

|J3(X,u)| ^ A3(i + 2R2ln22 - (2JT)"1R2) f o r R > ^ . 

By the foregoing inequal i t ies f o r the functions J 1 , J J - j . 
we obtain the inequality ( b ) . 

5. Denote F v (X;u) = S(X;u) + V(X) , 

q = A1 SUp 
(X;u)eD 

j jDu f (Y ,u)G(X;Y)dY 
K 

and M0 = sup |Dnf(Xju)|. <- I v > n I u I (Xiu)eD 

We shall prove the fol lowing leimma. 
L e m m a 2. I f the functions W,Z,u belong to the 

class (N) and |V(X)| < ( l - q ) r , where q t ( 0 ,1 ) , then 

1° S(X}0) = 0. 

2° d(S(W),S(Z) ) <qd(W,Z). 

F V(W ) -P V (Z )| < qd(W.Z), 

Pv(u)|| < r . 

P r o o f . The assertion 1° i s evident. 
Ad 2°. We have 

d(S(W),S(Z) ) = I AJ sup 
XeK 

j/ [ f (Y ,W(Y } ) - f l (Y ,Z (Y ) ) j G(X;Y)dY 
K 

By the mean value theorem, we obtain 

d(S(W),S(Z) ) = IAJ sup 
' 11 (X;u)eD1 

$lA-1 d(W,Z) SUD 
i '' i v .n i ; (X;u)eD 

f j (W-Z)Duf(Y,u;G(X|Y)dY 

qd(W,Z), f j Duf (Y,ii )G(X}Y)dY 
K 

where u = W+Q(Z-W), 0<Q <1, therefore u e ( N ) . 
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R e m a r k . Indeed q e (0,1) f o r Mg su f f i c i en t l y small, 
because, by Lemma 1, we have 

sup 
(X, u)eD. 

= M2 sup JJ |G(X;Y)| dY <M2 [(2)~1jr| A.,| R6M., + H(R)] . 
XeK K 

The proof of the assertion 3° i s similar to that of 2°. 
Ad 4°. By 1° ,we have 

||Fv(u)|| = ||S(X,u) + V(X)|| = ||S(X,U)-S(X,0)+V(X)|| * 

||s(X,u)-Si(X,0)|| + ||v(X)|| <qd(u,0) + ( l - q ) r < 

< qr + (1-q ) r = r . 

By Lemma 2,ithe mapping Fy i s contracting for the functions of 
the class (N) and transforms every function u e (N) into a 
function of the class (N). 

Lemma 2 and Theorem V I I I . 2 in [3] imply the fol lowing 
lemma. 

L e m m a 3« There exists exactly one function u e (N) 
sat is fy ing the integral equation (6 ) . 

_§. Let Z1 = { x : R1 < | x | where 0<R 1 <R. We shall 
prove the fol lowing theorem. 

T h e o r e m 2. I f f 1 e C 1 (Z 1 ) , f g e C(3K), f e (F ) , 
u e (N) , u e C4(K) n C3(K) and D^1 ̂ f (X,u) <0. f o r (X,u) e D.,, 
then 
1° the function u being -the solution of the integral equa-

t ion (6) i s the solution of the problem ( 1 ) - ( 3 ) » 
2° the function u i s the unique solution of »the problem 

(1 ) - ( 3 ) • 
P r o o f . Ad 1°. Let us consider the integrals 

I J » k ( X j u ) - A1 // f ( Y , a ( T ) )D j Q(XjT)dY, 3 = 0 , 1 , k = 1 , 2 . . 
K k 

i f Duf(Y,u)G(X}Y)dY sup |Df(X,u)| sup ff|G(X;Y)|di" 
1 u XeK JJ CX,u)€D 1 
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By [1] , the i n t e g r a l s 3=0,1, k=1,2, are l oca l l y 
uniformly convergent at every point XeK. Hence there e x i s t 
the d e r i v a t i v e s 

dJ jjf(Y,u(Y))G(X};Y)dY, k=1,2, j=0,1., 
k K 

and 

A1D i ijf(Y,u(Y))G(X{Y)dY = » k (X;u) , 3=0,1, k=1,2. 
k K 

By the p rope r t i e s of the f u n c t i o n G, we obtain 

D ^ I ° ' k ( X } u ) 0 as X—• XQe 9K, k=1,2, i=0(, 1. 

Prom [l] we have 

A 2 I ° ' k (X;u) = A1 J/f(Y;u(Y))A|G[X;Y)dY = 
K 

= A1 / / f(Y,u(Y))J(X}Y)dY, 
K 

where I ° ' k ( X j u ) = I ^ X j u ) + I 2 (X ju ) and 

J(ZjY) = 4g(X»Y) + 2H~2B(Y) -

- 4 + 4 r " 2 (X jY) (R 2 +y 2 +7 |+x 1 y 1 -y 2 x 2 - 5 i y i - i 2 7 2 '* 

By [4], p. 303, we obtain 

A 2 I ° ' k ( X j u ) = f(X;u(X)) f o r XeK. 

Prom the l a s t formula and the i n t e g r a l equat ion (6 ) , by the 
p r o p e r t i e s of the f u n c t i o n V, we obta in 

A2u(X) = A2V(X) + A 2 I ° ' k (X |u ) = f (X, u(X)) f o r XeK, 
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u(X) = [ v ( X ) + I ( X ; u ) ] — " ^ ( X Q ) as X - * Z Q e 3K, 

Dß u(X) = [Dn V(X)+Dn I (X {u ) l f 2 ( X 0 ) as X — X Q e 9K. 
X X X 

The assertion 2° fo l lows from Theorem 1. 
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