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TepeM MHXHHKOBCKair-rLiiomHCKaii 

CBOHCTBO O n E P A i m H flH<D<I>EPEHIIHPOBAHHJI BbUIOJIHEHHOH 
H A M O ^ H 4 > H U H P O B A H H O M O E O E m E H H O M KBA3H-IIOTEHIJHAJIA 

I I P O C T P A H C T B E H H O r O 3 A P ^ A 

J . BBe^eHHe 
C.A. Siì^eJiBMaH H X. Mmiimep-rpy&eBCKafl: Hccjie^OBaJiH $yHfla-

MeHTajiBHHe pemeHHH CHCTeu napaóoJumecKHx no IIeTp0BCK0My HHTe-
rpnpyeMHe b SecKOHe^HOM npoMeacyTKe o t h o c h t s j i b h o BpeMeHHoS n e -
peMeHHOfi. 

B cjiy^iae Kor^a iho j io H3MepeHH0 npocipaHCTBa n MeHBine 
nopHjpca CHCT6UU 2"b nociposHH t s k Ha3NBaeMiie cneiinajiBHHe $yH-
AaMeHTajiBHHe pemeHHH. 3 t h pemeHHH nojiytteiio nyTeM OTÓpacHBaHHfl 
HecKOJiBKHX Ha^iajibHHX qjieHOB b pa3Ji03KeHHH KBa3H-pemeHHH n a p a -
öoJimiecKoä CHCTeMH b phä TeiìJiopa (cm. [ 3 ] ) . C.IJOHKajia [ 4 ] 3 a -
MeTHJi» ^ t o b ojiy^ae H e y e m o r o i n c j i a h3MepeHHü ti moscho n o -
CTpOHTB TaK Ha3HBS6M06 MOflH$HII,HpO B a H H O e (JjyHflaMeHTaJIBHOe peme-
HHe, KOTopoe HMeeT JiynnHe eBofteTBa npn oitemcax qeM cneiyiaj iB-
Hoe $yH,naMe h t aJi b ho e pemeHne. Oho nojiyqeHO H3 pn^a Teiijiopa n y -
TeM OTÖpacHBaHHH MeHBmero cucila wjieHOB qeM paHBme h ^jibjihgtcìi 
HHTerpHpyeMHM. B .naHHOä paöoTe onpeaeJieH oöoßneHHHß moäh$hipi-
poBaHHBiH noTeHuzaji npocTpaHCTBeHHoro 3apH^a (18) h ^0Ka3aH-
Hoe ajih: Hero cboì ìc tbo ( 2 8 ) . 

I I . IIocTaHOBKa a a j a m i 
IlycTB öyseT ÄaHa cucTeMa m ypaBHeHHii nopa^Ka 2b> n a p a -

6ojiH*iecKaH no üeipoBCKOMy, b npocTpaHCTBe E11* < 0 , <=*>) b c j i e -
JiyiOIUeM BHfle 

(1) 
(klkl<2i 
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2 T.ttHXHHKOBCKaK-IIjIK)QHHCKaH 

rfle n ae^eTHoe tocjig» npocTpancTBeHHaH nepeuesHan x = 

= (x^,... e £2' (¿2' - orpammeHHatf ofijracTB npocTpancTBa 

R n ) a BpeMeHHan nepeMeHHan t > 0. 
(JO 

Ko3$$HqHeHTH A^j cHCTeuu (1) orpaHHieHH h Henpepubhh b 

( Q' * < o, ). Ohh y^OBJieTBopHiDT ycaoBHHM Te^bflepa cjieflyio-

mero BH^a 

A ^ > ( x f t ) - A ^ > ( x , t ) (2) 

Kor^a |k| = 2b, 

< const x x | h + |t-tl h 

(3) I ^ J ^ x . t ) - A ^ ( x , t ) < const|xx| h, Kor^a |k| < 2b, 

npnieii (Id) = (k^,...,k n), r,ne k ^ k g , ...,k„ hbikdtoh HaTy-

paaBHHMH tiHCJiaMH hjih paBHHMTCH Hyjno, a |kl| = lCj + 15^+• • 

|xx| - 03Ha^aeT Ebkshaobo paccTOHHae flByx TO^eic x,x npHHafl-

jieatamnx k ofijiacTH £2', r,ne x = (x^,...,x a)$ |t - tj - onpe-

AeJineT- BeJiH^HHy uoxyaa pa3HHqii AByx BeiHiHH BpeMeHHOfl nepe-

MeHHoii| const - 03Haiaet yHHBepcaaiHyn noaoacHTeJibHyB hocto-

HHHjno» IIoJioacHTejibHHe iioctohhhh@ h, h' He <5ojii>nie eflHHimH. 

Onepaiop iH$$epeHUHpoBaHHH b CHCTeiie (1) nueex bha 

J l £ | 

8 1 x 1 a x 2'••3 % 

CHcieMa (1) HBJiHeTCH napafiojiiHiecKOll no neipoBCKOMy (cp [2] 

CTp. 161)» 

HeH3BeCTHaH (JyHKipiH u(x,t) HBJIHeTCJI CTOJl6l^OBOft MaTpn-

iteft B cJieaymneM BH^e 

(4) u(x,t) = [i^ix.t), u 2(x,t),... ,u n(x,t)J. 

noroxeJiBCKHfi ( [2], (9,7) CTp. 180) Hameji MaipHijy $yH*aMeH-

TajiBHHx pemeHHit, KOTopyio 3anniaeM b cjie^yromeM bhjie 

(5) H x . t j y . r ) =(raL/} (x,t;y,r)) , 

a,fi= l,...,m, t>r>0, y = ( y 1 t . . . , y n ) e Q'. 
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Cbo&cxbo onepaQHH Az^epeHi^poBaHHH 3 

B CBH3H c CHCTeMOfi (l) paecMOipHM BonoMaraTeiBHyM CHCseuy, 

B cjieflymmeM BHfle 

(6) A ^ ^ . O D ^ ^ U j - - 5 ^ = 0, i=1,2 m 
1*1 = 26 

i\ne X onpefleaeHHas ioikb oCoiacTH Q ' t t, HBJweTCJi BeaiHiHHOfl 
BpeMeHHOit nepeMeHHOft. 

Pememie 3Tofi CHCTeuu jspa. 0 < t < T = const (cp [2]) h-
ueei bha MaipHqu 

(7) W (x,t;y,r) = (wazJ (x,t;y,r)) , a,/3 = 1,...,m, 

Ha3HBaeMOfi MaTpnqefi KBa3H-pemeHH0. 
B pemeHH (7) K03$$HiiHeHTH cacTeMu (6) nocTOHHHH b toiks (2>£)» 
ITO HaMeieHO Hafl 6yKBo8 W. 
OqeHKH flJM npOH3BOAHHX K - TOTO HOpHflKa SJieUOHTOB MaTpHQU (7) 
mokho sanHcaib b BHfle (cp [2] (33) h (34)) 

(8) D<k)(wZ,i<x,tSy,r) < 
( f e z r 

•1*1 exp 
ck|xy|M 

2b-1, 

Vt^t 
2b r^e q = 2b-1 npn^ieM noaoaaiTeJiBHHe nocTOHHHHe C^ h c^ 3a-

BHCHT OT nOpnflKa IipOH3 BOflHOfi , HO He 3aBHCHT OT TOUCH (Z,j ) . 
HepaBeHCTBO (8) cnpaBeflJiHBO ffs Kaaĉ oft napn (x,y) TO^eic 

o&tacTH £2' npn 0 < r < t < T. 
OqeHKH (8) MOKHO nepenncaTB b apyroM BHfle 

(9) D(k)fwz'{(x,t;y,r) < const 
(t-r/ xy 

b kotopom x ^ y h ' 0 < /i < 1, Kor^a |k| + n > 2 b. 
B stoM paSoTe Hac HHTepecyioT TaKHe pemeHHH napadoaniecKHx 

CHCTeMj KOTopue HHTerpnpyeMH OTHOCHTeji&HO BpeMeHH.oft nepeMeH-
hoH t 6 < 0 , <»). B CBH3H c DTofl npo6oieMo8 pa3pa60iaH0 Teopmo 
cneiyiajiLHHx pemeHHK, a b nocjie^Hee BpeMH HCCJieayiOTCH t.h. mo-
AHiJiHijjipoBaHHKie pemeHHH. PemeHHH sth noJiywaeM b caiy^ae, Korja 
n MeHBme nopHflica cHCTeMH 2b. Hac Cy^yT HHTepecosaTB TaKH^ 
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4 T «MB XHHKO BCKâH-11X10 QHHCICafi 

M0ÄH$HiiHp0BaHHHe penieHHfl:, KOTopHe noayiaeM b cjiyqae Koraa a 
HBJifleTCfl HeqeTHHM ^hcjiom, T . e . 11 = 2 1 + 1 } 1 = 0 , 1 , . . . 
B cjiyiae Kor^a 11 jiBaneTCH remira îhcjiom TeopHH cnei^ajiBHHx 
ypaBHeHHä óbijia noflaHa C..H. 9ñ,neJiBMaHOM h X* Mmnmep-rpyxeB-
CKofi. Ha^ajiBHue Hccjie^OBaHHH othocht@ji&ho MOXHimimpoBaHHoro 
KBa3n-penieHHir HueiDTch b paÓOTe [i] cip. 7 - 1 4 . IIocKOJiBKy KBa-
3H-pemeHHe ( 7 ) cucTeuH (6) flJin "be < 0 , 00) B cjiyqae 11 < 2b 
He HBJiHeTCH HHTerpnpyeuHu OTHOcmejiBHO BpeMeHHOii nepeMeHHOä, 
pemeime (7) pacKJiaflHBaeTCH b pn,naH TeftJiopa OTHOCHTejiBHO (x-y) 
b OKpecTHOCTH touch a = ( a^,agt...,an) ^ 0 h npeHeßperaeii 
HeCKOJIbKHMH QSpBHMH MJleHaMH, KOTOpue H6HHTerpHpyeMH, OTHOCH-
TejiBHO BP6M6HH0Ü nepeMeHHOÍt t, b ÔecKOHeiHOM npoMeacy-TKe. 

3aMe^eHO, îto b eajmae, Kor.ua pasMepHOCTB npocipaKCTBa 
He^eTHaa, npH KOHCTpyHpoBaHHH M0jíH<í)HiiHp0BaHH0r0 pemeHHH mosho 
npeHeôpetiB o^hhm BHpaacemieM MeHtme ieM npn KOHCTpyHpOBaHHH 
(JyHAaMeHTaJiBHoro cneqHajiBHOro pememm. 3to hphbojuitb k TOMy, 
ito nojijnieHHHe tekhm 0öpa30M íyHKijHH nocae ÄHfepeHqHpoBaHHJi 
npOCTO OI^eHHBaiOTCH H He TpeÖyBT CJIOJEHNX BbniHCJleHHH • 

OnpefleJieHHe MOjH$HOHpoBaHHoro pemeHHH AXE chct6mh (6) Ha-
xoflHM b $opMyjie (25) pafioTH [l] CTp. 7. 3anHineM ero b CJie,nyio-
qeM BH£e 

(xft;y,r,a) = 

(10) ^ 

\k\=Zb-n 

a ,f3 = 1,... ,m 

rae 0603HaieH0 Êj. = ~ I i = 1,2,..., u . 
M0ÂH(î)Hiçip0BaHH0e penreHHe (10) mokho 3anncaTB npH noMOmH 

pemeHHfl (7) b caeayromeM BHje 

(11) (x,t;y,rfa) = (x,t;y,r) - ^(x.tjy, r ,a) , 
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CboSctbo onepaipm iH$$epeHUiipoBaHHii 5 

rae 

(12) 
^(x.tjy.r.a) = 

= 'fz lilT [«1-1? ̂  + <«»"»«> T ^ f l 
lkl-0 

tfaj (x,t;y,r) 
x-y=a 

B flaJiBHeiinieM 6y^eM hsmh paccyXfleHHH Becth b ofioiacTH Q', 
BHyTpH KOTopofi Haxo^HTCH orpammeHHaH oSjiacTB ¿2 BMecTe c 
K0HTyp0M S. Q c £2' c R n; x,y, Z e Q', t,r, £ e < 0, ) f p33-
MepHOCTB npocipaHCTBa n = 21+1; 1 = 0,1,... Toxica a ^ 0, 
a e ff. 

Ha 0CH0BaHHH (fopMyjiH (3.2) h (3.3) b pafioTe [l] H3BeCTHH 
OlfeHKH npOH3BOJIHHX nOpHflKa p SJISMeHTOB MaTpHQH MOiH$HU,HpO-
BaHHoro KBa3H-pemeHHH. nepeiracHBaeM hx b cjiê yiomeM BHfle 

(13) m p ) ( w 7 , i (x,t;y,r,a))| < const 
(t-T)«IE 

jjih t - r> 1 h I p I = 

(14) I d ^ W ^ (x,t;yfr,a)) < const 
( t - t f |xy| n + 

flJIH 0 < t - r < 1 H 0 < ft < 1. 
Ha OCHOBaHHH (3.4) pafiOTH [l] H3BeCTHO, *ITO 

(15) D ^ W * ' * (x,t;y,r,a)) = d£>>(wz<* (x,t;y,r)) 

r^e | p | > 2b - n - 1. 
OSpaTHM BHHMaHHe Ha TO, ÎTO OCHOBHOe Cnen,HaJIbHOe KBa3H-

pemeioie OTMeiaeTcn ot M0flH$Hiyip0BaHH0r0 KBa3H-pemeHHfr cjieayio-
hjhm *ijieHOM (cp [l], (3.1) CTp. 8) 

d(x,t;y,r,a) = 
(16) 

1 
(2b-n)I 

-(2b-n) 
(x,t;y, r) x-y=a 
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6 T .MHXHHKO BCKan-IlJiioiiHHCKaii 

I I I . Ho cae,no Bara e KBa3H-noTeHifliaJia o6pa3QBaHHoro npn n o -
MOHH MOJH(JLHI]HpOBaHHOrO K B 3 3 H —penieHHg 

By^eM nojiBsoBaTBCH cBoficTBaMH KBa3H-noTeHi^aJia n p o c i p a n -
ctBeHHOro 3apH,ia ( cp [ 2 ] , ( 6 4 ) c i p . 1 7 3 ) . B KBa3H-noTeHiinajie 
HaxoflHTCH IIJIOTHOCTB cp(y, r ) = [fj_(y> t) > • • • »<pm(y> r J ] HenpepHB-
HaH H orpaHHieHHaH B O°I) icoTopaH yaoBJieTBopjieT y c j i o -
BHK TEJIBAEPA 

( 1 7 ) |cp(y, t) - ( f ( y , T ) < c o n s t | y y | <f
f i\ne h^ e ( 0 , 1 ) . 

AHajiorHiHO KaK B paÓOTe [ l ] Hccjie,nyeM CBoScTBa CJte,ny»mero 
oÓofimeHHoro uoAH$HipipoBaHHoro KBa3H-noTeHipiajia 

t 
( 1 8 ) U ( x , t , a ) = J J ( x , t } y t r , a ) ( f ( y , r ) d y d T . 

0 £ì' 

finn coKpameHHH 3anncn onepaTop BHciynaiomHii B CHCTeMe ( 6 ) 
3anHmeM cjie,nyx>mHM 06pa30M 

0 9 ) ^ = P 0 - , 

?</<m 

r * e P 0 = ¿ 2 , i = 1 . 2 , . . . . m . 
Ul -26 

AoKaaceM TeopeMy COOT B e i c i Byiomyio TeopeMe 5 , CTp. 180 B p a -
Óoie [ 2 ] ffiR MOflH$HiyipoBaHHoro KBa3H-noTeHmiaJia. C 3TO# u e a t m 
HccjieflyeM pe3yaii.TaT onepaipra L 0 ajhh U , £ ) = { y , t ) T . e . L q = 
= Ha OfipfimeHHOM MOflHfHI^pOBaHHOM KB33H —nOTeHIJHaJIOM. 
Pa3JioxHM npe^eJi HHTerpnpoBaHHH OTHOCHTeJiBHO r Ha ^Ba qacTHH-
HHX npeseJ iH, a HMeHHO OT 0 ao t - T , r ^ e T = c o n s t H OT 
t - T flO t . B CBH3H C 3THM HMeeU 

( 2 0 ) L 0 ( y ( x , t , a ) ) = £ w t f , r ( x ^ ; y . i - , a ) < p ( y , r ) d y d r ^ + 
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Cboöctbo onepaipm ÄH$$epeHi^ipoBaHHJi 7 

Ha ochoBaHHH (fopMyjiH ( i l ) onepaipH (20) MoateM npe^CTaBHTi. 
cae^yiomHM 06pa30M 

(21) Lo(l>(x,t,a)) = L^J(x,t}y,r)<Ky,r)dydrJ-

- P Q Í J J P ^ x , t | y , r , a ) í/>(y,r)dydrj + 
\ t-T Si' ) 

^ J / p i ( r ( x ' t J y ' r ' a ) <p(ytf)«iydr^ + + ôt 
\i-T a 

t-T 

+ L j j v y ' t ( . x t t i y 1 t ) (f(y,T)dydj. o 
S3 

• t-T 
- P J j J ^ V ' r ( x , t ; y , r , a ) </> (y.r)dydr j + 

\o Si' ) 

/t-T 
+ tollIpy'r(x»t'y«ra^(y«r)dydr = I 1 + I 2 + I 3 + I 4* I 5 + , I 6 • 

3aMeTHM, h o b cjiaraeMHX ^ » ^3 npapameime BpeusHHHx na— 
paMeipoB yflOBJieTBopneT HepaBeHCTBy ' O t - r < T-

B CBH3H C 3THM MOXeT ItpHMeHHTB K CJiaraeMOMy I/] pe3yjlb-
TaTH TeopeMH 5 b paóoie [ 2 ] . fleücTBHTeJiBHO 

I 1 = L o ( / / W Í f ' r ( x » t " » r ) « p i y t f î d y â r ) = 
\t-TS2' 

= -<?(x,t) + J J L0(wy'T ( x , t ; y , r ) ) y ( y , r ) d y d r = - < f ( x , t ) , 
t-T a' 

T.H. KB33H—peineHHH) yflOBJieTBOpHeT CHCTeMa ( 6 ) , h t s k 

(22) = - <p (x f t ) . 

B cjiaraeMOM I g onepaiop PQ HMeei nopHflOK Btnne ieM cTeneHt 
MHoro^JieHa P i í ' r ( x t t ; y f r ' , a ) T . e . onepaTop PQ BBe^ehhhü nofl 
3HSK BHTerpajiOB AaeT pe3yjibTST 0« 
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8 T .MBXHHKOBCKan-ÜJI IOUHHCKaH 

n O B T O M y 

( 2 3 ) I 2 = 0 . 

a 

P a o c y a t f l a H t & k h m xe o 6 p a 3 0 M o n e p a T o p M o x e u b b 6 c t h n o f l 

3H8K H H T e r p a J i a 

(24) 1 3 = J f - k - ( f a , r ( x , t ; y , r , a ) )^ (y , r ) dyd r . 

Í-7" ¿2' 

B H H T e r p a a a x I g , I g n p n p a m e H H e BpeMeHHHX n a p a M e T p o B a a -

e T t - t > T , B CBH3H C 1 6 M HO f lHHTe rpa J IBHHe f y H K i y i H HBJItflOT-

CH p e r y j i a p H H M H h c o o T B e T c i B e H H H e o n e p a T o p u m o x h o B B e c T H n o ^ 

3 H a K H H H T e r p a Z O B . B CBH3H C 9 t u m 

t-T . 

( 2 5 ) I 4 = f J L 0 ( w y ' r ( x , t ; y , r ) J q > ( y , t ) d y d r = 0 , 

0 Si' ' 

noCKOJ tBKy L 0 ^ W y ' r j = 0 (CMOTPH ( 8 ) , ( 9 ) ) , 
t-T f r \ 

( 2 6 ) x 5 = - / / i r ( x , t ; y , r , a ) J V ( y , f ) d y d r = 0 . 

0 Si' 

T a K K a K o n e p a T o p o M n o p n f l i c a 2 b a e f i c T B y e M H a M H o r o ^ J i e H n o p n f l -

K a He 6 o j i e e q e M 2b - n - 1 . 

( 2 7 ) I 6 =ff ~k(py,t
 ( x . t j y . r . a ) ^ ? ( y , r ) d y d r . 

o &' 

H a o c H O B a H H H ( 2 1 ) h í o p i t y j i ( 2 2 ) - ( 2 7 ) n o i y ^ H M 

t , 

( 2 8 ) L o ^ ( x , t f a ) j = -<p(x , t ) + ( f ( y , r ) d y d t r . 

Z t s k A 0 K a 3 a H a c j ie f l y iomaH x e o p e i i a . 

T e o p e u a : E c j i h Bnno J iHeHH y c a o B H h ( 2 ) , ( 3 ) , ( 1 7 ) h 

yCJtOBHJI p a Ö O T H [ 2 ] OTHOCt lTeJIBHO K O a $ ( f H i p i e H T O B , TO M O J H Í H H H P O -

BaHHUÖ o6o6meHHi i f t KBa3H—noTSH i íHa J i n p o c T p a H C T B e H H O r o 3 a p « f l a 

( 1 8 ) 0TH0CHT6J IBH0 I i apaÖOJUH ieCKOf i OHOT6MH ( 6 ) y^OBJ i e TBOp j i e T 

C B O ñ c T B y ( 2 8 ) . 
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CBOACTBO onepaqHH AB$$epeHqHpoBaHHH 9 
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