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Abstract

In this paper, we prove that there exists a weak solution for Schrédingerean technique
for order performance by similarity (TOPSIS) equations on cylinders. Meanwhile, the
boundary behaviors of it are also obtained via the abstract theory of fuzzy
multi-criterion decision making. As the main tools, we use Karamata regular variation
theory and the method of upper and lower solutions.
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1 Introduction

Motivated by uncertainty problems, risk measures and the superhedging in finance, Xue
established the fundamental theory of Schrodingerean expectation theory (see [1]), where
the minimally thin sets associated with a Schrodinger operator are introduced. In the
Schrédingerean expectation framework, the notion of the corresponding Schrodingerean
stochastic calculus of Ito type were also established (see [2]). As in [3], the set

QxR={P=(X,y) eR;;XeQ,ycR}

in R” is simply denoted by C,(I"). We call it a cylinder (see [3]). On that basis, the theory
and applications of the Schrodingerean TOPSIS equation have been developed rapidly
(see [2, 4—11] and the references therein).

In this paper, we consider the following Schrodingerean TOPSIS equation:
T(-AYu+a(P)u(P)=0 (1.1)
in C,(I"), where 0 <s < 1 and the potential « satisfies the following condition:

0< inf a(P) < lim a(P) = as < 0.
P=(r,0)eCu(Q) r—00

Under the Lipschitz assumptions on the potential 4, Yang (see [11]) has proved the well-

posedness of such equations with the fixed-point iteration. Moreover, Liu (see [8]) has

studied the Markov chains when coefficients are integral-Lipschitz, Zhang and Wu (see
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[9]) considered the modified Laplace equations with some good boundaries, Wang et al.
(see [10]) studied stochastic functional differential equations with infinite delay. We can
also refer the reader to Miyamoto (see [3]), Chen (see [5] and the references therein).

Let « > 0 and 1 < p < 0o. Then the weighted weak space R5(I") on cylinders can be
defined by

= (/F|u(y>|”dpa(y>)" <00,

where u are weak solutions of (1.1) on cylinders, dg, () = dist(y,dI')* dyand 1/p+ 1/g = 1.
Let dy denote the Lebesgue measure on R” and dist(y, 3I") denote the Euclidean distance
from z to the boundary of I". We let Rf, = X5 (C,,(I")). Then we can check that dV, (y) = y* dy
in C,(T").

Weak spaces are not studied as extensively as their holomorphic counterparts and many
results on spaces has been done for bounded domains (see [12, 13]), for example, are good
references for holomorphic Bergman spaces. R (I') is studied in [5] and [3, 6] on the setting
of upper half-space and bounded smooth domain in R”, respectively. X% (B), where B is the
open unit ball and the upper half plane in R”, are studied in [7] and [1], respectively.

For nonnegative functions g; and g,, we often write g; < g, or g&, > g7 if g1 < cgy, where
c is an inessential positive constant. Also, we write g; ~ g, if g1 < g, and g, < g;. Through-
out this paper, we shall use the same letter C to denote various constants which may be
different from line to line.

2 Preliminary results

In this section, we first recall one definition and some previous results about the general-

ized Poisson kernel and Green function in the half space, which will be available later.
Let z € R” and r > 0. Let B(y, ) denote the open ball in R”. Let V(B(0, 1)) be the volume

of the unit ball in R”, w € C,,(T"), w = (W, -w,,) and z € C,(T"). Then the extended Poisson
kernel P(y,w) in C,(T") can be defined by

1 Zn + Wy
P =Py, w) = —. 2.1
(W) := P(y, w) VBOD) iz (2.1)
It is easy to see that (see [14] for details and related facts)
/ P(y,w)dw' =1, (2.2)
9Cu(T")

for each z € C,,(T") and for every w € C,,(I").
Let ,5 = (1, B2; ..., Bu) be a multi-index with g; € N U {0} for j = 1,2,...,n and f be a
homogeneous polynomial of degree | ,5 | + 2. Then we see from (2.1) that

fo-w)

i —DfL...ph —
DyP(y,w) . Dzl Dle(y’ w) |Z_W|n+2\3|+1’

(2.3)

whereﬁ=/31+ﬂ2+~~-+ﬁn.
The following lemma collects so-called Poisson-Schrodinger type estimates (see [4]),
which play important roles in our discussions.
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Lemma 2.1 Ifﬁ is a multi-index, u is the weak solution of (1.1) and bounded by M on
B(y, r), then there exists a positive constant C depending on B such that

B
[P u)] = rlBlL

3 Main results
For the rest of this paper, we assume « > 0, p, q € (0,00) and u is the weak solution of (1.1).
First we prove that equation (1.1) has at least a weak solution.

Theorem 3.1 If a changes its sign, then (1.1) has at least a weak solution u;,.

Proof For convenience, let

d, = (1- &g*g)vn.
On

Using Lemma 2.1 it follows that (I - £2G*G) is nonexpansive and averaged. Hence,

1
”tn+1 - tn” =< ||dn+1 _d ” -
n+ 1+ + On+1 1 + 0,
T
+ 1+o {(1 - Un+1)Wn+1 + Un+1dn+1 - [(1 - Gn)Wn + Gndn]}
n+l
1 1
‘ T e+ o]
< Aot — ] + | =20
=1+ - ” n+l ” 1+ + O 1+ o,
1-0u11 Onil Op — Opyl
+ 1 al W1 — wall +L”dn+l_dn” +u” nll
+ Ops1 1+0un 1+0un
On+l n 1
+ - 1-o0,)w, +0,d,||. 3.1
1+0,., lldxl 1+0,., l+o, [( n) n n n] || ( )
Moreover,

i1 — dnull = H (1 - Ht g*g>vn+1 - <1— &g*g)vn

+1 n

< [Vis1 = vall

||PSi[(1 — Oy 1 )Wia1 — Vng*anH]
_PSi[(l - C(,,)Wn - yng*gwn] H
|| (1_ Vn+lg*g)wn+l (1 Vn+1g g)wn ( yn+1 g gwn ||

+ i1 ”_Wn+1 ” +ay ”Wn ”

IA

< Wne1 = Wall + Vi = Ve ||g*an ”

+ U1 = Wi || + g llwall. (3.2)
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Substituting (3.2) in (3.1), we infer that

On+l On
l1+o,1 1+o0y,

Op — Optl Opn+l — Op
21 — 2ull S‘ ldull + ———llwull + ———ldull
+1

1+0,41 1+o0y,
1 1

l1+0,1 1+o0,

+ [Wie1 = wall +

‘H T[(1 = 0w + 0ds]|
+ Vi = Ve HlIWall + et | =Wt || + aullwi |l (3.3)

By virtue of lim,,_, oo (0,141 — 0,) = 0, it follows that

lim <‘ adiia! O ) -0

n—oo\ |1+ 0,41 B 1+0y,
Moreover, {w,}, and {v,} are bounded, and so is {d,}. Therefore, (3.2) reduces to

lim Sup(”tml - tn” - ||Wn+1 - Wn”) <0. (3~4‘)
n— 00

Applying (3.3) and Karamata regular variation theory, we get
lim ||, — wy]| = O. (3.5)
n—00

Combining (3.4) with (3.2), we obtain
lim %41 — %, = 0.
n—00

Using the convexity of the norm and (3.5), we deduce that

~ 2 A2 A2
W1 = WI° < (A = o)Wy = WI* + oullve — Wl

2

=0y

—anm(l—an)[wn— Vi g*gwn—@—Lg*gw)}

l—Oln 1—0[,,

A2 A2 A2
<A =o)lw, = Wl* + o, |-l +(1_an)o'n|:||wn_w||

i ( L )||g*gwn—g*gaV||2}

l-a,\1-a, p(G*G)
< Iy = WII* + o0t || -]

2

’

Vn 2 X «
+O',,]/n<1_—an—p(g*g))”g Gw, - G*Gw

which implies that

A2 A2 A2 A2
|G*Gwu — G*G||” < 11w = W1 ~ [Wis1 — WI* + Gt |-

~ A "
< Wner = Wl (W = W+ Wi = W) + ot |-,

Since

2 Vi
lim inf - 0,
oo "””(p(g*g) 1—an>>
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lim o, =0 and lim ||w,,; —wy| =0,
n—00 n—00

we have the following result:

lim ||g*gwn -g*gw| =0.

Applying the property of the projection Ps,, one can easily show that

it = e |
= [ Ps,[(1 = @)t — ¥4 G* G ] - P, [wr — G * Gwr]||*
< (A - @)Wy = ¥uG* Gy — (Wr — yuG*GWT), v, — W)
= 5 ([5G~ (97 = 7,6 Go00) ~ e+ vy e
— | = @)W = 12G* G — (W = 7,G*Gwir) —v,, + wr |*)
< 5 (15 =91 + 20yl [~ 7,67 G ~ (e 7,6 Goie) ~ e |
11 = W12 = |10 = Vi = YuG* G0~ W) — a7, |
R L O A
+ 2¥n(Tn = Vi, G*G (14 — WT))
20, (T, Ty = Vi) = || 1uG G (10 = WD) + 27| )

1
A2 A2 2
SE(”Tn_WT” + M+ [[vy = wr||” = (|7 — vl

+ 2 [ T = Vall Hg*g(rn - Wrt) ” + 20| Tu | 1T = Vn”)

A2 2
<t =wr|” + M — |7, — vl

= lln - Vn||2 + 4y Ty = Vall Hg*g(fn - M;t)”

+ 40t || Tull 170 = vl
where M > 0 satisfying
M > Sip{2||_7:n” | tn = ¥nG*GTw — (WT = 1 G*GWT) — 7 }.
So we complete the proof of Theorem 3.1. d

Next we prove new Poisson type inequality of harmonic functions in Df P(y,w).

Theorem 3.2 Let/§ be a multi-index such that
(IBl+n-2)p>a+n+1
and w € C,(T'). If

u(y) = D{P(y, w)
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in C,(T"), then

n+a+l
\ﬂ\Z
lully ~ 7"

Proof First, we see from (2.3) that

fo-w)

Iz — W|n+2|ﬁ|+1 ’

u(y) =

where f is a homogeneous polynomial of degree |B] +2. Then we get

pr [f(y |p+1 o
lutty - [ Sy

) |Z — W| (n+21B)p

:/ [f & + (0, T)) P! 2 d

1) |z + (0, 7,,) | 210 ™

n+a+(\;§|+1)p+l +1
" 0,1))”
T / VO+ O aii (36)

T}fln+2\;§\)p+1 |Z+ (O 1) (n+2|Bp+1 "

from the change of variables z — (¥’ + W/, z,) and then z — 7,2z, where we used the homo-
geneity of f.
Since f is a polynomial of degree 1 + | 8|, we know that

o+l
0 < 1</ Z”—dy
ca) |z + (0, 1)|(2+1B1=3)p

o0 zo+1 Zp+1
< / T / : dy dy,
0 (yn + 1)("+|ﬂ|*1)17*”+2 3CH(T) |Z + (0, 1)|"

2
(yn + 1)(n+|)§|—1)p—n—a+2

dyy,

< 0

from (2.2), where I denotes the integral in (3.6) and we used the fact (|B| +n-1)p>a+n.
So

oy~ ——e
n+|B|-1)p—(n+a)+1
T,

which yields

”””N” ~ 7,’ (n+a+1)/(p—n— |ﬂ|+1)
o

Then we complete the proof. d
The following result implies that convergence in R%-norm implies the uniform conver-

gence on each compact subset of C,(I") and point evaluation is a bounded linear functional
on R%. Therefore we can see that XY, is a Banach space with K5 -norm.
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Lemma 3.3 Leta >0, p>0andz€C,(). Ifu € R, then we have

|u(y)| < —=
Yn ’

Proof Letr = %” Note that 7, ~ z,, T, ranges over all point in B(y, r).
Hence, we get
N A2 S 112
W1 = wTlI” < (1= 0p) Wy = we||” + 0|V, — W ||
) 2
<lltw —wrl|” + M — 0 || 71y — Vall
2 A
= l1Tn = vall® + 4| T = vall | GG (2 — W) |

+ 4o, || Tl | T = Valls

which means that

2 A A
OullTw = Vull™ < I Wie1 — Tn”(”Wn W || + [ Wi _Wt”)
2
+ M — 0y Ty = Vil
2 A
=17 = Vull” + 4¥ullTn = vall Hg*g(l—n - wr) ”
+4a, Tl T = vall.
Since
lim «, =0,
n—00

lim ||Wn+1 - Tn” =0,
H—>0Q

and
lim Hg*grn -G *Gwrt H =0.
n— 00

We infer that
lim |lw, —v,|| =0.
n—00

Finally, we show that 7, — wt. Using the property of the projection Ps,, we derive that

Nl = we |

= ‘ PS,' |:(1 _an)<7:n - Lg*gtn)}
1-a,

- P, I:a,,w?r +(1- a,,)(u?r -1 Vi g*gfn):|

-y

2

< <(1 —a)(l— 1 Y (1, — vﬁr)) — o, WT,Vy, — uft>

—Wn
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<@ —a)ltn —wrlllva —well + o (We, wr —v,,)

l-« . R o
= (I =Wl + llvn = we ) + @nlwe, e - vy),

which is equal to

A l-«o o
llo;, — wr||* < d =

T, — we | + —— (WT,WT = V). (3.7)

n a}’l

It follows from (3.5) and (3.7) that

W1 — WA":” <1 -0,)llwy _V‘;T” +0y||va _WAT”

. l1-« N 20 A
S(l—on)llwn—WTlHUn( e —wrl® + N - <wr,wr—vn)>
n —Wn
20 A 20 n A
< l—ﬂ 7w — wr | + ﬂ(wr,wr—v,,). (3.8)
1+a, 1-a,
Since lfgn € (0, ﬁ), we observe that a,, € (0, M). Then

205n]/n clo 2]/;4(2 - )/n,O(G * G))
1-a, Yup(G * G) ’

that is to say

2001Yn | A 4 2)/n(2 - Vn:o(G *Q) . .
——(WT, Wt —v,) < (WT, Wt —v,).
1-ay, Yup(G * G)

By virtue of ) 2, ;‘/—: < 00, ¥, € (0, m) and (wt,wt —v,) is bounded, we obtain that

°°<2yn<2—ynp(G*G>> L ) o
E (wr,wt —v,) {wr,wt —v,) <00,
Yup(G * G)

n=1

which implies that

> 20,y
Z 2 W, W — vy, < o0

p— l-a,
Moreover,
o0 (o]
2 A 2 l+oy,, . .
Z n¥n (Wt,wt —v,) =Zﬂ—n(wr,wr—v,,). (3.9)
n:ll_an n:11+ot,,1—a,,

It follows that all the conditions are satisfied. Combining (3.8) and (3.9) and Lemma 2.1,
we can show that 7, — wr.

Now we repeat some calculations in (3.8) and (3.9) to have

1z, — i)l < max{ ||z, — all, |-l }.



Wang et al. Boundary Value Problems (2018) 2018:12 Page 9 of 11

Consequently, z, is bounded, and so is v,. Let T = 2Ps, —I. One knows that the projection

operator Ps, is monotone and nonexpansive.

Therefore,

I+T .
Zn+l = |:(1 —01)Zy + Oy (1 - M_g g) Vn:|
2 oy

_ I—a,,zn + ﬂ(j_ &g*g)vn + Z|:(1 —0n)Zy + o,,([— &g*g>v”i|’
o 2 o

2 2 "
that is,
1-0, 1+o0y,

Zp+1 5 Zp ) Ly,

where
ol = L2G*G)vy + T[(1 = 0n)zs + 00 = L2G*G)v,y]
" 1+o0, ’
Indeed,
0,
s — bl < — 20 (1— “"“g*g)vml - (1— ﬂg*g)vn
14041 On+l Op

On+l On
l+0,11 140y

(1— &Q*Q)Vn
On

T n+ %
+ {(1 - 0'wrl)ZnJrl + Opi1 (1 - ad lg g) Vn+1}

1 t Opyl On+l

T|:(1 a,,)z,,+an<l——g Q) ]H

After taking a weighted Ostrowski type inequality (see [15-17]), we have

1 1

l+o0,1 1+o0y,

1 p+l

_ d

‘V(B(y,r» [g@,,>”(w) W
1

PO

— V(BW,1) Jeem

[ut)|”

|z4(w)|p+1 dw

~ —

“yln w2 g
n Ny

So

lull,
’M(y)| E n+oc+(lx *
"

The proof is complete. d

Unlike the cases of bounded domains, the next theorem shows that if p # ¢, then there

is no inclusion between 8% and RZ.
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Lemma 3.4 Leto >0 and p,q>0.Ifp #q, then R, does not contain RY.

Proof Suppose that R C 8Z. Then we see from Lemma 3.4 that convergence in any R -
norm implies uniform convergence on compact subsets. Therefore we know from the

closed graph theorem that the identity map from K% to R, is continuous. Hence we get

p q
Vi S VIl (3.10)

Rg ~

as v ranges over all functions in NP,

To show that (3.10) fails, there exists a nonnegative integer k large enough such
(m+k-2p>n+a+l, (m+k-2)g>n+a. (3.11)

Set u(y) = DlgnP(y, 0) for z € C,(I"). It is obvious that u is also harmonic in C,,(T"), since u
is a partial derivative of harmonic function. Therefore we see from (2.3) that

fO)

I/l(y) = |Z|n+2k+1

for some homogeneous polynomial f of degree k + 2. Let us(y) = u(y + (0,8)), where § > 0.
It is easy to see from Theorem 3.2 that for § > 0

”M(S”gp < 5(n+a)(p—n—k+1)

and

”u8 ”Nq < 8(n+a)(q—n—k+1)’

because (3.11) holds.
Hence we get

e e
& A, §n+e)(L/g-1/p) (3.12)

q
sl

for § > 0. Since p # g, the right side of (3.12) is not bounded as a function of §. Thus (3.11)
fails and the proof is complete. d

4 Conclusions

In this paper, we proved that there exists a weak solution for Schrodingerean technique
for order performance by similarity equations. Meanwhile, the boundary behaviors of it
were also obtained via the abstract theory of fuzzy multi-criterion decision making. As
the main tools, we used Karamata regular variation theory and the method of upper and

lower solutions.
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