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A new class of mappings that includes the class of Lipschitzian mappings is introduced. For this kind of mappings, new integral
inequalities of Hadamard’s type are obtained. Our results are extensions of many previous contributions related to integral

inequalities for Lipschitzian mappings.

1. Introduction
A function w : | C R — R is said to be L-Lipschitzian, where
L>0,if

|w(0) —w(x)| <Llo -], (1)

for all o,k € l. In [1, 2], some integral inequalities of Hada-
mard’s type involving L-Lipschitzian functions were derived.
In particular, it was shown that if w is L-Lipschitzian in
0= e, B, a <, then

1 Jﬁw(o_)d(j_w<a+ﬁ)‘sL(ﬁ—rx)) 2

-Qa 2 4

44
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o

1 J’Bw((f) o — w(a) + w(ﬁ)‘ < L(B-a) . (3)

In [3], some Hadamard-type and Bullen-type inequalities
were obtained for the same class of functions. We recall
below the main results established in [3]. Let w be L
-Lipschitzian in [ = [, f3].

(i) Let M,N el with M<N.Let£€[0,1], # = (1 -&)a
+&p, and

We(M,N)=(M-a)’+(B-N)*+sgn (N-W)(N-%)
+sgn (W-M) (W - M)?,
(4)

where sgn denotes the signum function. Then,

B
Ew(M) + ! J w(o) da‘ < LW (M. N)

SRR B 2p-a)

24

(5)

Notice that if £=1/2 and M =N = (a+ f)/2, then (5)
reduces to (2). Moreover, if £ = 1/2 and (M, N) = (a, f3), then
(5) reduces to (3).

(i) Let P,Q Rel, P<Q<R and {§;}., c [0,1], where
E+E+E =1Lt W =(1-E)a+ &3 W,=Ea
+ (& +&,)B and

We e e (PQR)=(P-a) +sgn (W, -P)(W -P)’
+sgn (Q-7)(Q- Wl)z
+sgn (W, -Q)W, - Q)2
+sgn (R=%7,)(R- Wﬁz +(B- R)2
(6)
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Then,

LW g ¢, (P, QR)
Ap-a)

<

1 (B
& w(P) +&w(Q) +&3w(R) - EJ w(o) do

(7)
Notice that if (P, Q, R) = (&, (a+ f8)/2, B) and (&,,&,,&5)

=(1/4,1/2,1/4), then (7) reduces to the Bullen-type
inequality

’%Pc;@+wmiwwq_;%fmﬁw

Moreover, if (P, Q,R) = (a, (a+ f)/2,8) and (&,,&,,&;)
= (1/6,2/3,1/6), then (7) reduces to the Bullen-type inequal-
ity (see [4])
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SL(B-a)
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For other works related to integral inequalities for
Lipschitzian functions, see, for example, [5-11] and the refer-
ences therein.

Motivated by the above mentioned results, in this paper,
we obtain some Hadamard-type integral inequalities for a
new class of functions which includes the class of Lipschit-
zian functions.

2. The Class of Generalized
Lipschitzian Functions

Letw : | c R — R be a given function and o, € [ be fixed.
lw(o) —w(x)| < L(lo = oyl+lx =0y | ), (10)
forall o,k €.

(i) wis (L, 0,)-Lipschitzian

(ii) For all o €1,

lw(o) -~ w(oy)| < Llo oy (11)

lw(0) —w(k)| < lw(o) —w(oy)] + |w(k) —w(oy)]
<Llo -0yl +Llk-0yl=L(lo - oyl+lk -0y | ),
(12)

which shows that w is (L, 0)-Lipschitzian.

Definition 1. We say that w is (L,0,) -Lipschitzian, where
L>0,if

Proposition 2. Let L>0. The following statements are
equivalent:
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Proof. Suppose that w is (L, 0,)-Lipschitzian. Taking x = o,
in (10), (ii) follows. Suppose now that w satisfies (11). Then,
forall o, x €1,

Remark 3. It can be easily seen that if w is L -Lipschitzian,
then w is (L, o) -Lipschitzian, for all o € [.

Let us denote by Z(1) the set of functions w : | - R such
that there exists L >0 for which w is L-Lipschitzian. More-

over, we denote by Z(1) the set of functions w : [ - R such
that there exist L >0 and o, €l for which w is (L,0,)
-Lipschitzian. The following example shows that

LMOZ() (13)
1
o if0<o< -,
4
1 1 1
E—U leSUSE’
w(0) = (14)
1 1 3
oc—-—- if-<o0<-,
2 2 4
3
o—- — if§<asl.
4

Example 1. Let w : 1 =0, 1] - R be the function defined by

One observes that w is not continuous at o = 3/4, which
shows that weZ(l). On the other hand, one has

’w(o)—w(%)'ﬂw(o)lzw(a)s o- %, (15)

for all o €l, which shows that w is (1,1/2)-Lipschitzian.

Hence, w € Z(0).

3. Inequalities of Hadamard’s Type

We first fix some notations that will be used throughout this
section. Let w:ICR— R be (L,0,)-Lipschitzian, where
I'=[a fl,a<B,L>0,and o, € I. We denote by 4, the quan-

tity defined by

y60=<00—“2ﬁ>2+<ﬁ;“)2. (16)

SL(l;{j"a+ZEi|Mi—aol>.

n B
Y &) - 5= [ w(o)do

i1 ~ )« i=1
(17)
n B 1 7 B
Yt - 5= [ w(@)do) = 7= > & [ () - (o) do
nooB
< ﬁiaZaJ lw(M;) - w(0)ldo.
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Theorem 4. Let n € N ( n is a positive integer), {M,}., C1,
and {&;}_, € [0, 1] be such that )" &, = 1. Then,

Proof. Since Y&, =1, one has

Hence, by the assumption on w, one obtains

Y Ea(,) - - fmwdo

i=1 /3_“ a

= ﬁfagfiji(|Mi —oyl+lo—o,|)do
L < B
- ﬁ_a;fi<IM,»—ool(ﬁ—a)+L |o‘—o'0|do->’
(19)
which yields

ﬁ n (20
£L</31_“L|0—00|d0+ ZEi|Mz‘_‘70|>-

i=1

On the other hand, an elementary calculation shows that

B
J lo—ooldo = p,, (21)

Therefore, combining (20) with (21), (17) follows.
We investigate below some particular cases of Theorem 4.

1 (B
Eo(My) + (1 -Ea(M;) - 5 [ w(o) do
M ﬁ_(x o (22)
gL(E?E+£|M3—a&ﬂ1—Q|Mé—oM).
1 (B
(o (1)) + (=Bl (1)) - 52 [ wto) do
sL(%+E|p(x+(1—p)[3—ool+(1—5)|(1—p)a+p[§—00|).
(23)
(M) - — Jﬁw(a) do| <L o M- o,| (24)
ﬁ—(X a B ﬁ_a 0 .
L Hoo tlpa+ (1-p)B-0
s (1= )= 5 [[wto)do) <1 slpas (1= p)p=ay1 ).

(25)
Corollary 5. Let & € [0, 1] and M, M, € I. Then,

Proof. In Theorem 4, let n=2,&, =& and &, =1 — &. Then, by
(17), one obtains (22).

Corollary 6. Let &, p € [0, 1]. Then,

Proof. In Corollary 5, let M, = pa+ (1 - p)f and M, = pa +
(1 - p)PB. Then, by (22), one obtains (23).

Corollary 7. Let M €[ . Then,

Proof. In Corollary 5, let M, =M, = M. Then, by (22), one
obtains (24).

Corollary 8. Let p € [0, I]. Then,

Proof. In Corollary 7, let M = pa + (1 — p)f. Then, by (24),
one obtains (25).

Corollary 9. We have

B
)w(OHﬁ) — J w(o)do sL(ﬂ + atp -0, )
2 B-a), B-a 2
(26)
Proof. Taking p =1/2 in (25), one obtains (26).
Corollary 10. We have
L do| < 2Ho 27
— < 0 .
’w(oo) ﬁ—aLw(a) o “Ba (27)

Proof. In Corollary 7, let M = 0,,. Then, by (24), one obtains
(27).

Corollary 11. Let o, = (a+ )/2, that is, w is (L, (a + 8)/2)
-Lipschitzian. Then,

55t

Proof. By (16), for o, = (a + f3)/2, one has
by, = (B—al2)’.(14)(52)
Then, by (27), one obtains (28).

Remark 12. Corollary 11 shows that the inequality (2) which
was obtained in [1, 2] for the class of L-Lipschitzian functions
still holds for (L, (« + 8)/2) -Lipschitzian functions.

Corollary 13. Let & € [0, I]. Then,

1
-«
SL</3[Jj"“ +(2€—1)00—E(oc+[3)+[3).

B
Ew() + (1 - E)w(B) - jwwwG

(29)

Proof. In Corollary 5, taking M, = & and M, = 3, (29) follows.



Corollary 14. We have

Proof. In (29), taking & = 1/2, (30) follows.

Corollary 15. Let 0, = (a+ 8)/2, that is, w is (L, (a + f3)/2)
-Lipschitzian. Then,

B -
w(a) +w(B) 1 Jw(a) do| < 3L(B-a) (31)
2 B-al, 4
Proof. In (30), taking o, = (« + f3)/2, (31) follows.
Corollary 16. Let M,,M,,M;€l, and &,,&,,&,€[0,1] be

such that &, + &, + &, = 1. Then,

1 (B
£w(M,) + (M) + (M) - 5 [ w(o) do

u
gL(l3 "Oa +E1|M1—00|+52|M2—00|+E3|M3—00|).

(32)

Proof. In Theorem 4, let n = 3. Then, by (17), one obtains (32).

Corollary 17. Let 8 € [0, 1]. Then,

'6<M> +(1—6)w(“;ﬁ> - ﬁjiw(a) do
gL(ﬁ”jﬂa +5('“_”0'+2|ﬁ_"0|> v(1-8)F g )

5“2 F -0,

(33)

Proof. In Corollary 16, let (M, M,, M;) = (a, (« + 5)/2, B)

and (&,,&,,&)=(8/2,1-3,08/2). Then, using (32), (33)
follows.

Corollary 18. We have

2 w(@) + w(B) + 2w “; —%{x ﬁw(o)dcr
B-a),

SL[;joa ; 2 (I(x—00|+|ﬁ—00|+2 “;ﬁ o, )}
(34)

Proof. In (33), taking § = 1/2, (34) follows.
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Corollary 19. Let 0, = (a + )/2, that is, w is (L, (a + )/2)
-Lipschitzian. Then,

‘2 [w(oc) +w(B) + 2w <¥>] - Jﬁw(a) do

Proof. In (34), taking o, = (a + 3)/2, (35) follows.

Corollary 20. We have

‘é [“’(oc) +w(p) + 4w (#)] _ ﬁiajzw(“) -
sL(”"o L Ja—ogl+IB- 0y

L2
B-a 6 3

a+pf
2

(36)
Proof. In (33), taking § = 1/3, (36) follows.

Corollary 21. Let 0, = (a+ 8)/2, that is, w is (L, (a + 8)/2)
-Lipschitzian. Then,

e e e KL

(37)

For the next result, let 7" be the set of functions 9 : | - R
satistying the following conditions:

(P) 9€ CHI).

(P) 9'(0) >0, forall o €.

Notice that under the above conditions, the function
9:0=[a B] — [9(a), 9(B)] is invertible. We denote by 97"
its inverse.

Theorem 22. Let 9 € 7" . Then, for all o €1,

Proof. Taking T = 9(«x), one obtains

3(B)
w(97' (1)) dr. (39)
9(a)

Jﬁw(K)S/(K) dx =J

o

On the other hand, for o €[, one has
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Combining (39) with (40), it holds that

()
Next, using the assumption on w, one obtains
(o) —w(97(1))| <L(lo—oo[+197' (T) 0o | ), (42)

for all 7 € [9(«), 9(B)], which yields

() 1
J |w(0) —w (97 (7))| dr

9(a)
9(B)

SL((S(/,?) ~9a))|o —00|+J 197 () -0, | dT).

(43)

(@)

Finally, combining (41) and (43), (38) follows.
We investigate below some particular cases of Theorem 22.

Corollary 23. Let 9€ 7" . Then,

1 p '
‘w(ao) - WJ w(x)d (x) dx

L 9<5>|:;1( o (44)
< T) —0,ldr.
() —9(a) L(a) 0
Proof. Taking o = 0, in (38), (44) follows.
Corollary 24. Let a > 0. Then, for all o €1,
_ B (Fae(x)
‘w(a) 3= “L " d;c‘
af af a+f 2
SL|:|O'—O'0|+m (ln (0—5> + ( B - G—g)a())] .
(45)
Proof. Let
1
S(K)Z—;,KEI]. (46)

It can be easily seen that 9 € 7" and

Hence, by Theorem 22, one has

‘w@ ap Jﬁw(w) »

f-a), ¥

1
-~ +0
T 0

ol

SL(|0—00|+

d1> :

(48)

a -1/«

On the other hand,

—1/B 1
[Lfvolem]
1/« J1/B
1/« 1
+J <00— —) dr=-Ino,
1/o, T
1 1 1 1
ooz p) ol z)

2
+lna-Inoy=In <£> + <"‘+ﬁ _ _)00.
0o a0

(49)

1
- +0,

On — —
T 0

1 1/o, 1
dr = J (— - crO) dr
up \T

T

Finally, combining (48) with (49), (45) follows.

Corollary 25. Let o > 0 . Then,

oo ] el 5 o () (o -2))

(50)

Proof. Taking o = g, in (45), (50) follows.

Corollary 26. Let « >0 . Let 0,=2af/(a+ f3), that is, w is
(L, 2aB/(a+ B)) -Lipschitzian. Then, for all o €,

oo 28 8 (282)).

(51)
Proof. Taking o, = 2af3/(a + f8) in (45), (51) follows.

2af3
a+f

o -

‘w@ _ ap Jﬁw(x) B

B-a), ¥

41

Corollary 27. Let a > 0. Ifw is (L, 2af3/ (e + f8)) -Lipschitzian,

then,
© 20\ ap P w(x) x| < affL In (a+B)° '
‘ ( ) J B-«a ( 4a3 >
(52)

a+pB) PB-a),
Proof. Taking o = 2af/(a + f8) in (51), (52) follows.
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