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A class of SIRS epidemic model with stochastic perturbation and distributed delays is proposed and discussed. Some sufficient
conditions on the stability of the zero solution are established. Finally, concluding that, the white noise is favorable for the stability
of zero solution and the distributed time delays have no impact on the stability of zero solution.

1. Introduction

As an important class of mathematical models, stochastic
differential equations have been widely used in automatic
control, biological, chemical reaction engineering, medicine,
economics, demography, and many other scientific fields.
For better application, people have done a lot of work in
the stochastic differential equations and various particular
equations proposed for the study of stochastic differential
equations. Subsequently, a lot of the literature related to
this topic was published and extensive research results were
obtained. However, many of the problems have not been fully
investigated and deserve further study. As it is well known, in
recent years, the stochastic epidemic systems are extensively
studied. Many important and influential results have been
established and can be found in many articles and books.
Particularly, the stability of zero solutions for various type
stochastic epidemic systems has been extensively studied in
[1-7] and the references are cited therein.

In [8], the authors studied the following classical SIRS
epidemiological model with distributed time delay:

h
S(t)=—/3$(t)L F()I(t—s)ds—uS(t)+b+kR(t),

h
f(t)z[SS(t)L fF)It-s)ds—(uy +A)I(t),
R(t)=AI(t) - (43 + k) R(t).
(1)

Individual are susceptible, then infectious, recovered with
temporary immunity, and then susceptible again when the
immunity is lost. Then parameter b > 0 is the rate of
susceptible individuals recruited into the population (either
by birth or immigration) and g, > 0 is the natural death rate.
The parameter A > 0 describes the rate at which the infectious
population becomes recovered, and k > 0 denotes the rate at
which the recovered population loses immunity. The positive
constant 3 > 0 is the average number of contacts per infective
per day. The nonnegative constant / is the time delay. f(s)
is the fraction of vector population for which the time taken
to become infectious, and it is assumed to be a nonnegative

function on [0, h] as density function and satisfies '[;1 f(s)ds =
1. For detailed biological background, we refer to [8, 9].

In [8], the authors derived the disease-free equilib-
rium P°(S%,0,0) and the basic reproductive number R, =
(Bb/u; (A+p,)) of system (1), where s0 = (b/uy), fisthe trans-
mission coeflicient, and 1/(A + y,) is the average residence
time in the infectious individuals class. By straightforward
computations, it can be seen that, for R, > 1, system (1)
has a unique endemic equilibrium state P*(S*, I*, R*) in the
interior of ERi, where

S*=£=A+M21
R, B
. k + y, .
I's——————(b-wS"),
th (k+ A +u,) '



)

On the other hand, white noise stochastic perturbations
around the positive endemic equilibrium of epidemic models
were considered in [1, 3]. In [1], the authors studied the
following stochastic differential equation model:

h

$(t) = -BS (t)J F) I -9)ds— S ()

0

+b+o, (SH)-S)uw, ),

h
10-p50) [ FO1C-985- @)1

+o, (1) = I")w, (1),

R(t) = M (t) — 3R (t) + 05 (R (£) = R") w5 (1),

where §*, I*, and R* are the positive points of equilibrium
for the corresponding deterministic system (1), constants
o0; (i = 1,2) are the intensity of white noise, and w;(t) (i =
1,2,3) are the standard Wiener processes. In [1], the authors
used the Lyapunov functionals method and the sufficient
conditions for the stability of the zero solution are obtained
for system (3).

Likewise, in [3], the authors studied the same type
of stochastic perturbations and extended the deterministic
model for the epidemics induced by virulent phages on bac-
teria in marine environment, allowing random fluctuations
around the positive equilibrium, and concluded that the
solution of the corresponding stochastic model for phage
bacteria interaction was asymptotically mean square stable
both analytically and numerically.

Motivated by the aforementioned works, in this paper,we
consider the following SIRS epidemic model with stochastic
perturbation and distributed delays:

h
() - —ﬁS(t)J FI(E—s)ds—wSE) +b+kR(2)

0
+0, (S(t)_S*)wl (t)>
h
i =/§’S(t)J0 FO T -s)ds—(uy+ M) T (D)
+0, (1(1) = I7)w, (1),

R(t)=AI(t) - (43 + k) R(t) + 05 (R(t) = R*) 5 (1),
(4)

where the constants o¢,, 0,, and o3 are the intensity of
white noise w, (t), w,(t), ws(t) and w, (t), w,(t), w;(t) are
standard Wiener process defined on a complete probability
space (Q, F,{F,};50> P). The detailed definition of Wiener
process can be found in [2].
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Letu; =S-8%, u, =1-1", u; = R— R*, where N* =
S* + I" + R". Then, system (4) is rewritten in the following
form:

h
i, = —(BI" +py)u; — BS” L f(S)uy (t—s)ds—Pu,
h
xj f(s)u, (t —s)ds + kus + ouyw,,
0

. * * * h (5)
t, =PI u; — S u, + BS J f(s)u, (t —s)ds + Pu,

0
h
X J f(s)u, (t —s)ds + o,u,w,,
0
iy = Ay — (s + k) us + 03u31;.

It is easy to see that the stability of zero solution in system
(4) is equivalent to the stability of zero solution in system (5).
In order to obtain the sufficient conditions for the stability
of zero solution in system (5), we will consider the following
linear part of system (5):

h
& =~ (BI" + )z, - S° L F8) 2, (- 5)ds

+kzy + 0,2,W;,
h
2y =PIz — fS"z, + BS” L f(s)zy (t —s)ds + 0,251,

zy = Az, — (s + k) 23 + 0325105,

(6)
and the auxiliary system without delays
o1 == (BI" +w) y1 +kys + oy yyty,
Y2 = BI"y1 = BS™ yy + 0y 7w, 7)

V3 = Ay, = (s + k) y3 + 03 y3105.

2. Preliminaries
Consider the following stochastic differential equation [2]:

dx(t) =a(t,x,)dt+b(t,x,)dw(t), x,=¢ €H, (8)
where function a(t, x,) defined in [t,, 00) x R" and b(t, x,)
is an n x m matrix, x,(s) = x(t + s) with s < 0, w(¢) is m-
dimensional Wiener process. We assume that x = 0is a trivial
solution of system (8), that is, a(t, 0) = 0, b(¢,0) = O forall £ >
t,- Denote with H the space of f,-adapted random variables
@, with ¢(s) € R", s < 0and loll, = sup,,le(s)l, ||go||f =
supssO[EI(p(s)I2 (E is the mathematical expectation). Let V :
[0,00) x H — Rbe a functional defined fort > 0, ¢ € H.
Generating operator L of (8) is defined [2] by formula

E, V(t+A, -Vt
LV (6g) = lim ( Yesa) =V (£:9)
¢ A—0 A

,
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where a scalar functional V(t, ) is defined by t > 0, ¢ € H,
and x(s) is the solution of (8) by s > t with initial function
x, = @ € H. Let us describe one class of functionals V (¢, ¢)
for which the operator L can be calculated in final form. We
reduce the arbitrary functional V(t,¢), t > 0, ¢ € H, to the
form V(t,¢) = V(t,9(0), 9(s)), s < 0 and define the function

V, (t,%) =V (t,¢)

s <0,

=V(t,x,x(t +5)),
(10)
p=x, x=¢(0)=x().

Let D be the class of functionals V(t,¢) for which
functional V,(t, x) has two continuous derivations with
respect to x and one bounded derivative with respect to ¢
for almost all t > 0. For functionals from D the generating
operator L of (8) is defined and is equal to the following:

oV (t,x) v, (t x)

L g
at (’ t)

2V (tx

LV (t,x,) =
(11)

1
*3 Tr |6 (t,x,) ———b(t,x,) | .
Definition 1. The zero solution of (8) is called mean square
stable if for any € > 0, there exists a § > 0 such that Elx(®)]* <
€ for any t > 0 provided that II(pllf < 4.

Definition 2. The zero solution of (8) is called asymptot-
ically mean square stable if it is mean square stable and
lim, _, E|x(®)]* = 0.

Definition 3. The zero solution of (8) is called stable in
probability if for any €, > 0 and €, > 0, there exists § > 0
such that solution x(t) = x(¢, ¢) of (8) satisfies

P{x(t.¢) > e} <e (12)

for any initial function ¢ € H such that P{|¢| < 6} = 1. Here
P{-} is the probability of the event enclosed in braces.

Theorem 4 (see [2]). Let there exist the functional V(t,¢) € D
such that

GElx () < BV (6%,) < 6 [lx [
(13)
ELV (t,x,) < —Elx ()’ ¢ > 0.

Then zero solution of (8) is asymptotically mean square stable.

Theorem 5 (see [2]). Let there exist the functional V(t,¢) € D
such that
alx®P <V (tx,) < cz||xt||(2), LV (t,x,) <0, ¢ >0 (14)

for any function ¢ € H such that P{|g| < 8} = 1, where § > 0
is sufficiently small. Then the zero solution of (8) is stable in
probability.

3. Main Results

To prove the zero solution of system (5) is stable in probability,
firstly, we will consider the linear part of system (5) and

the auxiliary system without delays. Next, we will consider
the auxiliary system without delays of system (5) and we
will prove that the zero solution of auxiliary system (7) is
asymptotic mean square stable.

Theorem 6. Suppose that

of <2, a; < 24y, <1 + I%) 0§ <2z (15)

then zero solution of system (7) is asymptotic mean square
stable.

Proof. Consider the following Lyapunov function:

2
Vi=pyi+yi+pys+an+ym+y), (16

where p, q are real positive constants to be chosen in the
following. From the It6 formula (11), we have the following:

LV,
= 2Py, 31 + 20202 + 20335 + 29 (31 + 32 + 73)
X (7143, +35) +(p+a)oryi +2(1+9) 03y,
+2(p" +q) 03]
=2(pyi+q( + 3, +3))
X (= (BI" + ) y1 + kys) +2 (32 +q (31 + 35+ 33))
X (BI"y1 = BS"y2) +2(p*ys + a(y1 + 32 + 75))
x (Ayy = psys = kys)
+(p+a)oiy + (1+a) oy, +(p* +a)03y;
+2q0,0,Y, Y, + 240,03, 3

< +2q0,05y, 3 = 2py; (B +py) = 29 (yy + 5 + ¥3)

2

X (thyy + BS™ ¥, = Ayy + s ys) + 2B1 y 3, = 285" y;

=2p’usys + (p+q) oy y;
+(1+q) o3y, +p° A( P +Py3>+(P2+q)0§y§

+ 240,05y, Y, +2q40,03Y, V3 + 20,03y, V3
= [-2pBI" = 2pp; — 2qu, + (p +q) 07|
+ 75 [-2qBS" = 2BS" + (1+q) 75
+ 5 [2qus = 2p°us + p*Ap - 2p°k + pPos|
+2y1 9, [—qm —qBS” +gr + BI” + 40,0, ]
+2y,y5 [aps — aBS” + gA + qo,03]

+29,95 [~qps — qu + pk + 90,03] + q03 y3



<y (p+q) (o7 —2m)
+y3 [(1+q) (of - 2ﬁS*)+pA+2q)L]
+ 05 (PA = 2u3 + 03)
+2y1 0, [BI” +q(0y05 =y = BS” + )]
+2y1y3 [ (-p3 — 1y +0103) + pk]

+ q0§y§ + 2,5 [q(—p3 = BS™ + A+ 0,05)] .
(17)
Set

k I*
i F } (18)
p+ps— 0105 py + ST —A-o0,0,

q:min{

and ag < (1+ (q/pz))cr§ < 2p5. From the condition (15), it
follows

2 2
ol +o

|oy0,| < % <uy +BST-A,
2 2
o+o

|oyos| < =2 > 2 <+ BST-A, 19)

ol + 05
|oy03] < <yt s

By this way, we obtain the following:
LV < —y; (p +4) (21 - 07)
-5 [(1+q) (2BS" - 07) - pA - 2q] (20)
2 21+ L) o? - pr
V3| 4Hs3 p?) % pA -
Choose constant p such that
p= L min {2[/13 - <1 + i)az,
A )7
(21)
(1+q) (ZﬁS* e ZqA) } .
From (15), it follows that there exists ¢ > 0 such that LV, <
—c|y|*, where y = (y,, ¥,» y3). From Theorem 4, we have that

the zero solution of system (7) is asymptotic mean square
stable. This completes the proof. O

In the second place, we will consider the linear part of
system (5) and will prove that the zero solution of system (6)
is asymptotic mean square stable.

Theorem 7. Suppose that

2 29,

ol <24, 05 < e (1+%>032 <245 (22)

where q is defined in (18); then the zero solution of the system
(6) is asymptotic mean square stable.
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Proof. Consider the following Lyapunov function;
V, = pzi + 25 + pzs + q(z + 2, + z,) (23)

Let L be the generating operator [1] of the system (6). We
compute the following:

Lv,

=2(pz; +q(z, + 2, + 23))
h
X (‘(,BI* +1) 2z, +kz3—ﬁS*J f(S)Zz(t—S)dS)

+2(z,+q(z; +2, + 23))
h
X (ﬁl*zl - pS*z, + BS” J f(s)zy (t—s) ds)

+2 (P2Z3 +q(z +2, + z3)) (Az, — psz; — kzs)
+(p+a) oz
+(1+q) agzi + (p2 + q) a§z§ +290,0,2,2,
+ 240,032,235 + 2q0,032,2;3
<-z (p+q) (2m -07)
~2 [(1+q)(2BS" - 03) - pA - 2q]]
-1’z (2.”3 - 05 - PA) + 40325 +22,2,
i = BS"+A)]

+22,23 [q(—p3 — py + 0,03) + pk]

x [BI" +q (0,0, -

+22,25 [q (—ps = BS” + A + 0,03)]

h
+2BS" (z, - pz) L f(s)z, (t —s)ds.
(24)

Using (18), we obtain the following:

Lv, < —zfq (2;41 - af)
~2 [(1+q)(2BS" - 07) - pA - 2q]]

- p°2 (24 - 05 — pA) + q032;

h
+ ppS* [zf + L f(s)z(t—s) ds]

h
+ pS* |iz§ + J f(s)z(t—s) ds]
0



ISRN Applied Mathematics

= -2 [q (20 - 07) - pBS”]
-2 [(1+q)(2BS* - 03) - pA—2g1 - BS”]
- P’25 (21— 03— pA) + qo325 + BS (1+ p)
h
XJ F(8)22(t—s)ds,
0
(25)

and we define a Lyapunov function as follows:

h t
V= BS*(1+p) L £s) L 2(r)drds.  (26)

With the application of the multidimensional Ité’s formula
[1], we obtain the following:

LV, = BS" (1+ p)z5 (t) - BS” (1 + p) th(s) z, (t—s)ds.
(27)
Finally, we define a Lyapunov function
V, =V, +V;. (28)
By (22), (25), and (27), we have the following:
LV, < -z [q (2/41 - af) - p/:’S*]

-2 295" -0 - (1+) 73 - p(1+65)] (0
—pzz§ (2[43 - <1 + I%)a?—pk),

where

Bs X+ pS ’
2us - (1+(q/p*)) o3 }

p= min{q@m-of) 2q(8S" = 1)~ (1+9) 3

(30)

A

Therefore, there exists a ¢ > 0 such that LV, < —clz?,
where z = (z,, 2,, z;). From Theorem 4, we have that the zero
solution of system (6) is asymptotic mean square stable. This
completes the proof. O

Theorem 8. Suppose that the conditions of Theorem 7 hold;
then the zero solution of the system (5) is stable in probability.

Proof. Consider the following Lyapunov function:

V= pu% + u§ + p2u§ +q(u; +u, + u3)2
(31)

t
t—

" 2
+BS*(1+p) L f(s)J e (r)drds.

Then, we obtain the following:

Lv

=2 (puy +q(uy +u, +us))

h
X <—([j’l* +uy) uy + kug — BS” L f()uy (t—s)ds

h
—ﬁulj f(s)u, (t-s) ds) +2 (uy+q (uy +uy+us))

0

h
< (,Bl*ul — BS"u, + BS° J F(8)thy (£ 5)ds
0

h

+pu, J

fuy(t-ys) dS)
0
+2 (p2u3 +q(u +uy + u3))
X (Auy = psuis — kus) + (p + q) Uf”?
+(1+q) ool + (p2 + q) o
+2q0,0,U Uy + 24G0,05UyUs + 20, 03U, U
h
F (e p) ST (L p)BS” | F (90 (- 9)ds
0
< -uj [q(2m - 0}) - pPS”]
~u3[2q(BS" = A) - (1+ )05 - p(A+ S")]
- 5 (245 — 05 = pA) + 2Bu (uy — puy)

h
X J f(s)u, (t—s)ds.
0
(32)

From Theorem 5, there exists a sufficiently small § > 0 such
that P{|u,(s)| < 6} = 1. Then

h

(= pu) [ F @ (69

0

2B

<

h
2Puu, L f(S)u, (t—s)ds

(33)
+

L ("
2Bpu; L f(s)u, (t—s)ds

< 2Bu,uy0 + 2pud = B (Zulu2 + 2puf)
< ﬁ@(u? (1+29)+ ui)
Therefore,

LV < —u; [q(2p - 07) = pBS” - B3 (1 + 2q)]



—u5 [2q(BS" =)= (1 +q) o5 — p(A+pS") - B3]

- pus (2 - 05 - pA).
(34)

Hence, for sufficiently small § > 0, we obtain LV < 0. From
Theorem 5, we have that the zero solution of system (5) is
asymptotic mean square stable. This completes the proof. [

4. Conclusion

In this paper, we considered the SIRS epidemic model with
stochastic perturbation and distributed delays and some
sufficient conditions on the stability of the zero solution are
established. Further, we obtain that the white noise o; (i =
1,2,3) is favorable for the stability of zero solution and the
distributed time delays have no impact on the stability of
zero solution. The results obtained in this paper indicate that
suitable stochastic perturbation can maintain the stability of
zero solution.
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