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We give some interesting identities on the twisted (h, q)-Genocchi numbers and polynomials
associated with g-Bernstein polynomials.

1. Introduction

Let p be a fixed odd prime number. Throughout this paper, we always make use of the
following notations: Z denotes the ring of rational integers, Z, denotes the ring of p-
adic rational integer, Q, denotes the ring of p-adic rational numbers, and C, denotes the
completion of algebraic closure of Q,, respectively. Let N be the set of natural numbers and
Z, = NU{0}. Let Cpn = {¢ | ¢P" =1} be the cyclic group of order p" and let

Tp = Ucpn = nliir;ocpn = pr. (11)

n>1

The p-adic absolute value is defined by |x| = 1/p", where x = p"(s/t) (r € Q and s,t € Z
with (s,t) = (p,s) = (p,t) = 1). In this paper we assume that g € C, with |[g - 1|, < 1 as an
indeterminate.
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The g-number is defined by

[x], = (12)

(see [1-15]). Note that lim;.1[x], = x. Let UD(Z,) be the space of uniformly differentiable
function on Z,. For f € UD(Z,), Kim defined the fermionic p-adic g-integral on Z, as follows:

Ly(f) = f F @) dp_g() = Jim N] 'S o o) (13)

q x=0

(see [2-6, 8-15]). From (1.3), we note that
n-1
q"Lq(fa) = (D)"Lg(f) + [21, 2 (-1)""4°f(€) (14)
2=0

(see [4-6, 8-12]), where f,(x) = f(x +n) for n € N. For k,n € Z, and x € [0, 1], Kim defined
the g-Bernstein polynomials of the degree n as follows:

n k n-k
Bin(x,q) = <k> [x]q[l —x]q,1 , (1.5)

(see [13-15]). For h € Z and ¢ € T, let us consider the twisted (h, g4)-Genocchi polynomials
as follows:

tJ‘ ey gy () = chqg t_ (1.6)
z

P

Then, G(h) é(x) is called nth twisted (h q) -Genocchi polynomials.

In the special case, x = 0 and G e, g(0) Gg/’;r ; are called the nth twisted (h, q)-Genocchi
numbers.

In this paper, we give the fermionic p-adic integral representation of g-Bernstein
polynomial, which are defined by Kim [13], associated with twisted (h, g)-Genocchi numbers
and polynomials. And we construct some interesting properties of g-Bernstein polynomials
associated with twisted (h, g)-Genocchi numbers and polynomials.
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2. On the Twisted (/, g)-Genocchi Numbers and Polynomials

From (1.6), we note that

= fz [x + y],¢"q" D dpg(y)

P

xl,+q¥[v],) ¢V dp g (y)

(
=§<»urfﬁf V1279 du_y ()
(

(h)
n [x] n—-¢ _&fx Ge+1r‘1f§
e 9 g1

We also have

Goo(X) =4 < >[x]" ‘47Gy) .

=0

Therefore, we obtain the following theorem.

Theorem 2.1. For n € Z, and { € Ty, one has
(h) (h)
G () =g (x], +4°G)"

with usual convention about replacing (G( )) by Gn ot
By (1.6) and (2.1) one gets

(h)
Gn+1q 14" 1(1 _x)

n+1

= fz [1-x+y] . sVq " dp g (y)
_ Bl S Ly e
) O

_ (_1\" nth— < _ qu
- oS (e )

n+1q§( )
n+1

— (_1)n€qn+h 1

Therefore, we obtain the following theorem.

2.1)

(2.2)

(2.3)

(2.4)
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Theorem 2.2. For n € Z, and { € T, one has

Gy (1= 2) = (F1)"1g" 3G (25)

From (1.5), one gets the following recurrence formula:

2 ] =1,
g6 1)+ G, = {[ g i (2.6)

a "t o ifns1.

Therefore, we obtain the following theorem.

Theorem 2.3. For n € Z, and { € Ty, one has

2], ifn=1,
0 ifn>1

Gose =0, (a0l +1)"+ G, { e

h

, . . N
with usual convention about replacing (G;, 2 ) by G

From Theorem 2.3, we note that

h B S h
P32 @) - q'en[2], = 4"y < e> 4°Gya,

. 1>n (2.8)

Therefore, we obtain the following theorem.
Theorem 2.4. For n € Z, and { € Ty, one has

q2h gz G(h>

n,q,4 (2) = Gg,l;,g + "th[Z]q- (2.9)

Remark 2.5. We note that Theorem 2.4 also can be proved by using fermionic integral equation
(1.4) in case of n = 2.
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By (2.4) and Theorem 2.2, we get

(h)
G @

(h)
Gn+1,q,§ (_1)
n+1

— (_1)"q"+h_1§ J‘Z [x _ 1]ngq(h—1)x dﬂ—q (x)

_ (_1\" nth-1
prav el DAL A

ST R A )

Therefore, we obtain the following theorem.

Theorem 2.6. For n € Z, and { € Ty, one has

(a0 =2l 5 g ) = G @)
P

Let n € N. By Theorems 2.4 and 2.6, we get

(n+1)q""¢ f (1=l 8%q" ™% dpg () = PG g + (ot D" [2],.
ZP

Therefore, we obtain the following corollary.

Corollary 2.7. For n € Z, and ¢ € Ty, one has

(h)

1 n o sx (h—l)xd _ _h+l G""'qu_l/@_l 2
., [ —x]q,lg q p-q(x) =g C? + [ ]q'

By (1.5), we get the symmetry of q-Bernstein polynomials as follows:
Bk,n (x/ q) = Bn—k,n <1 - X, 5]_1>

(see [11]).

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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Thus, by Corollary 2.7 and (2.14), we get

f Ben (x,4)q" V5" dpg(x) = Bn en(1-2,q7)q" 5 dpy (x)

ZP
< > 2 ( >< - ffzp [1 - 21559 dpua (x)

" o
- < ( n* "<q’“lé% + [2],,> (2.15)
e X
gm1g ":jlg +[21, if k=0,
] h+1 - k-¢ Ggi)é’ﬂ,q‘%é" .

From (2.15), we have the following theorem.

Theorem 2.8. For n € Z, and § € T,, one has

(h)

G
het» Cnelg g .
- (A ), ifk=0,
fz Bk,n (x, q)q( - )xgx d/,[_q(x) = Y . k G<h) (216)
p hal k—¢ n—é+lg71¢7! .
I ()t s,
<k> ; <e> n-¢+1

For n,k € Z. with n > k, fermionic p-adic invariant integral for multiplication of two g-
Bernstein polynomials on Z, can be given by the following:

f Bk,n(x/q)q(h‘”xé’“dﬂ—q(X)=f (Z)[x]’;[l—x]f;l"q(h‘“"éxdu—q(x)

Z, Zy

= IZ (:) [x]ll; (1 _ [x]q>nfkq(h—1)x§x d[/l,l (x) (2.17)
n-k —k
) <Z>ez <n : >(_1)€ [ 1t e dp o,
-0

P

From Theorem 2.8 and (2.17), we have the following corollary.
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Corollary 2.9. Forn € Z, and { € T, one has

(h)
g 2], ifk=0,

(h)
S (" e s " (2.18)
=0 ¢ kel h+1 & k—eGSﬁ)ﬁlq’l &t .
DN Lo el L

Let ny,ny, k € Z. with ny + ny > 2k. Then we get

f Bien, (%, 9) Biow, (x,9)q" V%" dp_g (x)

2k /2k
i <Til<1> <7;<2> j Z, ;)< ¢ >(—1)ZH[1 =X dpg () (2.19)

(h)
_ n My ikl 2k (_1)2k—f Gn1+nz—€+1rq’1/§’1 h+1§ +1[2]
k k = V4 111+Tl2—€+1q 1]

From (2.19), we have the following theorem.

Theorem 2.10. For n € Z, and { € T, one has

J Bin, (%,q) Bion, (x,9)q" V% ¢¥ dp_g (x)

Zp

G

hel m+my+1,g71,¢7!
g
ni+ny+1

(h)
ny ny zzk 2k (_1)2k—€ Gn1+n2—€+1,q71/§71 lf k>0
k k 7=0 Y ny +mnp— £+1 )

Let ny,ny, k € Z, with ny + ny > 2k, fermionic p-adic invariant integral for multiplication of
two q-Bernstein polynomials on 7, can be given by the following:

+ 121, if k=0, (2.20)

j Biom (%, ) Bion, (x,9)q" ¥ dp_g (x)

p

n +ny—2k -2k
i <rzl<1> <1;<2> fz 2 <—1>€<m+nez >[x1§"*“q(“>"é" duqg(x)  (201)

h
m [\ " +§2k( e ny +mnp — 2k ng)+€+1,q,§
= r 3 - Y 2k+2+1°

From Theorem 2.10 and (2.21), we have the following corollary.
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Corollary 2.11. For ni,ny, k € Z, and ny + np > 2k, one has

m+m=2k [y, + ny, — 2k . Gglqc)+€+l,q,§
¢ )TV

=0

G
+1p+1,71,¢7! .
qh+1 r’l’i :2n2‘7+ : + [2]q lfk =0, (2.22)
- _ (h)
ny+ny—2k ny+mnp— 2k (_1)2k—€ ny+my—€+1,q7 ¢! 1f k> 0.

=0 ¢ n1+n2—€+1
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