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Abstract—This article presents finite difference time domain
(FDTD) and finite element method (FEM) based electromagnetic
modeling and simulation of an industrial scanning microwave mi-
croscopy (SMM) material measurement setup. These two methods
have been employed to cross verify each other for classical elec-
tromagnetic simulations of the homogeneous conductive materials
under SMM. For the SMM simulations involving semiconductor
materials, however, a coupled multiphysics solver is required in
addition to the pure electromagnetic analysis. As a solution to this
problem, an FEM-based semiconductor Poisson–Drift–Diffusion
(PDD) solver and its coupling to transient electromagnetic solver
is presented in this article. The considered SMM setup consists
of a conductive fine tip suspended at a certain height above the
sample. For the validation purposes of electromagnetic solvers, the
numerical modeling was based on both the time domain FEM (TD-
FEM) and FDTD. Both numerical methods extract the scattering
parameters from the computed field of the conductive or dielectric
samples. At the second stage of the analysis, the TD-FEM solver is
coupled with the time domain PDD semiconductor solver in order
to simulate charge transport and explain behavior of the charges
in semiconducting domains under electromagnetic illumination
similar to SMM setups.

Index Terms—Electromagnetic modeling, finite difference time
domain (FDTD), finite element method (FEM), frequency and time
domain methods, materials modeling, multiphysics simulations,
scanning microwave microscopy (SMM).

I. INTRODUCTION

D EVELOPMENTS of new organic and inorganic materials
are currently at the focus of industrial needs. The quality

and performance of the final manufactured products depend
strongly on their chemical/electrical/optical/mechanical prop-
erties at nanoscale as well as their arrangements at macroscale.
While nanoscale measurements have become feasible [1]–[5],
macroscale characterization as in [5]–[7] is needed to verify
that the material properties are set correctly on the entire sur-
face of, e.g., a thin-film solar cell. To bridge the gap between
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nano- and macroscale measurements, and to interpret those
measurements into industrially useful knowledge, numerical
modeling techniques are needed that replicate the measurement
process on a computer and visualize the otherwise invisible
physical phenomena.

This work forms a part of our research activities conducted in
the framework of the European project MMAMA [8] concerned
with scanning microwave microscopy (SMM), its modeling,
and simulation. SMM is a family of material measurement
techniques at microwave frequencies, from micro- to nanoscale.
A representative setup for nanoscale is SMM tips [1]–[5], while
popular macroscale setups also include dielectric resonators
[5]–[7] very frequently. The modeling of those setups has pre-
viously been reported [1]–[7]. However, for the sharp tip-to-
sample interaction, the focus has typically been on a specific
problem, for which an overall understanding was required [5],
and the models were only based on electromagnetic solvers
limiting samples to homogeneous dielectrics and metals ex-
cluding semiconductors, which requires a multiphysics solver.
In this article, we summarize our efforts to apply the widely
used finite element methods (FEM) (in the form of in-house
developed field solvers) [8], [9] and finite difference time domain
(FDTD) methods [10], [11] (in the form of customized regimes
for operating commercial solvers) to the analysis of SMM sce-
narios, with a view to setting up a computer platform flexible in
terms of geometry and simulation parameters. In addition, we
report detailed quantitative results for SMM of homogeneous
dielectric and metallic samples using the mentioned electro-
magnetic solvers. Furthermore, a complete study of modeling
of semiconductors is presented, an FEM-based solver to handle
semiconductor equations in 2-D, and a coupling algorithm with
the time domain electromagnetic solver is developed. FEM is
chosen to develop the coupled solver thanks to its capabilities of
efficient multiphysics coupling and irregular structure coverage
over FDTD, and this coupled solver enables to simulate SMM of
semiconductors with high accuracy. Even though there has been
coupled transient solvers that address modeling the multiphysics
for certain semiconductor devices (such as lasers [12]) a general
purpose transient solver that is capable of multiphysics modeling
of any semiconductor structure has not been reported before, to
the best knowledge of the authors.

This article is organized as follows. Section II presents electro-
magnetic analysis of a tip-to-sample interaction by using FEM
and FDTD, which has also led to cross-validation of the said
numerical approaches with a high agreement level. Section III
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Fig. 1. Visualization of the considered conductive SMM tip in 3-D (left), fine
tip and the gap (middle) and in 2-D using axial symmetry (right).

describes the FEM-based transient semiconductor solver along
with an algorithm to handle nonlinear, coupled semiconductor
equations. Section IV describes the coupling algorithm of the de-
veloped solvers and summarizes the results. Section V discusses
the results and indicates other possible scenarios and further
steps required for a more advanced semiconductor solver and
concludes this article.

II. TRANSIENT ELECTROMAGNETIC ANALYSIS OF SMM TIP

The tip-to-sample SMM problem considered for this analysis
is based on an industrial definition [13] and visualized in Fig. 1.
It has a straight conductive section with length l1 = 1.5 mm and
radius r1 = 0.5 mm, which is tapered into a sharp tip with length
l2 = 1.5 mm and minimum radius of r2 = 25nm. The tip is
suspended above the sample at a certain distance of g = 100 nm
to account for near field microscopy and also rounded with radius
r2 to avoid causing singularities during the numerical analysis.
Four samples with different properties are considered: perfect
electric conductor (PEC), metal (representing gold with εr = 1,
σ = 4 · 107 S/m), lossless dielectric (representing silicon nitride
of εr = 10), and lossy dielectric (representing bulk silicon of
εr = 10, σ = 100 S/m). The scattering response around 10 GHz
band is of our interest.

A general-purpose axisymmetric FDTD code [14] is first ap-
plied with TEM pulse excitation over 8–12 GHz band launched
from the port on top of Fig. 3 (right). The excitation corresponds
to the fundamental TEM mode of a coaxial line. The spatial
discretization near the fine tip and the air gap can be seen in
Fig. 2 for both the solvers. Very high aspect ratio makes the
overall geometry quite challenging due to its whole domain
size in millimeter scale and the tip radius in nanometer scale.
It is observed that for some combinations of the geometry and
material data, FDTD analysis with a standard GPU code has
issues with converging and the reflection coefficient results are
corrupted with a numerical noise, after thousands of excitation
periods. This is attributed to the very fine meshing at the SMM
tip that is needed to model the tip and the gap (FDTD cells
as small as 25 nm near the tip creating up to 50 000 cells in
total). Therefore, a double-precision version of the FDTD code
is implemented. The GPU version is always used as the first tool

Fig. 2. Very fine discretization near the fine tip ( r2 = 25 nm) for TD-FEM
(left) and FDTD (right) solvers.

Fig. 3. Amplitude of z-component of E-field profile obtained using TD-FEM
(left) and FDTD (right), showing similar behavior with the same port excitation
and metallic sample.

and the double-precision version is resorted for the cases with
convergence issues.

With the said improvements, the FDTD simulations converge
after 5 min of the GPU time, and the required memory is within
4 MB. The metals are modeled with the surface impedance
model that is applied along the metal surface to represent fre-
quency dependent skin effect as in [15].

For visualization purposes, the z-component of the electric
field profile is depicted in Fig. 3 at a chosen time step with metal-
lic sample, and the effects of different samples are distinguished
in scattering parameters, as shown in Fig. 4.
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Fig. 4. Reflection from metallic and dielectric samples with the tip-to-sample
gap of 100 nm obtained with FDTD (right) and TD-FEM (left), without port
calibration.

To conduct transient FEM simulation, we implemented a
time-domain algorithm (TD-FEM) with vector edge elements
and linear shape functions to solve time domain E-field wave
equation. Moreover, the selection of time domain implemen-
tation of the electromagnetic solver also enabled us to couple
it to the transient semiconductor physics solver extending the
capabilities of the SMM model considerably, as demonstrated
in Sections III and IV. Then, extracting the port scattering
parameters and analyzing the Fourier transform of the applied
signal would show the effects of different sample properties on
the reflected power.

The following E-field wave equation describes the electro-
magnetic wave propagation within the simulation model:

∇× 1

μ
∇×E+ μ0σ

∂E

∂t
+ μ0ε0εr

∂2E

∂t2

= 0 in Ωa ∪ Ωs = Ω ⊂ R2. (1)

The boundary condition on the excitation port has the follow-
ing form:

an ×
(
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(
an × ∂E
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)

=
−2μ0
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(
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)
over ∂portΩ ⊂ R1 (2)

wherean denotes the unit normal vector to the respective bound-
ary, ZPort is the wave impedance at the port, and E0 is the input
excitation field from the port, which represents the fundamental

TEM mode of the coaxial structure and in time domain has a
shape of a well-known Gaussian burst with center frequency of
10 GHz [8].

The bottom and right boundaries of the domain in Fig. 3 are
taken as PEC (an ×E = 0 over ∂PECΩ) and the left boundary
conditions at r = 0 represents the axial symmetry of the
problem (an × 1

μ∇×E = 0). The weak form of the equation
is obtained by applying the Galerkin’s variant of the weighted
residual method [9] where Ec denotes the trial vector function
for the unknown vector field E. For the time-discretization,
the following backward difference formula (BDF) is
used:

∂E

∂t
≈ Et −Et−1

Δt
(4)

where subscripts denote the time steps and (3), shown at the
bottom of the page, is solved for Et after substituting (4).

For the structure defined in Fig. 1, the implemented FEM
solver utilizes a mesh with around 85 000 elements with very
fine elements (a few nanometer edge size) near the sharp tip,
127 000 edges (degree of freedom) requiring less than 200 MB
of RAM, excluding the memory needed to store all field values
for visualization. A standalone solver in the form of a C++
code was developed and compiled. For the simulated example
case, around 1000 time steps with Δt = 2 ps were needed
for the analysis to converge, taking less than 10 min of the
CPU time. Choosing such small time steps is also important
in order to minimize the possible energy loss due to BDF
time stepping. Hence, in this case, the time domain FEM is
computationally more expensive than FDTD, both in terms of
the memory and simulation time. This is especially because
the employed algorithm is implicit and computationally costly
matrix operations are performed thousands of time for find-
ing the transient solution. However, the time domain FEM
approach makes the coupling with transient nonlinear semi-
conductor solver possible, which is described in the following
sections.

After solving the time domain E-field wave equation, the
electric field distribution at a chosen time step can be visualized
as shown in Fig. 3, and the port parameters are extracted to obtain
the scattering parameters, as depicted in Fig. 4. The scattering
parameters calculated with TD-FEM and FDTD are in good
agreement, which cross-validates the presented field solvers. As
expected, lossy dielectric sample causes lower reflections than
the lossless cases, and the reflections decrease with frequency.
The obtained field distribution profiles at the same time instant
from both solvers are quite similar and predict the same levels
of electromagnetic field intensities in the z-direction near the
tip-sample junction as presented in Fig. 3.

∫∫
Ω

{
r

(
1

μ
∇×E

)
· (∇×Ec) + μ0σrE

c · ∂E
∂t

+ μ0ε0εrE
c · ∂

2E

∂t2

}
dS +

μ0

ZPort

∫
∂portΩ

r (an ×Ec) ·
(
an × ∂E

∂t

)
dl

=
−2μ0

ZPort

∫
∂portΩ

r (an ×Ec) ·
(
an × ∂E0

∂t

)
dl (3)



212 IEEE JOURNAL ON MULTISCALE AND MULTIPHYSICS COMPUTATIONAL TECHNIQUES, VOL. 5, 2020

III. TRANSIENT ANALYSIS OF SEMICONDUCTOR PHYSICS

The previously elaborated tip-to-sample SMM model is capa-
ble of modeling materials with constant conductivity. However,
SMM of materials and devices that are based on semicon-
ductors reacts to external electromagnetic field and the local
conductivity within semiconductor domain changes accord-
ingly due to charge movement. In other words, the external
field creates depleted or accumulated regions in the semicon-
ductor near the sharp tip, which then changes the reflections
due to the position dependent electric conductivity. Modeling
of this change requires multiphysics simulations, where the
transient semiconductor physics is also analyzed along with
full Maxwell’s equation system. Thus, the behavior of charges
within semiconductor domains is accurately modeled and their
microwave scan can be better understood and explained. The
previously presented transient TD-FEM full Maxwell solver
was developed with the aim to facilitate multiphysics coupling
with presented semiconductor solver. This section presents in
detail the simulation algorithm adopted from [16] and [19] used
for semiconductor regions in axisymmetric structures and its
coupling to the electromagnetic solver using FEM.

The basic set of equations governing transient semiconduc-
tor behavior based on the well-known Poisson-drift-diffusion
theory can be written in the following form [16]:

∇2ϕ− με
∂2

∂t2
ϕ = −q

ε

(
p− n+N+

d −N−
a

)
(5)

∇ · Jp = −q

(
R+

∂p

∂t

)
(6)

∇ · Jn = q

(
R+

∂n

∂t

)
(7)

Jp = qpμp (−∇ϕ)− qDp∇p (8)

Jn = qnμn (−∇ϕ) + qDn∇n (9)

where ϕ is the electric potential, n(p) is the electron (hole)
concentration, R is the net generation-recombination rate of
carriers, Jn (Jp) is the electron (hole) current density, N+

d and
N−

a are the ionized donor and acceptor charge densities due
to doping, μn (μn) is the electron (hole) mobility, Dn(Dp) is
the electron (hole) diffusion coefficient, ε and μ are the electric
permittivity and magnetic permeability of semiconductor mate-
rial, respectively, and q ( = 1.602 · 10−19C) is the elementary
charge.

Equation (5) is the wave equation for electric potential, (6) and
(7) are the continuity equations for the charge carriers. This set of
equations is supplemented by carrier transport equations (8) and
(9), which take both drift and diffusion of charges into account.
For the next generation-recombination rate of the charges, the
widely used Read–Hall–Shockley recombination mechanism
(R = np

τn(p+ni)+τp(n+ni)
, where average life times for the

carriers are taken as τn = τp = 10 μs, and ni = 9 · 109cm−3

is the intrinsic carrier concentration) is assumed [16].
The parameters of the model are scaled by using the normal-

ization factors [17] given in Table I, in order to avoid scaling
issues (ill conditioning) that might arise in numerical analysis.

TABLE I
NORMALIZATION FACTORS USED FOR SCALING OF EQUATIONS

A variant of Gummel’s method [18] is proposed for decou-
pling and discretization of set of equations where the Poisson
equation and carrier conservation equations are solved itera-
tively until a convergence is reached. The matrix formulation of
the weak forms of the system is obtained by using the Galerkin’s
method of weighted residuals [8], [19][

F (1)
]
{φ} =

[
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]
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(10)[
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] ∂

∂t
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[
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]
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+
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[
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] ∂
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{p} = − γ−1

p [D] {p} − γ−1
p

[
F (1)

]
{p}

+
[
F (2)

]
{G} . (12)

Here, the matrices are defined based on finite element formu-
lation with linear shape functions (Ni) as in (13)–(15) [8], [19].
The vector {G} stands for net generation rate and is taken as
G = −R throughout this article. Moreover, (5) is reduced to
Poisson equation with discretized form seen in (10) since the
dimensions of the simulation domain is much smaller than the
shortest wavelength of the excitation considered

F (1)
ij =

∑∫∫
Ω

∇Ni · ∇NjdΩ (13)

F (2)
ij =

∑∫∫
Ω

NiNjdΩ (14)

D =
∑

∇φe ·
∫∫

Ω

∇Ni NjdΩ. (15)

BDF (4) for time discretization is again employed, and the set
of matrix equations consequently takes the following form:

[F (1)]{φ}t+1 = [F (2)]({p}t+1 − {n}t+1 + {NA} − {ND})
(16)

([F (2)]−Δtγ−1
n [D] + Δtγ−1

n [F (1)]) {n}t+1

= [F (2)] {n}t + [F (2)]{G}t (17)



GUNGOR et al.: ELECTROMAGNETIC AND SEMICONDUCTOR MODELING OF SMM SETUPS 213

([F (2)]−Δtγ−1
p [D] + Δtγ−1

p [F (1)]) {p}t+1

= [F (2)] {p}t + [F (2)]{G}t. (18)

Here, subscript t denotes the time steps whereas subscript
i is used to denote the under relaxation iterations as in (19)
and (20). The decoupled set is then solved for each time step
t in an iterative manner as follows: first, the Poisson equation
(16) is solved to obtain potential distribution within the domain,
which is then included in [D] to update the carrier distribution
accordingly using (17) and (18). The emerging solutions of (17)
and (18) are named as {n}t+1

new and {p}t+1
new. Due to nonlinear

nature of the latter two equations, instead of directly assigning
{n}t+1 and {p}t+1 from solution of (17) and (18), an under re-
laxation method is utilized as in (19) and (20). Then, the updated
carrier concentrations are inserted back into (16) establishing a
closed loop simulation which runs until convergence as defined
in (21) with respect to all the three unknowns is reached for
the time step t. Then, the solver assigns the latest iterations
of the unknown vectors to the (t + 1)th time step and moves
to the computation of the next time step. Here, the methods
described in [19] for 1-D semiconductors are adopted to account
for considered 2-D Cartesian and axisymmetrical structures. The
dynamic relaxation parameterα is initially set to a small number
(0.01 proves to be a good starting point) and adaptively changes
between 0 and 1, as the system is getting closer to a converged
state

{n}t+1
i+1 = (1− α) {n}t+1

i + α {n}t+1
new (19)

{p}t+1
i+1 = (1− α) {p}t+1

i + α {p}t+1
new . (20)

By controlling contribution of the new set of solutions, it-
erative under relaxation method avoids nonphysical spurious
oscillatory behavior caused by nonlinearities, which might result
negative carrier concentrations and divergence of equations.
Furthermore, at every iteration the residual for the variables
are checked and the simulation continued until the norm of
the residual as defined for electron concentration in (21) for
all unknowns is less than 10−6

ρn =

∣∣∣∣∣
{n}t+1

new − {n}t+1
i+1

{n}t+1
i+1

∣∣∣∣∣ < 10−6. (21)

This suggested method is verified by simulating 1-D and 2-D
pn-junction diodes with varying bias. The simulation results for
charge behavior, device currents, and formation of depletion
region show a great agreement with the analytical calculations,
as shown in Fig. 5.

IV. TD-FEM COUPLED ELECTROMAGNETIC AND

SEMICONDUCTOR SOLVERS

Developing a stable semiconductor solver in time domain
also enables us to develop an algorithm to couple the solver
with previously described transient electromagnetic solver for
simulation of SMM involving semiconductor materials.

The coupling between the solvers is established by using
an iterative approach as presented in Fig. 6. As the first step,

Fig. 5. Simulation results show the built-in potential (top) and the total charge
distributions (bottom) for a pn junction with zero bias. The simulated diode
has p-type doping (NA = 1016 cm−3) on the left half (x < 0.5 µm) and n-
type doping ( ND = 1016 cm−3) on the right half (0.5 µm < x < 1 µm),
and its height is 0.1 µm for 2-D case. The 1-D PDD solver is run for 1-D pn
junction diode with the same doping profile. The data shown for 2-D simulation
is extracted from the mid-line (at y = 0.05 µm). Red lines show the extents of
the depletion region based on analytical calculations [16].

Fig. 6. Coupling algorithm between the transient full Maxwell solver and the
semiconductor Poisson-drift-diffusion solver.

before the time marching is started, the initial conditions for the
charge and potential distributions in semiconductor domains are
obtained by using the stationary values from the semiconductor
solver. Afterward, the spatial conductivity σ (for semiconduc-
tor domains σ = qpμp + qnμn), that is used in transient full
Maxwell solver, is updated using the obtained charge distribu-
tions p and n. Next, the time stepping starts and the electromag-
netic field distribution is obtained in all the domains using the
transient electromagnetics solver. Then, the transient semicon-
ductor solver delivers the charge carrier densities in the corre-
sponding domains by taking into account the currents caused
by the external excitation field Et. The total electric field at any
step can be considered as the sum of the divergence free external
field Etand the curl-free part due to charges in the semiconduc-
tor: Etotal

t = Et −∇ϕ (i.e., for the electrons the total electron
current that is taken into account with the semiconductor solver
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Fig. 7. Scattering parameters (S11) obtained from an n-doped (with doping of
1016 cm−3) semiconductor sample with and without the coupled semiconductor
(SC) physics solver.

can be updated as Jn = qnμnEt + qnμn(−∇ϕ) + qDn∇n.
The newly obtained charge distribution is provided back into
the electromagnetic solver in order to initiate the next iteration.
The described strongly coupled, i.e., both physics share the same
time step, iterative multiphysics simulation loop continues for
each time step until all the unknowns converge (i.e., until they
reach stable spatial distributions with respective residuals below
10−6), before moving onto the next time step. The coupled
simulation performed with a few thousand time steps in order to
cover a Gaussian Burst signal that is centered at 10 GHz. The
experiments have revealed that for sufficiently small time steps
(in the order of a few picoseconds) with dynamically changing
relaxation parameter α, the coupled solver converges nicely for
each time step also conserving the energy and the charge.

The scattering parameters simulated for the setup in Fig. 1
are obtained for an n-doped ( ND = 1016cm−3) semiconductor
sample and they are presented in Fig. 7, and the difference
in reflected power calculation with or without the semicon-
ductor solver is evident, clearly showing the need to simulate
semiconductor physics for accurately capturing important SMM
phenomena. This difference is caused by the moving charges as
they accumulate (or deplete depending on the sign of the field
and doping type) from the surface of the semiconductor region
as the external field changes as shown in Fig. 8.

Due to the air gap between the tip and the sample, most of the
electric field reflects from the tip-air junction; in other words, the
coupling of the field into the sample is reduced considerably due
to the air gap. The modeled tip for this simulation has radius of
r2 = 1 μm, which also reduces the effects caused by the sample.
It is likely to observe a greater difference with a touching or
even a wider tip. However, for the consistency of this article, the
coupled algorithm is demonstrated for the setup with an air gap
(50 nm) similar to the one in Fig. 1, with slightly wider tip.

Fig. 8. Amplitude of z-component of E-field profile everywhere (left), near the
rounded fine tip (top right), and the variation of conductivity in the semiconductor
near the tip (bottom right) at a chosen time step, obtained from multiphysics
simulation of SMM of an n-doped semiconductor sample (with doping of
1016 cm−3) (r = 0 is the symmetry axis and the limits of the semiconductor
sample domain depicted with white dots).

V. CONCLUSION

In this article, FDTD and FEM methods have been applied to
a scenario representative of industrial SMM material measure-
ment setup: a tip-to-sample interface. Since the scenarios are
axially symmetrical, computationally effective 2-D bodies-of-
revolution variants of both methods are applicable. In addition,
a multiphysics solver capable of solving semiconductor physics
coupled with electromagnetics is also presented and applied to
the tip-to-sample SMM setup for higher accuracy modeling of
semiconductor samples.

For axisymmetric FDTD, the commercial tool available in
[14] has been used as a starting point but adapted to the high
accuracy requirements of the SMM. For FEM, in-house solvers
have been developed for electromagnetics simulations. The
proposed FEM solver is a time-domain edge element based
solver used with locally refined meshes to accurately model
the electromagnetic coupling of the fine tip with the sample.
For the transient problem, FEM and FDTD are able to simulate
the structure and detect the minimal effects of the material
samples on the reflection coefficient of the considered scenario.
They are consistent with the measurements [13] in indicating
the higher reflections caused by the dielectric as compared to
the metal, and the decrease of reflections with frequency. As
expected, FDTD is more effective than TD-FEM for the transient
electromagnetics problem. However, TD-FEM offers more flex-
ibility for easier multiphysics coupling. In the second part of the
work, a transient Poisson-Drift-Diffusion-based semiconductor
solver has been developed using TD-FEM. And the developed
TD-FEM semiconductor solver is coupled with electromagnetic
solver in order to compute carrier transport in semiconductors
materials during SMM. This leads to full-complexity SMM
simulations with accurate modeling of semiconductor samples.
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The results demonstrate a difference in scattering parameters
when the semiconductor solver is employed, which proves the
importance of coupled multiphysics solver for highly accurate
SMM simulations required by semiconductor industries.

The proposed multiphysics simulation algorithm can also
be used for simulations of SMM for advanced samples with
layers of different types of materials or device structures with
regions of different doping. Additionally, the flexible nature
of FEM enables to introduce other physical phenomena such
as light absorption or other carrier generation-recombination
mechanisms, which might be relevant for other semiconductor
structures and applications.
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