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Abstract—We consider in this work a cell-free (CF) massive
multiple-input-multiple-output (mMIMO) system where multiple
hybrid relay-reflecting intelligent surfaces (HR-RIS) are de-
ployed to assist communication between access points and users.
We first present the signal model and derive the minimum-
mean-square-error estimate of the effective channels. We then
present a comprehensive analysis for the considered HR-RIS-
aided CF mMIMO system, where the closed-form expression of
the downlink throughput is derived. The presented analytical
results are also valid for conventional CF mMIMO systems, i.e.,
CF mMIMO systems with and without passive reconfigurable
intelligent surfaces. Finally, the analytical derivations are verified
by extensive numerical results.

Index Terms—Cell-free massive MIMO, channel estimation,
hybrid relay-reflecting intelligent surface

I. INTRODUCTION

Recently, several new network architectures and technolo-
gies have been introduced to meet the demand for extremly
high spectral efficiency and low-latency wireless communi-
cations. Among them, cell-free (CF) massive multiple-input-
multiple-output (mMIMO) technology can provide uniform
quality-of-service (QoS) to all users in the network with
simple signal processing [1]]. On the other hand, a hybrid
relay-reflecting intelligent surface (HR-RIS) [2]]-[4] is able to
customize the physical propagation environment by reflecting
radio waves in preferred directions with an additional relaying
gain compared to conventional passive reconfigurable intelli-
gent surfaces (RISs). Therefore, HR-RIS-assisted CF mMIMO
systems can be a symbiotic convergence of technologies for
future wireless communications.

The potential performance gains of passive RISs have been
analyzed and optimized in various systems, ranging from
single/multiple-input-single-output (SISO/MISO) [5], [6] to
MIMO systems [7]-[9]]. Besides, their applications to assist CF
mMIMO systems were considered in [10]-[13]]. Specifically,
Zhang et al. in [[11] examined the deployment of multiple
RISs around multiple access points (APs) and user equip-
ments (UEs) to enhance the energy efficiency (EE) of the
CF mMIMO system. It is shown that EE performance is
improved with the deployment of a few small-to-moderate-
sized RISs. In contrast, it can be significantly degraded when

numerous and/or large-sized RISs are used due to the increase
in RIS hardware static power consumption [11]. In [12], Huang
et al. proposed a fully decentralized design framework for
cooperative beamforming in RIS-aided CF MIMO networks,
which provides a significant improvement in the system sum
rate. In [14]], Zhou et al. considered an achievable rate max-
imization for aerial RIS-aided CF mMIMO system with a
focus on joint optimization of transmit beamforming at APs
and reflecting coefficients at RISs. Trinh et al. in [[13]] further
verified the performance improvement of RIS-aided in CF
mMIMO systems under channel spatial correlation.

In the aforementioned RIS-aided cellular and CF MIMO
systems, RISs only offer passive reflecting gains. In contrast,
the HR-RIS architecture introduced recently in [2]-[4] can
provide both active relaying and passive reflecting gains to the
system. Specifically, an HR-RIS consists of only a single or
few active elements and numerous passive reflecting elements,
enabling a semi-passive beamforming concept to ensure a
significant performance improvement [2]-[4], [[15]]. Motivated
by this, we consider in this work a novel HR-RIS-aided CF
mMIMO system where multiple HR-RISs are deployed to as-
sist communications between APs and UEs. We first model the
channel and signal models of the HR-RIS-aided CF mMIMO
systems and derive the minimum-mean-square-error (MMSE)
estimate of the effective channels. This channel estimate is
then used to design matched filtering in the downlink. We then
derive the closed-form expression of the downlink throughput
of the considered system under the assumption of the Rician
fading channel model. We note that conventional CF mMIMO
systems with and without purely passive RISs are special
cases of the considered HR-RIS-aided CF mMIMO system.
Therefore, our analytical derivations are generalized as the
closed-form throughput expressions of these conventional sys-
tems. According to the authors’ best knowledge, the analytical
results on the throughput of the passive RIS-aided CF mMIMO
systems under Rician fading channels have not been provided
in the literature. The analytical derivations in this work also
provide a novel framework and guidance for designing new
transmission strategies and optimizing the performance of
RIS/HR-RIS-enabled systems.



II. HR-RIS, CHANNEL MODEL, UPLINK TRAINING, AND
DOWNLINK DATA TRANSMISSION

We consider an HR-RIS-aided CF mMIMO system, where
L APs, each equipped with N transmit antennas, simultane-
ously serve K single-antenna UEs. We assume that all APs
are connected to the central processing unit (CPU) via ideal
backhaul links that offer error-free and infinite capacity [1]].
Furthermore, we assume the time-division duplex (TDD) op-
eration, focusing on the uplink training and downlink payload
data transmission phases. The communications between APs
and UEs are aided by M HR-RISs, each is equipped with NV
elements, including Ny active relay elements and N — Ny
passive reflecting elements. Let A,, C {1,2,...,N} with
| An| = Ny denote the index set of the active elements in the
mth HR-RIS. Let o, be the relay/reflection coefficient of the
nth element in the mth HR-RIS. We have v, = |tynn | €7977,
where 0,,,,, € [0, 2) represents the phase shift, and |a,,,| = 1
for n ¢ A, [6]. Let X, = diag{am1,...,mn} € CVXN
be the diagonal matrix of the coefficients of the mth HR-
RIS. Furthermore, we define two diagonal matrices W,, and
®,, such that Y¥,, = ¥,, + ®,,, where ¥,, and ®,,
contain only active relaying and passive reflecting coefficients
of the mth HR-RIS, respectively. Clearly, HR-RIS becomes
a conventional passive RIS if A,, = 0,Vm. We note that
the energy consumption of the HR-RIS is higher than that of
the conventional passive RIS (please refer to [3|] for detailed
comparisons). Therefore, we are interested in the case that
only a few active elements are employed, i.e., Ng < N.

A. Channel Model

Denote by h}{ﬁ , and HISTQ €
CNaxN' the uplink channels from the kth UE to the Ith
AP, from the kth UE to the mth HR-RIS, and from the
mth HR-RIS to the Ith AP, respectively. We consider the
Rician fading model for these channels with Rician fac-
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LoS (NLoS) components of {hj4, hS h$A % respectively.
The former components are modeled as deterministic channels
with unit amplitudes, while the latter components are assumed
to follow the Rayleigh fading model [6[], [7]. Then, we have
|hlkt| = |hkmn| = |hlmnt| =1 and {hl[lit?vhgvin7hls7fz’nt} ~
CN(0,1).
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where the last equality follows the d1ag0nal structure of Y,

B. Uplink Channel Estimation

In the uplink training phase, all UEs send their pilot
sequences to APs for channel estimation. Let /7,¢0;, be the
pilot 2 - 1, Vk. Here, 1, is the
length of ¢, 7, < 7. with 7, denoting the coherence interval.
To facilitate the analysis, we assume that the pilot sequences
are mutually orthogonal ie, oo, =0if k#k.

Let Y A and YUS denote the received pilot signals through
the direct UE-AP channel and through HR-RISs, respectively.
Since the HR-RISs consist of active relay elements, they am-
plify not only the incident signals but also the noise and self-
interference (SI). As a result, the [th AP receives not only pilot
signals but also SI Zg; ,,, € CNV*™ and noise Zx ,, € CV >,
Denote by z{f ,,,, and z{ . the nth row of Zx.,, and Zg; m,
respectively. We adopt the SI model in [[16] and assume that
ZIST{I,WLTL ~ CN(O7U§IINA) and Zﬁ,nm ~ CN(O7UIQVINA)’ fOI'
n € A,,; otherwise, they are vectors of zeros because the
nth element (n ¢ A,,) of the mth HR-RIS only reflects the
incident pilot signals passively [17]. Let p, be the power of
each UE to transmit the pilot signal. Then, Y A and YUSA
are given as

UA K ua
Y = \/Tppp Zk:l hy; go,il, 2)
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Let Z 5 ; be the additive white Gaussian noise (AWGN) matrlx
at the Ith AP, whose entries are CN(0, 0%) random variables.
Then, the pilot signal received at the [th AP is given as

VTobe > 8Pl +Zi, (4

where Zl = ZAl + Z lm‘IlnL (ZSI,m +ZN,m) is
the aggregated noise matrix at the lth AP. Note that
{ZsLm,ZN,WZA’hHlSﬁ} are mutually independent, and in
diagonal matrix W,,, only the diagonal entries with po-
sitions determined by .4,, are non-zeros. Thus, the en-
tries of Z; have zero-mean and variance o2, = oy +
Z%zl Blsw‘? ZneAm \amn\zag, where 0’% = 012\1 + U%I. To
estimate g;;, Y is projected onto ¢, yielding

Yie = Y10, = \/Topp&u + 2k o)
where Zlk = Zl<pk.

Theorem 1: The MMSE estimate of g;, is given by

Y 27+ Y75 1 Zy, =

&= (INA - TpPpClkEﬁcl) My + vaPpClkEfli’lkv (6)
where
lj’lk = NH@A + Z Z amnp’l[gjnAna (7)
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Fig. 1. Downlink channel in the HR- RIS aided CF mMIMO system.
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The estimate g, has mean vector E{glk} = p;, and
covariance matrix Cj;, = TpppClkElk C/l, which yield
E {glkglk} = pypiy + Cu = Ry, ©))

E{lgul*} = el + trace (Cu) . (10)

The estimation error g;, = g, — £;; is uncorrelated with g,
and has mean vector E {g,,.} = 0 and covariance matrix

C{gy} = Cu. — Cu. = Ru. (11

Proof: Please see Appendix [A] O

C. Downlink Payload Transmission

For ease of notation and due to the channel reciprocity [[18]],
we denote the downlink channels as hj}0 = (hp)T, B}V =
(RJ5)T and HAS (H T Let s, be the symbol intended
for the kth UE, ]E{|sk| } =1 and x; € CN2*! be the signal
vector transmitted from the /th AP to all UEs. We assume that
conjugate beamforming is employed at APs [[19]]. Then,

K
X0 =/pa Y, giksk, (12)
where pq is the maximum transmit power at each AP, and 7,
is the power control coefficient for s;. The signals propagate
on the direct channels and also reflects through HR-RISs, as
illustrated in Fig. [T} Therefore, the received s1gnal at the kth
UE in the downlink can be expressed asry = Zl 1 glkxl + 2k,
where z, £ Z h W, (ZN,m +2s1,m) + zuk is the
aggregated noise at the k:th UE, zs1,m ~ CN (O, Uglllm) is the
residual SI, and zx,, ~ CN(0,0%1,,) is the noise caused
by active elements of the mth HR-RIS; Here, 1,, denotes
a diagonal matrix whose non-zero diagonal elements are all
unity and have positions determined by .Am; zk, has zero-mean
. M 2 2
and variance adk = O’N + Zm 15 ZneAm |atmn|” 0§.
Furthermore, g, = = hj) —l—zm 1 h U, HS is the effective
downlink channel From (T2), ry can be expressed as

Tk = /P Z(\/ﬁl Si&insk + Z \/nlk’ngglk/Sk’)‘l‘Zk
k' #k
(13)
III. PERFORMANCE ANALYSIS

Since there are no downlink pilot symbols, UE k treats the
mean of the effective channel gain as the true channel for

signal detection [T]]. With this method, we rewrite (I3)) as
K

rr = DSgsk + BUgsg + Z Ulg spr + 2k,
KAk

(14)

where

L
DSy £ \/paE {Z \/nlkg?l;glkk} ;

=1
L L

BU\ £ /pd (Z Viigin&i —E {Z \/mk-gﬂé’fk}> ;
=1 1=1

L
L /pa > i gh&i

=1
are the desired signal, beamforming uncertainty gain, and
inter-user interference, respectively. The throughput of the kth

UE is given by
T =

UIkk/

Bon

log, (1 + SINRy) , (15)

where By is the system bandwidth and 74 = 7. — 7}, is the
duration of the downlink payload transmission, and

DS |?
E {lBUk|2} + Zi{/;&kE {lUIkk’|2} +03,

Theorem 2: In the downlink of the considered HR-RIS-
aided CF mMIMO system, the throughput of the kth UE can
be approximated by (T6) (at the top of the next page), where

« = {amn}Vm,na n= {nlk}Vl,ka and

SINRy, &

M 2 [Vlths - VTR 17
up(@) 2 [up(e), ..., upe(a)]’, (18)
Vi (@) 2 [vrew (@), . .., vpwe (@)] (19)
Dy(e) 2 diag { (@), dj (@)} 20)

Here, the Ith elements of uj (), vir (), and Dy (o) are
defined as

ulk(a) £ trace (élk) + ||l'l'lkii27 (21)
vk (@) £ i, (22)
“ ~92 - “

A | 2ufECupyy, + trace (Clk + Ry, ORU.C) k=K

diew (@) = o
i Cri i + 3, Cui pyy, + trace (Tigrr ) , o/w,
(23)

where

Ty = Ci 0 Cri + Tpppo lclkclk’Elk/ (CuEp)T, (24)

Ci =T, PpClk’Elk/Clk’Elk/ cll, (25)

and ., Ciiey Eig;, Ci, Ry, and Ry are given in [7)—(LI). In
, o represents a Hadamard product.

Proof: See Appendix [B] O

Based on Theorem [2} we derive the throughput of the con-
sidered system under independent and identically distributed
(i.i.d.) Rayleigh fading channels in the following remark

Remark 1: In the case that all the channels hl L hS Emo and

A follow i.i.d. Rayleigh fading model, 7;; becomes 7 iid
given in 26) (at the top of the next page) where mk 3

TppPClk,z with <lk 4 lk + Zm:1 SA

TpPpCik+0 ol n= 1| mni Ck
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Fig. 2. Downlink per-user throughput of the HR-RIS-aided CF mMIMO systems with Np = 2, N = 40, Ng = 1, ps max =

—3 dBm, and (a) L = 30,

M = {5,10}, K = 5; (b) L € [20,60], M = {10,20}, K = 10, pqg = 200 mW; (c) L = {30,50}, M = {10,30}, K = 10, pq = 200 mW [I[.

It is seen from @ that, as LNy — oo, the received signal
becomes free of interference and noise, like in the conventional
CF mMIMO system [/1].

We omit the proof of Remark [T] since 26) can be easily
obtained by setting ,ulkt = ,ukmn leyﬁms =0,Vl,k,m,n,t
for i.i.d. Rayleigh fading channels. We note that when M = 0
(i.e., no HR-RIS is employed), @) is in line with the result in
[1]. This further confirms that the closed-from expression of
the throughput is also valid for the conventional CF mMIMO
system without RISs/HR-RISs. For the passive RIS-aided CF
mMIMO system, the closed-from expression of the throughput
can be derived by setting |m,| = 1,Vm, n.

IV. SIMULATION RESULTS

We provide numerical results to verify the analytical deriva-
tions. In the simulations, APs and UEs are randomly dis-
tributed over the entire coverage area of 1 x 1 km? (10, 119,
while RISs/HR-RISs are randomly deployed inside circles
of a radius of 10 m centred by the UEs, implying that
RISs/HR-RISs are in the vicinity of the UEs. The large-
scale fading coefficients ( € {Clk , ,EWSL, lm} are mod-
eled based on the three-slope path loss model in [1]], [19].
Rician factor k € {ky kpS, kPAY for a distance d m
is set to K = PLOS(d)/(l — PLos(d)), where Ppros(d) =
min (2,1) (1 —exp(—&)) + exp(—&) is the LoS proba-
bility [20]], following the 3GPP—UMa model. The small scale
fading channels are generated the same as in [3]], [7] with
details omitted due to limited space.

In the simulation, we adopt simple equal power control

schemes to obtain power control coefﬁc1ents {mg}, i.e, m =

(Zk,_ (Navgt + ||| )) , V1, k [1], [19]. The phases
{0mn} are randomly generated, while {|amn|},n € Ap

are generated based on exhaustive search such that the total
transmit power of each HR-RIS is limited by a given power
budget, denoted by ps max, and equally shared among the
active elements. The positions of active elements of HR-
RISs are randomly generated. The noise power is given as
0% = —170+101log,((Bo)+NF (dBm), where By = 20 MHz
and noise figure NF = 9 dB. We set the normalized residual SI
power to 1 dB [16], 7, = K, 7. = 200, and p, = 100 mW [[1]],
[21]]. The other simulation parameters are listed in the caption
of Fig. 2] For comparisons, we consider the conventional CF
mMIMO systems without any HR-RIS and that with passive
RISs. Note that each HR-RIS requires an additional power
budget ps max. Therefore, for fair comparisons, the transmit
power at each AP in the HR-RIS-aided CF mMIMO system
is reduced by an amount of % so that all the compared
schemes have the same total transmit power.

Fig. 2(a)| shows the downlink throughput obtained by analyt-
ical derivations and those obtained by Monte Carlo simulations
for various values of pq. It is observed that the theoretical
analysis results align well with the simulation ones in the
entire considered range of pq, validating the derivations in
Theorem |Zl Furthermore, it is clear that with random phase
shifts, passive RISs offer negligible performance gain for CF
mMIMO systems. In contrast, HR-RISs provide considerable
throughput improvement, and the gain is more significant at
low and moderate pq thanks to its capability of amplifying the
incident signals. Furthermore, it is clear that a larger M leads
to a more significant improvement.

In Fig. 2(b)l we investigate the significance of HR-RISs for
systems with different numbers of APs, i.e., L € [20,60]. As
seen, the theoretical analytical results still align well with the
simulation ones. While the performance improvement of the



passive RISs is still negligible, HR-RISs offer a considerable
improvement in throughput even when L is large. However,
it is observed that the improvement is slightly degraded as L
increases, which is reasonable because when there are more
APs, HR-RISs become less important.

Finally, to highlight the advantage of the HR-RISs, we plot
the cumulative distributions (CDFs) of the per-user downlink
throughput in Fig. It shows that the system assisted by
HR-RISs outperforms the conventional one in both median
and 95%-likely performance. Specifically, with L = 30, the
95%-likely per-user downlink throughput of the conventional
CF mMIMO system without HR-RIS is only 0.4 Mbits/s,
while that of the proposed HR-RIS-aided system is 2.25
Mbits/s, implying 5.6 times improvement. The corresponding
improvement for L = 50 is less significant (1.75 times).

V. CONCLUSION

This work has considered the novel HR-RIS-aided CF
mMIMO system in which HR-RISs are equipped with both
active relay and passive reflecting elements to assist commu-
nications between multiple APs and UEs. We have derived the
MMSE estimate of the effective channels and provided closed-
form expressions for the downlink throughput of the system
under the Rician fading channel model. The analytical deriva-
tions have been numerically justified by simulations, showing
that the proposed system achieves significant performance
improvement in terms of per-user throughput, especially when
the transmit power of APs is low and/or when the number of
APs is large enough.
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APPENDIX A
PROOF OF THEOREM]]
The MMSE estimate of g;; is computed as

&, =E{g} + C{gy,yu} C {ylk}_l i —E{yie})- 27
First, from (I)), we have

M N
A ~USA
E{gy} = pn + Z Zamnl‘g@mn 2 s
m=1n=1

where piSA & A U  Noting that E{Z;;} = 0 and

from (3)), we obtain

E{y,}=E {\/Tpppglk + Zlk} = VTpPpHik- (29)
By using y;;,, = \/TpPp8€ix + Ziks C{gy1, Y11} is computed as

~ (a)
Clgie:yit = vVoroClgut + Clgu, 2} = /TprpClk-
(30)

Here, C;;, £ C{g;.}, and equality (a) can be obtained by
expanding C{g;;,zin} = E guﬁf/ﬁ} — E{gy} E{zu}" =
Oy, due to ]E{glkiﬁg} = Oy, and E{zx} = 0 as
the noise entries/elements of Zp ;, Zsimn and zZn ., are

(28)

independent of g;. and have zero means VI,m,n. Fur-
thermore, C;; can be computed based on (1?), as Cjp =

Clew} = C{hiA }+ 00 0L lamal* € {3015, }

kmn (*
Here, C {h;* ¢ = B} In,, and C {hlmnh}cjvin

=B lkmn
defined in Theorem [I, which is obtained based on the

independence between hlsrﬁn and hJS =~ and the fact that
H
]E{hzsﬁn(hzsﬁn)’{} = lsn‘;A‘INA + uls,ﬁn (uls,ﬁn) . Further-

more, C{y,;} can be computed based on (3) as
C{yu} = C{VToppgu + 2} = Eu,
where Ej;, is defined in Theorem
Finally, by substituting @28)-(31) into @7), we obtain
(6). We have E{g,.} = py, from @7), and C{g,.} =
ToppCuEp C{yy.} (CuEyy!) ™ = Ci from (BI). Besides, by
. - s oH - - \H s SH
using C{g;.} = E {glkglk} —E{g,}E{g,}". E {glkglk}
and E {||gl k|\2} are obtained as in (9) and (I0), respectively.
The estimation error is given by g, = g;. — 8;,- Because
E{g,.} = E{g,.} = . it is clear that E{g,,} = 0, and
thus, € {2y} = E {21t | = Cux — Cu 2 Rur.

€1V

APPENDIX B
PROOF OF THEOREM

e Compute |DSi>: Because g, = &n + &u
and g; and g, are uncorrelated, we have DS, =

L ~T ~% ~ 2 .
VPa 212 ik (]E iglj;cglk} +E {18l }) By using the
result in (T0) and definitions (I8), , we obtain

L 2
DS = vpa Y. | Viiwn(@) = pa [up(@) 7| (32)
o Compute E{\BUk|2}: We rewrite BU; as BU, =
VPd 1 Tk, Where qu, 2 ghgh — E{ghér.}. Thus,

L
E {|BUk|2} = pd lel miE {|sz|2}
L L
2O Z#l Vienek (B {awar} + E{qpqrk})-

Here, using g, = &, + &, we can write E{quq),} =
S 21e. 112 S 2 S o2 .
E{lgwl” I2val®} — E{Jlgul} B { gl . which rep-
resents the correlation between g;;, and g;,,. Based
on (1), (), and (@), we can write g, = p; +

\ /TpppClkEfkl (1 /Tpppillk- —I—Zlk-), where

va L X SA
7o [aUAT US SAJ,
hu. =/ By by, + E E Qmn <Mk:mn i Mimn

m=1n=1

~ ~SA ~
SA  [/pUSEUS SA / RUS 1, US
+ /’l’lmn k»mhkmn + Im hlmn kmhkmn) .

It is observed that g, and g;,,. are correlated due to the com-
mon coefficient A in the last two terms of k;;. However,
when HR-RISs are placed in the vicinity of either UEs or APs
to improve the system performance, these terms are very small
compared to the overall channel coefficients of g;,. and g;/..
Specifically, when the mth HR-RIS is near the kth UE, the
LoS links between the HR-RIS and the UE is strong, but that
between the AP and the HR-RIS is weak and the path loss is
SA

N
large, leading to |/ 8°2h;,,,,, ~ 0 and pP~ =~ 0. Similarly, we



have /BYShYS a0 for the latter case. Therefore, in both
cases, the correlation between g;;, and g, can be negligible,
and thus E {qixq} .} + E {q};,qv+} ~ 0. This leads to

L
~ N 2
E {|BUk|2} ~pa Y | (&g —E{glien})]
=1
L . 2
= pPd ank (E {HglkH } +E {‘gggm‘ }
=1
~ 9 2
—-(Uﬁce(chk)-+lhukﬂ ) :

We note that g, is given in (I) as the sum of M N +1 vectors,
where M N is equal to the total number of elements of all HR-
RISs and is very large. Therefore, the distributions of g;;,, and
£, can be approximated as CA (1., Ci:) and CN (pyy,, Cir.),
respectively. By using [22| Lemma 9], we have

~ 4 4 2 - -
E{lenell*} = sl + 2 s trace (Cor) + 2aff Conpur

+ [trace (Clk> ‘2 + trace (C’?,J . (34)

Since g, and g;;, are uncorrelated and E {g;,.} = 0, we obtain
2 _
E {’g{;g,k) } = trace (le ole) . (35)
From (B3)-(33), and the definitions (20), (23) we obtain
L

E {|BUk|2} ~ pa Y mrdiek(a) = pa IDxx(c)wi® . (36)
=1

(33)

o Compute E{|U1kk/|2}: First, g,,, in (6) can be rewrit-

~ - —1~ <

ten as &, = 8y + /ToPpCiE;piZik, Where g, =
—1 —1

(INA —TpPpClk/Ezk/)sz/ + ToppCii B8y As a result,

we obtain E {|UIkk/|2} = pa (J1 + T2 + J3), where J; £

2
L . L .
Var (Zl:l \/nlk’glj;cglk’>’ J» £ )E{El:1 \/ngj;cgm'} >
1w 12
and J3 £ E{Zle |/ ToPog s C Egr Zige } By a

similar analysis as for E {|BUk\2}, the correlation between
8, and g;., in J7 and J> and that between g;;. and ;. in J3

can be neglected. Then, J1, J2, and J3 are approximated as

L Na L
Ti~ Y e Y Var (gikedive) = Y miwtrace (Cig o Ciys
=1 =1 =1

+Cupy i + Curr pygepeft) , 37)

L
Jo = ‘Zl_l VR i B

2 (38)

2
= |V£k' ()N

L
2 2
= E Mk’ TpPp0p,1
=1

x trace ((Cix + pyppeft) CowEp (CiwEf) )™ (39)
where v (o) and vy () in (38) are defined in (T9), (22).
As a result, E { [UL|® b can be written as

L
T -1z
Tz~ Z Mk ToPp { |glkclk’Elk’zzkk’
1=1

L
_ 2 P
E {|Ulkkl|2} ~ Pd |v{k,(a)nk/ + pa E Mk trace (Clkk’)
=1

2 _
+ pa D ()i |1 (40)

= pa Vi (@)1,

where Cjppr £ ClkuzkalHk/ +Clk/ulkufz + trace (T g ) with

T}y and Dy () given in (24) and (20), respectively.
Finally, by substituting the results in (32)), (36) and (@0} into
(T3), we obtain (T6) which completes the proof.
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