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Abstract—We consider in this work a cell-free (CF) massive
multiple-input-multiple-output (mMIMO) system where multiple
hybrid relay-reflecting intelligent surfaces (HR-RIS) are de-
ployed to assist communication between access points and users.
We first present the signal model and derive the minimum-
mean-square-error estimate of the effective channels. We then
present a comprehensive analysis for the considered HR-RIS-
aided CF mMIMO system, where the closed-form expression of
the downlink throughput is derived. The presented analytical
results are also valid for conventional CF mMIMO systems, i.e.,
CF mMIMO systems with and without passive reconfigurable
intelligent surfaces. Finally, the analytical derivations are verified
by extensive numerical results.

Index Terms—Cell-free massive MIMO, channel estimation,
hybrid relay-reflecting intelligent surface

I. INTRODUCTION

Recently, several new network architectures and technolo-
gies have been introduced to meet the demand for extremly
high spectral efficiency and low-latency wireless communi-
cations. Among them, cell-free (CF) massive multiple-input-
multiple-output (mMIMO) technology can provide uniform
quality-of-service (QoS) to all users in the network with
simple signal processing [1]. On the other hand, a hybrid
relay-reflecting intelligent surface (HR-RIS) [2]–[4] is able to
customize the physical propagation environment by reflecting
radio waves in preferred directions with an additional relaying
gain compared to conventional passive reconfigurable intelli-
gent surfaces (RISs). Therefore, HR-RIS-assisted CF mMIMO
systems can be a symbiotic convergence of technologies for
future wireless communications.

The potential performance gains of passive RISs have been
analyzed and optimized in various systems, ranging from
single/multiple-input-single-output (SISO/MISO) [5], [6] to
MIMO systems [7]–[9]. Besides, their applications to assist CF
mMIMO systems were considered in [10]–[13]. Specifically,
Zhang et al. in [11] examined the deployment of multiple
RISs around multiple access points (APs) and user equip-
ments (UEs) to enhance the energy efficiency (EE) of the
CF mMIMO system. It is shown that EE performance is
improved with the deployment of a few small-to-moderate-
sized RISs. In contrast, it can be significantly degraded when

numerous and/or large-sized RISs are used due to the increase
in RIS hardware static power consumption [11]. In [12], Huang
et al. proposed a fully decentralized design framework for
cooperative beamforming in RIS-aided CF MIMO networks,
which provides a significant improvement in the system sum
rate. In [14], Zhou et al. considered an achievable rate max-
imization for aerial RIS-aided CF mMIMO system with a
focus on joint optimization of transmit beamforming at APs
and reflecting coefficients at RISs. Trinh et al. in [13] further
verified the performance improvement of RIS-aided in CF
mMIMO systems under channel spatial correlation.

In the aforementioned RIS-aided cellular and CF MIMO
systems, RISs only offer passive reflecting gains. In contrast,
the HR-RIS architecture introduced recently in [2]–[4] can
provide both active relaying and passive reflecting gains to the
system. Specifically, an HR-RIS consists of only a single or
few active elements and numerous passive reflecting elements,
enabling a semi-passive beamforming concept to ensure a
significant performance improvement [2]–[4], [15]. Motivated
by this, we consider in this work a novel HR-RIS-aided CF
mMIMO system where multiple HR-RISs are deployed to as-
sist communications between APs and UEs. We first model the
channel and signal models of the HR-RIS-aided CF mMIMO
systems and derive the minimum-mean-square-error (MMSE)
estimate of the effective channels. This channel estimate is
then used to design matched filtering in the downlink. We then
derive the closed-form expression of the downlink throughput
of the considered system under the assumption of the Rician
fading channel model. We note that conventional CF mMIMO
systems with and without purely passive RISs are special
cases of the considered HR-RIS-aided CF mMIMO system.
Therefore, our analytical derivations are generalized as the
closed-form throughput expressions of these conventional sys-
tems. According to the authors’ best knowledge, the analytical
results on the throughput of the passive RIS-aided CF mMIMO
systems under Rician fading channels have not been provided
in the literature. The analytical derivations in this work also
provide a novel framework and guidance for designing new
transmission strategies and optimizing the performance of
RIS/HR-RIS-enabled systems.



II. HR-RIS, CHANNEL MODEL, UPLINK TRAINING, AND
DOWNLINK DATA TRANSMISSION

We consider an HR-RIS-aided CF mMIMO system, where
L APs, each equipped with NA transmit antennas, simultane-
ously serve K single-antenna UEs. We assume that all APs
are connected to the central processing unit (CPU) via ideal
backhaul links that offer error-free and infinite capacity [1].
Furthermore, we assume the time-division duplex (TDD) op-
eration, focusing on the uplink training and downlink payload
data transmission phases. The communications between APs
and UEs are aided by M HR-RISs, each is equipped with N
elements, including NR active relay elements and N − NR

passive reflecting elements. Let Am ⊂ {1, 2, . . . , N} with
|Am| = NR denote the index set of the active elements in the
mth HR-RIS. Let αmn be the relay/reflection coefficient of the
nth element in the mth HR-RIS. We have αmn = |αmn| ejθmn ,
where θmn ∈ [0, 2π) represents the phase shift, and |αmn| = 1
for n /∈ Am [6]. Let Υm = diag{αm1, . . . , αmN} ∈ CN×N
be the diagonal matrix of the coefficients of the mth HR-
RIS. Furthermore, we define two diagonal matrices Ψm and
Φm such that Υm = Ψm + Φm, where Ψm and Φm

contain only active relaying and passive reflecting coefficients
of the mth HR-RIS, respectively. Clearly, HR-RIS becomes
a conventional passive RIS if Am = ∅,∀m. We note that
the energy consumption of the HR-RIS is higher than that of
the conventional passive RIS (please refer to [3] for detailed
comparisons). Therefore, we are interested in the case that
only a few active elements are employed, i.e., NR � N .

A. Channel Model

Denote by hUA
lk ∈ CNA×1, hUS

km ∈ CN×1, and HSA
lm ∈

CNA×N the uplink channels from the kth UE to the lth
AP, from the kth UE to the mth HR-RIS, and from the
mth HR-RIS to the lth AP, respectively. We consider the
Rician fading model for these channels with Rician fac-
tors

{
κUA
lk , κUS

km, κ
SA
lm

}
and large-scale fading coefficients

{ζUA
lk , ζUS

km, ζ
SA
lm }, respectively. Let {hUA

lkt , h
US
kmn, h

SA
lmnt} be

the tth element of hUA
lkm, the nth element of hUS

km, and the
entry on the tth row and nth column of HSA

lm , respectively,
t = 1, . . . , NA, n = 1, . . . , N . Let {h̄UA

lkt , h̄
US
kmn, h̄

SA
lmnt} and

{h̃UA
lkt , h̃

US
kmn, h̃

SA
lmnt} denote the line-of-sight (LoS) and non-

LoS (NLoS) components of {hUA
lkt , h

US
kmn, h

SA
lmnt}, respectively.

The former components are modeled as deterministic channels
with unit amplitudes, while the latter components are assumed
to follow the Rayleigh fading model [6], [7]. Then, we have∣∣h̄UA
lkt

∣∣ =
∣∣h̄US
kmn

∣∣ =
∣∣h̄SAlmnt∣∣ = 1 and {h̃UA
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US
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SA
lmnt} ∼

CN (0, 1).
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√
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√
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ζSAlm
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, βUS
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, and βSA
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ζSA
lm

κSA
lm+1

. Then, the channel

coefficients can be modeled as hUA
lkt = µUA

lkt +
√
βUA
lk h̃UA

lkt ,

hUS
kmnt = µUS

kmnt +
√
βUS
kmh̃

US
kmnt, and hSAlmnt = µSA

lmnt +

√
βSA
lm h̃

SA
lmnt. Let hSA

lmn be the nth column of HSA
lm . The

effective channel between the kth UE and the lth AP can be
expressed as

glk , hUA
lk +

∑M

m=1
HSA
lmΥmhUS

km

= hUA
lk +

∑M

m=1

∑N

n=1
αmnhSA

lmnh
US
kmn, (1)

where the last equality follows the diagonal structure of Υm.

B. Uplink Channel Estimation

In the uplink training phase, all UEs send their pilot
sequences to APs for channel estimation. Let √τpϕk be the
pilot sequence of the kth UE, ‖ϕk‖

2
= 1, ∀k. Here, τp is the

length of ϕk, τp < τc with τc denoting the coherence interval.
To facilitate the analysis, we assume that the pilot sequences
are mutually orthogonal, i.e., ϕHk ϕk′ = 0 if k 6= k′.

Let YUA
l and YUSA

l denote the received pilot signals through
the direct UE-AP channel and through HR-RISs, respectively.
Since the HR-RISs consist of active relay elements, they am-
plify not only the incident signals but also the noise and self-
interference (SI). As a result, the lth AP receives not only pilot
signals but also SI ZSI,m ∈ CN×τp , and noise ZN,m ∈ CN×τp .
Denote by zHSI,mn and zHN,mn the nth row of ZN,m and ZSI,m,
respectively. We adopt the SI model in [16] and assume that
zHSI,mn ∼ CN (0, σ2

SIINA) and zHN,mn ∼ CN (0, σ2
NINA), for

n ∈ Am; otherwise, they are vectors of zeros because the
nth element (n /∈ Am) of the mth HR-RIS only reflects the
incident pilot signals passively [17]. Let ρp be the power of
each UE to transmit the pilot signal. Then, YUA

l and YUSA
l

are given as

YUA
l =

√
τpρp

∑K

k=1
hUA
lk ϕ

H
k , (2)

YUSA
l =

√
τpρp

∑M

m=1

∑K

k=1
HSA
lmΥmhUS

kmϕ
H
k +

∑M

m=1
HSA
lm(ΨmZSI,m + ΨmZN,m).

(3)
Let ZA,l be the additive white Gaussian noise (AWGN) matrix
at the lth AP, whose entries are CN (0, σ2

N) random variables.
Then, the pilot signal received at the lth AP is given as

Yl , YUA
l + YUSA

l + ZA,l =
√
τpρp

K∑
k=1

glkϕ
H
k + Zl, (4)

where Zl , ZA,l +
∑M
m=1 HSA

lmΨm (ZSI,m + ZN,m) is
the aggregated noise matrix at the lth AP. Note that{

ZSI,m,ZN,m,ZA,l,HSA
lm

}
are mutually independent, and in

diagonal matrix Ψm, only the diagonal entries with po-
sitions determined by Am are non-zeros. Thus, the en-
tries of Zl have zero-mean and variance σ2

p,l = σ2
N +∑M

m=1 β
SA
lm

∑
n∈Am

|αmn|2 σ2
S, where σ2

S = σ2
N + σ2

SI. To
estimate glk, Yl is projected onto ϕk, yielding

ylk , Ylϕk =
√
τpρpglk + z̃lk, (5)

where z̃lk = Zlϕk.
Theorem 1: The MMSE estimate of glk is given by
ĝlk =

(
INA
− τpρpClkE−1lk

)
µlk +

√
τpρpClkE−1lk ylk, (6)

where

µlk = µUA
lk +

M∑
m=1

N∑
n=1

αmnµ̄
USA
lkmn, (7)
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Fig. 1. Downlink channel in the HR-RIS-aided CF mMIMO system.

Clk = βUA
lk INA

+

M∑
m=1

N∑
n=1

|αmn|2 B̄
USA
lkmn, (8)

µ̄USA
lkmn , µ

SA
lmnµ

US
kmn, B̄USA

lkmn ,
(
βUS
km +

∣∣µUS
kmn

∣∣2)βSA
lm INA +

βUS
kmµ

SA
lmn

(
µSA
lmn

)H
, and Elk , τpρpClk + σ2

p,lINA
.

The estimate ĝlk has mean vector E {ĝlk} = µlk and
covariance matrix Ĉlk = τpρpClkE−Hlk CHlk , which yield

E
{

ĝlkĝHlk
}

= µlkµ
H
lk + Ĉlk , R̂lk, (9)

E
{
‖ĝlk‖

2
}

= ‖µlk‖
2

+ trace
(

Ĉlk
)
. (10)

The estimation error g̃lk , glk − ĝlk is uncorrelated with ĝlk
and has mean vector E {g̃lk} = 0 and covariance matrix

C {g̃lk} = Clk − Ĉlk , R̃lk. (11)
Proof: Please see Appendix A. �

C. Downlink Payload Transmission
For ease of notation and due to the channel reciprocity [18],

we denote the downlink channels as hAU
lk = (hUA

lk )T , hSU
km =

(hUS
km)T , and HAS

lm = (HSA
lm)T . Let sk be the symbol intended

for the kth UE, E{|sk|2} = 1 and xl ∈ CNA×1 be the signal
vector transmitted from the lth AP to all UEs. We assume that
conjugate beamforming is employed at APs [19]. Then,

xl =
√
ρd
∑K

k=1

√
ηlkĝ∗lksk, (12)

where ρd is the maximum transmit power at each AP, and ηlk
is the power control coefficient for sk. The signals propagate
on the direct channels and also reflects through HR-RISs, as
illustrated in Fig. 1. Therefore, the received signal at the kth
UE in the downlink can be expressed as rk =

∑L
l=1 gTlkxl+zk,

where zk ,
∑M
m=1 hSU

kmΨm (zN,m + zSI,m) + zU,k is the
aggregated noise at the kth UE, zSI,m ∼ CN (0, σ2

SI1m) is the
residual SI, and zN,m ∼ CN (0, σ2

N1m) is the noise caused
by active elements of the mth HR-RIS; Here, 1m denotes
a diagonal matrix whose non-zero diagonal elements are all
unity and have positions determined by Am; zk has zero-mean
and variance σ2

d,k = σ2
N +

∑M
m=1 β

SU
km

∑
n∈Am

|αmn|2 σ2
S.

Furthermore, gTlk = hAU
lk +

∑M
m=1 hSU

kmΥmHAS
lm is the effective

downlink channel. From (12), rk can be expressed as

rk =
√
ρd

L∑
l=1

(√
ηlkgTlkĝ∗lksk +

K∑
k′ 6=k

√
ηlk′gTlkĝ∗lk′sk′

)
+zk.

(13)

III. PERFORMANCE ANALYSIS

Since there are no downlink pilot symbols, UE k treats the
mean of the effective channel gain as the true channel for

signal detection [1]. With this method, we rewrite (13) as

rk = DSksk + BUksk +

K∑
k′ 6=k

UIkk′sk′ + zk, (14)

where

DSk ,
√
ρdE

{
L∑
l=1

√
ηlkgTlkĝ∗lk

}
,

BUk ,
√
ρd

(
L∑
l=1

√
ηlkgTlkĝ∗lk − E

{
L∑
l=1

√
ηlkgTlkĝ∗lk

})
,

UIkk′ ,
√
ρd

L∑
l=1

√
ηlk′gTlkĝ∗lk′

are the desired signal, beamforming uncertainty gain, and
inter-user interference, respectively. The throughput of the kth
UE is given by

Tk =
B0τd
τc

log2 (1 + SINRk) , (15)

where B0 is the system bandwidth and τd = τc − τp is the
duration of the downlink payload transmission, and

SINRk ,
|DSk|2

E
{
|BUk|2

}
+
∑K
k′ 6=k E

{
|UIkk′ |2

}
+ σ2

d,k

Theorem 2: In the downlink of the considered HR-RIS-
aided CF mMIMO system, the throughput of the kth UE can
be approximated by (16) (at the top of the next page), where
α , {αmn}∀m,n, η = {ηlk}∀l,k, and

η̄k , [
√
η1k, . . . ,

√
ηLk]

T
, (17)

uk(α) , [u1k(α), . . . , uLk(α)]
T
, (18)

vkk′(α) , [v1kk′(α), . . . , vLkk′(α)]
T
, (19)

Dkk′(α) , diag
{
d

1
2

1kk′(α), . . . , d
1
2

Lkk′(α)
}
. (20)

Here, the lth elements of uk(α), vkk′(α), and Dkk′(α) are
defined as
ulk(α) , trace

(
Ĉlk
)

+ ‖µlk‖
2
, (21)

vlkk′(α) , µTlkµ
∗
lk′ , (22)

dlkk′(α) ,

2µHlkĈlkµlk + trace
(

Ĉ
2

lk + R̃lk ◦ R̂lk
)
, k = k′

µHlk′Clkµlk′ + µHlkČlk′µlk + trace (Tlkk′) , o/w,
(23)

where
Tlkk′ = Clk ◦ Člk′ + τpρpσ

2
p,lC

∗
lkClk′E−1lk′ (Clk′E−1lk′ )

H , (24)

Člk′ = τ2pρ
2
pClk′E−1lk′ Clk′E

−H
lk′ CHlk′ , (25)

and µlk, Clk, Elk, Ĉlk, R̂lk and R̃lk are given in (7)–(11). In
(24), ◦ represents a Hadamard product.

Proof: See Appendix B. �
Based on Theorem 2, we derive the throughput of the con-

sidered system under independent and identically distributed
(i.i.d.) Rayleigh fading channels in the following remark.

Remark 1: In the case that all the channels hUA
lk , hUS

km, and
HSA
lm follow i.i.d. Rayleigh fading model, Tk becomes T iid

k

given in (26) (at the top of the next page), where γlk ,
τpρpζ

2
lk

τpρpζlk+σ2
p,l

with ζlk , ζUA
lk +

∑M
m=1

∑N
n=1 |αmn|

2
ζUS
kmζ

SA
lm .



Tk(η,α) =
B0τd
τc

log2

(
1 +

ρd
∣∣uTk (α)η̄k

∣∣2
ρd
∑K
k′ 6=k

∣∣vTkk′(α)η̄k′
∣∣2 + ρd

∑K
k′=1 ‖Dkk′(α)η̄k′‖

2
+ σ2

d,k(α)

)
(16)

T iid
k (η,α) =

B0τd
τc

log2

1 +
ρdN

2
A

(∑L
l=1 η

1/2
lk γlk

)2
ρdNA

∑K
k′=1

∑L
l=1 ηlkζlkγlk′ + σ2

d,k(α)

 (26)
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Fig. 2. Downlink per-user throughput of the HR-RIS-aided CF mMIMO systems with NA = 2, N = 40, NR = 1, ρS,max = −3 dBm, and (a) L = 30,
M = {5, 10}, K = 5; (b) L ∈ [20, 60], M = {10, 20}, K = 10, ρd = 200 mW; (c) L = {30, 50}, M = {10, 30}, K = 10, ρd = 200 mW [1].

It is seen from (26) that, as LNA → ∞, the received signal
becomes free of interference and noise, like in the conventional
CF mMIMO system [1].

We omit the proof of Remark 1 since (26) can be easily
obtained by setting µUA

lkt = µUS
kmn = µSA

lmnt = 0,∀l, k,m, n, t
for i.i.d. Rayleigh fading channels. We note that when M = 0
(i.e., no HR-RIS is employed), (26) is in line with the result in
[1]. This further confirms that the closed-from expression of
the throughput is also valid for the conventional CF mMIMO
system without RISs/HR-RISs. For the passive RIS-aided CF
mMIMO system, the closed-from expression of the throughput
can be derived by setting |αmn| = 1,∀m,n.

IV. SIMULATION RESULTS

We provide numerical results to verify the analytical deriva-
tions. In the simulations, APs and UEs are randomly dis-
tributed over the entire coverage area of 1× 1 km2 [1], [19],
while RISs/HR-RISs are randomly deployed inside circles
of a radius of 10 m centred by the UEs, implying that
RISs/HR-RISs are in the vicinity of the UEs. The large-
scale fading coefficients ζ ∈ {ζUA

lk , ζUS
km, ζ

SA
lm } are mod-

eled based on the three-slope path loss model in [1], [19].
Rician factor κ ∈ {κUA

lk , κUS
km, κ

SA
lm} for a distance d m

is set to κ = PLoS(d)/ (1− PLoS(d)), where PLoS(d) =
min

(
18
d , 1

) (
1− exp(− d

63 )
)

+ exp(− d
63 ) is the LoS proba-

bility [20], following the 3GPP–UMa model. The small scale
fading channels are generated the same as in [3], [7] with
details omitted due to limited space.

In the simulation, we adopt simple equal power control
schemes to obtain power control coefficients {ηlk}, i.e., ηlk =(∑K

k′=1

(
NAγ

UA
lk′ +

∥∥µUA
lk′

∥∥2))−1, ∀l, k [1], [19]. The phases
{θmn} are randomly generated, while {|αmn|}, n ∈ Am

are generated based on exhaustive search such that the total
transmit power of each HR-RIS is limited by a given power
budget, denoted by ρS,max, and equally shared among the
active elements. The positions of active elements of HR-
RISs are randomly generated. The noise power is given as
σ2
N = −170+10 log10(B0)+NF (dBm), where B0 = 20 MHz

and noise figure NF = 9 dB. We set the normalized residual SI
power to 1 dB [16], τp = K, τc = 200, and ρp = 100 mW [1],
[21]. The other simulation parameters are listed in the caption
of Fig. 2. For comparisons, we consider the conventional CF
mMIMO systems without any HR-RIS and that with passive
RISs. Note that each HR-RIS requires an additional power
budget ρS,max. Therefore, for fair comparisons, the transmit
power at each AP in the HR-RIS-aided CF mMIMO system
is reduced by an amount of MρS,max

L so that all the compared
schemes have the same total transmit power.

Fig. 2(a) shows the downlink throughput obtained by analyt-
ical derivations and those obtained by Monte Carlo simulations
for various values of ρd. It is observed that the theoretical
analysis results align well with the simulation ones in the
entire considered range of ρd, validating the derivations in
Theorem 2. Furthermore, it is clear that with random phase
shifts, passive RISs offer negligible performance gain for CF
mMIMO systems. In contrast, HR-RISs provide considerable
throughput improvement, and the gain is more significant at
low and moderate ρd thanks to its capability of amplifying the
incident signals. Furthermore, it is clear that a larger M leads
to a more significant improvement.

In Fig. 2(b), we investigate the significance of HR-RISs for
systems with different numbers of APs, i.e., L ∈ [20, 60]. As
seen, the theoretical analytical results still align well with the
simulation ones. While the performance improvement of the



passive RISs is still negligible, HR-RISs offer a considerable
improvement in throughput even when L is large. However,
it is observed that the improvement is slightly degraded as L
increases, which is reasonable because when there are more
APs, HR-RISs become less important.

Finally, to highlight the advantage of the HR-RISs, we plot
the cumulative distributions (CDFs) of the per-user downlink
throughput in Fig. 2(c). It shows that the system assisted by
HR-RISs outperforms the conventional one in both median
and 95%-likely performance. Specifically, with L = 30, the
95%-likely per-user downlink throughput of the conventional
CF mMIMO system without HR-RIS is only 0.4 Mbits/s,
while that of the proposed HR-RIS-aided system is 2.25
Mbits/s, implying 5.6 times improvement. The corresponding
improvement for L = 50 is less significant (1.75 times).

V. CONCLUSION

This work has considered the novel HR-RIS-aided CF
mMIMO system in which HR-RISs are equipped with both
active relay and passive reflecting elements to assist commu-
nications between multiple APs and UEs. We have derived the
MMSE estimate of the effective channels and provided closed-
form expressions for the downlink throughput of the system
under the Rician fading channel model. The analytical deriva-
tions have been numerically justified by simulations, showing
that the proposed system achieves significant performance
improvement in terms of per-user throughput, especially when
the transmit power of APs is low and/or when the number of
APs is large enough.
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APPENDIX A
PROOF OF THEOREM 1

The MMSE estimate of glk is computed as
ĝlk = E {glk}+ C {glk, ylk}C {ylk}

−1
(ylk − E {ylk}) . (27)

First, from (1), we have

E {glk} = µUA
lk +

M∑
m=1

N∑
n=1

αmnµ̄
USA
lkmn , µlk, (28)

where µ̄USA
lkmn , µSA

lmnµ
US
kmn. Noting that E {z̃lk} = 0 and

from (5), we obtain
E {ylk} = E

{√
τpρpglk + z̃lk

}
=
√
τpρpµlk. (29)

By using ylk =
√
τpρpglk + z̃lk, C {glk, ylk} is computed as

C {glk, ylk} =
√
τpρpC {glk}+ C {glk, z̃lk}

(a)
=
√
τpρpClk.

(30)
Here, Clk , C {glk}, and equality (a) can be obtained by
expanding C {glk, z̃lk} = E

{
glk z̃Hlk

}
− E {glk}E {z̃lk}

H
=

0NA due to E
{

glk z̃Hlk
}

= 0NA and E {z̃lk} = 0 as
the noise entries/elements of ZA,l, zSI,mn and zN,mn are

independent of glk and have zero means ∀l,m, n. Fur-
thermore, Clk can be computed based on (1), as Clk =

C {glk} = C
{

hUA
lk

}
+
∑M
m=1

∑N
n=1 |αmn|

2 C
{

hSA
lmnh

US
kmn

}
.

Here, C
{

hUA
lk

}
= βUA

lk INA , and C
{

hSA
lmnh

US
kmn

}
= B̄USA

lkmn

defined in Theorem 1, which is obtained based on the
independence between hSA

lmn and hUS
kmn and the fact that

E
{

hSA
lmn(hSA

lmn)H
}

= βSA
lm INA + µSA

lmn

(
µSA
lmn

)H
. Further-

more, C {ylk} can be computed based on (5) as
C {ylk} = C

{√
τpρpglk + z̃lk

}
= Elk, (31)

where Elk is defined in Theorem 1.
Finally, by substituting (28)–(31) into (27), we obtain

(6). We have E {ĝlk} = µlk from (27), and C {ĝlk} =

τpρpClkE−1lk C {ylk}
(
ClkE−1lk

)H
= Ĉlk from (31). Besides, by

using C {ĝlk} = E
{

ĝlkĝHlk
}
− E {ĝlk}E {ĝlk}

H , E
{

ĝlkĝHlk
}

and E
{
‖ĝlk‖

2
}

are obtained as in (9) and (10), respectively.
The estimation error is given by g̃lk = glk − ĝlk. Because
E {glk} = E {ĝlk} = µlk, it is clear that E {g̃lk} = 0, and
thus, C {g̃lk} = E

{
g̃lkg̃Hlk

}
= Clk − Ĉlk , R̃lk.
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• Compute |DSk|2: Because glk = g̃lk + ĝlk
and g̃lk and ĝlk are uncorrelated, we have DSk =
√
ρd
∑L
l=1

√
ηlk

(
E
{

g̃Tlkĝ∗lk
}

+ E
{
‖ĝlk‖

2
})

. By using the
result in (10) and definitions (18), (21), we obtain

|DSk|2 =
√
ρd
∑L

l=1

√
ηlkulk(α) = ρd

∣∣uk(α)T η̄k
∣∣2 . (32)

• Compute E
{
|BUk|2

}
: We rewrite BUk as BUk =

√
ρd
∑L
l=1

√
ηlkqlk, where qlk , gTlkĝ∗lk − E

{
gTlkĝ∗lk

}
. Thus,

E
{
|BUk|2

}
= ρd

∑L

l=1
ηlkE

{
|qlk|2

}
+ ρd

∑L

l=1

∑L

l′ 6=l

√
ηlkηl′k(E {qlkq∗l′k}+ E {q∗lkql′k}).

Here, using glk = g̃lk + ĝlk, we can write E {qlkq∗l′k} =

E
{
‖ĝlk‖

2 ‖ĝl′k‖
2
}
− E

{
‖ĝlk‖

2
}
E
{
‖ĝl′k‖

2
}

, which rep-
resents the correlation between ĝlk and ĝl′k. Based
on (1), (5), and (6), we can write ĝlk = µlk +
√
τpρpClkE−1lk

(√
τpρph̃lk + z̃lk

)
, where

h̃lk ,
√
βUA
lk h̃

UA

lk +

M∑
m=1

N∑
n=1

αmn

(
µUS
kmn

√
βSA
lm h̃

SA

lmn

+ µSA
lmn

√
βUS
kmh̃

US
kmn +

√
βSA
lm h̃

SA

lmn

√
βUS
kmh̃

US
kmn

)
.

It is observed that ĝlk and ĝl′k are correlated due to the com-
mon coefficient h̃US

kmn in the last two terms of h̃lk. However,
when HR-RISs are placed in the vicinity of either UEs or APs
to improve the system performance, these terms are very small
compared to the overall channel coefficients of ĝlk and ĝl′k.
Specifically, when the mth HR-RIS is near the kth UE, the
LoS links between the HR-RIS and the UE is strong, but that
between the AP and the HR-RIS is weak and the path loss is
large, leading to

√
βSA
lm h̃

SA

lmn ≈ 0 and µSA
lmn ≈ 0. Similarly, we



have
√
βUS
kmh̃

US
kmn ≈ 0 for the latter case. Therefore, in both

cases, the correlation between ĝlk and ĝl′k can be negligible,
and thus E {qlkq∗l′k}+ E {q∗lkql′k} ≈ 0. This leads to

E
{
|BUk|2

}
≈ ρd

L∑
l=1

ηlk
∣∣(gHlk ĝlk − E

{
gHlk ĝlk

})∣∣2
= ρd

L∑
l=1

ηlk

(
E
{
‖ĝlk‖

4
}

+ E
{∣∣∣g̃Hlk ĝlk

∣∣∣2}
−
(

trace
(

Ĉlk
)

+ ‖µlk‖
2
)2)

. (33)

We note that glk is given in (1) as the sum of MN+1 vectors,
where MN is equal to the total number of elements of all HR-
RISs and is very large. Therefore, the distributions of glk and
ĝlk can be approximated as CN (µlk,Clk) and CN (µlk, Ĉlk),
respectively. By using [22, Lemma 9], we have

E
{
‖ĝlk‖

4
}

= ‖µlk‖
4

+ 2 ‖µlk‖
2

trace
(

Ĉlk
)

+ 2µHlkĈlkµlk

+
∣∣∣trace

(
Ĉlk
)∣∣∣2 + trace

(
Ĉ
2

lk

)
. (34)

Since g̃lk and ĝlk are uncorrelated and E {g̃lk} = 0, we obtain

E
{∣∣∣g̃Hlk ĝlk

∣∣∣2} = trace
(

R̃lk ◦ R̂lk
)
. (35)

From (33)–(35), and the definitions (20), (23) we obtain

E
{
|BUk|2

}
≈ ρd

L∑
l=1

ηlkdlkk(α) = ρd ‖Dkk(α)ωk‖2 . (36)

• Compute E
{
|UIkk′ |2

}
: First, ĝlk′ in (6) can be rewrit-

ten as ĝlk′ = ǧlk′ +
√
τpρpClk′E−1lk′ z̃lk′ , where ǧlk′ ,(

INA
− τpρpClk′E−1lk′

)
µlk′ + τpρpClk′E−1lk′ glk′ . As a result,

we obtain E
{
|UIkk′ |2

}
= ρd (J1 + J2 + J3), where J1 ,

Var
(∑L

l=1

√
ηlk′gTlkǧ∗lk′

)
, J2 ,

∣∣∣E{∑L
l=1

√
ηlk′gTlkǧ∗lk′

}∣∣∣2,

and J3 , E
{∑L

l=1

∣∣√ηlk′√τpρpgTlkClk′E−1lk′ z̃
∗
lk′

∣∣2}. By a

similar analysis as for E
{
|BUk|2

}
, the correlation between

glk and ǧlk′ in J1 and J2 and that between glk and z̃lk′ in J3
can be neglected. Then, J1, J2, and J3 are approximated as

J1 ≈
L∑
l=1

ηlk′
NA∑
t=1

Var (glktǧ
∗
lk′t) =

L∑
l=1

ηlk′trace
(
Clk ◦ Člk′

+Clkµlk′µ
H
lk′ + Člk′µlkµ

H
lk

)
, (37)

J2 ≈
∣∣∣∣∑L

l=1

√
ηlk′µ

T
lkµ
∗
lk′

∣∣∣∣2 =
∣∣vTkk′(α)η̄k′

∣∣2 , (38)

J3 ≈
L∑
l=1

ηlk′τpρpE
{∣∣gTlkClk′E−1lk′ z̃

∗
lk′

∣∣2} =

L∑
l=1

ηlk′τpρpσ
2
p,l

× trace
((

Clk + µlkµ
H
lk

)
Clk′E−1lk′ (Clk′E−1lk′ )

H
)

(39)
where vlkk′(α) and vkk′(α) in (38) are defined in (19), (22).
As a result, E

{
|UIkk′ |2

}
can be written as

E
{
|UIkk′ |2

}
≈ ρd

∣∣vTkk′(α)η̄k′
∣∣2 + ρd

L∑
l=1

ηlk′trace
(
C̄lkk′

)
= ρd

∣∣vTkk′(α)η̄k′
∣∣2 + ρd ‖Dkk′(α)η̄k′‖

2
, (40)

where C̄lkk′ , Clkµlk′µHlk′ + Člk′µlkµHlk + trace (Tlkk′) with
Tlkk′ and Dkk′(α) given in (24) and (20), respectively.

Finally, by substituting the results in (32), (36) and (40) into
(15), we obtain (16) which completes the proof.
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