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ABSTRACT This paper investigates vibration suppression of uncertain hose and drogue systems in the
presence of actuator nonlinearities. Firstly, a previously presented model of the hose and drogue systems
is extended to describe how the hose and drogue systems restrain the vibration, while the accompanying
unknown aerodynamic coefficients are estimated by invoking the parameter projection method. Subse-
quently, for the actuator nonlinearities of dead-zone and saturation, a smooth dead-zone approximate
function is constructed to design the dead-zone compensation method, based upon which the proposed
control scheme can handle actuator dead-zone and saturation simultaneously while improving the output
efficiency of the actuator. Next, for the actuator nonlinearities of backlash and saturation, a smooth backlash
inverse is constructed based upon which the presented control scheme can cope with the both actuator
nonlinearities simultaneously. Finally, by utilizing backstepping method and hyperbolic tangent function,
the proposed control schemes can also achieve the control objectives of vibration suppression and external
disturbance attenuation. Simulation examples are included to demonstrate the validity of the proposed control
schemes.

INDEX TERMS Adaptive control, backlash, dead-zone, distributed parameter system, uncertain nonlinear

system.
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I. INTRODUCTION

The hose and drogue system (HDS) is vital equipment in
aerial refueling, which can transfer fuel from the air-tanker to
the receiver [1]. As depicted in Fig. 1, the HDS is composed of
ahose, a drogue at the end of the hose, and a set of active con-
trol surfaces (elevators) mounted on the drogue. The active
control surfaces were developed in the last decade [2], to
restrain the vibration of the HDS by generating additional
aerodynamic force. It is noteworthy that the vibration of the
HDS is ineluctable due to the intrinsic flexible nature of the
HDS [3], and this phenomenon lengthens the docking pro-
cess as well as increasing the risk of docking failure [4]-[6].
Therefore, vibration suppression is mandatory for the HDS to
work effectively.

In the last few decades, vibration suppression of flexi-
ble systems has been vastly investigated, and a plethora of
research advances have been documented [7]-[12], [16]. For
instance, an overhead crane with flexible cable was studied
based upon a backstepping-approach-based controller [7].
Two control schemes respectively based on active disturbance
rejection control and sliding mode control were proposed for
a one-dimensional Euler-Bernoulli beam equation, to cope
with the external disturbance flowing to the control end [8].
In three-dimensional space, an effective control strategy was
developed for nonlinear slender beams with large transla-
tional and rotational motions [9]. A boundary controller
for an axially moving string was proposed to suppress the
vibration of the system [10]. And the boundary control of
a robotic aircraft with articulated flexible wings was inves-
tigated in [11]. With respect to the HDS investigated in this
paper, Liu et al. established a novel dynamic model by uti-
lizing the partial differential equation (PDE), and developed
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FIGURE 1. The hose and drogue system.

several control strategies to suppress the vibration of the
HDS as well as achieving additional objectives [12]-[15].
However, it is noteworthy that the model developed by
Liu et al. does not consider how the active control sur-
faces (elevators) generate the control force. Furthermore, the
uncertainties of the HDS are also neglected in the above
model which will influence the control performance of the
closed-loop system [16]-[18], [34]-[36]. Accordingly, chal-
lenges still remain regarding vibration suppression of the
HDS.

The dead-zone or backlash usually appears in the actuator
of mechanical equipment, the HDS is no exception [13], [23].
These nonlinearities degrade the control performance of
mechanical equipment, and there have been amounts of
control schemes developed to handle them [19]-[25]. For
dead-zone nonlinearity, the control problem of uncertain sys-
tems with actuator dead-zone was investigated [19], and the
effect of dead-zone nonlinearity was eliminated by design-
ing a novel smooth dead-zone inverse. Further, two con-
trol schemes were developed by utilizing the fuzzy control
method, in which both schemes compensate the dead-zone
in the actuator successfully [20], [21]. A neural-network-
based control strategy was presented to cope with actuator
dead-zone for a vibrating string system [22]. For backlash
nonlinearity, an adaptive backlash inverse scheme was devel-
oped for a known linear plant with unknown backlash in
the actuator [23]. Furthermore, two smooth backlash inverses
were employed to cope with unknown backlash for nonlin-
ear systems [24], [25]. However, it is noteworthy that the
above works do not involve actuator saturation, which is also
a common actuator nonlinearity that degrades the control
performance of mechanical equipment [26], [27], [36]-[39].
Accordingly, it is meaningful to study the control scheme
which can cope with actuator dead-zone and saturation or
actuator backlash and saturation simultaneously.

In this paper, two novel control schemes are presented for
the uncertain HDS with actuator nonlinearities. The contribu-
tions of this paper are summarized as follows.

1) Compared with the traditional model presented
in [12], [13], our extended model considers how the active
control surfaces (elevators) generate the aerodynamic force
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to suppress the vibration of the HDS, which increases the
design difficulty of the controller. The unknown aerodynamic
coefficients of the extended model are estimated by the
parameter projection method, which will improve the control
performance of the closed-loop system.

2) Compared with the traditional control schemes, our
first control scheme will handle the actuator nonlinearities of
dead-zone and saturation simultaneously. Furthermore, it is
noted that the output efficiency of the actuator will decline
if we handle the two aforementioned actuator nonlinearities.
To address it, a novel dead-zone approximate function is
constructed, such that our first control scheme will improve
the output efficiency of the actuator while handling the two
aforementioned actuator nonlinearities simultaneously.

3) Compared with the traditional control schemes, our
second control scheme will handle the actuator nonlinearities
of backlash and saturation simultaneously. It is noteworthy
that the two aforementioned actuator nonlinearities affect
each other, thus the control difficulty here is how to cope
with them simultaneously. To overcome it, a novel smooth
backlash inverse is constructed, based upon which our second
control scheme will resolve this problem properly.

The remainder of this paper is organized as follows: the
extended model of the HDS is established in Section II,
Section III designs the novel dead-zone approximate function
which is the basis of our first control scheme. And then our
two control schemes are developed in Section IV, followed by
illustrative examples in Section V. Conclusions are drawn in
Section VL.

Il. PROBLEM FORMULATION

In this paper, we only investigate the vibration of the HDS in
the vertical plane, and its axial motion is ignored, as advo-
cated in [2], [12].

The HDS is illustrated in Fig. 1. The Earth-fixed coordinate
system is (OpXY). The air-tanker keeps a level flight with a
constant velocity Vg. The HDS is released from the wings of
the air-tanker [1], and (O1ZW) is the body-fixed coordinate
system attached to the HDS. 6 is the constant angle between
X axis and Z axis, w(z, t) is the transverse displacement of the
HDS. The elevators mounted on the drogue are the actuator of
the HDS, 6(¢) is the elevators’ angle, A(z) is the aerodynamic
force generated by the elevators. Let p(¢) = [px(¢), py(l)]T
be the position vector of (O1ZW) relative to (OoXY), r(z, t) =
[rx(z, 1), ry(z, )] be the position vector of the HDS relative
to (OpXY), and can be expressed as:

zcos8y + w(z, t)sinby + px(t)
rzn = [—zsin@o + w(z, t)cosby +py(l)] ’ M

A. TRADITIONAL MODEL
The traditional model of the HDS presented in [12], [13] is
expressed as [30]:

p¥(z. 1) = [P@W (. )] + 0, @)
Q = f, — pgcost, 3)
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and the boundary conditions of (2) are obtained as:

mw(L,t) = —mgcosfy — P(L)W (L, )
+fdr0g5in90 +A@) + dL| (1), @
w(0,1) = 0, (%)
where p is the linear density of the hose, g is the acceleration
of gravity, m is the mass of the drogue and elevators, L is the

length of the hose, di, (¢) is the disturbance, P(z) is the tension
of the HDS expressed as [12], [28], [29]:

P(z) = [m+ p(L — 2))gsinbo + fi + farogcosbo,  (6)

fi = Cp, pair(Vocosto) dp/2, ©)
Jarog = Cfdmgpairvgﬂdgmg/& ()
o = Cppair(Vosinbo)*dy /2, ©)

Jft is the skin friction drag of the hose, fyryg is the drag of
the drogue, f;, is the pressure drag of the hose in the normal
direction, Cy,, Cy,,,, and Cy, are the corresponding coeffi-
cients, pg;r is the air density, dj, and dgyg are the diameters
of the hose and drogue, respectively. Furthermore, P(z) in (6)
satisfies the following property.

Lemma 1: For any z € [0, L], there exist constants Py,
Ppax, and P, . such that the following inequalities hold:

0 < Ppin < P(2) < Ppax,
P. < P/(Z) <0. (10)

min —
Proof: Notice that Vj is a constant parameter, thus
from (6)—(8), we derive that (10) holds. This completes the

proof. ]

B. EXTENDED MODEL

We found that the traditional model (2)—(5) regards the aero-
dynamic force A(#) as the input, and neglects how A(¢) is
generated. From Fig. 1, it is seen that A(¢) is generated by the
elevators, thus we can utilize the linearization approach [31]
to obtain the following equations:

A(t) = Fob(t) + Ao + dp, (1),
0(t) = Sat(N(u(t))), an

where Fy > 0 and Ao are the unknown coefficients of the
aerodynamic force A(t), dp,(t) is the disturbance induced
by linearization, 6(¢) is the actuator output (i.e., eleva-
tors’ angle), u(t) is the actuator input (i.e., controller to be
designed), Sat(x) is the actuator saturation defined as:

INV
D *¥

Sat(x) = <6 (12)

1D * D
TS

A

-0, 0 are positive constants, 1 is the actuator nonlinearity
which can be dead-zone or backlash, the expression of 1 can
be found in the following subsection.

Then substitute (11) into (4), we can derive the extended
model of the HDS as:

piz. 1) = [P@W (D] + Q.
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Wi = wy,
Wy = [ — mgcosty — P(L)W (L, 1) + Ag
“Harogsinbo + Fa0 (1) + d.(1)] /m,
0(t) = Sat(N(w)),
w(0,1) = 0, (13)

where wi = w(L, t), wo = W(L, 1), dp(t) = dr,(t) + dp,(t)
and satisfies the following assumption.

Assumption 1: The disturbance di (t) in (13) satisfies 0 <
|dr(1)| < dy, where dy is a positive constant.

Remark 1: Compared with the traditional model (2)—(5),
the extended model (13) considers how the aerodynamic force
A(t) is generated, as described by (11). The accompanying
unknown parameters Fg, Ay and disturbance dy,(t) increase
the controller design difficulty, which will be handled in
Section IV.

C. ACTUATOR NONLINEARITIES

In this paper, we consider the following two nonlinearities in
the actuator:

1) DEAD-ZONE
The dead-zone nonlinearity 91(x) is described as [13]:

yor(x —amy), x>amy
N(x) =10, am < x < amy (14)
youlx —amy), x <agwy

where x is the actuator input, ym,, Yo, anr, and asy are the
unknown constant slopes and breakpoints of 91(x), respec-
tively. Besides, x(¢) is a function of ¢, here we write only x for
brevity of notation. In the following equation, x(¢) is written
as x for the same reason.

2) BACKLASH
The backlash nonlinearity 91(x) is described as [24]:

x—hy), ifx>0andMN=¢(x—h,)
Nx)={¢x—ny), ifx<OandN=¢x—~h) (15)
N(to), otherwise

where x is the actuator input, ¢ is the unknown constant slope
of N(x), hy, hy are the unknown constant parameters, J1(z_)
denotes that there is no change in 91.

The parameters in the above two actuator nonlinearities
satisfy the following assumption.

Assumption 2: There exist known positive constants y, v,
ar, ¢, ¢, and h as well as known negative constant a; such
that_ym,, Yo, amr, amy, §, by, and hy satisfy

yous you € [y, vl amr €0, a,], an € [g;, 01, (16)
¢ €l8.¢l, hy, —hy €10, hl. (17)

The control objective of this paper is that design controller
u(t) such that the closed-loop system of (13) is stable subject
to the actuator dead-zone (14) and saturation (12) or actuator
backlash (15) and saturation (12). Furthermore, w(z, t) is
uniformly ultimately bounded.
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lIl. DEAD-ZONE APPROXIMATE FUNCTION

To develop the control scheme handling actuator dead-zone
and saturation, a novel dead-zone approximate function and
its properties are presented in this section.

Our control scheme for actuator dead-zone and saturation
requires differentiability of actuator dead-zone (14), which
obviously cannot be satisfied. Thus we need to design a
differentiable function N(x) to approximate actuator dead-
zone (14). The differentiable function N (x) is designed as:

[Vr - — ny)eiéi’][ = lar — (ar
—Na1Na2dy)e o Jtanh(—=)], x>0
Nx) = e Na2ar (18)
[vi — i —nye @ ][x+[ar + (—a
AN —E —X
+1Na1Ma2d;)e 4 Jtanh( A )]1 x<0
Na24;

where 1y, 741, 742 are positive constants, a, and g, are
constants satisfying a, > a,, @, < a;; ¥r, VI, ar, a are
unknown parameters denoted as:

Yr = VY2r. YI= VN,
amr, amr = 4,
a, =
c_lr7 0 S a‘)”(r < Qr
ai, a <am <0
a = ~ (19)
amy, ay = a

a,., a; are small known constants.

Remark 2: It is noteworthy that the actuator dead-
zone (14) equals a linear function minus a saturation func-
tion, and can be approximated by a linear function minus
a hyperbolic tangent function. Inspired by this property, the
differentiable function (18) is designed to approximate the
dead-zone nonlinearity (14).

The following lemma presents the properties of the differ-
entiable function (18).

Lemma 2: Assume that (16)—(17) hold, then N(x) satis-
fies:

(i) N (x) is differentiable in R.
(ii) There exists a constant Sy > 0 such that

S| < dn,  Vx €R, (20)

where

Son(x) = MN(x) — N(x). (21)
Proof: (1) With the expression of N(x) in (18), it is
apparent N (x) is differentiable in R.
(i) From (14) and (18), one can rapidly find that (20)
can be ensured if l_i)m [891(x)]| is bounded. Then notice that
lim [bn(x)] < f%aico{gr, —ay}, thus (20) holds. This com-
)f)leixe)s the proof. |
It is noteworthy that (18) is an unknown function, we can-
not utilize it to design our control scheme directly. To address
this problem, let ,(¢), y;(t), a-(¢), a;(t), yra,(t), and ya;(¢)
be the estimates of the unknown parameters y;, y;, a,, ai,
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yrar, and yjay, respectively. Then we can present the follow-
ing piecewise function to estimate N (x):

biyx — byrtanh(——=), x = 0
N(x) = Na20r (22)
byx — bytanh(———), x <0
Na24,;
where

bir = P(1—e ir)tnye i,
by = (ny&r + nalnaﬂ:lr)}r)e_g(l - e_g)

2x

+ yrar(l —e€ a’) + nynalrlaﬂlrei;a

by =pl—e "l)+n e J

by = (—nya1 — nanaa e 4 (1 —e &)
_x . o
—ya(l —e ) —nynanage . (23)

It is seen that N is a function of seven arguments: x, yr, Vi,
ar, aj, yrar, and yya;, but we denote it as N (x) for brevity of
notation. Similarly, we omit the independent variable ¢ of p;,
V1, ar, aj, Yray, and ya;.

To proceed, we define

Q=[7. 71> x [0, 4,1 x [&,,0] x [0, Pa,] x [Pa,, 0], (24)

where y, y are positive constants satisfying [y, 71 D [y, 71,
ar, a; are defined below (18). Then the properties of the novel
dead-zone approximate function (22) can be presented in the
following lemma.

Lemma 3: (i) N (x) is differentiable respect to x in R.
(ii) For any (x, Pr, 1, ar, aj, yrar, y1a1) € R x Q, if positive
constants ¥, ¥, Ny, Mal, Na2 Satisfy:

na <1, ny <7, (25)
20/7 < na(l+na —ny/P).  (26)
(1 + a2 — 20a1Ma2)0y [V < Na2 — Na1Na2s (27)
then we can have
e

(iii) Define N(x, 7r, 1, @, @1, Yoy, viar) as (for brevity of
notation, we write only N (x) in the remainder of this paper):

N@) =N@) = N), (28)
then the following equation always holds:

aN N aN _ 9N

N -
(x) = 7 —V+ = o7 —V+—= aa, r + oa aj
ON _  ON __
+ — Vrar + Tylalv (29)
dyray oyia;

where y,(t) = yr =7, (1), (1) = yi—=y1(1), ar(t) = a,—a, (1),
ai(t) = ar —ai(t), yra,(t) = yrar — yrar(t), yia(t) = yia; —
viai().

Proof: (1) Property (i) is apparent.
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(i) Owing to the proofs of x > 0 and x < O are similar,
we only discussAthe case of x > 0.

From (22), % can be denoted as

AN (x) bar 1 - b1, «x
=by — 5 + N2y —
dx 77a2ar cosh ( Naod ) dx 77a2ar
— 2 anh(——).  (30)
X Na2ay

Thus % > () can be ensured by the following inequalities:

~ ablr abZr
—_— —_—, 31
ni/zZar Ix > I (31)
na2&rb1r|x:0 > b2r|x:0: (32)
ablr
- =0 buf>0 (33)
According to (23), one has
0byy e_éxj ~
—_— = — - , 34
ox 5 (vr ny) (34)
b1r|X:0 = Ny, b2r|x:0 = nynalnzﬂar- (335

Then in view of (y,, vy, ar, &, Vrar, Via;) € 2 and (24),
we can derive that (32) and (33) are ensured by (25).
Define &; = G, 21 91y Then from (23), (31)

can be ensured 1te the followmg inequality holds:

;= 2ya,(e o — 1)+ ny&r(l 2e ir)
+ 77a177a2(1ryr(1 —2e ir )+ nazaryr

— Ny Na2lr + 20y Nt a2@re o > 0. (36)

In view of (36), one derives
0D

IYr

0d;

074,
0D

day

v

20a1naar (1 —e i), (37)

2e i — 1), (38)

=y (1 — 2e‘i). (39)

Next, consider the following two cases.

1)0 < x < —a,In(0.5):

From (37)—(39), it is apparent that ®; is monotonous
increase respect to y,, and monotonous decrease respect to
a, and yra,. Then recalling (y,, y1, ar, a;, yrar, yia;) €
and (24), we can have that (36) holds if the following inequal-
ity holds:

by = 2[}5/2 —(1- nalnaZ)ny/z — nalnaz]e_g
- 2);/2 + (1 - naZ)rIy/z + Na1Na2

Next, consider the following two subcases.
L) /7 — (A = nana2)ny /7 — Naina > 0:
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In this subcase, ® is monotonous decrease respect to x.

Notice that 0 < x < —a,[n(0.5), so we can deduce that (40)
holds if the following inequality holds:

P17 < na2(l =y /P + nainy /9), (41)

which can be ensured by (26) and the following inequality

na2(1+na1 — 1y /7) < 2021 = 0y, /P + na1ny /7). (42)

If ny/y > 0.5, then (25) implies that

na(l =1y /7) + nana2@uy /9 — D2 0. (43)

This confirms (42).
If n,/ 2 < 0.5, then in view of (25), it is apparent that
either 1,1 < 0.5 or 41 > 0.5, the following inequality

nall = na1 + 1y /7201 — D1 > 0 (44)

always holds, which means that (42) always holds.

1.2) p/y — (1 = naina2)ny /7 — Nainaz < O:

In this subcase, ®; is monotonous increase respect to x.
Then notice 0 < x < —a,In(0.5), we can have that (40) can
be ensured by (27).

2) x > —a,In(0.5):

From (37)-(39), ®; is monotonous increase respect to
v, and a,, and monotonous decrease respect to y,a,. Then
recalling (yr, v, ar, i, yrar, yia;) € €2 and (24), we can
derive that (36) holds if the following inequality holds:

= 2[P/P + Natta2ny /P — Nainale @
=29/9 = na2ny /Y + Nainaz + na2 > 0. (45)

If /9 +na1na2my /¥ —NaiNa2 > 0, then &5 is monotonous
decrease respect to x. Notice that x > —c;z,ln(O.S), thus (45)
can be ensured by (26).

If P /Y 4+na1na2ny /¥ —Na1na2 < 0, then &5 is monotonous
increase respect to x. Notice that x > —a,In(0.5), thus (45)
can be ensured by (41). From the above proof in subcase 1.1),
it has been proven that (41) can be ensured by (25) and (26).

Thus we conclude that 23 > 0 if (25)~(27) hold.

(ii1) From (18), (22), and (23), we can have (29) readily.
This completes the proof. U

Remark 3: It is seen that (25)—(27) are always feasible
if na1 > 0.5 and ng is sufficiently large. Nevertheless, a
excessively large n, may deteriorate the performance of the
closed-loop system. Thus ng should be chosen properly.

Remark 4: Constructing a dead-zone approximate func-
tion which can satisfy the property of % > 0 is the design
difficulty in this section. Due to the unknown parameters of
the dead-zone nonlinearity, the designed dead-zone approx-
imate function must have time-varying estimate parameters,
which will increase the difficulty proving the aforementioned

property.
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IV. CONTROL SCHEMES DESIGN
In Subsection IV.A, the control scheme coping with actu-
ator dead-zone and saturation is developed based upon
the dead-zone approximate function (22). Then the control
scheme handling actuator backlash and saturation is designed
in Subsection IV.B. Besides, the following two lemmas are
useful for our proof.

Lemma 4 [32]: For any constants € > 0 and n € R, the
following inequality always holds,

0 < 9| — ntanh(n/e) < kye = 0.2785¢, (46)

where tanh(x) is the hyperbolic tangent function.

Lemma 5 [33]: Given function ¢(t), constants ¢o, ¢1, dr
satisfying ¢; < ¢y, nonempty set Il satisfying I1 C [¢;, ¢r].
Then the projection operator (47) defined at the bottom of the
next page has the following properties:

(i) ¢(t) remains in [¢1, ¢r), if (1) = Proj(z(2), ¢(t), 1, ¢r)
and ¢(0) € [¢1, ¢rl,

(it) =[¢o — ¢(D] - Proj(z (1), ¢(1), ¢1, ¢r) < —[po — (1] -
T(1), V(1) € [¢1, ¢r], po € T1.

Lemma 6 [41]: Given function ¢(z,t) € R with (z,t) €
[0, L] x [0, 400), and it satisfies ¢(0,t) = 0. Then the
following inequality always holds:

L
P? SL[ ¢ dz.
0

A. CONTROL SCHEME FOR ACTUATOR DEAD-ZONE AND
SATURATION

The control scheme is developed by utilizing the backstep-
ping method. Thus we introduce the change of coordinate as:
Wel = W1 = W(L, f),

W€2 = w2 = W(La t)a

wes = N(u(v)) — a, (48)
where
o = ﬁgin‘,(t)ao, (49)
o = mgcosto + P(LYW (L, 1) — furogsinfy — Ao(t)
mpByL

WL, 1) — ki + PR, 1)

1 Bi
Bidy (g + ’Sé—lLW/(L, 1) _
). (50)

— tanh

8qy

Bi1, B2, ki, and 34, are positive constants, F@ (t) and Ao(t)

are estimates of 1/Fp and Ay, respectively.

inv

1) STEP 1
Consider the following Lyapunov function candidate:
m L
V)= ﬂlT(wl + ﬂﬁiw/(L, ). (51)
1

Then from (13), one has
. . L
Vi=5h [Wl + %w/(L, t)][ — mgcosfy + Ag
1
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— P(LYW (L, t) + farogsino + dp (1)

mIBZL .
+ ﬂ—w (L,t)+ FgSat(‘ﬁ(u))]. (52)
1
To proceed, we choose controller u (i.e., actuator input) as:
9_ -
Ztanh(Xv(0),  v(@6) =0
=1} 4 (53)
=tanh(=v(t)), v(t) <0
Z 0

where v(¢) will be designed later. Then, we obtain the follow-
ing lemma.
Lemma 7: Consider controller (53), then YWu) satisfies

Sat(N(w)) = N(u). (54)
Proof: In light of (53), one deduces

g <, (55)
Y Y

then in view of (14) and (16), one has

0 =72 < nuwy <72 =, (56)
Y 14

finally, recalling (12), (56) yields (54). This completes the
proof. 0
Now substitute (53) into (52). Then in light of Lemma 7
and (48), we deduce
. B2L
= pipi + EW/(L, N[ -
- P(L)W/(L» 1) +fdr0gSin9() +d(t)
mBaL ., -
+ /3—W (L, 1)+ Fo(bm(u) + N(u)
1
+wes +a)], (57)

mgcosy + Ao

where we have utilized the following equation based
upon (21) and (28):

Nw) = N(u) + S () + N (w). (58)

To proceed, substitute (49)—(50) into (57). Then in view of
Assumption 1 and Lemma 4, we derive
. ) oL ~
Vi < Bi[w1 + %w’(L, O][Ao + dr()
+ Fo(Son() + N () + we3 — Fa,,, a0)
BrdyGvi + ZEw/(L, 1)

ki B O + ﬁg—fw’(L, 1)

—k1B10V1 + ’3;—1Lw/(L, ) + kpda,
L N
+ Bi[w1 + %w/(L, D][Ao + Fo(dm(w)

Fo,,0)]. (59
where Fg t)=1/Fy — Fg (1), A()(t) =Ag —Ao(l‘)

inv iny

+ N (W) + wez —

2) STEP 2

Consider the following Lyapunov function candidate:
1 2 1 2 1 2 2

V2=V1+§Weg+§F9+§A (

+yi+ 4@ + va: + va),  (60)

where F@(t) =Fy — ﬁg(t), ﬁ@(t) is the estimate of Fy. Then
differentiating V5, and in view of (48), we deduce

dN(u) . ~ A ~ i
Vo = Vi + wes( —a)—FyFyg — ApAp

- F9 (thm ngm + )71‘);/\" + J’;l),}l + erélr
+alal + Vrar)/rar + )7;5[]71‘;1) (61)

It is noteworthy that N (u) presented in (22) has seven
arguments, thus from (53), we have

dN@w) 9N du. by N aN . ON . N N -
—a
dr oudv Kz T i a5 T aa
+—=a+ —vya + —ya. (62)
da; Ay ay ayia

Substituting (62) into (61), we deduce

IN du . +8N- +31§7 +3N;
S d a)f)ryr aAlVl 94,

aﬁ/ i N AN aN ]
(1 a a] — Ol

8(11 1 3@ ~—Vrar 3)71-\1 yl 1

- FeFe - Avo —Fy (Fe,WFe,m R A v

+arar + alal + Vrar)/rar + Vlalylal) (63)

Vo=V + wes[—

To proceed, we design v(¢) and update laws of y,, 7, a,, a,
Yrar, Yia1, Fg, Ao, and Fg,,, as

AN (1)

— tanh CoN -1 _
anh( 5dL )] W) = (=5 =) (@) — k(o). (64)
2 0
[1 - sgin 22 ("”E BP0 p1) > sg@ BT — 58 @r)er and T(1) > 0
: _ 2 b
PrOJ(T(t), ¢(t)’ ¢l7 ¢r)— [1 _ Sg(—¢[)¢(t) (¢l - Sg( ¢l)61)]‘[([)’ ¢([) < —Sg(—¢l) ¢12 _ Sg(_¢l)€l and r(t) - 0
1
(1), else

where €,, €] are positive constants satisfying [¢; + €7, ¢, — €,] = I1; sg(x) = 1, if % > 0, sg(x) =
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)?r = Proj(z,,, Vr, 2,_)3),

Vi =Proj(ty, v1, 7, 7),

4 = Proj(z,,, a, 0, a),

i = Proj(zy, ar, a;, 0),

7rdr = Proj(ty,q,, rdr, 0, Vay), (65)
ﬁ'a\l = Proj(ty,q, 7141, 74, 0),

j = Proj(r,, Fg,Eg,f"a),

Ao = Proj(a,, Ao. Ay, Ao).

I:“ by = PrOj(TF, Fopr By Fap),

inv? —UOipy inv

where t,,(¢) will be designed later, k, > 0 is a constant,

Ty, = ﬂ; W (L, 1)) — ky, (7:(1) — vr0),
Ty, = /31—(W1 + %W (L, 1) = ky,(71(t) = v10),
ra = aN ﬂz — ke, Gar (1) — ar0),
Tq = ,31—(W1 + ﬂ,B w (L, 1)) — kg (ar(t) — ap),
B2L -
Ty,a, = ﬂl (Wl + EW (L 1) — yrar(yrar(t)
- VrafO)
Tyjap = ﬂl ~ (Wl + IBﬂl w (L t)) [d](y/la\l(t)
- J/lalo)
TF, = P10V + %W (L, ))We3 — kg, (Fg(r) — Fao),
. ,BZL / In
Ta, = f1(w1 + EW (L, 1)) — kay(Ap(t) — Ay),
L N
thy, = —Bil + ’%ww et — kg, (Fop (6)
_Feim())

_9 and F@ are positive constants satisfying (EH, Fg) > Fy;
Eva F@mv, AO, and Ag are constants satisfying Lg £ )
1/F99 (401140) > AO’ k}/rv kj/l’ kar’ kap ky,a,a kylal’ kFg» kAO’
kpei’w, Fgo, and Fy,, ¢ are positive constants, y,0, Y10, a0, 410,
Yraro, Yiaio, and Ay are constants. Then we can have the
following lemma.

Lemma 8: Consider controller (64) and update laws (65).
If (25)—(27) and the following initial conditions

(7r(0), 71(0), (0, &(0), 77a(0), 7i@(0)) € 2. (66)
Fy(0) € [Ey, Fyl, Ao(0) € [Ay, Aol
Fy,,(0) € [Ey, . Fp,,],

hold, then we can have that
(i) Controller (64) exists for all t > 0.
(ii) The estimate parameters satisfy

(67)

—FyFy —Avo - Fe(Fe Fe,m + Vr¥r

inv

F P71+ aray + &ag + yra,pray + )’lalyzal)
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paL

< —Bip + 5 =—w'(L,)][Ao + Fo(N(u)

— Fy,,00) +wesFp] + co, (68)

inv

where
co = kFQFG(ﬁG — Fgo) + kA()AO(AO —Ay)
+Fp [kF9 Fay,(Fa,, — Fg,n0)
+ky, Ve (Pr — vr0) + Ky, Vi1 = v10)
+ kq,ar(ar — ar0) + kg ar(ar — aj)
+ kyrur V?ir()//r-ar — Yrar0)
+ kyya Viar(viar — vian) |- (69)
Proof: See APPENDIX A. O
Now substitute (64)—(65) into (63). And in view of
Lemma 8 and (59), we can have

. . L .
Vo < —kiBi(wr + %W’(L, 0)? + kpda, + Bi[w1

BoL

‘(L. 1)]Fy(8 du
+EW( , D]Fa( m(u)+we3)+we3[$(fv(t)

. 0N aN aN;
05, T e aa
N N N IN - Al
—VYra —yia; —o| — w
7.4 Vrar o7 yiap 1|1
L -
+ %w/(L, ]wesFo + co. (70)
1
Then we design t,(¢) as

T, = U()X)10, (71)

where U(x) is a Nussbaum function presented in [34], and
can be expressed as

U(x) = x*cos(x), % = kywesTuo, (72)

. /3214 / 7 .
oo = —fi1(wi + EW (L, t)Fg — kawes +
Tk de N ; ON: 0N
—V — r = — = ar
Vdv opr 37,7 8)/1 o aay,

N . N L IN
- 5A a4l — T —=—Vra4r — s —=_Viai, (73)
day dyray dyiar

ky > 0and k> > 0 are constants.
Now substituting (71) into (70), we deduce

. . L .
Vo < —ki1Bi(wr + %W/(L, D) + kpda, + B [

+ ’%w (L, )] Fodonu) + —(—U(x) —1)

— k2We3 + ¢o. (74)

Then we obtain the following result.

Theorem 1: Consider the uncertain HDS (13) satisfying
Assumptions 1 and 2, with controllers (49)—(50), (53), (64),
(71)—(73), and parameter update laws (65). Then if (25)—(27)
and (66)—(67) hold, the closed-loop system of (13) is stable
subject to the actuator dead-zone (14) and saturation (12).
Furthermore, w(z, t) is uniformly ultimately bounded.
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Proof: See APPENDIX B. O
Remark 5: The control scheme presented in this subsec-
tion can be summarized as follows: 1) For actuator dead-
zone: Mu) is firstly approximated and estimated by N(u),

then N (u) is transformed to —= dN(”) by the change of variables,
dN(u)

in the end, is compensated by controllers (64) and (73).
2) For actuator saturation: Sat(M(u)) is firstly transformed
to M(u) by adopting controller (53), then the hyperbolic
tangent functions existed in controller (53) are handled by
controllers (71)—(73). 3) For unknown parameters and distur-
bance dy (t): They are resolved by parameter update laws (65)
and controller (50), respectively.

Remark 6: Compared with the Lyapunov functions in ordi-
nary differential equation (ODE) systems, the ones in PDE
systems do not need to include all states. For our system,
the Lyapunov function (103) does not comprise w(z, t), but
we can still obtain the stability of the closed-loop system by
invoking Lemma 6, as discussed in APPENDIX B.

B. CONTROL SCHEME FOR ACTUATOR BACKLASH AND
SATURATION

In this subsection, 9t(x) indicates the actuator backlash
expressed in (15), and u(t) is the correspondlng controller that
will be designed later. Besides, we denote ; {hr, z Chy as the
estimates of the unknown backlash parameters ¢, {h,, ¢hy,
respectively, and define a set 2, as:

Qe = [, 81 % [Thy, Ch1 x =R, Shil,  (75)

where {h < O ;hl > (0 are constants with sufficiently small

magnitudes, g“ { are positive constants which satisfy [{ C 1D
(<, ¢] and the following assumption.
Assumption 3: The following inequality always holds:

¢

>— < min{h, —6}. (76)

IO VY
=

Now we can develop the control scheme for actuator back-
lash and saturation. It is also developed by using the backstep-
ping method. Thus we introduce the change of coordinate as:

Welre = W1 = w(L, 1),
Weare = W2 = W(L, 1),
We3re = U1 — K, an

where u; will be designed later, « is defined in (49).

1) STEP 1
Consider the Lyapunov function defined in (51), then
from (52), we have

. L
Vi =58 [Wl + %w/(L, t)][ — mgcosty + Ag
1

— P(LYW (L, 1) + farogsino + dp(1)
+ %W(L, 1) + FpSat(N(w))]. (78)
1
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To proceed, we design controller u (i.e., actuator input) as:

1 . _
U= E[Ul + Chyug — Chus], (79)
where
= th)ranh< “(t) )/E, Vre(t) >0
IS s = (Ch
200 — =
_ ¢
up = _x_
E(—0 - f;’l)mnh< Erret) )/E, V(1) <0
- ~ h
> t-p - £
I3
(80)
1
; T
wp=1321 T o ey _ (81)
2sm( Zkuvre(t)) + 7 . <Vr(t) < k,
0, bre(t) < =g
uz=uy — 1, (82)

vre(t) will be designed later, &, is a positive constant. Then
we can have the following lemma.

Lemma 9: Consider controller (79). Then if g: E-i; and
{/\hl satisfy the following condition:

@, Zhr, h) € Qe (83)
the following properties always hold:
(i) N(u) satisfies
Sat(N(u)) = N(u). (84)
(ii) Define dsq,, (1) as
Sonre(u) = M(u) — ur — L+ Chyuy — Chyuz,  (85)
where £(1) = & — (), She(t) = Chy — Che(D), Shit) =
Chy — ¢ hy(t). Then we have
[Snre(u)] < S‘J’Ire, (86)
where S‘)’Ire is a positive constant.
Proof: See APPENDIX C. O

Now we suppose that (83) holds (this will be proved in
Lemma (10)). Then substituting (79) into (78), and in view
of Lemma (9) and (77), we have

- L
Vi =B [Wl + %W/(L, t)][ — mgcosBy + Ag
1

- P(L)W/(L, 1) +fdrag3in9() +di(t)
mpoL ., ~
+ L)+ Fy G +

1

— Chewr + Ehus + weare + ). (87)

To proceed, using the similar procedures presented in Sub-
section IV.A.1, we deduce

. L
i <~k + 200002 + ks
1
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L -
4 B[ + %W'(L, D][Ao + Fo(Sor,, (0

+Cu— Cheus + Chius + weare — Fo,,20)]- (88)

2) STEP 2
Consider the following Lyapunov function
candidate:
1, 1.y 1.5 Fg -5
Vore = Vi + EWe3re + EFG + EA() + T(ngm,

F2 4+ ChD), (89)

then differentiating V5., and in view of (77) and (80), we
deduce

Vare = Vi — FgFp — AgAg — F (Fein\,ﬁainv +¢¢

~ o~ duj . .
+¢hrEhy + ;hlé‘hl) + WeSre(wvre —a). (90)

re

To proceed, we design v, as:

Vre(t) = Tvrg(t) — kyvr(2), (C2Y)
Ty, = U(x)tvore, (92)
. ,32L / - .
Tyore = —B1(W1 + WW (L, )Fg — kowespe + &
du
+hy Ve, (93)
dvre

and design update laws of g:, C/h\r, {711, 13"9, Ao, and ﬁ'g
as:

inv

¢ =Proj(t;.£.2.0).
Chy = Proj(tch, . Thy. Shy, Eh),
Chi = Proj(ecn, Shi, —Eh, Thy),
Fy = Proj(tr,, Fo, g, Fo),
Ag = Proj(zag, Ao, Ay, Ao)

Fy,, =Proj(ts, . Fo,,. Fg, . Fo,)

(94)

where

Ux) = XZCOS(X), X = k)(We3reTvOrev

L ~
%w’(L, o — ke (B (0) — Co).

. ﬂZL / ~7
=B1w1 + EW (L, 1)uz — kep, (Shr(t) — Shyo),

e = Bi1(w +

Teh,

e = Bl + ﬁ;—fw’(L, s — ke Ch®) = Ehio),
TFy» TAy» and TF,, can be found below (65), k; > 0, kzp,, > 0,
ken > 0, o, $hro, and ¢ hyo are constants. Then we can have
the following lemma.

Lemma 10: Consider controllers (91)—(93) and update
laws (94). If (67) and the following initial condition

(£(0), Zhr(0), hi(0)) € Qe 95)

hold, then we can have that
(i) Condition (83) always holds.

VOLUME 8, 2020

(ii) The estimate parameters satisfy
—FyFg — AoAg — Fy(Fy,,, Fa,, + ¢
+hyChy + ﬁz(hz)
. oL = s =
< —Bi[w + ﬁﬂ—lw/(L, D][Ao + Fo(Cu — Lhyus

+ Chyuz — F,,00) + WesreFo | + Core, (96)
where
core = kr,Fo(Fg — Fgo) + kAOAO(AO —Ap
+ F9 [kFHim, ngm' (Feinv - Feinv())
+keZ(& = 20) + ke, Che(Thy — Ehio)
+ kem Chi(Chr — Shio) ] G
Proof: (i) Lemma 5(@i) and (94)—(95) imply that (83)
holds.
(i) The proof is omitted because it is similar to one of
Lemma 8(ii). This completes the proof. ]
Now substitute (91)—(94) into (90). And in view of

Lemma 10 and (88), we can utilize the similar procedures
presented in Subsection IV.A.2 to obtain

. . HL .
Vare < —k1B1(w1 + %W/(L, ) + kpda, + B1[w1

,BZL / X dl/tl

+——w(L, ) |Fodm,, () + —(-—U(x) — 1)
B1 ] ¢ kx dvye

— kaws,, + Core- (98)

Then we can obtain the following result.

Theorem 2: Under Assumptions 1-3, consider the uncer-
tain HDS (13) subject to the actuator backlash (15)
and saturation (12), with controllers (49)—(50), (79)—(82),
(91)—(93), and parameter update laws (94). Then if (67)
and (95) hold, the closed-loop system of (13) is stable. Fur-
thermore, w(z, t) is uniformly ultimately bounded.

Proof: The proof is omitted because it is similar to one
of Theorem 1. This completes the proof. ]

Remark 7: It is noteworthy that actuator backlash and
saturation affect each other, for instance, the anti-windup
control cannot be adopted here because actuator backlash is
unknown. Thus the control difficulty in this subsection is how
to handle actuator backlash and saturation simultaneously.
In our control scheme, actuator backlash Y(u) is firstly com-
pensated by constructing the smooth backlash inverse (79),
and then actuator saturation Sat(YU(u)) is also handled by
adopting controllers (80) and (91)—(93), the unknown param-
eters and disturbance d (t) are finally resolved by parameter
update laws (94) and controller (50), respectively.

Remark 8: In the end of Introduction, we claim that the
control scheme presented in Subsection IV.A can handle the
actuator nonlinearities of dead-zone and saturation simulta-
neously while improving the output efficiency of the actuator,
here is the explanation. Without the dead-zone approximate
function (22), we can utilize the similar idea in Subsection
IV.B to develop the proposed control scheme (for narrative
convenience, here we assume yy,, = you = ¢, amr = hy,
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asyy = hy). In this way, we can use controller (79) to handle
the actuator nonlinearities (here (79) needs to be revised
slightly, the independent variable of uy and u3 needs to be
turned into uy). Then, when |§/h\,| and |§'/El| are small, the
maximum magnitude of controller (79) is close to (—8 —
EZ’B/Z’)/E or 0 — E;A’l_z/f)/f. As a contrast, the maximum
magnitude of controller (53) is close to —0 /¢ or 6/, which
is larger than the one of (79). Therefore, it is seen that the
output efficiency of the actuator is improved by the control
scheme presented in Subsection IV.A.

Remark 9: Based upon the computing approach presented
in [40], all the variables utilized in our control schemes can
be obtained by measuring or computing. It is noteworthy
that the measuring or computing errors of these variables
are ineluctable, which influences the performance of the
closed-loop system.

V. SIMULATION

In this section, two illustrative examples are presented to
demonstrate the effectiveness of our control schemes devel-
oped in Section IV. The two examples are defined as:

Case I : uncertain HDS (13) subject to actuator

dead-zone (14) and saturation (12),
Case II : uncertain HDS (13) subject to actuator

backlash (15) and saturation (12).

And they are simulated by utilizing the finite difference
method [42].

The system parameters are given in Table 1 [12], [29].
The parameters of the unknown aerodynamic coefficients are

Fop =41.6,A0 = 0.1, Fy = 38.6, Fg = 44.6, F, = —1,
ﬁgmv =1, Ao = —1,Ap = 1. The parameters of the
actuator dead-zone are ysy, = 0.85, you = 0.9, am, = 0.2,
ay = —015,y = 1,y = 07, a = —g = 02,

a, = —a =001y =11y =06, ar=—Q1=0.25,
ny = 04,1, =038, 0,2 = 60/17. It is apparent that the
above parameters satisfy (16) and (25)—(27). The parameters
of the actuator backlash are ¢ = 0.85, h, = 0.1, iy = —0.09,
{:1; 0.8, h = 01{ 11{ O7§h:
—0.01, ;hl = 0.01. The parameters of actuator saturation
are: § = —0.43, 0 = 0.45. It is apparent that the above
parameters satisfy (17) and (76). The disturbance is given as
dp(t) = —0.1sin(t).

Case I is discussed firstly. In this case, we choose the
control gains as: 81 = 0.995, B, = 0.071, k1 = 289.350,
ky = 0.1, k, = 0.001, k, = 1072, kg _kAO _kpgmv =
ky, = ky, = ka, = kay = ky,a, = kyyaqy = 1, dL =464, = 0.1
And we choose the initial conditions as: w(z,0) = —z/L,
W(z,0) = 0, Fg(0) = 41.1, FQW(O) = 0.1, Ag(0) = 0
7r(0) = 71(0) = 1, a,(0) = @(0) = y,a,(0) = yia(0) =

The simulation results are shown in Figs. 2-7. Fig. 2
displays the transverse displacement of the HDS without con-
troller. It is seen that owing to the disturbance, the vibration
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TABLE 1. System parameters.

Component Configuration
Pairs kg/md 0.909
Vo, m/s 100
Hose
p, kg/m 4.09
L, m 14
dp, m 0.067
Cy, 0.005
Cy, 0.45
6o, rad 0.527
Drogue
m, kg 29.48
ddrog, m 0.5688
Cfd'r'og 0.43

Transverse Displacement w(z,t) (m)

20
Time t (s)

FIGURE 2. Transverse displacement of the HDS without controller.

Transverse Displacement w(z,t) (m)

30

2 Timet(s)

FIGURE 3. Case I: transverse displacement of the HDS with the proposed
control scheme.

of the HDS is large, which may lead to docking failure in the
aerial refueling process.

The control performance of the HDS with our proposed
control scheme is shown in Figs. 3 and 6-7. We can see
that the vibration of the HDS is suppressed to a small neigh-
borhood of the desired position in the presence of unknown
aerodynamic coefficients as well as non-symmetrical actuator
dead-zone and saturation.

Compared with the proposed control scheme, most previ-
ous works only consider one of the two actuator nonlinear-
ities: dead-zone or saturation (for instance, [12], [13], [19],
[20]), and that may degrade the control performance of the
closed-loop system, as shown in Figs. 4-6.
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Transverse Displacement w(z,

Length z (m) 2 Timet(s)

FIGURE 4. Case I: transverse displacement of the HDS with the control
scheme neglecting saturation [13].

Transverse Displacement w(z,t) (m)

0
Time t (s)

FIGURE 5. Case I: transverse displacement of the HDS with the control
scheme neglecting dead-zone [12].

0.8 T T T T T T T T T
il = Proposed control scheme
. 06 \ -++++++ Control scheme neglecting saturation |
E 04l \\ — — Control scheme neglecting dead-zone|

02

Transverse Displacement w(L,t)
S
N
T

4 L 1 1 1 1 L 1 1 1
0 5 10 15 20 25 30 35 40 45 50
Time t (s)

FIGURE 6. Case I: end point deflection of the HDS.

0.5 T T T T T T T T

roposed control scheme
ontrol scheme neglecting saturation
Control scheme neglecting dead-zone| |

041

0.3

Applied Input #(t) (rad)

Time t (s)

FIGURE 7. Case I: applied input of the HDS.

Now we discuss Case II. In this case, we choose the control
gains as: 81 = 0.995, B, = 0.071, k; = 289.350, k» = 0.1,
ky = 1,ky = 1075, k, = 50, kg, = ka, = kr,, = kz =

myv
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Transverse Displacement w(z,

30
0
Time t (s)

FIGURE 8. Case lI: transverse displacement of the HDS with the proposed
control scheme.

Transverse Displacement w(

30
Length z (m) 0 Timet(s)

FIGURE 9. Case II: transverse displacement of the HDS with the control
scheme neglecting saturation [24].

Transverse Displacement w(z,t) (m)

FIGURE 10. Case II: transverse displacement of the HDS with the control
scheme neglecting backlash [12].

0.8 T T T T T T T T T

Proposed contorl scheme
\ + Control scheme neglecting saturation |}
\ — —_Control scheme neglecting backlash

06 s

04

02

o
T

Transverse Displacement w(L,t) (m)

4 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50
Time t(s)

FIGURE 11. Case II: end point deflection of the HDS.

ken, = keny = 1,dr, = 84, = 0.1. And we choose the initial
gonditions as: w(z, 0) = —AZ/L, v'v(z,g)\= 0, F/@éO) = 41.1,
F,,,(0) = 0.1, Ap(0) = 0, £(0) = 1, ¢ hr(0) = ¢ y(0) = 0.
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Time t (s)

FIGURE 12. Case II: applied input of the HDS.

The simulation results of Case II are shown in
Figs. 8—12. Figs. 8 and 11-12 display the transverse displace-
ment and applied input of the HDS with our proposed control
scheme, respectively. It is seen that the vibration of the HDS
is suppressed to a small neighborhood of the desired position
in the presence of unknown aerodynamic coefficients as well
as actuator backlash and saturation.

Compared to the proposed control scheme, most tra-
ditional control schemes usually neglect one of the two
actuator nonlinearities: backlash or saturation (for instance,
[12], [23]-[25]). The corresponding results can be found in
Figs. 9-11. Evidently, when we overlook backlash or satura-
tion, the vibration of the HDS becomes larger, which means
that the control performance of the HDS is degraded.

Therefore, the above simulation results demonstrate that
our proposed control schemes are valid for our control
problem.

VI. CONCLUSION

This paper investigated vibration control of the uncertain
HDS in the presence of actuator nonlinearities. Based upon
the linearization approach, a traditional model of the HDS has
been extended, to depict how the HDS generate the control
force to restrain the vibration of the HDS, while the unknown
aerodynamic coefficients of the model have been estimated
by invoking the parameter projection method. Subsequently,
for actuator dead-zone and saturation, a smooth dead-zone
approximate function has been constructed to design the
dead-zone compensation method, based upon which the pro-
posed control scheme can handle actuator dead-zone and sat-
uration simultaneously while improving the output efficiency
of the actuator. Next, for actuator backlash and saturation,
a smooth backlash inverse has been constructed, based upon
which the presented control scheme can cope with the both
actuator nonlinearities at the same time. Finally, the proposed
control schemes have also achieved the control objectives of
vibration suppression and external disturbance attenuation.
Additionally, since the excessive slack of the HDS may cause
the damage of the equipment, our future work will focus on
the tension control of the HDS.

APPENDIX A
Proof: (1) Lemma 5(i) and (65)—(66) imply

();r,);l’&r,al,ﬁrvy/lal)egz- (99)
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Then in light of Lemma 3(ii), and noticing that (25)—(27)
hold, we deduce

AN (u)
du

which guarantees the existence of controller (64).
(i1) Lemma 5(i), (65), and (67) imply

0, (100)

{ﬁe € [Eg,ﬁe] Ao € [AQ,AO], (101)

zme[FQ Fe]

iny

Then in light of Lemma 5(i), (65), (99), (101), and 7,,,
Tyis Taps Taps Typaps Tyjaps TFgs TAgs Ty, Which are defined
below (65), we deduce
—FyFy — AoAg — Fo (o, F Fe,,w + Ve + TV
+aray + ay + Vrar VrGy + J/laz)/lal)

< —,31[W1+/3—W (L, t)][Ao-l-Fe( = Vr‘f‘ﬂ);l
i ﬂ~ i : ]
oN _ 8N oN __ 8N —
+ = da, = ar 8(11 —a + —— ayrar —Vrar + afl\a/l T Viai
— Fy,,0) + We3F0] + co. (102)

Finally, recalling (29), we can have (68). This completes the
proof. ]

APPENDIX B
Proof: Consider the following Lyapunov function
candidate:

L
Vi= Vs + % / iz, 1)+ POW( 1) dz
0

L
+h f paiv(z, OW (e, 1) dz,  (103)
0

where 81 and B, satisfy the following inequality:

poL BoLp
c1 = max{—,
ﬂ ﬁlP min
It is proven in [12] that V3 — V> is positive definite if (104)
holds, thus V3 is a proper Lyapunov function candidate.
Utilizing (13) and integration by parts, we can derive the
derivative of V3 as:

} < 1. (104)

L
V3 < Vot / B1pw(z, 1)¥(z, 1) + BIP(@W (z, )W (z, 1) dz
0
L
+Bap / 2z, W (2, 1) + 2z, W (2, 1) dz
0

L
<V / Buin(z, DIPEW 2. 1)) + O] d
0
+ ﬁ]P(L)v'Vlw/(L, 1)
L
- / BUP(W (2, O]/(z, 1) dz
0
L
+ / Bazw'(z, HI(P(2)W (z, 1)) + Ol dz
0
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B2

1 L
+— Lw ——/ Brow?(z, 1) dz
2 Jo

IA

L
Vo + / Biw(z, )Q dz
0

L
+ / %ZP’(Z)W’Z(Z, 1)+ Przw'(z. HQ
0

— 'Bz—pvﬂ(z, 1 — @P(z)wQ(Z, 1) dz

/32 BapL

+—P(L) 2(L, 1) +

+ﬁ1P(L)W1W(L,t)

. 1 (L 1 (L

Va — 5/ BapW(z, 1) dz — 5/ [B2P(2)
0 0

— BozP @)W (z 1) dz

L
+/ [Biw(z, 1) + Bozw/(z, 1)]|Q dz
0

]

IA

BP(L) BoL >
—w (L
25D (W1 + 5 w(L, 1))
1 BIP(L) .
5 lﬁzL — BapL)W?. (105)

To proceed, we employ Young’s inequality to obtain the
following inequalities:

L L ﬂl
/ [Biw(z, 1) + Bozw/(z. 1)]Q dz < f (—
0 0 2€

’3 2, +’3‘6‘ @0+ %w’z(“)dz, (106)

B10v1 + 'i}—lW'(L, 1)Fodm(u)

_ﬁl(w1+%w(L )2 +2— 252,

1-
Fo(Fg — Fgo) < _EFQ + E(Fe — Fa0)%,

(107)

(108)

L
f Bopw(z, W (z, 1) dz
0

Lo (E Lo (L
§ﬂsz f Wiy det P 22,) / w2z ) dz, (109)
0 0

where €1, €2, €3 are positive constants, and note that (108)
still holds if we replace Fy with Fy,, , Ao, ¥r, Vi, ar, a1, Yrar,
or yjaj.

Then in view of (10), (74), and (105)—(108), we derive

L L
V3 < —%2/ W(z, 1) dz — %3/ w?(z, 1) dz
0 0

. BaL .
— Brea(vy + ——w/ (L, D)? — csw} — kawly

B1
kiy o kag <o ky, .2 ky o
— o Fe A Ry
kar ~2 kal ~2 Yrar ~2 kll~2
tod At Ty

(110)

g e Ly,
—=Fy c+ —(— — Dx.
2 O ka0 T X
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where

¢ = Bop — Brer,

c3 = BoPuin — BaLex,
BIP(L) €3
— g - T
c4 1 2L ,Bl
o BIPD) ﬁsz
> T 2L 2
B1 . BL Fa 2
= (= 4+ = —8 Fy — F,
(261+ )Q-I-2 5+ —= Wy — Fyo)
+ 7(Ao — A+ T[kFemv (1/Fg — Fg,,0)*
+ kyr (vr — VrO)2 + ky;(]/l - )/10)2 + ka,- (ar — arO)z
+ kal (a; — a10)2 + ky,ar(yrar - J/rarO)2

+ kya (viar — viaio)* + kpda, > 0.

Now choose appropriate constants f1, B2, ki, €1, €2, €3
to ensure that (104) is feasible and c3, c3, c4, c5 are posi-
tive. Evidently, the appropriate constants always exist. Then
from (110) and the following inequality based upon (109):

L
B2 / pw(z, W (z, 1) dz|
0

L
<c % / PW?(z, 1) + PQW?(z, 1) dz.
0
we can derive that

. 1 du .
V3 < —cminV3 + ¢+ k—(d—U(x) - 1y, (111)
X v

2¢
where c¢pin = mm{c +1’ m“,2k2,kpe,kA0,kp9mv,kyr,
ky, ka,, ko ky,a, s kya;} >0, 1 is defined in (104), cg =

3
mln{ﬂ ’ ﬂlpm

In view of (alxl 1), we derive

C
—Cmint
)e min +CU1
min

where cy = ;5 + ¢~ T fo( U(x) — 1)ye =9 ds. Then
from (112) and the Theorem 1 presented in [34], we deduce
that V3(¢) is bounded.
Next, in light of Lemma 6, (10), (103), and the inequality
above (111), one can derive:
ﬂlein
2L

and from (112), one has:

2L
wz ) < | ——7——
B1Pmin(1 — c1

V3(t) < (V3(0) — (112)

L

V.

wi(z, 1) < —'321/ PW?(z, 1) dz < n >
0

—C1

)|:(V3(0) - CC. )e_cmint + CU]-

With the above inequality and the boundedness of V3(¢),
we can rapidly deduce that the closed-loop system of (13)
is stable subject to the actuator dead-zone (14) and satura-
tion (12).

Besides, the above inequality further indicates:

. 2LCU
lim |w(z, )| < | ———.
=0 B1Pmin(1 —c1)
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Therefore, we can obtain that w(z, ¢) is uniformly ultimately
bounded. This completes the proof. U

APPENDIX C

Proof: (i) In view of (75), (81)—-(83), and noticing that
the magnitudes of {h, and ¢k are sufficiently small, we can
have

\Zheu — Chyus| < Ch. (113)
Then from (76) and (80), we deduce
. Lih .o Lih
—§(=0——)/¢ <u <O ——=)/¢. (114)
S S
Next, in light of (75), (79), (83), and (113)—(114), we obtain
6 6
S <u< -. (115)
¢ ¢
Finally, from (15), we derive
0 <Nu) <0, (116)
which guarantees (84).
(ii) It is presented in [24] that t(u) satisfies
Nw) = o1 ()¢ (u(t) — hy) + 02(£) (u(t) — hy)
+o3()MNy, (117)
where
1, N>0
S L (118)
0, 27M<0
1, N <0
= . 119
op) {0’ M= 0 (119)
03 =1—01 — 09, (120)
Ny is a variable which is invariant and satisfies
No/¢ +h <u(t) <No/¢ + hy (121)
when 9 = 0.
To proceed, from (79), we have
wy = Zu(t) — Thyu(t) + Chjus(t). (122)

Then in view of (85), (117)—(120), and (122), we deduce
Sotre(u) = 03(1)(No — Su(r)) — Chr(o1(2) — ua(1))

—&hi(oa(t) +uz(2)).  (123)
Next, consider the following three cases.
DN >0
In light of (81)—(82) and (118)—(120), we obtain
[dotre )| = | = Chr(1 — ua(2)) — Chiuz(2)]
= |§(hy — hpu3()] < &(hy — hy). (124)
2)N <0
In view of (81)—(82) and (118)—(120), we obtain
[dtre ()] = | — Shi(1 + u3(2)) + Shruz(t)]
106938

= ¢ (hy — hpua(D)| < ¢(hy — hy). (125)
3HN=0
From (121), we have
—Chy <o — Gu(r) < —¢hy, (126)

then in light of (81)—(82), (118)—(120), and (126), we deduce

18t ()| = [Chruz(t) — Chjuz(t) + Mo — Su(1)
18 (hr — hp)ua(t) + Chy + No — Lu(r)]

< ¢(hy — hy). (127)
Therefore, we conclude that (86) is feasible. This com-
pletes the proof. |
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