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Abstract—Capitalizing on the benefits of non-orthogonal multi-
ple access (NOMA) and full-duplex relaying as key technologies
to boost spectral efficiency in the next generation of wireless
communications, herein we investigate the performance of a
cooperative network in which a source communicates with two
destinations via one node selected from a set of full-duplex
amplify-and-forward relays. For this purpose, a power-domain
NOMA scheme is used to transmit information from the source
to the destinations, and partial relay selection is performed to
choose the relay based on the channel state information of the
first hops. The system performance is characterized in terms of
both the outage probability and the ergodic capacity, for which,
exact analytical expressions are derived in integral form. In
addition, to reduce the computational complexity of the obtained
analytical results, closed-form expressions are derived from
lower-bound, approximate, and asymptotic analyses. From these
analytical expressions, the impact on the system performance
of the number of relays, the power allocation factor between
the NOMA destinations, and the residual self-interference at
full-duplex relays is assessed. The correctness of our analyses
is validated by Monte Carlo simulations, and a comparison with
the half-duplex relay-aided NOMA system counterpart is also
provided.

Index Terms—amplify-and-forward, ergodic capacity, full-
duplex relaying, NOMA, outage probability, partial relay selec-
tion.

I. I NTRODUCTION

T HE fifth-generation (5G) of wireless networks is expected
to be a major revolution in wireless communications, so

that stringent requirements must be met, such as extremely
high data throughput, very low latency, and a highly efficient
usage of energy and spectrum resources, in order to support a
myriad of connected devices and new services stemming from
paradigms like the Internet of Things [1]. Non-orthogonal mul-
tiple access (NOMA) has been considered as a key enabling
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technology in 5G networks due to its potential capability to
increase the network capacity by enhancing the utilization of
the scarce spectrum resources [2]. In contrast to orthogonal
multiple access (OMA) techniques, whereby signals coming
from different users are orthogonal to each other, NOMA
allows multiple users to share the same radio resources by
using code- or power-domain multiplexing [3]. In code-domain
NOMA, multiplexing is achieved by using codes similarly to
code division multiple access (CDMA) systems. In this case,
NOMA utilizes specific spreading sequences per user, which
can be sparse or non-orthogonal cross-correlation sequences
of low correlation coefficient. Alternatively, in power-domain
NOMA, different power levels are allocated to each user based
on the experimented channel conditions so as to maximize
the system performance. In this case, the downlink informa-
tion can be broadcast by using superposition coding at the
transmitter and successive interference cancellation (SIC) at
the receivers in order to cancel multiuser interference [4, 5].
In this study, we will focus on power-domain NOMA.

Recently, the use of NOMA in cooperative 5G deployment
scenarios has received a lot of attention, owing to the inherent
gains of such cooperative relaying strategies regarding cover-
age extension and reliability [9–17]. In cooperative relaying
networks, a relay node assists the communication between a
source and a destination to improve the transmission range or
to improve the reliability by leveraging spatial diversity [6].
According to the relay behavior, two main protocols are widely
known, namely: decode-and-forward (DF), whereby the relay
decodes and re-encodes the information signal before forward-
ing it [7]; and amplify-and-forward (AF), whereby the relay
merely amplifies the received signal coming from the source
and forwards it to the destination [8]1. Herein, we focus on
the AF protocol, as it requires less computationally demanding
processing at the relay, when compared to the other relaying
protocols. Lately, a few works have addressed the joint use of
NOMA and cooperative communications, whose contributions
can be categorized from two perspectives [3]: (i) cooperative
NOMA, whereby NOMA users with good channel conditions,
referred to as near or strong users, act as relays to assist
NOMA users with poor channel conditions, referred to as far
or weak users [9]; and (ii) relay-aided NOMA transmission,
through which the communication among NOMA users is

1Other alternative relaying protocols to DF and AF are: compress-and-
forward (CF), in which the relay does not decode but instead employs Wyner-
Ziv coding to compress the received signal before forwarding it, and quantize-
and-forward (QF), by which the relay quantizes the received signal and then
forwards it to the destination.
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assisted by one or more dedicated relays [10–17].
For example, from the perspective of cooperative NOMA

schemes, in [9], the outage probability and ergodic sum rate
were derived for a cooperative NOMA system, considering
arbitrary and optimal power allocation schemes with full-
duplex (FD) users operating as DF relays.

From the perspective of relay-aided NOMA transmission
schemes, the authors in [10] and [11] proposed a coordinated
transmission strategy for deployment scenarios with a base
station having a direct link to one user, while simultaneously
communicating with another user through a relay, wherein
NOMA was used to enable the receivers to acquire other
user’s information for interference cancellation. For those
systems, analytical expressions for the outage probability and
the ergodic sum capacity were obtained. In particular, in [10]
the relay was assumed to operate in half-duplex (HD) mode,
whereas in [11] the FD relaying mode was considered. In [12],
a contract-based incentive mechanism along with a relay
selection scheme was proposed for a multi-channel dual-hop
cooperative NOMA system, which is composed by one base
station, multiple users, and multiple relays that can potentially
assist the NOMA transmission in HD relaying mode. In [13],
the outage probability and the ergodic sum rate of a NOMA-
based cooperative network over Nakagami-m channels were
derived, where the source was assumed to simultaneously
communicate with multiple destinations through an HD-AF
relay. In [14], the performance in terms of the outage prob-
ability and sum rate for a NOMA scheme in a cooperative
network with multiple HD-AF relays were studied, considering
partial relay selection (PRS). In [15], the outage probability for
an optimal user-relay pair selection scheme, which maximizes
the quality of service in a NOMA scenario, was investigated.
In [16], the performance in terms of the outage probability
for different relay selection schemes, considering a NOMA-
based cooperative network scenario with multiple HD-DF
relays, was analyzed. In [17], the outage performance and
the ergodic sum rate were investigated for a NOMA-based
relaying network over Nakagami-m channels with a single FD-
AF relay; however, therein a fading-free SI link at the relay
was assumed. The benefits of relay-aided NOMA systems are
also assessed in [18–22] and references thereof. For instance,
the outage probability for a NOMA-based relaying system
with one transmitter communicating with two receivers via
multiple relays is assessed in [18]. Therein, two-stage DF and
AF relaying approaches wherein users are ordered based on
their quality of service (QoS) requirements are investigated.
Besides, in [19], two optimal relay selection schemes for
cooperative NOMA with fixed and adaptive power allocations
at the relay nodes, which operate under the DF protocol, are
introduced. Both works in [18, 19] focused on HD-based relay-
ing scenarios. On the other hand, in [20], a virtual FD relaying
scheme for cooperative NOMA-based systems was introduced
and its performance was analyzed in terms of the outage
probability and the respective ergodic rate. Therein, two HD-
AF relays were employed to emulate the FD relaying operation
by using a successive relaying technique. Aiming to balance
spectral efficiency and energy conservation, the authors in [21]
proposed an optimal power allocation to maximize the energy

efficiency of a cooperative NOMA system employing FD two-
way cognitive transmission, while maintaining the bit rate
requirements of NOMA users. Considering both perfect and
imperfect SIC, a FD cooperative NOMA system in which two
users intend to exchange information with the assistance of one
FD-DF relay was introduced in [22], and its performance was
then evaluated through the outage probability and achievable
ergodic rate.

Equally important, FD relaying has emerged as a promising
technique to provide improved spectral efficiency in wire-
less networks despite of the inherent self-interference prob-
lem between the transmit and receive antennas at the relay
transceiver. In this respect, several research efforts have been
made by using SI cancellation techniques in the propagation,
analog, and digital domains [23, 24]. For example, an aggre-
gate SI suppression close to 100 dB was reported in [24]
by combining an advanced antenna design based on resonant
wavetraps and digital cancellation. Although FD relaying
has been extensively addressed in OMA-based cooperative
networks [25–27], a few works have tackled FD in cooperative
relaying networks based on NOMA [11, 17, 21, 22]. In fact,
many scenarios for the combined use of NOMA and coopera-
tive communications based on FD relaying techniques remain
still unexplored.

In this regard, this contribution investigates relay-aided
NOMA cooperative network consisting of one source and two
destinations2, which communicate via one relay chosen from
a cluster of FD-AF relays. Bearing in mind a lesser burden
in terms of the required feedback overhead, a PRS scheme
based on the channel state information (CSI) of the source-
relay links is employed to select the relay that cooperates in
the communication process between the source and destina-
tions. Besides, we consider an imperfect SI cancellation at
the FD relay nodes, so that the effect of a residual SI on
the system performance is considered. In this scenario, the
stronger destination undergoing the best channel condition
uses a SIC strategy to firstly decode the information of the
weaker destination with worst channel condition. Thereafter,
the stronger destination decodes its own information. For the
considered setup, the system performance is evaluated in terms
of the outage probability and the ergodic capacity for each of
the NOMA destination nodes.

The main contributions of this work are summarized as
follows:

• Analytical expressions for the end-to-end (E2E) instan-
taneous received signal-to-interference-plus-noise ratio
(SINR) are obtained for each destination.

• Exact single-fold integral expressions for the outage prob-
ability of both destinations are derived. These expressions
are validated through Monte Carlo simulations.

• Closed-form expressions are obtained from a lower-
bound analysis for the outage probability of each destina-
tion, which, interestingly, prove excellent approximations

2A large number of destinations multiplexed in the power domain might
not be feasible in practice, since the processing complexity of SIC at receivers
grows non-linearly with the number of users. This complexity is more evident
when SIC error propagation is assumed; therefore, two power-domain NOMA
users is a practical assumption [28–31].
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to the corresponding exact outage probabilities in the
medium-to-high signal-to-noise ratio (SNR) regime.

• Approximate closed-form expressions are derived by us-
ing the Gauss-Laguerre method, which are shown to be
highly accurate over the entire range of SNR values.

• An asymptotic analysis of the outage probability at high-
SNR is carried out from which closed-form expressions
are obtained, corroborating the zero-diversity problem in-
herent to FD relaying-based systems in this SNR regime.

• Approximate closed-form expressions for the ergodic ca-
pacity of the NOMA users are obtained for the proposed
scheme, which prove very tight to the actual performance
in the medium-to-high SNR regime.

• The impact of key system parameters on the outage
performance was evaluated from the obtained analytical
expressions, including the number of relays, the power
allocation factor between NOMA destinations, and the
level of residual SI.

• A performance comparison between the proposed scheme
and the HD relay-aided NOMA system counterpart is also
provided. In addition, the impact of number of relays on
the sum rate performance of the proposed NOMA scheme
is examined.

The remainder of the paper is organized as follows. The
system and signal models are introduced in Section II. The
exact, approximate, lower-bound, and asymptotic analyses of
the outage probability are performed in Section III. Section IV
provides analytical expressions for the ergodic capacity of both
NOMA users, as well as for the system sum rate, derived
from exact and approximate analyses. Numerical results are
illustrated and discussed in Section V. Finally, the conclusions
of this work are drawn in Section VI.

Notation: Throughout this paper,fZ (·) andFZ (·) denote
the probability density function (PDF) and the cumulative
distribution function (CDF) of a random variable (RV)Z, re-
spectively,CN (µ, σ2) denotes a complex circularly-symmetric
Gaussian distribution with meanµ and varianceσ2, E [ · ] de-
notes expectation, andPr (·) denotes probability. In addition,
Ei(·) denotes the exponential integral function [33, eq. (5.1.2)].

II. SYSTEM AND SIGNAL MODELS

Consider a dual-hop relaying network as depicted in Fig. 1,
in which a sourceS intends to communicate with two NOMA
users,{Dℓ}2ℓ=1, using the assistance of one out ofK variable-
gain AF relays,{Rk}Kk=1, which operate in FD mode. The
nodesS, D1, andD2 are single-antenna devices, whereas the
relays are equipped with two antennas enabling FD relaying
operation. However, such relaying mode is degraded by strong
SI, which cannot be perfectly canceled, thus the relays are
assumed to suffer from residual SI. The relay that participates
of the communication process is selected by considering a
PRS scheme based on CSI of the first-hop (S→Rk) links. All
nodes are considered to operate on a time-division multiple
access (TDMA) basis. In addition, all links are assumed
to undergo independent block Rayleigh fading3 and additive

3All channel coefficients are assumed to remain constant during each fading
block, while changing independently over consecutive blocks.
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Fig. 1. Full-duplex relay-aided NOMA network deployment model, in which
a source (S) communicates simultaneously in the power domain with two
destinations (D1 and D2), under the assistance of one out ofK FD-AF relays
(Rk), using partial relay selection. All the links are subject to fading and noise.
Note that the relays suffer from self-interference.

white Gaussian noise (AWGN). Hence, the instantaneous
received SNRs at the first-hop and second-hop (Rk→Dℓ)
links can be given, respectively, asXk=|hSRk

|2PS/N0

and Ykℓ=|hRkDℓ
|2PR/N0, where hSRk

∼CN (0,ΩSRk
) and

hRkDℓ
∼CN (0,ΩRkDℓ

) are the corresponding channel coef-
ficients, with ΩSRk

=E
[
|hSRk

|2
]

and ΩRkDℓ
=E

[
|hRkDℓ

|2
]

being the average channel gains;PS andPR are the transmit
powers atS andRk; andN0 is the mean noise power at the
receivers. Also, the residual SI links at the relays, after some
stages of imperfect SI cancellation, are assumed to be subject
to independent and identically distributed (i.i.d.) Rayleigh
fading [26], such that the instantaneous received SNR at the
SI link of the kth relay is given asUk=|hRRk

|2PR/N0,
where hRRk

∼CN (0,ΩRRk
) is the corresponding channel

coefficient, withΩRRk
=E

[
|hRRk

|2
]

being the average chan-
nel gain. In the proposed setup,D2 is assumed to undergo bet-
ter channel conditions thanD1, so that|hRkD1 |

2
< |hRkD2 |

2.

Herein we focus on a coverage extension scenario, in which
due to physical obstacles or severe radio channel degradation,
the direct link betweenS and Dℓ is unavailable. Thus, the
communication process is feasible only through the coopera-
tive relays. By considering a power-domain NOMA scheme,
S first broadcasts the information messages intended to each
destination simultaneously, such that the transmitted signal at
time t is given by

s(t) =
√
a1PSx1(t) +

√
a2PSx2(t), (1)

wherex1(t) andx2(t) are the information signals for usersD1

andD2, respectively; anda1 anda2 are the power allocation
factors assigned toD1 and D2 according to the NOMA
scheme, such that the relationshipsa1 > a2 anda1 + a2 = 1
must be satisfied [3, 14]. Then, the received signal at thekth
relay is given by

rk(t) = hSRk

√
PSs(t) + hRRk

√
PRvk(t) + nRk

(t), (2)
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where
vk(t) = βrk(t− Td) (3)

is the signal retransmitted by thekth FD relay at timet,
with β being the amplification factor relative to the AF
relaying protocol andTd being the processing delay4, and
nRk

(t)∼CN (0, N0) is the AWGN component atRk. There-
fore, after performing recursive substitutions of (2) into (3),
the signal retransmitted by thekth relay can be given as

vk(t) = β

L∑

j=1

(βhRRk

√
PR)

j−1{hSRk
[
√
a1PSx1(t− jTd)

+
√
a2PSx2(t− jTd)] + nRk

(t− jTd)}, (4)

whereL is the block length that typically contains a very large
number of symbols, so thatTd ≪ TL, whereTL = LTs is the
block duration, withTs being the symbol period.

To better understand the nature of the expression in (4), we
can rewrite it as follows

vk(t)

= βhSRk

√
a1PSx1(t− Td)︸ ︷︷ ︸

desired signal ofD1

+ βhSRk

√
a2PSx2(t− Td)︸ ︷︷ ︸

desired signal ofD2

+ βnRk
(t− Td)︸ ︷︷ ︸

noise signal

+ β

L∑

j=2

(βhRRk

√
PR)

j−1
{
hSRk

[√
a1PSx1(t− jTd)

+
√
a2PSx2(t− jTd)

]
+ nRk

(t− jTd)
}
,

︸ ︷︷ ︸
self-interference signal

(5)

from which the following four components can be distin-
guished: (i) desired signal ofD1, (ii) desired signal ofD2,
(iii) noise signal, and (iv) SI signal. Now, without loss of
generality, by assuming thatE

[
|x1(t)|2

]
=E

[
|x2(t)|2

]
=1, the

mean power of the signal retransmitted by thekth relay can
be obtained from (5) as

E
[
|vk(t)|

2
]

= β2
L∑

j=1

(β2|hRRk
|2PR)

j−1[|hSRk
|2PS +N0]

(a)
= β2(1− β2|hRRk

|2PR)
−1[|hSRk

|2PS +N0], (6)

where step(a) follows by considering a convergent geometric
sequence, withβ2|hRRk

|2PR < 1. Thus, the amplification
factor at the AF relays can be obtained as

β2 = [|hSRk
|2PS + |hRRk

|2PR +N0]
−1. (7)

On the other hand, the receive signals atD1 andD2 from Rk

are given, respectively, by

yD1(t) = hRkD1

√
PRvk(t) + nD1(t), (8)

4Herein, the processing delayTd is assumed to be greater than the
symbol period, in order to guarantee decorrelation between the simultaneously
received and transmitted symbols by the relay at a given time instant [25].

yD2(t) = hRkD2

√
PRvk(t) + nD2(t), (9)

wherenDℓ
(t), with ℓ=1, 2, are the AWGN components at each

NOMA destination.
From the above signal analysis, after some mathematical

manipulations, the instantaneous received E2E SINR atD1

can be obtained as

γD1 =
a1XkYk1

a2XkYk1 + Yk1Uk +Xk + Yk1 + Uk + 1
. (10)

Moreover, according to NOMA, the strong userD2 must first
decode the message intended to the weak userD1. This is
feasible sincea1 > a2. Then, once weak user’s message is
obtained,D2 is able to decode its own message by performing
a SIC technique. Therefore, the instantaneous received E2E
SINRs atD2, relative to the weak user’s information and to
its own information can be expressed, respectively, as

γD12 =
a1XkYk2

a2XkYk2 + Yk2Uk +Xk + Yk2 + Uk + 1
, (11)

γD2 =
a2XkYk2

Yk2Uk +Xk + Yk2 + Uk + 1
. (12)

On the other hand, by considering a PRS criterion based on
the first-hop CSI, the index of the selected relay which assists
in the communication process between the source and NOMA
destinations is given by

k∗ = argmax
k

(Zk) , (13)

whereZk is the first-hop SINR at thekth relay, given as

Zk ,
Xk

Uk + 1
. (14)

III. O UTAGE PROBABILITY ANALYSIS

A. Exact Analysis

In this section, the exact outage probability for each NOMA
destination,D1 andD2, is derived. To simplify the analysis,
the SNR thresholds relative to the target quality of service
of each user,τ1 and τ2, which define the outage events, are
assumed to be equal, that is,τ1 = τ2 = τ . In addition, it is
considered thatPS = PR = P . Hereafter, aiming at a simpler
notation, under the assumption of i.i.d. channels, we consider
thatΩSRk

= ΩSR, ΩRkDℓ
= ΩRDℓ

andΩRRk
= ΩRR.

1) Outage probability at D1: An outage event occurs atD1

when its instantaneous received E2E SINR, given as in (10),
falls below the thresholdτ . Thus, the outage probability at
userD1 is given as

OP1

= Pr (γD1 < τ)

= Pr

(
a1Xk∗Yk∗1

a2Xk∗Yk∗1+Yk∗1Uk∗+Xk∗+Yk∗1+Uk∗+1
< τ

)
, (15)

wherek∗ refers to the index of the selected relay, according to
the criterion in (13). From (15), an exact analytical expression
for the outage probability ofD1 is obtained, as shown next

Proposition 1. In a relay-aided NOMA system with two des-
tinations, in which PRS amongK FD-AF relays is employed,



0018-9545 (c) 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TVT.2019.2952526, IEEE
Transactions on Vehicular Technology

IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY 5

the exact outage probability for the weak user,D1, is given
by

OP1 = 1− e
−

τ̃
γ̄RD1

+
e
−

∼
τ

γ̄RD1

γ̄RD1

∫
∞

0



1− e
−

(y1+τ̃+1)τ̃
y1 γ̄SR

1 + γ̄RR(y1+τ̃+1)τ̃
y1γ̄SR




K

e
−

y1
γ̄RD1 dy1,

(16)

where γ̄SR = γ0ΩSR, γ̄RD1
= γ0ΩRD1

, and γ̄RR = γ0ΩRR

denote the average received SNRs at theS → Rk, Rk → D1,
and SI links, respectively, withγ0 = P/N0 being the transmit
SNR, andτ̃ , τ/(a1 − a2τ).

Proof. See Appendix A.

2) Outage probability at D2: The strong userD2 is consid-
ered to be in outage when one of the following events occur:
(i) the instantaneous received E2E SINR at D2 relative to
weak user’s information,γD12 , is below the thresholdτ , thus
implying that the SIC process performed atD2 to remove D1’s
information fails, or (ii) after successfully executing the SIC
process, the instantaneous received E2E SINR at D2 relative
to its own information,γD2 , is belowτ . Therefore, the outage
probability forD2 can be formulated as

OP2 = Pr (γD12 < τ) + Pr (γD12 > τ, γD2 < τ ). (17)

Then, by substituting (11) and (12) into (17), an exact analyt-
ical expression for the outage probability ofD2 is obtained,
as presented next.

Proposition 2. In a relay-aided NOMA system with two des-
tinations, in which PRS amongK FD-AF relays is employed,
the exact outage probability for the strong user,D2, is given by

OP2 = 1− e
−

θ
γ̄RD2

+
e
−

θ
γ̄RD2

γ̄RD2

∫
∞

0


1− e

−
(y2+θ+1)θ

y2 γ̄SR

1 + γ̄RR(y2+θ+1)θ
y2γ̄SR



K

e
−

y2
γ̄RD2 dy2,

(18)

where γ̄RD2
= γ0ΩRD2

is the average received SNR at the
Rk → D2 link, and θ , max {τ̃ , τ ′}, with τ ′ , τ/a2.

Proof. See Appendix B.

Although the outage probability expressions given in (16)
and (18) can be readily evaluated through standard computing
software, it is desirable to attain closed-form expressions for
those outage probabilities in order to reduce even more the
computational complexity. For this purpose, in the next subsec-
tions, we introduce simple and useful closed-form expressions
derived from lower bound-, approximation-, and asymptote-
based analyses. Importantly, as will be seen in Section V,
these new analytical expressions prove to be very tight to exact
outage performance along the entire SNR range.

B. Lower-Bound Analysis

From the well-known upper bound for the harmonic mean of
two arbitrary SNR valuesA andB, given byAB/(A+B) <

min{A,B} [27], lower-bound expressions for the outage
probability of each NOMA destination, D1 and D2, can be
derived in closed form. Such lower-bound expressions result
in excellent approximations to the exact outage probabilities
given in (16) and (18), at high SNR, and are introduced in the
following propositions.

Proposition 3. In a relay-aided NOMA system with two des-
tinations, in which PRS amongK FD-AF relays is employed,
a lower bound for the outage probability of the weak user,D1,
is given in closed form as

OPLB
1 = 1−


1−

[
1−

e
−

τ̃
γ̄SR

1 + γ̄RR

γ̄SR
τ̃

]K
 e

−
τ̃

γ̄RD1 . (19)

Proof. From (10), by using the definition ofZk in (14), it
follows that

OP1

(f)
> Pr

(
a1Zk∗Yk∗1

a2Zk∗Yk∗1 + Zk∗ + Yk∗1
< τ

)

= Pr

(
Zk∗Yk∗1

Zk∗ + Yk∗1
< τ̃

)

> Pr (min {Zk∗ , Yk∗1} < τ̃)

(g)
= 1− Pr (Zk∗ > τ̃ , Yk∗1 > τ̃ )

= 1−
(
1− (FZ (τ̃ ))

K
)
(1− FY1(τ̃ )), (20)

where step (f) follows from considering a high SNR
regime, and step(g) follows from considering the identity
Pr (min {A,B})=1 − Pr

{
Ā, B̄

}
[34]. Thus, after the ap-

propriate substitutions in (20), a lower bound for the outage
probability of D1 is obtained as in (19).

Proposition 4. In a relay-aided NOMA system with two des-
tinations, in which PRS amongK FD-AF relays is employed,
a lower bound for the outage probability of the strong user,
D2, is given in closed form as

OPLB
2 = 1−


1−

[
1−

e
−

θ
γ̄SR

1 + γ̄RR

γ̄SR
θ

]K
 e

−
θ

γ̄RD2 . (21)

Proof. By following a similar procedure to that presented in
the proof of Proposition 3, it follows from (12) that

OP2 > Pr

(
Zk∗Yk∗2

Zk∗ + Yk∗2
< θ

)

> Pr (min {Zk∗ , Yk∗2} < θ)

= 1− Pr (Zk∗ > θ, Yk∗2 > θ)

= 1−
(
1− (FZ(θ))

K
)
(1− FY2(θ)), (22)

from which, after the appropriate substitutions, a lower bound
for the outage probability of D2 is obtained as in (21).

C. Approximate Analysis

As an alternative to the previous approach, an approximate
analysis for the outage probability of each NOMA destination
is proposed to attain simpler expressions for the performance
evaluation of the system under investigation. In particular,
approximate closed-form expressions for the exact outage
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probabilities of usersD1 and D2, given in integral form as
in (16) and (18) are obtained in the following propositions
by applying the Gauss-Laguerre quadrature method [33, eq.
(25.5.45)]. According to this method, we have that

∫
∞

0

f(x) e−x dx =

n∑

i=1

ωif(xi) + En, (23)

that is, integrals given as in (23) can be approximated
by a weighted sum of integrand samples, wherexi is
the ith root of the nth-order Laguerre polynomialLn(x),
ωi = xi/ [(n+ 1) (Ln+1(xi))]

2 is the ith weight andEn =
(n!)2f (2n)(ξ)/(2n)! is the truncate error, with0 < ξ < ∞.

Proposition 5. In a relay-aided NOMA system with two desti-
nations, in which PRS amongK FD-AF relays is employed, an
approximate closed-form expression for the outage probability
of the weak user,D1, is given by

OP1 ≈ 1− e
−

τ̃
γ̄RD1 + e

−
τ̃

γ̄RD1

n∑

i=1

ωif1(xi), (24)

where

f1(x) =


1−

e
−

(xγ̄RD1
+τ̃+1)τ̃

xγ̄RD1
γ̄SR

1 +
γ̄RR(xγ̄RD1+τ̃+1)τ̃

xγ̄RD1 γ̄SR




K

. (25)

Proof. The approximate expression in (24) follows in a
straightforward manner from applying (23) to the integral
in (16).

Proposition 6. In a relay-aided NOMA system with two desti-
nations, in which PRS amongK FD-AF relays is employed, an
approximate closed-form expression for the outage probability
of the strong user,D2, is given by

OP2 ≈ 1− e
−

θ
γ̄RD2 + e

−
θ

γ̄RD2

n∑

i=1

ωif2(xi), (26)

where

f2(x) =


1−

e
−

(xγ̄RD2
+θ+1)θ

xγ̄RD2
γ̄SR

1 +
γ̄RR(xγ̄RD2+θ+1)θ

xγ̄RD2 γ̄SR




K

. (27)

Proof. Similarly to the latter proposition, the proof follows
from applying (23) to the integral in (18).

Remark 1. It is noteworthy that the approximations in (24)
and (26) proved to be highly accurate for the entire range of
SNR values, even for a reduced number of sum terms (i.e.,
n=2), as will be shown in Section V.

D. Asymptotic Analysis

By taking into account that the lower-bound expressions
obtained in Section III-B render excellent approximations to
the exact outage probabilities of the NOMA destinations at
high SNR, asymptotic analytical expressions for the outage
probability of D1 and D2 can be derived from (19) and (21),
respectively, as follows.

1) Asymptotic Outage probability for D1: From (19), by
using the Maclaurin series for the exponential function and
neglecting the higher order terms with respect to the transmit
SNRγ0, an asymptotic closed-form expression for the outage
probability of the weak user,D1, at high SNR regime (i.e., as
γ0 → ∞), is given as

OP1 ≃

[
ΩRRτ̃

ΩRRτ̃ +ΩSR

]K
. (28)

2) Asymptotic Outage probability for D2: Similarly, from
(21), an asymptotic closed-form expression for the outage
probability of the strong user, D2, at the high SNR regime
is given as

OP2 ≃

[
ΩRRθ

ΩRRθ +ΩSR

]K
. (29)

Remark 2. From (28) and (29), we can conclude that the
diversity order of the system under investigation equals zero,
as both asymptotic expressions are independent ofγ0. There-
fore, at high SNR, the system performance will show an
outage floor.

IV. ERGODIC CAPACITY AND SUM RATE ANALYSIS

In this section, the ergodic capacity5 for the NOMA users
D1 andD2 and the system sum rate are derived. The sum rate
of the considered system is given bȳCsum= C̄1 + C̄2, where
C̄1 andC̄2 are the ergodic capacities of the usersD1 andD2,
respectively.

A. Ergodic capacity at D1

The instantaneous capacity at weak userD1 is given as

C1 = log2 (1 + γD1), (30)

whereγD1 is the instantaneous received E2E SINR, given as
in (10). Therefore, the exact ergodic capacity atD1, defined
as the expectation of the expression in (30), can be written as

C̄1 = E [log2 (1 + γD1)]

=
1

ln 2

∫
∞

0

1− Pr (γD1 < x)

1 + x
dx, (31)

wherePr (γD1 < x) in (31) is given by (16). From (31), an ap-
proximate closed-form expression for the ergodic capacity of
D1 can be obtained, as presented in the following proposition.

Proposition 7. In a relay-aided NOMA system with two desti-
nations, in which PRS amongK FD-AF relays is employed, an
approximated closed-form expression for the ergodic capacity
of the weak user,D1, is given as in (32), shown at the top of
the next page, where

ξ1=
(γ̄SR − γ̄RR) (kγ̄RD1 + γ̄SR)

(γ̄SRγ̄RRγ̄RD1)
, (34)

and

ξ2=
(a2γ̄SR − γ̄RR) (kγ̄RD1 + γ̄SR)

(a2γ̄SRγ̄RRγ̄RD1)
. (35)

5The well-known ergodic capacity (or Shannon capacity) corresponds to
the maximum error-free achievable data rate averaged over all states of a
time-varying channel.
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C̄1 ≈
1

ln 2
e

1
a2 γ̄RD1

(
Ei

(
−

1

a2γ̄RD1

)
− e

−
a1

a2 γ̄RD1 Ei

(
−

1

γ̄RD1

))
−

1

ln 2

K∑

k=0

(
K
k

)
(−1)

k
e

γ̄RD1
k+γ̄SR

a2 γ̄RD1
γ̄SR

{(
γ̄SR

γ̄SR − γ̄RR

)k

× e
−

a1(γ̄RD1
k+γ̄SR)

a2 γ̄RD1
γ̄SR

[
− Ei

(
−
γ̄RD1k + γ̄SR
γ̄RRγ̄RD1

)
−

k−1∑

i=0

eξ1

ξ−i
1

(−1)
i+1

i!

(
Ei

(
−
γ̄RD1k + γ̄SR
γ̄RRγ̄RD1

)
+ e

−

γ̄RD1
k+γ̄SR

γ̄RR γ̄RD1

×
i∑

j=1

(
γ̄RRγ̄RD1

γ̄RD1k + γ̄SR

)j

(−1)j−1(j − 1)!

)]
−

(
a2γ̄SR

a2γ̄SR − γ̄RR

)k
[
− Ei

(
−
γ̄RD1k + γ̄SR
a2γ̄SRγ̄RD1

)
−

k−1∑

i=0

eξ2

ξ−i
2

(−1)
i+1

i!

×

(
Ei

(
−

γ̄RD1k + γ̄SR
γ̄RD1 γ̄RR

)
+ e

−

γ̄RD1
k+γ̄SR

γ̄RD1
γ̄RR

i∑

j=1

(
γ̄RRγ̄RD1

γ̄RD1k + γ̄SR

)
(−1)j−1(j − 1)!

)]}
. (32)

C̄2 ≈
1

ln 2

K∑

k=0

(
K
k

)
(−1)

k

(
a2γ̄SR

a2γ̄SR − γ̄RR

)k

e
γ̄RD2

k+γ̄SR
a2γ̄SR γ̄RD2

[
Ei

(
−
γ̄RD2k + γ̄SR
a2γ̄SRγ̄RD2

)
+

k−1∑

i=0

eξ3

ξ−i
3

(−1)i+1

i!

(
Ei

(
−
γ̄RD2k + γ̄SR
γ̄RD2 γ̄RR

)

+ e
−

γ̄RD2
k+γ̄SR

γ̄RD2
γ̄RR

i∑

j=1

(
γ̄RD2 γ̄RR

γ̄RD2k + γ̄SR

)j

(−1)j−1(j − 1)!

)]
−

1

ln 2
e
−

1
a2γ̄RD2 Ei

(
−

1

a2γ̄RD2

)
. (33)

Proof. See Appendix C.

B. Ergodic capacity at D2

The instantaneous capacity at the strong userD2 is given as

C2 = log2 (1 + γD2), (36)

whereγD2 is the instantaneous received E2E SINR, given as
in (12). Therefore, the ergodic capacity atD2, defined as the
expectation of the expression in (36), can be given as

C̄2 = E [log2 (1 + γD2)]

=
1

ln 2

∫
∞

0

1− Pr (γD2 < x)

1 + x
dx. (37)

Then, an approximate expression for the ergodic capacity
at D2 can be attained from (37) in closed form, as in the
following proposition.

Proposition 8. In a relay-aided NOMA system with two desti-
nations, in which PRS amongK FD-AF relays is employed, an
approximated closed-form expression for the ergodic capacity
of the strong user,D2, is given by (33), shown at the top of
this page, where

ξ3=
(a2γ̄SR − γ̄RR) (kγ̄RD2 + γ̄SR)

(a2γ̄SRγ̄RRγ̄RD2)
. (38)

Proof. See Appendix D.

V. NUMERICAL RESULTS AND DISCUSSIONS

In this section, illustrative examples are considered to assess
the impact of the key system parameters on both the outage
probability and the ergodic capacity of usersD1 andD2. More-
over, the analytical expressions obtained in Sections III and IV,
respectively, are validated through Monte Carlo simulations.
For this purpose, let us consider a linear topology in which
the normalized distances of the links S→Dℓ, S→Rk, Rk →Dℓ

are set todSD1 = 1, dSD2 = 0.75, dSRk
= 0.5, dRkD1 = 0.5
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Fig. 2. Outage probability of NOMA users,D1 and D2, versus transmit
SNR for a different number of relaysK =1, 2 and3, considering an average
SI channel gainΩRR =−10 dB and power allocation factors(a1, a2) =
(0.7, 0.3).

anddRkD2 = 0.25. In addition, we consider that the average
channel gains of all links are determined by the path loss,
that is,ΩA = d−η

A , with A∈{SRk,RkDℓ}, wheredA is the
distance between two nodes andη is the path-loss exponent. In
the following examples, the path-loss exponent is set toη = 4
and the SNR threshold is set toτ = 0 dB.

Fig. 2 shows the outage performance of the NOMA des-
tinations,D1 andD2, as a function of the transmit SNR for
different values of the number of relaysK =1, 2, 3. The power
allocation factors for usersD1 andD2 are set toa1 = 0.7 and
a2 = 0.3, respectively, and the average channel gain at the SI
link is considered to beΩRR = −10dB. From Fig. 2, note
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Fig. 3. Outage probability of NOMA users,D1 and D2, versus transmit
SNR for different values of the power allocation factor(a1, a2)= (0.6, 0.4),
(0.7, 0.3), (0.8, 0.2), and (0.9, 0.1), considering an average SI channel gain
ΩRR =−10 dB and a number of relaysK = 2.

that our expressions derived from the exact analysis, given in
(16) and (18), perfectly match with Monte Carlo simulations.
Note also that the approximate expressions obtained in (24)
and (26) are very tight to the exact curves, along the whole
range of SNR values. In addition, the lower-bound expressions
attained in (19) and (21) result in excellent approximations
to the exact curves in the medium-to-high SNR regime. We
can observe that the outage performance curves saturate in
a floor at the high SNR regime, thus resulting in a system
diversity order equal to zero, as can be corroborated from the
asymptotic analytical expressions obtained in Section III-D.
Such a value for the system diversity order arises from the
residual SI detrimental effect at the FD relays, which worsens
as the transmit power increases, thereby preventing the system
performance from improving. On the other hand, we can
observe that as the number of relays increases, the outage
performance of both users improves, as expected. However,
at low SNR, increasing the number of relays aboveK = 2,
does renders an improvement on the outage performance at
the weak user,D1, it does not render any improvement, thus
requiring higher values of transmit SNR to take advantage of
the cooperative diversity for this user.

In Fig. 3, the outage probability for both NOMA des-
tinations is illustrated as a function of the transmit SNR
for different values of power allocation factors, namely,
a1 = 0.6, 0.7, 0.8, 0.9, with a2 = 1 − a1. In this case, we
consider thatK = 2 andΩRR = −10dB. It can be observed
that the weak userD1 always outperforms the strong userD2,
regardless of the power allocation factors, as long as the con-
dition a1 > a2 is satisfied. More specifically, asa1 increases
and, consequently,a2 decreases, the outage performance of
weak userD1 gradually improves, whereas that of strong
userD2 deteriorates. Note that, for(a1, a2) = (0.6, 0.4), the
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Fig. 4. Outage probability of NOMA users,D1 andD2, versus the power
allocations ratioa2/a1 for a different number of relaysK =1, 2 and 3,
considering an average SI channel gainΩRR =−10 dB and transmit SNR,
γ0 = 30 dB.

outage performance of both users is almost equivalent. On
the other hand, it is noteworthy that from the point where
the conditiona2 ≥ a1/ (τ + 1)6 is met, for lower values
of a1 and, consequently, higher values ofa2—for example,
(a1, a2) = (0.55, 0.45)—not only the outage performance of
the weak user D1, but also that of strong user D2 worsens7.
This can be explained by the fact that the strong user first
needs to decode the weak user’s information through a SIC
technique, so that the strong user is able to decode its own
information. Thus, asa1 decreases anda2 increases, the
received SINR at D2 relative to D1’s information diminishes,
such that SIC at D2 fails, as can be corroborated from (11)
and (17). As a result, the strong user D2 is also unable to
decode its own information. Note also that, for this illustrative
scenario, the outage performance of the strong userD2 is the
same fora2 = 0.2 and0.4.

To complement the above discussion, Fig. 4 shows the
outage probability of the NOMA destinations,D1 and D2,
as a function of the ratioa2/a1 for different values of the
number of relaysK = 1, 2, 3. In this case, the average channel
gain at the SI link is set toΩRR = −10 dB and the transmit
SNR is fixed atγ0 = 30 dB. Recall that, according to the
NOMA scheme for our scenario, the following relationships
for the power allocation factors must be satisfied:a1+a2 = 1
and a2 < a1. Note that as the number of relays increases,
the outage performance of both destinations improves, as
expected. On the other hand, note that, for the weak user D1,
the outage performance worsens as the ratioa2/a1 increases,

6This relationship is obtained by comparing the analytical expressions for
the asymptotic outage probability atD1 andD2 attained in (28) and (29),
respectively, and from the definitions ofτ̃ andθ introduced in Propositions 1
and 2.

7Notice that, for clarity purposes, the results corresponding to these cases,
such as(a1, a2) = (0.55, 0.45), were omitted from Fig. 3.
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Fig. 5. Comparison of the outage probability of usersD1 andD2 between
FD- and HD-based NOMA schemes, considering a power allocation factor
(a1, a2)=(0.7, 0.3), different values of the number of relaysK = 1, 2, 3,
and an average SI channel gainΩRR =−10 dB.

which is intuitive since less power is allocated to D1. Mean-
while, we can observe that, for the strong user D2, the outage
probability improves asa2/a1 increases, until the condition
a2/a1 ≥ 1/ (τ + 1) is met, as previously stated. From this
point (in this case, forτ = 0 dB, from a2/a1 = 0.5), the
outage probability of D2 also worsens, since the SIC process
at D2 to decode the information relative toD1 fails more
frequently, such that D2 is no longer able to decode its own
information.

Fig. 5 illustrates a comparison of the outage probability
for the NOMA usersD1 and D2 versus the transmit SNR
between the FD-based scheme analyzed herein and the HD-
based counterpart proposed in [14]. To do so, we consider
our exact analytical expressions derived in Section III-A and
those corresponding to the HD-based scheme, presented in [14,
eqs. (25) and (29)]. In this case, the following system param-
eters are taken into account: number of relaysK = 1, 2, 3,
power allocation factors(a1, a2) = (0.7, 0.3), and average
SI channel gainΩRR = −10 dB. From this figure, we can
observe that, unlike the proposed FD-based scheme, the outage
performance of the HD-based counterpart does not saturates
at high SNR, as expected—since HD relays do not suffer
from SI. However, it is worth pointing out that the HD-based
scheme requires two time slots to transmit information from
the source to the NOMA destinations, thus halving the system
spectral efficiency with respect to the proposed FD-based
NOMA scheme. Moreover, at low-to-medium SNR, the FD-
based scheme presents the same performance as that obtained
by the HD-based one, even though a conservative value for
SI attenuation was considered (ΩRR = −10 dB). Note also
that as the number of relays increases the outage performance
of HD-based scheme slightly improves. Hence, the proposed
scheme is more suitable for the low-to-medium SNR regime

◆ ◆
◆

◆

◆

◆

◆

◆
◆

◆
◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆

◆ ◆
◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆
◆

◆
◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆

◆ ◆
◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆
◆

◆
◆

◆
◆ ◆ ◆ ◆ ◆ ◆

◆
◆

◆

◆

◆

◆
◆

◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆

◆
◆

◆

◆

◆

◆

◆

◆

◆

◆
◆

◆
◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆

◆
◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆
◆

◆
◆

◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆

◆

◆

-10 0 10 20 30 40 50 60
10

-6

10
-5

10
-4

0.001

0.010

0.100

1

Exact FDD2

SimulatedD2

AsymptoticD2

Exact FDD1

SimulatedD1

AsymptoticD1O
u

ta
g

e
P

ro
b

ab
ili

ty
,O
P

Transmitted SNR,γ0 [dB]

ΩRR =0, −10, −20 dB

Fig. 6. Outage probability of NOMA users,D1 andD2, versus transmit SNR
for different values of average SI channel gainΩRR =0, −10, −20 dB,
considering power allocation factors (a1, a2)=(0.7, 0.3) and a number of
relaysK = 2.

◆
◆

◆
◆

◆
◆

◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆

◆
◆

◆
◆

◆
◆

◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆

◆
◆

◆
◆

◆
◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆

◆
◆

◆

◆

◆

◆

◆

◆

◆

◆

◆
◆

◆
◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆
◆

◆
◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆
◆

◆
◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆

◆

◆

-10 0 10 20 30 40 50 60
0

2

4

6

8

SimulatedD1

Approx.D1

SimulatedD2

Approx.D2

E
rg

o
d

ic
C

ap
ac

ity
,C̄

[b
it/

s/
H

z]

K =3, 2, 1

Transmitted SNR,γ0 [dB]

Fig. 7. Ergodic capacity of NOMA users,D1 andD2, versus transmit SNR
for a different number of relaysK =1, 2 and 3, considering an average
SI channel gainΩRR =−10 dB and power allocation factors(a1, a2) =
(0.7, 0.3).

with the advantage of an improved spectral efficiency.
Fig. 6 shows the outage probability of the NOMA destina-

tions,D1 andD2, versus the transmit SNR for different values
of average SI channel gainΩRR =0,−10,−20 dB, by con-
sideringK =2 and(a1, a2)=(0.7, 0.3). Note from this figure
that asΩRR decreases, the outage floor level also decreases
and occurs at higher transmit SNR values. Additionally, note
that the curves obtained from the asymptotic expressions given
in (28) and (29) perfectly match the performance floor level at
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high SNR, thus validating the asymptotic analysis performed
from the lower-bound expressions of the outage probability.

Fig. 7 shows the ergodic capacity of the NOMA destinations
D1 andD2 versus the transmitted SNR for different values of
the number of relaysK = 1, 2, 3. The power allocation factors
for the usersD1 and D2 are respectively set toa1 = 0.7
anda2 = 0.3, and the average channel gain at the SI link is
set toΩRR = −10dB. We can observe from Fig. 7 that the
analytical expressions obtained in (32) and (33) prove to be
excellent approximations to the true performance for the entire
range of SNR values. Note that the ergodic capacity for users
D1 andD2 also saturate to a floor at the high SNR regime
due to the detrimental effect of residual SI at the FD relays.
Note also that, while the ergodic capacity for the strong user
D2 improves as the number of relays increases, the ergodic
capacity for the weak userD1 does not present a significant
improvement with an increment of the number of relays.

Fig. 8 illustrates the system sum rate versus the transmit
SNR, as well as a comparison with OMA-based cooperative
systems in which PRS among either multiple HD-AF relays
or multiple FD-AF relays is employed8. In this case, the
following system parameters are considered: number of relays
K = 1, 2, 3, power allocation factors(a1, a2) = (0.7, 0.3) and
normalized distance of the linksRk → DOMA , dRkDOMA = 0.5.
Note that the sum rate of the proposed NOMA system out-
performs OMA-based systems at low-to-medium SNR. This
agrees with the results obtained in Fig. 5 for the outage
probability, thus showcasing the benefits of the joint use of
NOMA and FD relaying techniques at this region. Never-
theless, we can notice that the performance of the proposed
NOMA system saturates due the residual SI at the FD relays,
thus yielding a lower sum rate with respect to the HD-OMA
system and resulting in a equal sum rate with respect to the
FD-OMA system, at high SNR.

VI. CONCLUSIONS

This paper investigated the outage and ergodic capacity
performance of a relay-aided NOMA system with two des-
tinations, in which PRS among multiple FD-AF relays is
employed. We derived exact analytical expressions for the
outage probability and ergodic capacity of the strong user and
the weak user. With the aim of reducing the computational
complexity, closed-form expressions for the outage probability
were obtained from both approximation- and lower bound-
based analyses. In addition, closed-form approximations for
the ergodic capacity of each NOMA destination and for the
system sum rate were derived. Monte Carlo simulations were
provided to validate the accuracy of our formulas. Numerical
results showed that an outage floor occurs due to the inherent

8For both HD-OMA and FD-OMA systems, the network setup consists of
one source,K relays, and two destinations, all operating on a TDMA basis,
as in the FD-NOMA system considered herein. For the HD-OMA system, the
source is assumed to send a message to each destination within one different
fading block, which is divided into two time slots (one for the source-relay
transmission and one for the relay-destination transmission). Thus, the overall
communication process from the source to the two destinations takes four time
slots. In the FD-OMA system, the system sum rate is doubled with respect to
that of HD-OMA system, as different messages are transmitted in each one
of the two time slots composing a fading block due to FD relaying operation.
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Fig. 8. System sum rate versus transmit SNR for a different number of relays
K =1, 2 and3, considering an average SI channel gainΩRR =−10 dB and
power allocation factors(a1, a2) = (0.7, 0.3).

SI of FD operation at the relays, thus rendering the system
diversity order zero. Asymptotic closed-form expressions were
attained at the high SNR regime, which characterize the outage
floor level in terms of the system parameters. This performance
floor level can be reduced whether the number of relays is
increased or the average SI channel gain is diminished (or,
equivalently, the SI attenuation is improved, thus reinforcing
the importance of highly effective SI cancellation techniques).
Nevertheless, the outage performance of the proposed FD-
based scheme showed to be equivalent to its HD-based coun-
terpart at low-to-medium SNR, even for conservative values
of the average SI channel gain. Moreover, the system sum rate
of the proposed FD-based scheme presents the advantage of
spectral efficiency with respect to the OMA-based schemes,
especially at low-to-medium SNR. Additionally, it was estab-
lished that increasing the power allocation factor of the strong
user resulted in a performance improvement, until some value
from which the outage performance of both NOMA users
worsens, since the correct decoding of strong user’ message
depends on the success of the SIC process relative to the weak
user’s information.

Some interesting extensions for future development of this
investigation is to study optimal/suboptimal relay selection
strategies and optimal power allocation schemes, such as those
proposed in [18, 19] for HD-relay aided NOMA scenarios, as
well as to assess the impact of imperfect SIC on the system
performance [22, 32].

APPENDIX A
PROOF OFPROPOSITION1

In the following, we derive the exact outage probability for
weak user D1. From (15), by using (14), the outage probability



0018-9545 (c) 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TVT.2019.2952526, IEEE
Transactions on Vehicular Technology

IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY 11

for D1 can be obtained as

OP1 = Pr
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a1Zk∗Yk∗1
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[FZj
(z)]fZk

(z)fYk1
(y1)dzdy1

(c)
= K

[∫ τ̃

0

∫
∞

0

[FZ(z)]
K−1fZ(z)fY1(y1)dzdy1

]

+K

[∫
∞

τ̃

∫ τ̃(y1+1)
y1−τ̃

0

[FZ(z)]
K−1fZ(z)fY1(y1)dzdy1

]

= K

[∫ τ̃

0

∫
∞

0

[FZ(z)]
K−1fY1(y1)dFZdy1

]

+K

[∫
∞

τ̃

∫ τ̃(y1+1)
y1−τ̃

0

[FZ(z)]
K−1fY1(y1)dFZdy1

]

= FY1(τ̃ ) +

∫
∞

τ̃

[
FZ

(
(y1 + 1)τ̃

y1 − τ̃

)]K
fY1(y1) dy1,

(39)

where step(b) follows from applying the Total Probability
Theorem [34], and step(c) follows from considering i.i.d. fad-
ing channels. Furthermore,FY1(y1)= 1−exp(−y1/γ̄RD1) and
fY1(y1)=(1/γ̄RD1

) exp(−y1/γ̄RD1
) are the CDF and PDF

of an exponential RV with mean valuēγRD1
, respectively.

Besides, the CDF ofZk can be determined as

FZ(z) = Pr

(
Xk

Uk + 1
< z

)

=

∫
∞

0

FX(z(u+ 1))fU (u) du

= 1−
e
−

z
γ̄SR

1 + (γ̄RR/γ̄SR)z
, (40)

where FX(x) = 1− exp(−x/γ̄SR) and fU (u) =
(1/γ̄RR) exp (−u/γ̄RR) are the CDF and PDF of exponential
RVs with mean values̄γSR and γ̄RR, respectively. Then, after
substituting (40) into (39), the exact outage probability for the
weak user, D1, can be obtained as in (16).

APPENDIX B
PROOF OFPROPOSITION2

Next we derive the exact outage probability of strong user
D2. From (17), by considering the definition ofZk in (14) and
following a procedure similar to the proof of Proposition 1,
the outage probability for D2 can be developed as

OP2 = Pr

(
a1Zk∗Yk∗2

a2Zk∗Yk∗2 + Zk∗ + Yk∗2 + 1
< τ

)

+Pr

(
a2Zk∗Yk∗2

Zk∗+Yk∗2+1
<τ,

a1Zk∗Yk∗2

a2Zk∗Yk∗2+Zk∗+Yk∗2+1
>τ

)

(d)
= Pr

(
Zk∗Yk∗2

Zk∗ + Yk∗2 + 1
< τ̃

)
+Pr

(
Zk∗Yk∗2

Zk∗ + Yk∗2 + 1
<τ

′

)

− Pr

(
Zk∗Yk∗2

Zk∗ + Yk∗2 + 1
< τ̃,

Zk∗Yk∗2

Zk∗ + Yk∗2 + 1
<τ

′

)

(e)
= Pr

(
Zk∗Yk∗2

Zk∗ + Yk∗2 + 1
< max{τ̃ , τ ′} , θ

)

= Pr

(
Zk∗ <

(Yk∗2 + 1)θ

Yk∗2 − θ

)
, (41)

where step (d) follows from applying the identity
Pr(A,B)=Pr(A)−Pr(A, B̄) [34]; and step(e) follows from
analyzing the probability of the joint event at the third term in
step (d), regarding the relationships̃τ > τ ′ and τ ′ > τ̃ , from
which we can note that the occurrence of the event related
to the lower value betweeñτ and τ ′ entails the occurrence
of the other event, so that the overall outage probability at
D2 is determined bymax{τ̃ , τ ′}. From (41), by following a
similar procedure to that presented in Proposition 1,OP2 can
be expressed as

OP2 = FY2(θ) +

∫
∞

θ

[
FZ

(
(y2 + 1)θ

y2 − θ

)]K
fY2(y2)dy2,

(42)

where FY2(y2) = 1 − exp(−y2/γ̄RD2) and fY2(y2) =
(1/γ̄RD2

) exp(−y2/γ̄RD2
) are the CDF and PDF of an ex-

ponential RV with mean valuēγRD2
, respectively, andFZ(·)

is given as in (40). Then, after changing the limits of the
integral in (42), an exact analytical expression for the outage
probability of the strong user, D2, can be obtained as in (18).
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APPENDIX C
PROOF OFPROPOSITION7

In the following, we derive the ergodic capacity for weak
user D1. By substituting (15) considering the definition ofZk

given in (14), the ergodic capacity for D1 can be obtained as

C̄1 =
1

ln 2

∫
∞

0

1− Pr
(

a1Zk∗Yk∗1

a2Zk∗Yk∗1+Zk∗+Yk∗1+1 < x
)

1 + x
dx

=
1

ln 2

∫
∞

0

1− Pr
(

Zk∗Yk∗1

Zk∗+Yk∗1+1 < x
a1−a2x

)

1 + x
dx

=
1

ln 2

∫ a1
a2

0

1− Pr
(

Zk∗Yk∗1

Zk∗+Yk∗1+1 < x
a1−a2x

)

1 + x
dx

+
1

ln 2

∫
∞

a1
a2

1− Pr
(

Zk∗Yk∗1

Zk∗+Yk∗1+1 > x
a1−a2x

)

1 + x
dx

=
1

ln 2

∫ a1
a2

0

1− Pr
(

Zk∗Yk∗1

Zk∗+Yk∗1+1 < x
a1−a2x

)

1 + x
dx

(h)
<

1

ln 2

∫ a1
a2

0

1− Pr
(

Zk∗Yk∗1

Zk∗+Yk∗1
< x

a1−a2x

)

1 + x
dx

(i)
≈

1

ln 2

∫ a1
a2

0

1− Pr
(
min {Zk∗ , Yk∗1} < x

a1−a2x

)

1 + x
dx

(j)
=

1

ln 2

∫ a1
a2

0

(
1−FZ

(
x

a1−a2x

)K)(
1−FY1

(
x

a1−a2x

))

1 + x
dx,

(43)

where step(h) follows from neglecting the constant1 in the
denominator of the left-hand side in thePr(·) operator, as this
yields a good approximation at medium-to-high SNR; step
(i) follows from the known result that the minimum between
two values is an upper bound for their harmonic mean, which
also becomes increasingly tight at medium-to-high SNR;
and step(j) follows under the consideration of i.i.d. fading
channels. In the above expression,FZ(·) is the CDF of the
RV Z given as in (40) andFY 1(y1) = 1− exp(−y1/γ̄RD1).
Therefore, after solving the integral in (43) with the use of
[35], a closed-form approximation for the ergodic capacity of
the weak userD1 can be obtained as in (32).

APPENDIX D
PROOF OFPROPOSITION8

By following a similar procedure as in the proof of Propo-
sition 7, we derive the ergodic capacity for strong user D2. By
substituing (12) into (37), the ergodic capacity for D2 can be
developed as

C̄2 =
1

ln 2

∫
∞

0

1− Pr
(

a2Zk∗Yk∗2

Zk∗+Yk∗2+1 < x
)

1 + x
dx

=
1

ln 2

∫
∞

0

1− Pr
(

Zk∗Yk∗2

Zk∗+Yk∗2+1 < x
a2

)

1 + x
dx

(h)
<

1

ln 2

∫
∞

0

1− Pr
(

Zk∗Yk∗2

Zk∗+Yk∗2
< x

a2

)

1 + x
dx

(i)
≈

1

ln 2

∫
∞

0

1− Pr
(
min {Zk∗ , Yk∗2} < x

a2

)

1 + x
dx

(j)
=

1

ln 2

∫
∞

0

(
1−FZ

(
x
a2

)K)(
1−FY2

(
x
a2

))

1 + x
dx, (44)

from which, after solving the integral in (44), a closed-form
approximation for the ergodic capacity of the strong userD2

can be attained as in (33).
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