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Abstract—We study the information freshness under three
different source aware packet management policies in a status
update system consisting of two independent sources and one
server. The packets of each source are generated according to
the Poisson process and the packets are served according to an
exponentially distributed service time. We derive the average age
of information (Aol) of each source using the stochastic hybrid
systems (SHS) technique for each packet management policy. In
Policy 1, the queue can contain at most two waiting packets at the
same time (in addition to the packet under service), one packet
of source 1 and one packet of source 2. When the server is busy
at an arrival of a packet, the possible packet of the same source
waiting in the queue (hence, source-aware) is replaced by the
arrived fresh packet. In Policy 2, the system (i.e., the waiting
queue and the server) can contain at most two packets, one from
each source. When the server is busy at an arrival of a packet,
the possible packet of the same source in the system is replaced
by the fresh packet. Policy 3 is similar to Policy 2 but it does not
permit preemption in service, i.e., while a packet is under service
all new arrivals from the same source are blocked and cleared.
Numerical results are provided to assess the fairness between
sources and the sum average Aol of the proposed policies.

Index Terms— Information freshness, age of information (Aol),
multi-source queueing model, stochastic hybrid systems (SHS),
packet management.

I. INTRODUCTION

In many Internet of things applications and cyber-physical
control systems, freshness of the status information at receivers
is a critical factor. Recently, the age of information (Aol)
was proposed as a destination-centric metric to measure the
information freshness in status update systems [2]-[4]. A
status update packet contains the measured value of a mon-
itored process and a time stamp representing the time when
the sample was generated. Due to wireless channel access,
channel errors, and fading, etc., communicating a status update
packet through the network experiences a random delay. If at a
time instant ¢, the most recently received status update packet
contains the time stamp U(¢), Aol is defined as the random
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process A(t) = t — U(t). Thus, the Aol measures for each
sensor the time elapsed since the last received status update
packet was generated at the sensor. The average Aol is the
most commonly used metric to evaluate the Aol [2]-[20].

The work [3] is the seminal queueing theoretic work on
the Aol in which the authors derived the average Aol for a
single-source first-come first-served (FCEFS) M/M/1 queueing
model. In [21], the authors proposed peak Aol as an alternative
metric to evaluate the information freshness. The work [12]
was the first to investigate the average Aol in a multi-source
setup. The authors of [12] derived the average Aol for a
multi-source FCFS M/M/1 queueing model. The authors of
[22] considered a multi-source M/G/1 queueing system and
optimized the arrival rates of each source to minimize the
peak Aol. The authors of [13] derived an exact expression
for the average Aol for a multi-source FCFS M/M/1 queueing
model and an approximate expression for the average Aol for
a multi-source FCFS M/G/1 queueing model having a general
service time distribution.

The above works address the FCFS policy under the infinite
queue size. However, it has been shown that the Aol can be
significantly decreased if there is a possibility to apply packet
management in the system (either in the queue or server)
[2], [4], [9], [11], [14]-[18], [20]. To this end, the average
Aol for a last-come first-served (LCFS) M/M/1 queueing
model with preemption was analyzed in [4]. The average Aol
for different packet management policies in a single-source
M/M/1 queueing model were derived in [9]. The authors of
[20] derived a closed-form expression for the average Aol of
a single-source M/G/1/1 preemptive queueing model (where
the last entry in the Kendall notation shows the total capacity
of the queueing system; 1 indicates that there is one packet
under service whereas the queue holds zero packets). The
work [11] considered a single-source LCFS queueing model
where the packets arrive according to a Poisson process and the
service time follows a gamma distribution. They derived the
average Aol for two packet management policies, LCFS with
and without preemption. The closed-form expressions for the
average Aol and average peak Aol in a multi-source M/G/1/1
preemptive queueing model were derived in [14].

In [2], the authors gave an in-depth introduction on a
powerful technique, stochastic hybrid systems (SHS), that
can be used to evaluate the Aol in different continuous-time
queueing systems. They considered a multi-source queueing
model in which the packets of different sources are generated
according to the Poisson process and served according to an
exponentially distributed service time. The authors derived the
average Aol for two packet management policies: 1) LCFS
with preemption under service (LCFS-S), and 2) LCFS with



preemption only in waiting (LCFS-W). Under the LCFS-S
policy, a new arriving packet preempts any packet that is
currently under service (regardless of the source index). Under
the LCFS-W policy, a new arriving packet replaces any older
packet waiting in the queue (regardless of the source index);
however, the new packet has to wait for any packet under
service to finish.

Since its establishment as an efficient tool for the Aol
analysis [2], the SHS technique has recently been applied
to derive the average Aol for various queueing models and
packet management policies [15]-[19], [23]. The authors of
[15] studied a multi-source M/M/1 queueing model in which
sources have different priorities and proposed two packet
management policies: 1) there is no waiting room and an
update under service is preempted on arrival of an equal or
higher priority update, and 2) there is a waiting room for at
most one update and preemption is allowed in waiting but
not in service. In [16], the author considered a single-source
M/M/1 status update system in which the updates follow a
route through a series of network nodes where each node is
an LCFS queue that supports preemption in service. In [17],
the author considered a single-source LCFS queueing model
with multiple servers with preemption in service. The authors
of [18] considered a multi-source LCFS queueing model with
multiple servers that employ preemption in service. In [19],
the authors derived the average Aol for a multi-source FCFS
M/M/1 queueing model with an infinite queue size. In [23], the
authors studied moments and the moment generating function
of the Aol.

A. Contributions

In this paper, we consider a status update system in which
two independent sources generate packets according to the
Poisson process and the packets are served according to
an exponentially distributed service time. To emphasize the
importance of minimizing the average Aol of each individual
source and enhance the fairness between different sources in
the system, we propose three different source-aware packet
management policies.

In Policy 1, the queue can contain at most two waiting
packets at the same time (in addition to the packet under
service), one packet of source 1 and one packet of source
2. When the server is busy and a new packet arrives, the
possible packet of the same source waiting in the queue (not
being served) is replaced by the fresh packet. In Policy 2, the
system (i.e., the waiting queue and the server) can contain at
most two packets, one from each source. When the server is
busy at an arrival of a packet, the possible packet of the same
source either waiting in the queue or being served is replaced
by the fresh packet. Policy 3 is similar to Policy 2 but it does
not permit preemption in service, i.e., while a packet is under
service all new arrivals from the same source are blocked and
cleared.

We derive the average Aol for each source under the pro-
posed packet management policies using the SHS technique.
By numerical experiments, we investigate the effectiveness of
the proposed packet management policies in terms of the sum

average Aol and fairness between different sources. The results
show that our proposed policies provide better fairness than
that of the existing policies. In addition, Policy 2 outperforms
the existing policies in terms of the sum average Aol. To the
best of our knowledge, the proposed policies have not been
considered and analyzed in the Aol context earlier.

B. Related Works

The most related works to our paper are [2], [15], [18].
Each of these works considers a multi-source queueing model
with such a packet management policy where the different
sources can preempt the packets of each other in the system
(source-agnostic preemption). In addition, in [15], an arriving
packet is discarded if the server is currently serving a packet of
another source having higher priority (service priority). These
packet management policies result in queueing systems where
the server mostly serves either the packets of a source with a
high packet arrival rate [2], [18], or the packets of a source
with high service priority [15]. In this regard, these policies
are not appropriate for the applications in which besides the
sum average Aol, the average Aol of each individual source
is important. Note that differently from [2], [15], [18], all our
policies employ source-aware preemption in the system in the
sense that an arriving packet can preempt only a packet with
the same source index in the system. This promotes fairness,
as shown by our numerical experiments.

C. Organization

The paper is organized as follows. The system model and
problem definition are presented in Section II. The basics of
the SHS technique are presented in Section III. The average
Aol for each source under different packet management poli-
cies is derived in Section IV. Numerical results are presented
in Section V. Finally, concluding remarks are expressed in
Section VL.

II. SYSTEM MODEL AND SUMMARY OF THE MAIN
RESULTS

We consider a status update system consisting of two
independent sources', one server, and one sink, as depicted
in Fig. 1. Each source observes a random process at random
time instants. The sink is interested in timely information
about the status of these random processes. Status updates
are transmitted as packets, containing the measured value of
the monitored process and a time stamp representing the time
when the sample was generated. We assume that the packets
of sources 1 and 2 are generated according to the Poisson
process with rates \; and Ao, respectively, and the packets are
served according to an exponentially distributed service time
with mean 1/p. Let p1 = A1 /p and pa = A2/ be the load of
source 1 and 2, respectively. Since packets of the sources are
generated according to the Poisson process and the sources

'We consider two sources for simplicity of presentation; the same method-
ology as used in this paper can be applied for more than two sources. However,
the complexity of the calculations increases exponentially with the number of
sources.



Sink

(a) Policy 1: The queue can contain at most two waiting packets at the same
time (in addition to the packet under service), one packet of source 1 and
one packet of source 2; when the server is busy and a new packet arrives, the
possible packet of the same source waiting in the queue (not being served)
is replaced by the fresh packet.

Sink

(b) Policies 2 and 3: The system (i.e., the waiting queue and the server)
can contain at most two packets, one from each source. In Policy 2, when
the server is busy and a new packet arrives, the possible packet of the same
source either waiting in the queue or being served is replaced by the fresh
packet. Policy 3 is similar to Policy 2 but it does not permit preemption
in service.

Fig. 1: The packet management policies.

are independent, the packet generation in the system follows
the Poisson process with rate A = A\; + Ao. The overall load
in the system is p = p; + pa = A/ p.

In the next subsections, we first explain each packet man-
agement policy, and then, give a formal definition of Aol.

A. Packet Management Policies

The structure of the queuing system for all considered
policies is illustrated in Fig. 1. In all policies, when the system
is empty, any arriving packet immediately enters the server.
However, the policies differ in how they handle the arriving
packets when the server is busy.

In Policy 1 (see Fig. 1(a)), when the server is busy and
a new packet arrives, the possible packet of the same source
waiting in the queue (not being served) is replaced by the fresh
packet.

In Policy 2 (see Fig. 1(b)), when the server is busy and a new
packet arrives, the possible packet of the same source either
waiting in the queue or being served (called self preemption)
is replaced by the fresh packet.

Policy 3 is similar to Policy 2 but it does not permit
preemption in service (see Fig. 1(b)). While a packet is under
service all new arrivals from the same source are blocked and
cleared. However, the packet waiting in the queue is replaced
upon the arrival of a newer one from the same source. It is
also interesting to remark that this policy is also similar to
Policy 1 but it has a one unit shorter waiting queue.

B. Aol Definition

For each source, the Aol at the destination is defined as the
time elapsed since the last successfully received packet was
generated. Formal definition of the Aol is given next.

Let ¢ ; denote the time instant at which the ¢th status update
packet of source ¢ was generated, and ¢ ; denote the time
instant at which this packet arrives at the sink. At a time instant
T, the index of the most recently received packet of source c
is given by N.(7) = max{i'[t; , < 7}, and the time stamp
of the most recently received packet of source c is U.(7) =
te,N.(r)- The Aol of source c at the destination is defined as
the random process A.(t) =t — U.(t). Let (0,7) denote an
observation interval. Accordingly, the time average Aol of the
source c at the sink, denoted as A, ., is defined as

1 T
A= f/ A (t)dt.
T Jo
The average Aol of source ¢, denoted by A, is defined as

A, = lim A, .. (1)
T—>00
C. Summary of the Main Results

In this paper, we derive the average Aol for each source
under the Policy 1, Policy 2, and Policy 3 using the SHS
technique. The derived results are summarized by the follow-
ing three theorems.

Theorem 1. The average Aol of source 1 under Policy 1 is
given as

7
L= Ek:o p'fn/c
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where

no = p3 +2p3 + 3p3 + 2pa + 1,

m = Tps + 1503 4+ 21p3 + 14ps + 6,

no = 17p5 + 46p3 + 64p3 + 42py + 16,
ns = 15p5 + 73p3 + 118p3 4 78py + 26,
N4 = 5pa + 52p5 4+ 124p3 + 102py + 30,
ns = 15p3 + 66p3 + 79p2 + 24,

ne = 15p3 + 31py + 11,

N7 =9p2 + 2,

€0 = P+ 205 + 3p5 +2p2 + 1,

&1 = 2p5 + 6p5 + 903 + Tpo + 3,

&2 = 6pi +12p5 + 10p2 + 4,

€3 = 6p5 +8p2 +3,

&y =2ps + 1.

Proof. The proof of Theorem 1 appears in Section IV-A of
this paper. O

Theorem 2. The average Aol of source 1 under Policy 2 is
given as
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where

Ay

i = 6p5 + 11py +5,



fla = 13p3 + 24py + 10,

i3 = 10p3 + 27p2 + 10,

s = 3p3 + 14pa + 5,

N5 =3p2+ 1.
Proof. The proof of Theorem 2 appears in Section IV-B of
this paper. O

Theorem 3. The average Aol of source 1 under Policy 3 is
given as

A =
(p2+ 1) + 35y Pl
pupr (L+ p1) (1+ pa2) (P2 (2p2 + 1) + (p2 + 1)2(2p1 + 1))

where

M = 5p5 + 14p3 + 13pa + 4,
fla = 10p3 4 28p% + 25p3 + 7,
fis = 5p3 + 22p3 + 23py + 6,
fls = 5p3 + 8pa + 2.

Proof. The proof of Theorem 3 appears in Section IV-C of
this paper. O

ITII. A BRIEF INTRODUCTION TO THE SHS TECHNIQUE

In the following, we briefly present the main idea behind
the SHS technique which is the key tool for our Aol analysis
in Section IV. We refer the readers to [2] for more details.

The SHS technique models a queueing system through

the states (q(t),x(t)), where ¢(t) € @ ={0,1,...,m}
is a  continuous-time finite-state =~ Markov  chain
that describes the occupancy of the system and

x(t) = [wo(t) x1(t) -+ - 2, (t)] € R"*HFD is a continuous
process that describes the evolution of age-related processes
at the sink. Following the approach in [2], we label the source
of interest as source 1 and employ the continuous process
x(t) to track the age of source 1 status updates at the sink.

The Markov chain ¢(¢) can be presented as a graph (Q, £)
where each discrete state ¢(t) € Q is a node of the chain and
a (directed) link [ € £ from node ¢; to node ¢; indicates a
transition from state ¢; € Q to state ql’ € Q.

A transition occurs when a packet arrives or departs in
the system. Since the time elapsed between departures and
arrivals is exponentially distributed according to the M/M/1
queueing model, transition ! € L from state ¢ to state
q; occurs with the exponential rate )\(l)éql,q(t)z, where the
Kronecker delta function 4y, (+) ensures that the transition
[ occurs only when the discrete state ¢(¢) is equal to g;.
When a transition [ occurs, the discrete state g; changes to
state ¢j, and the continuous state x is reset to x’ according
to a binary transition reset map matrix A; € B(+1)x(n+1)
as x’ =xA;. In addition, at each state ¢(t) =q € Q, the
continuous state x evolves as a piece-wise linear function

2In our system model, AD can represent three quantities: arrival rate of
source 1 (A1), arrival rate of source 2 (A2), and the service rate (u).

» Ox(t)
S ot
b, = [bg0 bg1---bgn] € BT is a binary vector with
elements b, ; € {0,1},¥5 € {0,...,n},q € Q. If the age
process x;(t) increases at a unit rate, we have b, ; = 1;
otherwise, b, ; = 0.

through the differential equation X(t) = by, where

Note that unlike in a typical continuous-time Markov chain,
a transition from a state to itself (i.e., a self-transition) is
possible in ¢(t) € Q. In the case of a self-transition, a
reset of the continuous state x takes place, but the discrete
state remains the same. In addition, for a given pair of states
s, 8" € Q, there may be multiple transitions [ and !’ so that the
discrete state changes from s to s’ but the transition reset maps
A, and A are different (for more details, see [2, Section III]).

To calculate the average Aol using the SHS technique, the
state probabilities of the Markov chain and the correlation
vector between the discrete state ¢(¢) and the continuous state
x(t) need to be calculated. Let m,(t) denote the probabil-
ity of being in state g of the Markov chain and v,(t) =
[0g0(t) -+ - vgn(t)] € R*(™+1) denote the correlation vector
between the discrete state ¢(¢) and the continuous state x(t).
Accordingly, we have

ﬂ-Q(t) = Pr(q(t) = (Z) = E[éq,q(t)]v Vg € Q, 2
vg(t) = [vgo(t) - - - vgn (t)] = E[x(t)dg,41)], Vg€ Q. (3)

Let ﬁ; denote the set of incoming transitions and £, denote
the set of outgoing transitions for state g, defined as

Ly={leLl:q=q}, Vg€ Q,
Lo={leL:q=q}, Vg€ Q.

Following the ergodicity assumption of the Markov chain ¢(t)
in the Aol analysis [2], [23], [24], the state probability vector
7(t) = [mo(t) - - - mm (t)] converges uniquely to the stationary
vector 7T = [Tg - - - 7] satisfying [2]

7o Siee, V= Yiee, NV Ya€ Qo @
ZqEQ 777-‘1 =1L (5)

Further, it has been shown in [2, Theorem 4] that under the
ergodicity assumption of the Markov chain ¢(¢) with stationary
distribution 7t > 0, the existence of a nonnegative solution
Vq = [0q0 - - - Ugn), Vg € Q, for the following system of linear
equations

Vo Dier, AV = by + Zzeq, ADv,Ap, VgeQ, (6)

implies that the correlation vector v4(t) converges to
Vg = [0g0 - Ugn], Vg € Q as t — oo. Finally, the average Aol
of source 1 is calculated by [2, Theorem 4]

A1 =37 c0 Vg0 (7

As (7) implies, the main challenge in calculating the average
Aol of a source using the SHS technique reduces to deriving
the first elements of each correlation vector v, i.e., ¥y,
Vq € Q. Note that these quantities are, in general, different
for each particular queueing model.



Fig. 2: The SHS Markov chain for Policy 1.

IV. AVERAGE AOI ANALYSIS USING THE SHS
TECHNIQUE

In this section, we use the SHS technique to calculate the
average Aol in (1) of each source under the considered packet
management policies described in Section II-A. Recall from
(7) that the characterization of the average Aol in each of
our queueing setup is accomplished by deriving the quantities
Uq0, Vg € Q. The next three sections are devoted to elaborate
derivations of these quantities.

A. Average Aol under Policy 1

In Policy 1, the state space of the Markov chain is
Q ={0,1,...,5}, with each state presented in Table I. For
example, ¢ = 0 indicates that the server is idle which is shown
by I; ¢ = 1 indicates that a packet is under service, i.e., the
queue is empty and the server is busy which is shown by
B; and ¢ = 5 indicates that server is busy, the first packet in
the queue (i.e., the packet that is at the head of the queue as
depicted in Fig. 1(a)) is a source 2 packet, and the second
packet in the queue is a source 1 packet.

The continuous process is x(t) = [zo(t) x1(t) z2(t) x3(t)],
where z(t) is the current Aol of source 1 at time instant ¢,
Aq(t); x1(t) encodes what A4 (t) would become if the packet
that is under service is delivered to the sink at time instant ¢;
x2(t) encodes what A (¢) would become if the first packet
in the queue is delivered to the sink at time instant ¢; x5(t)
encodes what A;(t) would become if the second packet in the
queue is delivered to the sink at time instant .

Recall that our goal is to find 749, Vq € Q, to calculate the
average Aol of source 1 in (7). To this end, we need to solve
the system of linear equations (6) with variables v,,Vq € Q.
To form the system of linear equations (6) for each state Vq €
Q, we need to determine b, 74, and v, A; for each incoming
transition [ € E;. Next, we derive these for Policy 1.

1) Determining the value of V4, A, for incoming transitions
for each state ¢ € Q: The Markov chain for the discrete state
¢(t) with the incoming and outgoing transitions for each state
q € Q is shown in Fig. 2. The transitions between the discrete
states ¢ — ¢j, VI € L, and their effects on the continuous
state x(t) are summarized in Table II. In the following, we
explain the transitions presented in Table II:

e [=1: A source 1 packet arrives at an empty system. With

this arrival/transition the Aol of source 1 does not change,
i.e., ), = xo. This is because the arrival of source 1
packet does not yield an age reduction until it is delivered
to the sink. Since the arriving source 1 packet is fresh and
its age is zero, we have z{ = 0. Since with this arrival
the queue is still empty, x2 and x3 become irrelevant
to the Aol of source 1, and thus, z5 = x5 and =} = z3.
Note that if the system moves into a new state where x; is
irrelevant, we set 2; = x;,j € {1,2, 3}. An interpretation
of this assignment is that x; has not changed in the
transition to the new state. Finally, we have

x' = [xg x1 T2 T3)A1 = [10 0 22 73). (8)

According to (8), it can be shown that the binary matrix
A, is given by

A1 = (9)

o O O
O O OO
O = OO
_— o O O

Then, by using (9), ¥oA; is calculated as
VoA1 = [Uoo Uo1 o2 Vo3]A1 = [Too 0 To2 Toz]. (10)

It can be seen from (8)-(10) that when we have x’ for a
transition [ € L, it is easy to calculate v, A;. Thus, for
the rest of the transitions, we just explain the calculation
of x" and present the final expressions of A; and v, A;.
[=2: A source 2 packet arrives at an empty system. We
have x, = x¢, because this arrival does not change the
Aol at the sink. Since the arriving packet is a source 2
packet, its delivery does not change the Aol of source
1, thus we have i = xo. Moreover, since the queue is
empty, x5 and x3 become irrelevant, and we have z}, =
zo and x4 = x3.

[=3: A packet is under service and it completes service
and is delivered to the sink. With this transition, the
Aol at the sink is reset to the age of the packet that
just completed service, and thus, 1’6 = x1. Since the
system enters state ¢ = 0, we have | = z1, x = 2o,
and =} = x3.

I=4: A packet is under service and a source 1 packet
arrives. In this transition, we have x{, = z( because there
is no departure. The delivery of the packet under service
reduces the Aol to z; and thus, ) = z;. Since the
arriving source 1 packet is fresh and its age is zero we
have z/, = 0. Since there is only one packet in the queue,
x3 becomes irrelevant, and we have 5 = 3.

[=5: A packet is under service and a source 2 packet
arrives. In this transition, we have x6 = xg because there
is no departure. The delivery of the packet under service
reduces the Aol to z; and thus, 2} = ;. Since the
arriving source 2 packet, its delivery does not change the
Aol of source 1, and thus we have x, = x;. Since there
is only one packet in the queue, x3 becomes irrelevant,
and we have z§ = x3.

e [=6: A source 1 packet is in the queue, a packet is under



TABLE I: SHS Markov chain states for Policy 1

Source index of the second | Source index of the first
State . . Server

packet in the queue packet in the queue

0 - - I

1 - - B

2 - 1 B

3 - 2 B

4 2 1 B

5 1 2 B

TABLE II: Table of transitions for the Markov chain of Policy 1 in Fig. 2

l o —q A0 A xA; Vg, Al
1 |0—1 A1 [zo 0 x2 3] [Too 0 Doz Tos]
2 |01 A2 | [zo xo x2 3] [Too oo Uoz o]

3 |10 wo | [z @1 w2 23]

[U11 D11 D12 Vi3]

4 1—2 [120 xloxg}

[U10 D11 O T3]

5 1—3 [330 Tr1 T1 .Tg}

[T10 D11 011 i3]

6 21 m [x1 T2 T2 x3]

[U21 D22 Doz U2s)

7 | 351 Lo | [T @1z T3]

[U31 U31 Us2 Uss)

8 | 22 A1 [zo z1 0 z3] [T20 21 0 23]
9 2—4 A2 | [zo 1 x2 x2] [U20 V21 U2z U2z
10 | 3—5 A1 [xo 21 21 0] [U30 U31 D31 0]
11|4—4 A1 [0 21 0 0] [Ta0 Ta1 0 0]

12 |5—=5 A [zo 1 21 0] [Us0 U51 Us1 O]
13143 I [x1 22 2 x3] [U41 Va2 Uao Vas)
14|52 uo| [z1 71 23 x3) [Us1 Us1 Usz s3]
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service and it completes service and is delivered to the
sink. With this transition, the Aol at the sink is reset to
the age of the packet that just completed service, and
thus, x, = 1. Since the source 1 packet in the queue
goes to the server, we have xj = 5. In addition, since
with this departure the queue becomes empty, we have
xh = x9 and xf§ = z3.

I=7: A source 2 packet is in the queue, a packet is under
service and it completes service and is delivered to the
sink. With this transition, the Aol at the sink is reset to
the age of the packet that just completed service, and
thus, z(, = x;. Since the source 2 packet in the queue

goes to the server and its delivery does not change the
Aol of source 1, we have zj = x;. In addition, since
with this departure the queue becomes empty, we have
zh =z and z§ = x3.

[=8: A packet is under service, a source 1 packet is in
the queue, and a source 1 packet arrives. According to
Policy 1, the source 1 packet in the queue is replaced
by the fresh source 1 packet. In this transition, we have
xy = o because there is no departure. The delivery of
the packet under service reduces the Aol to x1, and thus,
x} = x7. Since the arriving source 1 packet is fresh and
its age is zero, we have x5 = 0. Since there is only one



packet in the queue, we have x5 = 3.

o [=9: A packet is under service, a source 1 packet is in the
queue, and a source 2 packet arrives. In this transition,
xy = o because there is no departure. The delivery of
the packet under service reduces the Aol to z;, and
thus, o) = z1. The delivery of the first packet in the
queue reduces the Aol to z3, and thus, x5 = z5. Since
the second packet in the queue is a source 2 packet, its
delivery does not change the Aol of source 1, and thus
we have x5 = x5.

e [=10: A packet is under service, a source 2 packet is in
the queue, and a source 1 packet arrives. In this transition,
x, = o because there is no departure. The delivery of
the packet under service reduces the Aol to x1, and thus,
x} = x;. Since the first packet in the queue is a source
2 packet, its delivery does not change the Aol of source
1, and thus we have zj = x;. Since the arriving source
1 packet is fresh and its age is zero, we have x3 = 0.

e [=11: A packet is under service, the first packet in the
queue is a source 1 packet, the second packet in the
queue is a source 2 packet, and a source 1 packet arrives.
According to Policy 1, the source 1 packet in the queue is
replaced by the fresh source 1 packet. In this transition,
we have x, = xo because there is no departure. The
delivery of the packet under service reduces the Aol to
x1, thus, &} = 1. Since the arriving source 1 packet is
fresh and its age is zero we have 5, = 0. Since the second
packet in the queue is a source 2 packet, its delivery
does not change the Aol of source 1, and thus we have
x% = 0. The reset maps of transition [ = 12 can be
derived similarly.

e [=13: The first packet in the queue is a source 1 packet,
the second packet in the queue is a source 2 packet,
and the packet under service completes service and is
delivered to the sink. With this transition, the Aol at the
sink is reset to the age of the source 1 packet that just
completed service, and thus, z{;, = x;. Since the first
packet in the queue goes to the server, we have a} = z5.
In addition, since with this departure the queue holds the
source 2 packet and its delivery does not change the Aol
of source 1, we have z, = zo and =5 = x3. The reset
maps of transition [ = 14 can be derived similarly.

Having defined the sets of incoming and outgoing transi-
tions, and the value of v, A; for each incoming transition for
each state ¢ € Q, the remaining task is to derive by, Vg € Q,
and the stationary probability vector 7v. This is carried out
next.

2) Calculation of by and 74 for each state ¢ € Q: The
evolution of x(t) at each discrete state ¢(t) = ¢ is determined
by the differential equation x = by, as described in Section
III. Since as long as the discrete state ¢(t) is unchanged, the
age of each element x;(t),j € {0,...,3}, increases at a unit
rate with time, and thus we have b, = 1, where 1 is the row
vector [1---1] € RIx(n+1),

To calculate the stationary probability vector 7, we use (4)
and (5). Using (4) and the transitions between the different
states presented in Table II, it can be shown that the stationary
probability vector 7 satisfies 7D = 7(Q where the diagonal

matrix D € R*+Dx(+1) and matrix Q € R HD*(+1) are
given as

D:dlag[)\7/\+ua)‘+/j/a)‘l +/j/7)‘1 +/j/7)‘1 +IU/]a

g A0 0 0 0
00 M A X O
oA 0 0 0
Q=109 4 0 0 0 N |
00 0 pu M\ O
00 u 0 0 X\

where diaglaj,as,...,a,] denotes a diagonal matrix with
elements aj,as, ..., a, on its main diagonal. Using the above
7D =7Q and > Ty, = 1 in (5), the stationary probabil-
ities are given as

1

P2+ p(2p1p2 +1)+1

qeQ

™= (L p pip p2p pip2p pip2p).

(1)

3) Average Aol Calculation: By substituting (11) into (6)
and solving the corresponding system of linear equations,
the values of 740, Vg € Q, are calculated as presented in
Appendix A. Finally, substituting the values of 94, Vg € Q,
into (7) results in the average Aol of source 1 under Policy
1, given in Theorem 1. Note that the expression is exact;
it characterizes the average Aol in the considered queueing
model in closed form.

B. Average Aol under Policy 2

Recall from Section II that the main difference of Policy
2 compared to Policy 1 treated above is that the system can
contain only two packets, one packet of source 1 and one
packet of source 2. Accordingly for Policy 2, the state space of
the Markov chain is Q = {0, 1,2, 3,4}, where ¢ = 0 indicates
that the server is idle, i.e., the system is empty; ¢ = 1 indicates
that a source 1 packet is under service and the queue is empty;
q = 2 indicates that a source 2 packet is under service and
the queue is empty; ¢ = 3 indicates that a source 1 packet is
under service, and a source 2 packet is in the queue; and ¢ = 4
indicates that a source 2 packet is under service, and a source
1 packet is in the queue.

The continuous process is x(t) = [zo(t) z1(t) x=2(t)],
where z(t) is the current Aol of source 1 at time instant ¢,
Aq(t); x1(t) encodes what A4 (t) would become if the packet
that is under service is delivered to the sink at time instant ¢;
x2(t) encodes what Aq(t) would become if the packet in the
queue is delivered to the sink at time instant ¢. Next, we will
determine the required quantities to form the system of linear
equations in (6) under Policy 2.

1) Determining the value of V4, A, for incoming transitions
for each state ¢ € Q: The Markov chain for the discrete state
q(t) is shown in Fig. 3. The transitions between the discrete
states q; — ¢j, VI € L, and their effects on the continuous
state x(¢) are summarized in Table III. In the following, we
explain the transitions presented in Table III:

e [=1: A source 1 packet arrives at an empty system. With

this transition we have z;, = o because there is no
departure. Since with this arrival the queue is still empty,



TABLE III: Table of transitions for the Markov chain of Policy 2 in Fig. 3

l a—q | A9 xA, A, Vg A
0

1 0—1 A1 [zo 0 z2] é § 0 [Too O Toz2]
1 1 0 _ _ _

2 0—2 A2 | [zo zo x2] 0o 0 0 [Too Yoo Toz]
1 0 0

3 1—1 A1 [xo 0 ./,UQ} 8 8 (1] [’1710 0 7712}
1 0 0 _ _ _

4 [ 1—=3 Ao | [zo 71 m1] o 1 [T10 D11 ©11]
1 1 0

5 24 A [zo 2o 0] 0o 90 0 [D20 D20 O]
1 0 0

6 3—3 A1 [z0 0 0] 0o 0 0 [030 0 0]
1 1 0

7 | 4—4 A1 [0 zo O] o 0 0 [Ta0 Dao O]
0 0 0 _ _ _

8 1—0 n [x1 1 2] (1) (1) ° [U11 D11 Di2]
1 0 0 _ _ _

9 [2=0 po| fwo maa] | o 1o | [Bao Tar a2
0 0 0 _ _ _

10 | 3—2 n [z1 21 z2] [ [U31 U31 Us2]
1 0 0 _ _ _

11 | 4—1 m [xo x2 2] 0 0 0 [010 Ta2 Da2]

Fig. 3: The SHS Markov chain for Policy 2.

To becomes irrelevant to the Aol of source 1, and thus,
IIQ = X9.

[=2: A source 2 packet arrives at an empty system. We
have x{, = x¢, because this arrival does not change the
Aol at the sink. Since the arriving packet is a source 2
packet, its delivery does not change the Aol of source 1,
and thus we have x] = x¢. Moreover, since the queue is
empty, xo becomes irrelevant, and thus, we have xf, = x.
[=3: A source 1 packet is under service and a source 1
packet arrives. According to the self-preemptive service
of Policy 2, the source 1 packet that is under service
is preempted by the arriving source 1 packet. In this
transition, we have x{) = x¢ because there is no departure.
Since the arrived source 1 packet that entered the server
through the preemption is fresh and its age is zero, we
have zj = 0. Since the queue is empty, zo becomes
irrelevant, and thus, we have z, = 5.

I=4: A source 1 packet is under service and a source
2 packet arrives. In this transition, we have z{, = x¢

because there is no departure. The delivery of the packet
under service reduces the Aol to x1, and thus, we have
x} = x. Since the packet in the queue is a source 2
packet, its delivery does not change the Aol of source 1,
and thus we have z, = z1. The reset map of transition
[ = 6 can be derived similarly.

[=5: A source 2 packet is under service and a source
1 packet arrives. In this transition, we have x6 = xp
because there is no departure. Since the packet under
service is a source 2 packet, its delivery does not change
the Aol of source 1, and thus we have i = x. Since
the arriving source 1 packet is fresh and its age is zero,
we have x5 = 0.

[=6: A source 1 packet is under service, the packet in the
queue is a source 2 packet, and a source 1 packet arrives.
According to the self-preemptive policy, the source 1
packet that is under service is preempted by the arriving
source 1 packet. In this transition, we have z, = g
because there is no departure. Since the arrived source
1 packet that entered the server through the preemption
is fresh and its age is zero, we have 7 = 0. Since the
packet in the queue is a source 2 packet, its delivery
does not change the Aol of source 1, and thus we have
x4 = 0. The reset maps of transition [ = 7 can be derived
similarly.

[=8: A source 1 packet is under service and it completes
service and is delivered to the sink. With this transition,
the Aol at the sink is reset to the age of the source 1
packet that just completed service, and thus, x{ = ;.
Since the system enters state ¢ = 0, we have z} = 21,
and x5, = xo. The reset map of transition ! = 9 can be
derived similarly.

e [=10: The packet in the queue is a source 2 packet and



the source 1 packet in the server completes service and
is delivered to the sink. With this transition, the Aol at
the sink is reset to the age of the source 1 packet that
just completed service, i.e., 2, = x1. Since the packet
that goes to the server is a source 2 packet, its delivery
does not change the Aol of source 1, and thus we have
x} = z1. In addition, since with this transition the queue
becomes empty, we have x, = 5. The reset map of
transition [ = 11 can be derived similarly.

2) Calculation of b, and 7, for each state q € Q:
Similarly as in Section IV-A, as long as the discrete state g(t)
is unchanged, the age of each element z,(¢),j € {0,...,2},
increases at a unit rate with time. Thus, we have b, = 1.
Next, we calculate the stationary probability vector 7. Using
(4) and the transition rates among the different states presented
in Table III, it can be shown that the stationary probability
vector 7 satisfies 7D = wQ with

D= d]ag[)\7)‘+/j/a)‘l +Ma)‘l +Ma)‘l +/j/]7
0 M X 0 O

12 /\1 0 )\2 0
Q=|p 0 0 0 X\
0 0 u A 0
0 0 0 X\

Using the above wD = wQ and qugﬁq = 1 in (5), the
stationary probabilities are given as

1
T=——"]1
2p1p2+p+1
3) Average Aol Calculation: By substituting (12) into (6)
and solving the corresponding system of linear equations, the
values of 749, Vg € Q, are calculated as

p1 p2 pip2 p1p2]- (12)

o R@2p+5) 4+ e+ 1)(p2 + 1)

UOO - 2 I
pp1(1+ p1)2(L+ p)(L+ p+ 2p1p2)

(L+ p2)(p? +4pT +1) + p1(5p2 +4)

13)

U0 U0+ p2) (L p1)2(1+ p o+ 2p1p2)
- (P7(2p+6) + (4p1 + 1)(p2 + 1)) |
o1 (L4 p1)2(1+ p)(1+ p + 2p1p2)
_ p2((1+ p2)(2pF +6p7 + 1) + p1(6p2 +5))
0 1L+ p2)(1+ p1)?(1 + p+ 2p1p2)
V40 =

p2(p3(p} +5p1 + prpz + 4p2 +9) + (5p1 + 1) (1 + p2))
11+ p1)?(L+ p)(L+ p+ 2p1p2) '
Finally, substituting the values of 7,9, Vg € Q, in (13) into (7)
results in the average Aol of source 1 under Policy 2, given
in Theorem 2.

C. Average Aol under Policy 3

The main difference of Policy 3 compared to Policy 2 is that
it does not permit preemption in service. The Markov chain
and the continuous process of Policy 3 are the same as those
for Policy 2. Thus, the stationary probability vector 7 of Policy
3 is given in (12). The transitions between the discrete states
q@ — ¢q;, V1 € L, and their effects on the continuous state x(¢)

are summarized in Table IV. The reset maps of transitions
1€{1,2,4,5,7,8,9,10,11} are the same as those for Policy
2. Thus, we only explain transitions [ = 3 and [ = 6 (see
Table 1V).

e [=3: A source 1 packet is under service and a source 1
packet arrives. According to Policy 3, the arrived source 1
packet is blocked and cleared. In this transition, we have
xy = xo because there is no departure. The delivery of
the packet under service reduces the Aol to x, and thus,
we have x| = x;. Since the queue is empty, x5 becomes
irrelevant, and thus, we have zf, = 5.

e [=6: A source 1 packet is under service, the packet in the
queue is a source 2 packet, and a source 1 packet arrives.
The arrived source 1 packet is blocked and cleared. In this
transition, we have x6 = x( because there is no departure.
The delivery of the packet under service reduces the Aol
to x1, and thus, we have a} = z;. Since the packet in the
queue is a source 2 packet, its delivery does not change
the Aol of source 1, and thus we have z, = x.

Having the stationary probability vector 7 (given in (12))
and the table of transitions (Table IV), we can form the
system of linear equations (6). By solving the system of linear
equations, the values of 7,9, Vq € Q, are calculated as

vog = PP £2° = D 4 (2 + D* G+ D)

pp1(L+p1)(1+p2)(1+p)(1 4+ p+ 201p2) 7

By (1+ p2)(202 + 1) + p1(4p2 + 3)

p(1+p2)(1+ p1)(1+ p+2p1p2)’

V20 =
p2 (03 (p2 + 2) + pi(p3 + 5pa +4) + (3p1+1)(pa+1)?)
o1 (1 + p1)(L+ p2)(1+ p)(1 + p + 2p1p2)
b — p2((p2 +1)(3p1 + 1) + p1(5p2 +4))
11+ p1)(1+ p2) (1 + p + 2p1p2)

Vg0 =
pa(p3(2p2 + 3)+203((p2 + 2)2 = 1)+ (4p1 +1) (p2+1)2)
(L4 p1)(1+ p2)(1+ p)(1 + p + 2p1p2)
Finally, substituting the values of U4, Vg € Q, in (14) into (7)

results in the average Aol of source 1 under Policy 3, given
in Theorem 3.

V. NUMERICAL RESULTS

In this section, we show the effectiveness of the proposed
packet management policies in terms of the sum average
Aol and fairness between the different sources in the system.
Moreover, we compare our policies against the following exist-
ing policies: the source-agnostic packet management policies
LCFS-S and LCFS-W proposed in [2], and the priority based
packet management policies proposed in [15], which we term
PP-NW and PP-WW. Under the LCFS-S policy, a new arriving
packet preempts any packet that is currently under service
(regardless of the source index). Under the LCFS-W policy,
a new arriving packet replaces any older packet waiting in
the queue (regardless of the source index); however, the new
packet has to wait for any packet under service to finish. Under
the PP-NW policy, there is no waiting room and an update



TABLE IV: Table of transitions for the Markov chain of Policy 3

Z

Vg, Al

[Too 0 To2]

[Too Too Toz2]

[010 11 D12]

[U10 D11 D11]

[D20 D20 O]

[030 U31 Us1]

[Da0 a0 O]

[U11 D11 D12]

[T20 U21 Ta2]

[U31 D31 T3z

l a—q | A\© xA,;

I [0—1 A1 | [zo 0 x2]
2 | 0—2 A2 | [zo mo 2]
3 1—1 At | [mo z1 2]
4 1—-3 Ao [zo 21 21]
5 24 A1 [zo xo 0]
6 3—3 A1 [zo z1 21]
7 4 -4 Y] [zo zo O]
8 |1—-0 wo | [z @1 2o
9 250 po| o @1 a2]
10| 3—=2 uo| [T 71 3]
11|41 uo | [ro z2 w2]
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[U40 D42 Daz)

under service is preempted on arrival of an equal or higher
priority update. Under the PP-WW policy, there is a waiting
room for at most one update and preemption is allowed in
waiting but not in service. Without loss of generality, for the
PP-NW and PP-WW policies, we assume that source 2 has
higher priority than source 1; for the opposite case, the results
are symmetric.

1) Average Aol: Fig. 4 depicts the contours of achievable
average Aol pairs (A1, As) for fixed values of system load
p = p1 + p2 under different packet management policies with
normalized service rate p = 1; in Fig. 4(a), p=1 and in
Fig. 4(b), p = 6. This figure shows that under an appropriate
packet management policy in the system (either in the queue
or server), by increasing the load of the system the average
Aol decreases. Besides that, it shows that Policy 2 provides
the lowest average Aol as compared to the other policies.

2) Sum Average Aol: Fig. 5 depicts sum average Aol as
a function of p; under different packet management policies
with 4 = 1; in Fig. 5(a), p = p1 + p2 = 1 and in Fig. 5(b),
p = p1 + p2 = 6. This figure shows that Policy 2 provides
the lowest average Aol for all values of p; as compared to
the other policies. In addition, we can observe that among
Policy 1, Policy 3, PP-NW, PP-WW, LCFS-S, and LCFS-W
policies, the policy that achieves the lowest value of the sum
average Aol depends on the system parameters. Moreover, we
can observe that under the PP-NW and PP-WW policies the
minimum value of sum average Aol is achieved for a high
value of p;. This is because when priority is with source 2,
a high value of p; is needed to compensate for the priority.
In addition, we can see that for a high value of total load,
i.e., p = 6, the range of values of p; for which PP-NW and
PP-WW policies operate well becomes narrow.

3) Fairness: For some applications, besides the sum av-
erage Aol, the individual average Aol of each source is

critical. In this case, fairness between different sources be-
comes important to be taken into account. To compare the
fairness between different sources under the different packet
management policies, we use the Jain’s fairness index [25]. For
the average Aol of sources 1 and 2, the Jain’s fairness index
J(A1,Ay) is defined as [25, Definition 1] [26, Section 3]

(A1 + Ay)?
2(A + A3)

The Jain’s index J(Aq, Ay) is continuous and lies in [0.5, 1],
where J(A1,As) = 1 indicates the fairest situation in the
system.

Fig. 6 depicts the Jain’s fairness index for the average Aol of
sources 1 and 2 as a function of p; under different packet man-
agement policies with ¢ = 1; in Fig. 6(a), p=p1 +p2 =1
and in Fig. 6(b), p = p1 + p2 = 6. As it can be seen, among
Policy 1, Policy 2, Policy 3, LCFS-S, and LCFS-W policies,
the LCFS-S policy provides the lowest fairness in the system.
This is because the packets of a source with a lower packet
arrival rate are most of the time preempted by the packets
of the other source having a higher packet arrival rate. In
addition, we observe that the proposed source-aware policies
(i.e., Policy 1, Policy 2, and Policy 3) in general provide better
fairness than that of the other policies and Policy 3 provides
the fairest situation in the system. This is because under these
policies, a packet in the queue or server can be preempted
only by a packet with the same source index. Similarly as in
Fig. 5(b), for the high load case, the range of values of p; for
which PP-NW and PP-WW policies provide a good fairness
becomes narrow.

J(Al,AQ) = (15)

VI. CONCLUSIONS

We considered a status update system consisting of two
independent sources, one server, and one sink. We proposed
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Fig. 4: The average Aol of sources 1 and 2 under different packet
management policies for y = 1 with (a) p = p1 + p2 = 1, and (b)
p=p1+p2=0.

three source-aware packet management policies where differ-
ently from the existing works, a packet in the system can be
preempted only by a packet with the same source index. We
derived the average Aol for each source under the proposed
packet management policies using the SHS technique. The
numerical results showed that Policy 2 results in a lower sum
average Aol in the system compared to the existing policies. In
addition, the experiments showed that in general the proposed
source-aware policies result in higher fairness in the system
than that of the existing policies and, in particular, Policy 3
provides the fairest situation in the system.

The present paper opens several research directions for
future study. It would be interesting to extend the results for
more than two sources. The same methodology as used in this
paper can be applied for more than two sources; however, the
complexity of the calculations increases exponentially with the
number of sources. Another interesting future work includes
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Fig. 5: Sum average Aol as a function of p; under different packet
management policies for y = 1 with (a) p = p1 + p2 = 1, and (b)
p=p1+p2=06.

calculating the stationary distribution of the Aol under the
proposed packet management policies.

APPENDIX A
VALUES OF 749, Vq € Q, FOR POLICY 1

_ p1(4p3 +6pa+5)+p5 +p2+1

Voo = (16)
ppr(L+p1)2((p+1)% — p2) @
3p1 + pi(5p2 +9) + pi(203 + 11ps + 10)
ppr(1+p1)?((p +1)% — p2) W
where ¥ = (p? + p(2p1p2 + 1) + 1).
3 +3p 403 433 +pa+ > P
0= : L , (17)
ppr(L+p)(L+ p2)(1+ p1)2((p+1)2 = pa) ¥
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Fig. 6: The Jain’s fairness index for the average Aol of sources 1 and
2 as a function of p; under different packet management policies for
pw=1with (a) p=p1+p2 =1, and (b) p = p1 + p2 = 6.

where

Y11 = 4p5 + 16p3 + 26p3 + 22p3 + 9ps + 1,
V1,2 = 2p5 + 25p3 + 64p3 + T0p3 + 352 + 6,
Y13 = 11p3 + 6203 + 107p3 + 72p2 + 16,
V1,4 = 0 + 2303 4+ T5p3 4 TTps + 23,

Y15 = 3p5 4 23p3 + 41py + 18,

Y16 = 305 + 10ps + 7,

Y17 = ph+10p2 + 1.

7
_ P8+ 45+ Ty + Tp3 +4p3 + po + S iy PR

P+ p) 1+ p1)2 (1 + p2)?((p+1)% = p2) ¥
18)

V20

where

Vo1 = 5pS + 23p5 + 46p4 + 51p3 + 32p3 + 10ps + 1,
Yoo = 4p5 + 36p5 + 108p3 + 156p5 + 119p2 + 46p, + 7,
Va3 = pS + 2p5 + 1005 + 213p3 + 22293 + 111py + 21,
Vo4 = 4p5 + 40p5 + 134p3 + 202p3 + 138 + 33,

Yo,5 = 6p3 + 39p3 + 89p3 + 87pa + 28,

Vo6 = 4p3 + 18p3 + 26py + 12,

Yo7 = p3 +3p2 + 2.

7
by = _PA T3P APS 393 4 05+ Do PEYsk
o1 (1+p)(1+ p2)(1+ p1)2((p+ 1)2 — p2)

where

o (19

Va1 = 5p3 + 1993 + 3003 + 2503 + 105 + pa,
V3,2 = 505 + 37p5 + 84p5 + 87p3 + 41p3 + 6p2,
a3 = 205 + 2755 + 101p3 + 14908 + 912 + 18ps,
V3.4 = 8p5 + 55p4 + 1263 + 11092 + 30p2,

va.5 = 12p3 4 51p3 + 6902 + 27po,

V3.6 = 8ps 4 20p3 + 12ps,

Va7 = 2p5 + 2pa.

7
_ P5 A8+ T3+ Tph +4p3 + p3 + Doy PY YAk
P+ p)(L+ p2)2 (14 p1)2((p +1)% = p2) ¥

V40

(20)
where

Ya1 = 6p% + 2705 + 53p3 + 58p3 + 36p5 + 11p3 + pa,
Y12 = 6p% + 48p5 + 137p5 + 19305 + 14503 + 5503 + 8pa,
Va3 = 2p8 + 32p5 + 14305 + 2865 + 287p5 + 140p3 + 262,
Va4 = 805 + 67p5 + 201p5 + 281p3 + 183p2 + 43ps,
Ya5 = 12p5 + 67p3 + 137p3 + 123p2 + 382,
Va6 = 8p3 + 31p3 + 40p3 + 14p2,
Yar = 23 + 5p3 + 3pa.
P8 + 303 +4p3 + 303 + p3 + Tiy A5k

I I a Caay el (RS TER IAN

where

V5,1 = 6p5 + 22p5 + 34p3 + 2803 + 11p3 + pa,

V5.2 = TpS + 47p5 + 103p5 + 1055 + 4903 + Tp2,
Y5.3 = 3p5 + 38p5 + 133p5 + 190p3 + 115p2 + 23 o,
V5.4 = 12p5 + T8p3 + 170p3 + 145p3 + 40p2,

V5.5 = 18p5 + T3ps + 95p3 + 37pa,

V5.6 = 12p5 + 2903 + 17ps,

V5.7 = 3p3 + 3pa.
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