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Abstract—We consider a status update system consisting of
two independent sources and one server in which packets of
each source are generated according to the Poisson process and
packets are served according to an exponentially distributed ser-
vice time. We derive the moment generating function (MGF) of
the age of information (Aol) for each source in the system by
using the stochastic hybrid systems (SHS) under two existing
source-aware packet management policies which we term self-
preemptive and non-preemptive policies. In the both policies, the
system (i.e., the waiting queue and the server) can contain at
most two packets, one packet of each source; when the server is
busy and a new packet arrives, the possible packet of the same
source in the waiting queue is replaced by the fresh packet. The
main difference between the policies is that in the self-preemptive
policy, the packet under service is replaced upon the arrival of a
new packet from the same source, whereas in the non-preemptive
policy, this new arriving packet is blocked and cleared. We use
the derived MGF to find the first and second moments of the
Aol and show the importance of higher moments.

Index Terms—Age of information (Aol), stochastic hybrid
systems (SHS), moment generating function (MGF).

I. INTRODUCTION

N LOW-LATENCY cyber-physical system applications

information freshness is critical. In such systems, vari-
ous sensors are assigned to generate status update packets of
various real-world physical processes. These packets are trans-
mitted through a network to a sink. Awareness of the sensors’
state needs to be as timely as possible. Recently, the age of
information (Aol) was proposed to measure the information
freshens at the sink [1]-[3]. If at a time instant ¢, the most
recently received status update packet contains the time stamp
(i.e., the time when status update was generated) U(¢), Aol is
defined as the random process A(t) = ¢t — U(¢). Thus, the
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Aol measures for each sensor the time elapsed since the last
received status update packet was generated.

The seminal work [2] introduced a powerful technique,
called stochastic hybrid systems (SHS), to calculate the aver-
age Aol. In [4], the authors extended the SHS analysis to
calculate the moment generating function (MGF) of the Aol.
The SHS technique has been used to analyze the Aol in various
queueing models [5]-[12]. In our work [11], we derived the
average Aol under three proposed source-aware packet man-
agement policies; these were shown to result in low Aol and
high fairness among the sources.

In this letter, we extend our Aol analysis in [11] by cal-
culating the MGF of the Aol for each source under the two
source-aware packet management policies proposed in [11]
which we term self-preemptive and non-preemptive policies.
The main motivation behind considering these two policies is
that the self-preemptive policy provides the lowest sum aver-
age Aol and the non-preemptive policy provides the fairest
situation in the system among the policies studied in [11].
In both policies, the system (i.e., the waiting queue and the
server) can contain at most two packets, one packet of each
source; and when the server is busy and a new packet arrives,
the possible packet of the same source in the waiting queue is
replaced by the fresh packet. The main difference between the
policies is that in the self-preemptive policy, the packet under
service is replaced upon the arrival of a new packet from the
same source, whereas in the non-preemptive policy, this new
arriving packet is blocked and cleared. By using the derived
MGE, we derive the first and second moments of the Aol and
show the importance of higher moments.

II. SYSTEM MODEL

We consider a status update system consisting of two sources
and one server as illustrated in Fig. 1. Each source observes
a random process at random time instants and the measured
value of the monitored process is transmitted as a status update
packet. Each status update packet contains the measured value
of the monitored process and a time stamp representing the time
when the sample was generated. We assume that the sources
generate their packets according to the Poisson process with
rates A¢, ¢ € {1, 2}, and the server serves the packets according
to an exponentially distributed service time with rate p.

Let po = A/, ¢ € {1,2}, be the load of source c. Since
packets of each source are generated according to the Poisson
process and the sources are independent, the packet gener-
ation in the system follows the Poisson process with rate
A = A1 + Ao, and the overall load in the system is p = A\/pu.
Let A, ¢ € {1,2}, be the average Aol of source c.

1

IWe consider two sources for simplicity of presentation; the same method-
ology as used in this letter can be applied for more than two sources. However,
the complexity of the calculations increases exponentially with the number
of sources.
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Fig. 1.

A. Packet Management Policies

In both packet management policies, the system can con-
tain at most two packets, one packet of each source; and
when the server is busy and a new packet arrives, the possible
packet of the same source in the waiting queue is replaced
by the fresh packet. The main difference between the policies
is that in the self-preemptive policy, the packet under service
is replaced upon the arrival of a new packet from the same
source, whereas in the non-preemptive policy, this new arriving
packet is blocked and cleared.

B. Summary of the Main Results
In this letter, we derive the MGF of the Aol for each source
under the self-preemptive and non-preemptive policies which
are summarized by the following two theorems. Note that
while we derive the MGF for source 1, the derived results
can be straightforwardly used to compute the MGF of Aol of
source 2 by interchanging p; and ps.
Theorem 1: The MGF of the Aol of source 1 under the
self-preemptive policy is given as
P1
M - = @@
a ()= 2p1p2 +p+1
PA(L=5) +2p(1 =5 + (1= 9 + 354, ol
(1 —=3)(1 =321+ p1 —35)%(1+p—5)? ’

(1

where 5 = s/u and
p3(4 — 65 +45° — 5°) + p2(8 — 205 + 165° — 65° +5%)
(1 - 3) ( - 3)7
Y2 = p3(5 — 65 + 25%) + pa(12 — 225 + 1452 — 35°)
+3(1-3)%2-3),
Y3 = p3(2 — 5) + pa(8 — 105 + 35%) + 352 — 75 + 4,
Y4 =p2(2—3)+1-35.
Proof: The proof of Theorem 1 appears in Section IV-A. W
Theorem 2: The MGF of the Aol of source 1 under the
non-preemptive policy is given as
P1
2p1p2+p+1
(= (1511 ><1+p—§>

Mp, (s) =

where 5 = s/u and
1 = p3(3 — 35 +5%) + p3(9 — 195 + 1152 — 25%)
+ po(9 — 285 + 2952 — 115 + 54) + 3(1 — 5)4,
Yo = p3(2 —5) + p3(8 — 105 + 352) + p2(9 — 195 + 1152
—28%) + (1-3)3,

3 = p3(2—5) + p2(3 =35 +5%) + (1 —5)°.

Proof: The proof of Theorem 2 appears in Section IV-B. B
Note that the expressions are exact; they characterize the
MGEF of the Aol in closed form.

III. THE SHS TECHNIQUE TO CALCULATE MGF

In the following, we briefly present how to use the SHS
technique for our MGF analysis in Section IV. We refer the
readers to [2], [4] for more details.

The SHS technique models a queueing system through
the states (g(1), x(¢)), where ¢(t) € @ ={0,1,...,m} is a
continuous-time finite-state Markov chain that describes the
occupancy of the system and x(%) = [z9(t)--- an(t)] €
R1*(n+1) i5 a continuous process that describes the evolution
of age-related processes in the system. Following the approach
in [2], [11], we label the source of interest as source 1 and
employ the continuous process x(7) to track the age of source
1 updates at the sink.

The Markov chain g(#) can be presented as a graph (Q, L)
where each discrete state ¢(t) € Q is a node of the chain and
a (directed) link [ € £ from node ql to node ql indicates a
transition from state q € Q to state q € Q.

A transition occurs when a packet arrives or departs in the
system. Since the time elapsed between departures and arrivals
is exponentially distributed, transition | € £ from state g; to
state ql’ occurs with the exponential rate AD§ a,q(t) where the
Kronecker delta function 6, ,(;) ensures that the transition /
occurs only when the discrete state g(f) is equal to ¢;. When a
transition / occurs, the discrete state ¢; changes to state ql’ , and
the continuous state X is reset to x’ according to a binary reset
map matrix A; € B(*tDx(n+1) a5 x/ — xA;. In addition, as
long as state g(f) is unchanged we have x(t) £ 8)(;(;) =1,
where 1 is the row vector [1---1] € RPX(n+1),

Note that unlike in a typical continuous-time Markov chain,
a transition from a state to itself (i.e., a self-transition) is pos-
sible in ¢(¢) € Q. In the case of a self-transition, a reset of the
continuous state x takes place, but the discrete state remains
the same. In addition, for a given pair of states g, ¢ € Q, there
may be multiple transitions / and I’ so that the discrete state
changes from g to ¢ but the transition reset maps A; and A
are different (for more details, see [2, Sec. 3]).

To calculate the MGF of the Aol using the SHS technique,
the state probabilities of the Markov chain, the correlation
vector between the discrete state g(#) and the continuous state
x(t), and the correlation vector between the discrete state g(7)
and the exponential function esx(t), s € R, need to be defined.
Let 74 (t) denote the probability of being in state ¢ of the
Markov chain. Let v4(t) = [vg0(t) -~ vgn(t)] € RIx(n+1)
denote the correlation vector between the discrete state g(r)
and the continuous state X(1). Let v (t) = [vgo(t) - - v, (¢)] €

RI%(7+1) denote the correlation vector between the state 0)
and the exponential function esx(1), Accordingly, we have

Wq( ) = Pr( ( ) q) = E[aq,q(t)]a Vqe Q, (3)
vo(t) = [vgo(t) -+ vgn(t)] = Ex()3g o)) Va€Q, (4
vi(t) = [og0(t) -+ vin ()] = E[¢™)5, ), Vg€ Q. (5)

Let L/, denote the set of incoming transitions and £, denote
the set of outgoing transitions for state g, defined as

£g:{l€£:ql’:q}, Lo={leLl:q=q} VgeQ.
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Following the ergodicity assumption of the Markov chain ¢(r)
in the Aol analysis [2], [4], the state probability vector 7 (¢) =
[mo(t) -+ - mm (t)] converges uniquely to the stationary vector

T = [T~ Tm| satisfying

7y A =320z, vgeQ > 7=1

leL, leLy, q€Q

Further, it has been shown in [4, Th. 1] that under the
ergodicity assumption of the Markov chain ¢(¢), if we can
find a non-negative limit v = [U40 - - - Ugn],Vq € Q, for the
correlation vector v4() satisfying

Vo > A =71+ 3 Ay A, vgeQ, (6
leL, leL),

there exists sp > 0 such that for all s < sg, v{(t),Vq € Q,
converges to vy that satisfies

Y A0 = v+ S A A+ 7,14, Vo e Q,
leL, leLy,

)

where AZAE B+ x(n+1) jg binary matrix whose k, jth
element, A;(k,j), is given as

N . 1, k=7, and jth column of A; is a zero vector,
Ak, j) = { ! ! :

0, otherwise.

Finally, the MGF of the state x(f), which is calculated by
E[esx(t)], converges to the stationary vector [4, Th. 1]

E[e™] =) v5. (8)
qeQ

As (8) implies, if the first element of continuous state x()
represents the Aol of source 1 at the sink, the MGF of the
Aol of source 1 at the sink converges to

Mp,(s) =Y 05, ©)
q€Q

From (9), the main challenge in calculating the MGF of the
Aol of source 1 using the SHS technique reduces to deriving
the first elements of correlation vectors vy, Vg € Q.

IV. Aol ANALYSIS USING THE SHS TECHNIQUE

In this section, we use the SHS technique to calculate the
MGEF of the Aol of source 1 in (9) for each source under the
self-preemptive and non-preemptive policies.

The discrete state space is @ = {00,01,02,21, 12}, which
is determined according to the occupancy of the system. State
a1 ag indicates that a packet of source ap is under service when
ag # 0 and a packet of source a; is in the waiting queue when
a1 # 0. Note that a; = 0 (resp. ag = 0) indicates that the
waiting queue (resp. the server) is empty. For example, state
a1ag = 12 indicates that a source 1 packet is in the waiting
queue and a source 2 packet is under service.

The continuous process is x(t) = [z9(t) z1(t) 22()],
where 1(t) is the current Aol of source 1 at time instant £,
A1(t); 21(t) encodes what the Aol of source 1 would become
if the packet that is under service is delivered to the sink at
time instant #; 25(¢) encodes what the Aol of source 1 would
become if the packet in the waiting queue is delivered to the
sink at time instant ¢.
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Fig. 2. The SHS Markov chain for the self-preemptive policy.

TABLE 1
TABLE OF TRANSITIONS FOR THE SELF-PREEMPTIVE POLICY

XAl

e
>

l a —q A
1 00 — 01 A1

[:I)() 0 1’2]

2 | 00—=02| X2 | [zo w0 2]

3 | 01—=01 ] X\ [zo 0 z2]

4 01 — 21 A2 [x() 1 171]

5 02 — 12 A [.TQ o 0]

6 | 2121 | A | [2000]

7 (12512 | A | [zo zo 0]

8 |01—=00| p

[$1 I ZEQ]

9 | 02—=00 | u | [xox 2]

10 | 21 — 02 L [1 1 x2]

cor|orro|cor|oOrO|0OR|0OOr|OOKR|OOR|OOR|OOK|OOR
~roo|loro|oro|loro|loor|ooco|ocoor|oro|ooo|ocoor|oo0o
~roolroo|lroo|lroo|looo|ooco]looco]oro|lroo|lroo| oo
coo|ocoo|ocoo|ocoo|ocoo|oco|ooo|ooo|[ooco|[ooo|[oco0
coo|ocoo|ocoo|ococoo|ococo|oro|ooo|ooo|oro|ooo|oro
cooclooo|ocoo|ococo|roo|~roco|lroo]l]ooo|ooo|ooo]ocooo

11 [ 12—=01 | u | [zo z2 x2]

Recall that to calculate the MGF of the Aol of source 1
in (9) we need to find TJ;O,VQ € Q, which are the solu-
tion of the system of linear equations (7) with variables
V‘;,Vq € Q. To form the system of linear equations (7), we

need to determine 74, Aj, and Al for each state Vq € Q,
and transition [ € £’q. Next, we derive these under the self-
preemptive and non-preemptive policies in Sections IV-A
and IV-B, respectively.

A. MGF of the Aol Under the Self-Preemptive Policy

The Markov chain for the discrete state g(f) is shown
in Fig. 2. The transitions between the discrete states
q — ql’ , VI € L, and their effects on the continuous state x(f)
are summarized in Table I. The explanations of the transitions
can be found in [11, Sec. 4.2].

As it has been shown in [11, Sec. 4.2], the stationary
probabilities are given as

S S
2p1p2+p+1

Recall from Section IIT that to calculate the MGF of the
Aol, first, we need to make sure whether we can find non-
negative vectors vy = [U40 - - - Ugn|, Vq € Q, satisfying (6). As

p1 p2 pip2 pipe)-  (10)
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TABLE 11
TABLE OF TRANSITIONS FOR THE NON-PREEMPTIVE POLICY

I ag—q | 2O xA, A A,
1 0] 0 0 0 0
3101—=011] X\ [xo 1 2] o 1o 0 0 0
1 0 0 0 0 0
6|21 =21 | M\ [xo 1 1] N 0 o o0

it is shown in [11, eq. (13)], the system of linear equations
in (6) has a non-negative solution. Thus, the MGF of the Aol
can be calculated by solving the system of linear equations
in (7). We form (7) by substituting the values of A; and A;
presented in Table I and the vector @ in (10). By solving the
formed system of linear equations, the values of 1—)50, Vq € Q,
under the self-preemptive policy are calculated as presented in
Appendix A.

Finally, substituting the values of 73,, V¢ € Q, into (9),
we obtain the MGF of the Aol of source 1 under the self-
preemptive policy, as given in Theorem 1.

B. MGF of the Aol Under the Non-Preemptive Policy

The Markov chain of the non-preemptive policy is the
same as that for the self-preemptive policy. Thus, the sta-
tionary probability vector m of the non-preemptive pol-
icy is given in (10). The transitions between the discrete
states q; — qf, and their effects on the state x(r) for [ €
{1,2,4,5,7,8,9,10,11} are same as those fo the self-
preemptive policy. The transitions | € {3,6} and their effects
on the continuous state x(f) are summarized in Table II. The
explanations of the transitions can be found in [11, Sec. 4.3].

As it is shown in [11, eq. (14)], the system of linear equa-
tions in (6) has a non-negative solution. Thus, the MGF of the
Aol can be calculated by solving the system of linear equa-
tions in (7). We form (7) by substituting the values of A; and
A presented in Tables I and II and the vector  in (10). By
solving the formed system of linear equations, the values of
17;;0, Vq € Q, under the non-preemptive policy are calculated
as presented in Appendix A.

Finally, substituting the values of T;qso, Vg € 9, into (9)
results in the MGF of the Aol of source 1 under the non-
preemptive policy, given in Theorem 2.

The following remark presents how we can derive different
moments of the Aol by using the MGF.

Remark 1: The ith moment of the Aol of source 1, Agi),
is calculated as

d'(Ma, ()

V. FIRST AND SECOND MOMENTS OF THE A0l

Having derived the MGF of the Aol presented in
Theorems 1 and 2, we apply Remark 1 to derive the first
and second moments of the Aol of source 1. It is easy to
show that the first moment of the Aol of source 1 under the
self-preemptive and non-preemptive policies coincide with the
results in [11, Ths. 2 and 3], as expected. The second moment
of the Aol of source 1 under the self-preemptive policy is
given as

AP 2Amt VP25 ot
pot (L4 p1)* (14 p)2(2p1p2 +p + 1)

12)

614\ N - -
AN —— Non-preemptive policy
N\\ S —&—Self-preemptive policy
\u -

Fig. 3. The average Aol of source 1 and its standard deviation as a function
of A1 under the two packet management policies for 4 = 1 and A = 5.
The dashed lines visualize the standard deviation of the Aol as Ay + o and
Al —o.

where £ = 7p§ + 21,0% + 21,02 + 7, & = 22p§ + 68p2 +
68p2 + 22, &3 = 40p2 + 113,0% + 134/)2 +41 &4 = 36p5 +
161p2 + 180,02 +50, &5 = 18p5 + 113p2 +160p2 + 41, &6 =
4p2 + 45,02 +88p2 +22, &7 = 8p2 +28p2 + 7, &8 = 4p2 +1.
The second moment of the Aol of source 1 under the non-
preemptive policy is

AR _ 2(p2 +1)° + ZZZ=1 pké,
) —

5 5 5 S , (13)
pp1(1+p1)"(1+ p2)° (1 + p)*(2p1p2 + p+ 1)

where 51 = 6p2 + 30p2 + 60p2 + 60p2 + 30p2 + 6, 52 =
18p2 + 91p2 + 182p2 + 180p2 + 88p3 + 17, 53 = 34,02 +
178p2 + 361p2 + 355p2 +169p2 +- 31, 54 = 29p2 + 190p2 +
439,02 + 463p2 + 224p2 + 39, 5 = 9p2 + 97p2 + 293p2
365p2 + 192;)2 +32, &g = 18p2 + 92p2 + 151p2 +93p2 + 15,
57 = 9p2 + 24p2 + 19p2 + 3.

Fig. 3 depicts the average Aol of source 1 and its standard
deviation (o) as a function of \; under the two packet man-
agement policies for ¢ = 1 and A = 5. This figure shows that
in a status update system, the standard deviation of the Aol
might have a large value. Thus, to have a reliable system, in
addition to optimizing the average Aol, we need to take the
higher moments of the Aol into account.

VI. CONCLUSION

We considered a status update system consisting of two
independent sources and one server in which packets of each
source are generated according to the Poisson process and
packets in the system are served according to an exponen-
tially distributed service time. We derived the MGF of the
Aol under two packet management policies by using the SHS
technique. We derived the first and second moments of the
Aol by using the MGF and demonstrated the importance of
considering higher moments in the Aol optimization.

The interesting future works would be to i) derive the MGF
of the Aol for the packet management policy where the packet
of one source is preempted by a new arrival of the same source
whereas the arriving packets of the other source are discarded
when there is a packet of that source in the system; and ii)
study the average Aol minimization with a maximum variance
constraint.
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APPENDIX A

VALUES OF ’T}(‘;O FOR THE SELF-PREEMPTIVE POLICY

=S
=5 _ P1 (1_3)2+P2
Yoo = = 2 2
2p1p2+p+11(p1—3)(1+p1—35)*(L+p—3)
P?+P%(32§+p2)+,ﬂ1((25)2+p2(25)1)]
(1 —35)(1+p1—5)2(1+p—5)?
i

+

p3(p2 +1—3) + plagy + pragg + (1 —5)°
(1=3)(p1 —3) (1 +p1 =521+ p2—5)(1+p—3)
(p2+1)* —3pgs — 1
(1=3)(p1 =3)(1+p1 —5)2(1+p2 —5)(1+p—3)

+

where a11 = (p2 +2)2 +2(5 — 2)? + 3(1 — p2) — 9, and
a12 = p3(2—3)+ p2(5 — 65 +25%) +3 - 75+ 552 — 5

s _ P12 1-25+p2
20 gt p L (o1 — )L+ p1—5)2(1+p—5) vio =
N p?+p%(3—2§+p2)+p1(3(1—§)+§2+(2—5))].
(1 —3)(1+p1—5)21+p—73) x
@gozﬂ 4
2p1p2+p+1

p3(p2 +1—35) + plag1 + praga + (p2 + 1)?
(1 —35)(1 =321 +p1—5)2(1+p2—3)(1+p—3)
N (1-5)3 —3pe5—1 ]
(1 —5)(1—=5)2(14p1 —3)%(1+p2—35)(1+p—3)
where ag 31 = (p2 +2)2+2(3 —1)%2 —5(3pg +1) — 3, and
aza = p3(2 —3) + p2(5 — 65 + 252) + 3 — 75 + 532 — 5°.

[1]

[2]

[3]

oy = pip2 pi -+ pH(3 =25 + p2) + P1(3(1 = 5)
2p1p2 + p+ 1 [ (p1—3)(1-3)(1+p1—-3)?(1+p - 3)
p2(2—3)+32+1) +1—25+py }
(M —=35)1=35)1+p —35>21+p-3)]

[4]
+

[5]

APPENDIX B

_ 6
VALUES OF %90 FOR THE NON-PREEMPTIVE POLICY (6l

[7]
U0 = —
2p1p2+p+1
" p2(L—3)(1+ p2) + prao1 + (1 + p2)? 18]
(p1=35)1=5)1+p1—35)1+p2—35)(1+p—73)

9
p25(3 —3)+(1—-35)3 -1 ol

(p1—=3)1—=35)1+p1—35)1+p2—3)(1+p—3)
where ag 1 = p2(p2 +3) + p25(5 — 3) +2(1 — 3).

(10]

2

Wy =t [11]
2p1p2 +p+1

" pia11 +p1aig + p3 + p5(3 — 45)

(1 =351 =3)2(1+p1 =35)(L+p2—3)*(L+p—35) 12
p2(3 — 85 + 652 — 53) + (1 — 5)*
2

(1 —35)(1—=5)2(1+p1 —3)(1+p2—35)%(1+p—3)

V20 =
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where al 1= (p2 + 1) + p25(s — 2) —|— (1-3)?2—1, and
G192 = p3 + p3(4— 35) + po(5 — 95 + 452 — 53) + 2(1 — 5)3.

P1pP2
2p1p2+p+1

{ p2(p2 +1) + p1(p3 + 3p2 +2 — 5(2p2 + 3)) + 3
(

p1—3)(1=3)(1+p1—3)(1+p2—35)(1+p—3)
p2(2 — 35) + 1 — 35 4 252

(p1=3)(1=35)1+p1—35)(L+p2—3)(1+p—3)

C 2pip2tp+1 55—
U30 =

pipe
2p1p2+p+1
pRas + p1az2 + p3 + p3(3 — 45)

. {(Pl —5)(1=53(1+p1—5)(1+p2—5)>2(1+p—5)

p2(3 — 85 + 652 — 5%) + (1

where ag1 = (p2 + 1)? + p25(s — 2) +

—3)2
(p1—5)1—-530+p1—5)1+p2—521+p— 5)]’

(1 —5)2 -1, and

3.2 = pi + pA(4 —35) + pa(5— 95 + 452 — 53) +2(1 — 5)3.
i
2p1p2+p+1

{ Plp2+1) + p1(p3 +3p2+2—5(2p2+3))

(1 —35) (1 =521 +p1 —3)(1+p2—35)(1+p—3)
(p2 + 1) + 3py — 35 + 252

(p1=3) 1 =521 +p1—5)L+p2—-3)(1+p-3)]
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