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Abstract—This paper proposes an analytical framework based
on the H-function distribution to study the performance of non-
orthogonal multiple access (NOMA)-based wireless networks.
More specifically, herein we investigate the outage performance
and the ergodic capacity of a three-node linear network topology
where a source uses power-domain NOMA to communicate
with two destinations over independent, but not necessarily
identically distributed Nakagami-m fading channels. A Monte
Carlo simulations campaign was carried out to support the
proposed framework.

Index Terms—ergodic capacity, H-function distribution,
Nakagami-m, NOMA, outage probability

I. INTRODUCTION

Different from previous iterations, the next generation of
wireless communications will not be a straightforward evo-
lution of current systems, instead it will disrupt longstanding
design principles and revolutionize the way we live, interact
and make business. Hitherto, legacy networks were designed
as general purpose connecting platforms with very limited
functionalities which were tailored to independent deployment
scenarios and use cases. On the other hand, the new 5G
infrastructure will consider specific requirements from the
very beginning which is determinant to fully integrate digital
technologies into the vertical markets and daily lives.

Actually, the next generation will combine physical and
digital worlds and, by doing so, will realize the concept of
a truly connected society [1]. To achieve this, four enabling
technologies are converging, namely, SG wireless systems, Ar-
tificial Intelligence (Al), data analysis (Big data), and Internet
of Things (IoT). In fact, pundits advocate this convergence
process will revolutionize both the communication and infor-
mation technology ecosystems and drastically alter the main
industry sectors.

The new 5G systems will become the catalyst of this tech-
nological revolution by making viable a new set of exclusive
resources beyond nowadays high capacity services, namely,
1) enhanced mobile broadband allowing continuous experience
even at high mobility; 77) massive deployment of smart objects
(internet of things); ¢4%) critical mission services requiring very
low latency and high reliability. Then, a transparent interaction
between Information and Communications technology (ICT)
and vertical industry sectors (with many new innovative use
cases) will be enabled by 5G systems.

To meet such stringent requirements, several new tech-
nologies have emerged recently [2], [3]. In particular, Non-
Orthogonal Multiple Access (NOMA) arises as a potential
solution to significantly increase the network capacity in dense
networks.

Different from Orthogonal Multiple Access (OMA)
schemes, whereby each user is allocated in an individual
orthogonal channel, NOMA enables multiple users to share
the same radio resources by using code- or power-domain
multiplexing [4]. Specifically, power-domain NOMA allocates
different power levels to each users based on their channel
conditions and jointly broadcast their information signals using
a superposition coding. In fact, this strategy improves the
network capacity at the expense of multiuser interference.
Then, a Successive Interference Cancellation (SIC) algorithm
can be applied at the receivers in order to cancel multiuser
interference [4], [5].

Recently, innumerous NOMA-based works for 5G deploy-
ment scenarios have been proposed [4]-[6]. Motivated by
these extensive research efforts, we propose an analytical
framework based on the Fox-H function so as to derive closed-
form expressions for the Probability Density Function (PDF)
and Cumulative Distribution Function (CDF) (i.e., outage
probability) of the Signal-to-Noise Ratio (SNR) distribution
for the systems under investigation. In this contribution, the
downlink of NOMA-based network is evaluated over various
radio channel degradation effects and network configurations.
We consider Nakagami-m fading since it allows for modeling
a wide range of mobile multipath fading channels, including
indoor and outdoor environments [7].

In order to establish a unified framework to capture the
radio channel statistics [8], as well as assessing the perfor-
mance of the proposed wireless communication schemes, we
derive analytical expressions by means of the Fox H-function
distribution, which is a generalized function given in terms
of contour integrals involving products of gamma functions.
Lately, this approach has attracted a lot of attention after the
study carried out in [9] in which the error probability and
capacity were analyzed by using the H-transform. Recently,
the authors in [10] propose a novel H-function-based analytical
framework to derive the End-to-End (E2E) SNR distribution
for a cooperative dual-hop Amplify-and-Forward (AF) relay-



ing scheme over Weibull-fading channels and authors in [11]
present a novel framework for the sum of independent and non
identically distributed H-function random variables. Besides,
with the advances in the scientific standard softwares (e.g,
open source SciPy [12]), the Fox H-function computing can
be easily implemented. Hereinafter, H-function distribution is
employed to derive a closed-form expression for the outage
probability of our proposed downlink NOMA scenario.

The main contributions of this work are summarized as
follows:

e An analytical framework based on the Fox H-function
distribution for computing the SNR distribution for down-
link NOMA scenarios is introduced.

o Exact expressions for the outage probability of each
NOMA destination considering independent, but not nec-
essarily identical Nakagami-m multipath fading channels
are derived.

o Approximate expressions of the ergodic capacity of each
NOMA destination are derived using the proposed frame-
work, which are shown to be highly accurate over the
entire range of SNR values.

The remainder of this paper is organized as follows. Our
analytical framework based on the Fox H-function is discussed
in Section II. Thereafter, the system and signal models are
introduced in Section III. This framework is then used to carry
out an outage analysis in Section IV, and an ergodic capacity
analysis in Section V. Numerical results are illustrated in Sec-
tion VI by assessing the performance of NOMA deployment
scenarios. Finally, the conclusions of this work are drawn in
Section VII.

II. PRELIMINARIES AND ANALYTICAL FRAMEWORK

We begin this section by introducing the Fox H-function
distribution, which is defined by means of a Mellin-Barnes
integral [13], and then present some useful mathematical
proprieties and identities which are used through this work.

A. The Fox H-function

The Fox H-function is based on a Mellin-Barnes type
integral and can be defined in the following manner [14], [15]
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B. The Fox H-function distribution

The PDF of a random variable X following a Fox H-
function distribution is given by
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for x > 0, where k is a normalization constant so that
IS fx(x)de =1,¢>0€Cand e#0€R [16]-[18].

The representation in (4) offers several advantages for
manipulating probability distributions, since it provides a
common framework to characterize many continuous and non-
negative random variables, such as Gamma, Exponential, Beta,
Weibull, and Rayleigh distributions [17], [18], which are
widely used to model and simulate wireless communication
systems. Equally important, the Fox-H representation allows
to develop the product, quotient, power, integral and (Laplace,
Fourier and Mellin) transforms of random variables in a direct
manner, as well as making it easier to derive probability
distributions characteristics, such as the moments and CDF,
which can also be written in terms of the Fox H-function
distribution [17], [18].

Property 1: The rth moment about the origin of a real
valued Random Variable (RV) X, given by E[X"] =
fooo a" fx (z)dx, can be expressed in terms of Fox H-function
using the Mellin transform [14], [15] as
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III. SYSTEM MODEL

Consider the downlink of a NOMA-based network deploy-
ment scenario where a source S intends to communicate with
two NOMA users {D;}2_, 2. The nodes S, D;, and Dj
are single-antenna devices that operate with omni-directional
radiation pattern. It is also assumed that all links are affected
by additive white Gaussian Noise (AWGN) with mean power
Ny, and occur over slow/non-selective fading channels, with

'For more details on the Fox H-function regarding additional properties
and identities (with existence conditions), we refer the reader to [14], [15].

2Tt has been reported in the literature that NOMA with a large number
of users multiplexed in the power domain may achieve higher spectrum
efficiency [4]. However, it may not be feasible in practice since the processing
complexity of SIC receivers grows non-linearly with the number of users,
which is most evident when SIC error propagation is assumed, therefore two
NOMA users is a practical assumption [19].



complex channel coefficients {h,}?_, following a Nakagami-
m distribution with channel mean power Q; = E {|h¢|?}.

The source S broadcasts the composed information signal
v(t) to both Dy and Dy, which is given by

v(t) = Va1 Pz1(t) +  asPza(t), (6)

where a1 and ao are the power allocation coefficients of the far
user D; and near user D5, such that a; > as and a1 +as = 1,
21(t) and zo(t) are the unity-power information signals of the
users D and Ds, respectively (i.e. {E [Sﬂg(t)Q] }jzl =1),P
is the transmit power at S and ¢ denotes time.

The received signal at the destination Dy is given by

Ye(t) = hev(t) + ne(t), (7)

where {ng(t)}?zl, is the AWGN noise signal at the link
between S and D,.

Now, the instantaneous received Signal-to-Interference-plus-
Noise Ratio (SINR) at users D; and D> can be defined. The
far user D treats the information x5 (¢) as interference. Thus,
the instantaneous SINR at D; is given by
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where X7 = 7p|h1|? is the instantaneous received SNR of
the link between S and D;, and g = P/N, is the average
transmit SNR. According to the NOMA scheme, the nearest
user Dy must first decode the user D; message, which is
possible since a; > ao; thus, similarly to (8), the instantaneous
SINR at Dy to detect x1(¢) is given by
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where X5 = vg|ho|? is the instantaneous received SNR of the
link between S and Ds. Thus, once D; message is decoded,
Dy, is able to remove 21 (t) and decode its own message, x2(t),
using SIC. Therefore, the instantaneous received SINR at Dy
to detect its own message is given by

YD, = a2Xo. (10)

IV. OUTAGE PROBABILITY ANALYSIS AND FRAMEWORK
APPLICATION

In this section, we first formulate the outage probability
for the D; and Ds users, and later on we apply them to
our proposed framework. For the sake of simplicity, the SNR
thresholds used to define the outage events of both D; and
D3, vtn, and 7ih,, are assumed to be equal and given by ~yip.
A. Outage Probability at D4

The event that defines the outage probability for the user
D1 can be expressed as

OP1 = Pr (")/Dl < ’Yth)

— Pr (X1 < %h)
a1 — a27%th

= Fx, (Vtn) » (1)

where Y1, = Yth/ (@1 — a2y:n) and Fx, (+) is the CDF of X;.

B. Outage Probability at Do

The user D, will be in outage when: (¢) vp,, is below
the threshold ~y,, implying that SIC in D- fails; or (i7) even
after successfully executing the SIC process, yp, is below ~¢p,.
Consequently, the event that defines the outage probability of
the user Dy can be given by

OP2 =Pr ('YDH < ’Yth) + Pr (,yDlz > Yth, 'YDQ < ’Yth)
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where ¥, = vn/a2, 6 = max (Yin, Ytn) and Fx, () is the
CDF of Xs. Furthermore, (a) is obtained by applying the
identity Pr(A, B) = Pr(A)—Pr(A, B) [20] and (b) is obtained
since the occurrence of an outage event with respect to the
maximum between 7, and gy, implies the occurrence of the
other event.

C. Framework Application in NOMA Scenario

As aforesaid, the radio channel coefficients follow a
Nakagami-m distribution, such that the PDF of the instan-
taneous received SNR follows a gamma distribution given by
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where mg > 1/2 is the fading severity parameter. It is worth
mentioning that this formulation can model Rayleigh (m, =
1), Hoyt (ms < 1) and Rice (ms > 1) fading.

As a special case of the H-function distribution, the instan-
taneous SNR given in (13) can be rewritten by means of the
H-function representation in (4) as follows

Ix(z) = forz >0, (13)
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Next, the CDF corresponding to (14), can be obtained in H-
function representation by applying [17, Theorem 4.5], thus

1 2,0 [ms ’ (1,1)

Px(@)=1=goSHiz |- g@ (o,1>,(ms,1>]' (1)

Finally, the outage probability is derived using the H-function
representation for both the farthest and nearest users by
mapping (11) and (12) into (15), respectively.

V. ERGODIC CAPACITY ANALYSIS AND FRAMEWORK
APPLICATION

In this section, we first formulate the normalized ergodic
capacity for the D; and D, users, and then we apply them
to our proposed framework. The ergodic capacity at {Dg},%;l
user can be given by

Cy = Ellog, (1+7p,)]- (16)



A. Framework Application to the Ergodic Capacity at DI

For the far user D, using Jensen’s inequality [7, Eq. 4.5],
the ergodic capacity can be approximated as

a1 1 -1
a2(1+a2X1) 1) a7

To express (17) in terms of the H function, we make use of
the mathematical properties presented in Section II in order to
compute the reciprocal of the sum of a random variable and a
constant. To this end, we first use [16, Theorem 4.2] in order
to determine the PDF of ¥ = (a3 X;) " as

foly) = y‘(‘”f’ ”].

Afterwards, we use the moment-match approach [18] to derive
the PDF of the sum Z = Y +1. Thus, using [10, Proposition 1]
and the binomial expansion, we compute the rth (non-central)
moment of Z as

pz, =B[Y +1)7] = Z (’;) E[v].

=0
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Then, by using Property 1, we can build a nonlinear system
of 2(p+q) + 2 equations so as to solve and estimate the
parameters of the H-function distribution of Z, denoted by
a,, A, k,, and c,. Since Y is characterized by the parameters
[m,n,p,q] = (0,1,0,1), Z also fit to these parameters.

To obtain the PDF of yp, in terms of the H-function
distribution, we compute the PDF of W = (a;j/ap) Z~!
from (18) as follows

azk; 1,0 [@w -

fW(w) = alcz2 0,1 aic, (1 —a, — 2A27Az):|. (20)

Finally, we apply Property 1 to (20) to obtain E [IW]. Then,
the ergodic capacity for the user D; can be computed as

_ k.
C1 ~ log, (aclzg I'l-—a,)+ 1) .
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B. Framework Application to the Ergodic Capacity for D2
The ergodic capacity for Dy can be approximated by

Cy =~ log, (E[as Xz +1]) . (22)

To determine (22), we compute the moment-match approach
to find the distribution of Z5 = a3 Xs + 1. Then, similarly to
the process used in Section V-A, we first use (19) to calculate
the moments of a;X5; then, we use Property 1 to construct
the nonlinear equations system in order to estimate the new
parameters of Zs, defined by b,,, B.,, k.,, and c,,. Finally,
using Property 1 in Z5 and substituting in (14), we obtain

_ k.
Cs =~ log, (C; (b + 232))
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The attained expressions in (21) and (24) (for mg, >> 1)
prove to be very tight to the corresponding exact ergodic
capacities, as shall be seen in Section VI.

Outage Probability
0 T
10 e  OP; Simulation
e OP5 Simulation
OP; H-function
10-14 ——  OPy H-function

1024

Pr(vp, <)

A ds = 0.6,0.7,0.8,0.9

107°
—10 0 10 20 30 40

Y (dB)

Fig. 1. Outage probability of the users D and Do versus transmitted SNR
for different values of normalized distances d2 = (0.6, 0.7, 0.8, 0.9) and d; =
1.0, power allocation factors (a1, a2)=(0.7; 0.3), fading severity parameters
ms1 = 1 and mg2 = 13.313 (Rician parameter K ~ 14 dB).

VI. NUMERICAL RESULTS

In this section, we assess the performance of the system
under study in terms of the outage probability and the er-
godic capacity using the Fox-H-based analytical framework
developed in previous sections. To corroborate our analytical
results, an extensive simulation campaign using the Monte
Carlo approach (10° snapshots) were carried out. We suppose
a linear topology, with d, being the normalized distance of
the link between .S and D,. Furthermore, the average channel
gain of all links are considered proportional to the path-
loss, in other words, €2, = d[o‘, where « is the path-loss
exponent. Fig. 1 compares the outage probability for NOMA
users D; and D5 as a function of increasing transmit SNR for
different values of normalized distances between S and Do,
namely, do = (0.6, 0.7, 0.8, 0.9). In this case, we consider
a hypothetical scenario where the near user Dy undergoes,
on average, a better channel condition than the far user D,
(due to normalized distances values d; > ds), as well as
being subject to a strong Line-of-Sight (LoS) component in
comparison to Dy (i.e., mga > mg1). Accordingly, we consider
power allocation factors of (aj, a2)=(0.7, 0.3), normalized
distance d; = 1.0, fading severity parameters (mg1, mg2) =
(1.0, 13.313), path-loss exponent o = 4 and outage threshold
Y = 0 dB. From Fig. 1, we can observe that, for the
highlighted scenario, even with such a large disparity between
the power allocated to users D and Ds, the nearest user Do
is still able to show outage performance significantly higher
than far user D;. This condition draws us attention to the
fact that taking advantage of the Channel State Information
(CSI) experimented by the users, we can exploit NOMA to
substantially increase the network capacity while handling
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Fig. 2. Ergodic Capacity of the NOMA-based users D; and D2 versus
transmitted SNR with normalized distances d1 = 1.0 and d2 = 0.7, power
allocation factors (a1, a2)=(0.7; 0.3), fading severity parameters ms; = 1
and ms, = 13.313 (Rician parameter K ~ 14 dB). The sum rate for users
D1 and Da, as well as the ergodic capacity for a OMA-based system with
d = ms = 1 are also shown.

multiuser interference.

Fig. 2 shows a comparison of the ergodic capacity for
NOMA users Dy and D, versus the transmit SNR, considering
the same parameters as in Fig. 1, but setting dy = 0.7.
Moreover, for comparison, the sum rate of the proposed system
and the ergodic capacity for a single OMA user with d = d;
and ms = mg, are also presented. We can observe from Fig. 2
that the ergodic capacity for D, is comparable to that obtained
for the OMA user, while the user D, performance is saturated
due to the interference from Dy. However, the sum rate of our
system outperforms that of the OMA-based one in all the SNR
range, demonstrating the benefits of NOMA in the highlighted
scenario. Note that the curves obtained from our H-Function-
based analytical framework match the Monte Carlo simulation
results, thus validating our analysis.

VII. CONCLUSIONS

In this paper, an analytical framework to compute the perfor-
mance of a downlink NOMA system was introduced so as to
evaluate the performance of modern wireless communication
systems. We introduced an approach based on the Fox H-
function distribution and highlighted its flexibility to assess
several evaluation scenarios ranging from indoor to outdoor
deployments. To do so, we derived closed-form expressions
for the outage probability and the ergodic capacity under
various radio channel characteristics. Then, we employ our
framework to investigate the performance of a NOMA system
in scenarios where the radio channel undergo independent,
but not necessarily identical Nakagami-m fading. It is worth
noting that the H-function representation simplify the analysis

and allows for robust-closed-form solutions for many emergent
analytical problems using NOMA.
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