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Abstract—The new concept named reconfigurable intelligent
surfaces (RIS) is becoming an appealing enabler due to its
uniqueness with having low hardware complexity and low power
consumption advantages simultaneously. In this paper, an RIS-
aided vehicular Adhoc network (VANET) is considered, where the
beacon vehicle is enabled with a passive RIS, the communication
links between the beacon vehicle and client vehicle caused due to
the multipath fading effects, are modeled with Fox’s H-function
distribution. This paper first models the inter-vehicle links for the
given system setup and then investigates the outage probability
and effective rate as performance metrics. More specifically,
the unsupervised expectation-maximization (EM) algorithm is
consequently used to characterize the distribution of the received
signal-to-noise ratio (SNR) at the client vehicle, which is modeled
as the mixture of Gaussian (MoG) distribution. The accuracy of
our approach is further validated with the Kolmogorov-Smirnov
(KS) goodness of fit test. The MoG-based approach successfully
tackles the RIS-enabled inter-vehicle communication with an
easy, accurate, and tractable solution compared to the widely
used central limit theorem (CLT) method. It leads to the closed-
form outage probability and effective rate expressions.

Index Terms—Reconfigurable intelligent surfaces (RIS), mix-
ture of Gaussian (MoG) distribution, unsupervised expectation-
maximization (EM) machine learning, effective rate, Fox’s H-
function, inter-vehicle communications.

I. INTRODUCTION

Recently, reconfigurable intelligent surfaces (RIS)-based
wireless transmission is rapidly considered and explored
in various wireless communications scenarios, e.g., device-
to-device communications [1], millimeter-wave (mmWave)
multiple-input multiple-output (MIMO) system [2], [3], covert
communication [4], physical layer security [5], [6], index
modulation [7], smart cities [8], etc. What makes the RIS
technology popular lies in its unique capability in controlling
the propagation environment so as to increase the quality of
service (QoS) [5], [7], [9]–[12].

An RIS is essentially an electronically operated metasurface
controlled by programmable software, which is physically
equivalent to digitally controllable scatterers and software-
defined surface [4], [13]. A large number of small, low-cost,
and passive artificial ‘meta-atoms’ integrated in an RIS can
smartly change the reflection direction towards any desired
users by tuning a series of phase shifters [7]. Compared
to relaying technique, the RIS technology does not require
any power amplifier to achieve coverage extension. Besides,

the RIS structures can be easily deployed into factories,
buildings, rooms, vehicles, etc. Centered on the RIS-enabled
communication scenarios, numerous works have investigated
the benefits brought by the RIS technique in a diverse set of
wireless communication scenarios [7], [9], [14]–[18].

On selected RIS-enabled scenarios, Makarfi et al. in [5]
studied the physical layer security of RIS-aided vehicle
networks, where the inter-vehicle links are modeled with
Rayleigh fading. It is noteworthy to mention that Jeong et
al. in [19] proposed to utilize Fox’s H-function distribution
to model the pathloss, fading, and shadowing of inter-vehicle
links. More importantly, this work successfully validated the
usage of Fox’s H-function to fit the experimental measurement
at 5 GHz and 5.2 GHz. The Fox’s H-function distribution1has
been widely regarded as a flexible and general model, which
can broadly subsume many well-known fading models, e.g.,
Rayleigh, Nakagami-m, Gamma, α-µ, Fisher-Snedecor F ,
etc [21]–[24]. To quantify the statistical QoS of RIS-assisted
wireless communication systems, the authors in [25] studied
the effective capacity over Rayleigh fading channels. To the
authors’ best knowledge, the RIS-aided inter-vehicle commu-
nication has not been investigated yet.

To this end, the core focus of this paper is to study the
RIS-enabled inter-vehicle communications using Fox’s H-
function distribution to model the channel characteristics. To
evaluate the investigated system configuration performance,
performance metrics such as outage probability and effective
rate are chosen (see [26]). The contribution of this paper are
summarized as follows:

1) Different from the existing works, where the propagation
environment of inter-vehicle communication is modeled
by Rayleigh/Nakagami-m/Rician distribution, we apply
a more general model, i.e., the Fox’s H-function distri-
bution, to model the multipath effect in the RIS-enabled
inter-vehicle communications.

2) Considering the RIS-assisted inter-vehicle communica-
tions, the characteristics of the received signal-to-noise
ratio (SNR) at the client vehicle is approximated with

1In addition, the Fox’s H-function distribution is also studied in many
other realistic scenarios, e.g., molecular communication [20], inter-vehicle
communications [19], wireless communications [21], etc.
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Fig. 1: An RIS-assisted inter-vehicle communications system.

the unsupervised expectation-maximization (EM)-based
mixture of Gaussian (MoG)2 distribution rather than
using the well-reported central limit theorem (CLT)
method [5], [7], an easy and highly accurate solution is
obtained. The MoG-based solution’s accuracy is further
confirmed with the Kolmogorov-Smirnov (KS) goodness
of fit test.

3) Outage probability and effective rate, being our perfor-
mance evaluation metrics, are approximated with closed-
form expressions, and their tightness is validated with
Monte-Carlo simulations.

4) When Fox’s H-function distribution is reduced to
Rayleigh distribution, the closed-form expressions of
the outage probability with the CLT- and MoG- based
approaches are further compared. Numerical results
demonstrate that the MoG-based solution always pro-
vides a good solution for a small or large number of the
reflectors on an RIS.

The rest of this paper is structured as follows. In Section
II, we introduce the system model and formulate the effective
rate as one of the performance metrics. Section III, we mainly
characterize the outage probability and effective rate analysis.
Section IV presents the numerical results and useful insights.
Finally, concluding remarks are summarized in Section V.

II. SYSTEM MODEL AND PROBLEM FORMULATION

A. System Model

Consider a vehicular network, as shown in Fig. 1, where
safety messages are sent from the beacon (head) vehicle oper-
ating in a sectorized transmission mode to the client vehicles.
The beacon vehicle works on the RIS-AP3 scheme, namely,
the head vehicle transmits the safety messages with the help
of an RIS [7]. The RIS is composed of N passive and low-
cost reflecting elements. The safety messages generated by a
nearby radio-frequency (RF) source in a deliberate manner are
reflected in the direction of a target client vehicle.

2The ‘MoG’ is also known as Gaussian mixture model (GMM) in machine
learning area [27].

3The scenario of the RIS-aided transmitter being an access point (AP) has
been widely reported in the open literature, see references [5], [7], [12].

For the given system model, the received signal at the client
vehicle whilst ignoring the fading between the RF source and
the RIS is given as

y =
√
Es

N∑
n=1

gn exp(jψn)s+ w, (1)

where j =
√
−1, Es is the transmit power, gn = hne

−jφn is
the wireless fading channel between the beacon vehicle to the
client vehicle, hn is the amplitude of the fading channel. φn is
the phase of the fading channel gain. ψn is the adjustable phase
induced by the n-th reflecting meta-surface of the RIS. s is
the transmitted signal with unit energy, w is the additive white
Gaussian noise (AWGN) with zero mean and N0 variance.

According to [19, Sec. III], the Fox’s H-function distribu-
tion is adopted to characterize hn with the probability density
function (PDF) fh(x), which is expressed as

fh(x) = KHm,n
p,q

[
Cx
∣∣∣∣ (ai, Ai)i=1:p

(bl, Bl)l=1:q

]

=
K

2πj

∫
L

m∏
l=1

Γ(bl +Bls)
n∏
i=1

Γ(1− ai −Ais)(Cx)−s

q∏
l=m+1

Γ(1− bl −Bls)
p∏

i=n+1

Γ(ai +Ais)

ds,

(2)

where C > 0 and K are constants such that
∫∞
0
f(γ)dγ = 1.

Ai > 0 for all i = 1, · · · , p, and Bl > 0 for all l = 1, · · · , q.
0 ≤ m ≤ q, 0 ≤ n ≤ p, L is a suitable contour separating
the poles of the gamma functions Γ(bl + Bls) from the
poles of the gamma functions Γ(1 − ai − Ais). For the
simplicity of notations, the Fox’s H-function distribution is
denoted as Hm,n

p,q (P), where P = (K, C, a, b,A ,B), a =
(a1, · · · , ap), A = (A1, · · · , Ap), b = (b1, · · · , bq), and
B = (B1, · · · , Bq).

From (1), the received instantaneous SNR at the client
vehicle is

γ =
Es
N0

∣∣∣∣∣
N∑
n=1

hne
j(φn−ψn)

∣∣∣∣∣
2

. (3)

Considering the best case at the client vehicle, i.e., to maxi-
mize the instantaneous SNR γ, the channel phases from the
intelligent surface are accordingly eliminated; in other words,
φn = ψi [7], [9], [15]. The received instantaneous SNR can
be written as

γ = ρ

∣∣∣∣∣
N∑
n=1

hn

∣∣∣∣∣
2

. (4)

where ρ = Es

N0
. For the simplicity of notation, let Y =∑N

n=1 hn. The PDF of Y is actually the PDF of the sum
of N independent Fox’s H distributed random variable hn.
As indicated in [22], the PDF of the sum of N independent
Fox’s H variate is expressed in terms of the multivariate Fox’s
H-function. In order to obtain a simple and useful PDF of γ,
the MoG distribution is adopted as a highly tight and flexible
alternative to approximate the exact PDF of Y . The details of
the MoG distribution will be introduced in the next Section.



B. Problem Formulation

As talked in the Introduction, the RIS technology is a de-
sirable candidate to boost the QoS. One metric to demonstrate
the statistical QoS is the effective rate, and it is defined as
the maximum constant arrival rate that a time-varying service
process can support with statistical latency guarantees [28],
[29]. It acts as a joint mathematical framework, connecting
the physical layer and link layer, and is used to explore the
performance of various wireless networks under certain delay
constraints [29]. The concept of effective rate has been widely
applied to investigate the trade-off among latency, reliability,
energy efficiency, and security. The normalized effective rate
over the instantaneous received SNR γ, γ ≥ 0 with the average
SNR ρ is defined as [28]

R = − 1

A
log2

E ((1 + γ)−A
)︸ ︷︷ ︸

U

 bits/s/Hz, (5)

where A = θTB
ln 2 . E[x] denotes the expectation operator over

a random variable x. θ is the delay quality of service (QoS)
exponent, T is the block-length, and B denotes the bandwidth
of the system. The QoS exponent θ is defined from the delay
outage probability, which is mathematically formulated as

θ = − lim
Qmax→∞

ln (Pr(Q ≥ Qmax))

Qmax
,

where Pr(a ≥ b) stands for the probability of a being larger
than or equal to b. Herein, Q denotes the queue length at
the transmitter buffer side, and Qmax is the predetermined
threshold of the queue length. Practically speaking, θ → 0
implies the delay-tolerant communication, while θ → ∞
implies the delay-limited communication [30], e.g., voice calls.

III. EFFECTIVE RATE CHARACTERIZATION

A. Preliminary

To provide a closed-form effective rate expression, the
PDF of γ is essential for the derivations. In this section, we
have applied the MoG distribution to approximate the PDF
of γ. As stated in [31], the MoG distribution can be used
to model any arbitrarily shaped non-Gaussian density, e.g.,
Nakagami/Lognormal, Weibull, κ−µ, η−µ, α−µ, cascaded
α−µ distributions, etc. The intrinsic parameters used to repre-
sent the MoG distribution are implemented via the completely
unsupervised expectation-maximization (EM) learning algo-
rithm. The MoG distribution is proved highly advantageous
in [32] to provide an easy and straightforward solution when
analyzing the physical layer security performance over various
fading channels. Against this background, we herein offer the
MoG distribution with its PDF and cumulative distribution
function (CDF).

1) PDF & CDF: The PDF and CDF of the MoG distribu-
tion are respectively given as

fY (y) =

C∑
l=1

wl√
2πηl
√
γ

exp

(
− (y − µl)2

2η2l

)
, (6a)
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Fig. 2: MoG parameters for Y over Fox’s H-
function fading channels, i.e., H3,0

0,3 (P), and
P = (0.225, 5.774, [ ], [ ], [1.5, 0.4, 4.5], [0.5, 0.5, 0.5])
for selected number of N , and C = 5, 2, 6.

TABLE I: MOG PARAMETERS FOR Y OVER FOX’S
H -FUNCTION FADING CHANNELS, H3,0

0,3 (P), AND P =
(0.225, 5.774, [ ], [ ], [1.5, 0.4, 4.5], [0.5, 0.5, 0.5]) FOR N =
128.

l wl µl ηl

1 0.161146048781517 49.9901554965529 2.589121500066937

2 0.320911738152015 52.9081769211079 2.889399121690905

3 0.331216390592880 53.6466250754554 2.896575145921490

4 0.186725822473589 56.5412629864913 3.236716833388210

FY (y) =

C∑
l=1

wlΦ

(
y − µl
ηl

)
, (6b)

where C represents the number of Gaussian components. wl >
0, µl, and ηl are the lth weight, mean, and variance with the
constraint of

∑C
l wl = 1. Φ(·) is the CDF of the standard

normal distribution.
As shown in Fig. 2, we have plotted the approximated PDF

of Y =
∑N
n=1 hn, where hn follows Fox’s H-function fading.

The MoG parameters for N = 15 are listed in Table. I. One
can observe that the MoG approximation is tight and accurate.

Using the probability theory, the PDF and CDF of γ = ρY 2

are thereafter given as follows:

fγ(y) =

C∑
l=1

wl√
8πρηl

√
y

exp

(
−

(
√
y/ρ− µl)2

2η2l

)
, (7a)

Fγ(y) =

C∑
l=1

wlΦ

(√
y/ρ− µl
ηl

)
. (7b)

2) Approximation Accuracy: To evaluate the accuracy of
the MoG distribution, the KS goodness of fit test is accordingly
conducted [33]. The KS test statistic D is to maximize the
difference between the simulated and approximated CDFs, i.e.,
D , max |FY (y) − FŶ (y)|, where FY (y) is the empirical
CDF of RV Y , and FŶ (y) is the approximated CDF given
in (6b). Let the hypothesis H0 denotes that Y follows the
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Fig. 3: Analytical and simulated CDF of γ.

MoG distribution. Such an hypothesis is accepted only when
D is smaller than the critical value Dmax, i.e., D < Dmax,
which is given by Dmax ≈

√
−(1/2v) ln(τ/2), where τ is

the significance level, and v is the number of random samples
of Y .

Obviously, Fig. 3 presents that the MoG based CDF of Y
approximated the Monte-Carlo simulation results with good
accuracy. The KS test statistic D obtained from Fig. 3 when
N = 32, 64, 128 are respectively given as 3.58× 10−4, 1.2×
10−3, and 7.33×10−4. Herein, in our KS goodness of fit test,
let α = 5%, and v = 106. Thus, we have Dmax = 0.0014 =
1.4×10−3. The hypothesis H0 is surely accepted for the cases
N = 32, 64, 128 due to D < Dmax.

B. Effective Rate Characterization
The effective rate of the RIS-assisted inter-vehicle commu-

nications over Fox’s H-function fading channels is given by

R ≈ − 1

A
log2

[
C∑
l=1

wl

(
1

6(1 + ρ(µl +
√

3ηl)2)A

+
2

3(1 + ρµ2
l )
A

+
1

6(1 + ρ(µl −
√

3ηl)2)A

)]
.

(8)

Proof. Motivated from the MoG based PDF of γ, i.e., (6a), one
can observe that γ is modeled in terms of the C normally dis-

tributed random variable, i.e., γ =
C∑
l=1

γl, and γl v N (µl, ηl).

Performing a revisit to U given in (5), and making change of
variables x =

√
γ
ρ , then substituting (6a) into U , we have

U =

C∑
l=1

wl√
2πηl

∫ ∞
0

1

(1 + ρx2)A
exp

(
− (x− µl)2

2η2l

)
dx.

(9)

Next, applying the result given in [34, Eq. (4)], i.e., F(x) =
1

(1+ρx2) is a real function of x, herein y follows the normal
distribution with mean µl and variance ηl, the expectation of
F(x) can be highly approximated at three points, namely, µl,
µl +

√
3ηl, and µl −

√
3ηl [35],

E [F(x)] ≈ F(µl) + F(µl +
√

3ηl) + F(µl −
√

3ηl). (10)

Finally, substituting (10) into (5), the proof is accomplished.
�

C. Outage Probability Characterization

The outage probability is defined as the received SNR at the
client vehicle γ is below for a predetermined threshold γth,
mathematically speaking, Pout = Pr(γ < γth) = Fγ(γth).
Plugging (6a) into the definition of Pout, yields

Pout(γth) =

C∑
l=1

wlΦ

(√
γth/ρ− µl

ηl

)
. (11)

Remark 1. As stated earlier, the Fox’s H-function distribution
can be reduced to the Rayleigh distribution, i.e., H1,0

0,1 (P), and
P = (1, 1,−, 0.5,−, 0.5). Using the CLT, we have that Y
follows the Gaussian distribution with mean N

√
π

2 and vari-

ance N(4−π)
4 , i.e., Y ∼ N

(
N
√
π

2 , N(4−π)
4

)
[7]. Consequently,

γ = ρY 2 is a non-central chi-square random variable with one
degree of freedom. To this end, the outage probability at the
client vehicle is

Pout(γth) = 1−Q 1
2

(√
Nπ

4− π
,

√
4γth

ρN(4− π)

)
, (12)

where QM (a, b) is the Marcum Q-function.

Proof. Since Y ∼ N
(
N
√
π

2 , N(4−π)
4

)
, then Z = Y 2

N(4−π)/4
follows the non-central chi-square distribution with one degree
of freedom and the noncentrality parameter Nπ

4−π . Applying the
obtained results, one can obtain

Pout(γth) = Pr(γ < γth) = Pr(ρY 2 < γth)

= Pr

(
Y 2

N(4− π)/4
<

4γth
ρN(4− π)

)
= Pr

(
Z <

4γth
ρN(4− π)

)
,

(13)

subsequently, applying the CDF of non-central chi-square
distribution, the proof for Pout is obtained. �

IV. NUMERICAL RESULTS AND DISCUSSION

In this section, we present the outage probability and the
effective rate of the client vehicle for the two inter-vehicle
communication scenarios, and the multipath fading model is
drawn from Fox’s H-function fading4, which is shown feasible
and suitable for the 5 GHz band inter-vehicle channels [19,
Table IV],
• Scenario I: hn ∼ H3,0

0,3 (P1)5,

P1 =

(
0.225, 5.774,−, (1.5, 0.4, 4.5),−, 1

2
13

)
.

• Scenario II: hn ∼ H3,0
0,3 (P1),

P2 =

(
2.874, 3.940,−, (0.45, 2, 1.8),−,

(
1

2
12, 0.2

))
.

4The Fox’s H-function distributed fading model is though widely studied
in open literature as a general and unified model due to its flexibility of
encompassing plenty of fading models, the implementation of generating of
a Fox’s H-function distributed random variable is found in [36].

51N denotes the N -dimensional all-one vector.
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(b) Scenario II

Fig. 4: The outage probability of the RIS-assisted inter-vehicle
communications against γth for selected values of N when
ρ = 10 dB.

In Fig. 4, we plot the outage probability against ρ for the
aforementioned two scenarios. The derived outage probability
expression given in (11) provides a tight approximation to the
simulated results.

Under the given two fading scenarios, Fig. 5 shows the
effective rate against ρ for the selected number of N . Outstand-
ingly, one can grasp the following outcome: (i) our derivations
provides a highly tight and accurate approximation to the
Monte-Carlo simulated results; (ii) the effective rate is surely
enhanced with the increase of N as expected; (iii) observing
from both Figs, the effect of an exponential rise of N does
not simply mean an unquestionably positive exponential im-
provement on R. Apparently, only a linear increase trend of
R is witnessed as N is increasing from 32 to 64, and finally
arriving at 128; and (iv) this is a feasible application and proof
showing that the MoG method is practical when performing
performance analysis in the RIS-aided wireless systems [37].

In Fig. 6, the outage probability of our system configuration
over Rayleigh fading channels is depicted for two cases, i.e.,
N = 2, 3, 4, 5 and N = 35, 45, 55. The analytical result
given from Remark 1 is compared with the MoG-based
approximated result given in (8). The CLT-based result shows
poor performance compared with the MoG-based analytical
result, especially when N is small, as shown in Fig. 6. (a).
Besides, the MoG-based method always outperforms the CLT-
based approach for both cases.

V. CONCLUSION

In this work, the IRS-assisted VANET was taken into
consideration, where the inter-vehicle links are modeled with
Fox’s H-function distribution. Applying the MoG distribu-
tion, the instantaneous received SNR at the client vehicle
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Fig. 5: Effective rate against ρ when A = 2.
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Fig. 6: The outage probability against γth over Rayleigh fading
channels for selected number of N .

is subsequently modeled as a MoG distributed RV, and the
KS goodness of fit test further validates the accuracy of our
approximated characteristics. Considering two fading channel
scenarios, the outage probability and effective rate are ex-
plored as the performance metrics, which are derived with
highly accurate closed-form expressions. Our numerical results
showcased that (i) the obtained analytical performance metrics
are firmly confirmed by the Monte-Carlo simulations; (ii)



an increase of N will not merely lead to a corresponding
enhancement of effective rate; and (iii) the MoG-based method
provides a highly accurate solution for the RIS-aided VANET
link modeling for both small and large number of the reflector,
and it outperforms the CLT-based method.
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