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Various regularization methods have been used to compute the self-force acting on a static particle
in a static, curved spacetime. Many of these are based on Hadamard’s two-point function in three
dimensions. On the other hand, the regularization method that enjoys the best justification is that
of Detweiler and Whiting, which is based on a four-dimensional Green’s function. We establish the
connection between these methods and find that they are all equivalent, in the sense that they all
lead to the same static self-force. For general static spacetimes, we compute local expansions of the
Green’s functions on which the various regularization methods are based. We find that these agree
up to a certain high order, and conjecture that they might be equal to all orders. We show that this
equivalence is exact in the case of ultrastatic spacetimes. Finally, our computations are exploited to
provide regularization parameters for a static particle in a general static and spherically-symmetric

spacetime.

I. INTRODUCTION

A test body moving freely in a curved spacetime follows
a geodesic of the spacetime. When, however, the body
carries a (scalar or electric) charge, the field created by
the charge interacts with the spacetime curvature in such
a way as to produce a deformation of the field lines from
an otherwise isotropic distribution around the body. The
field gives rise to a net self-force acting on the body, and
the self-force prevents it from moving on a geodesic. The
self-force typically contains two components, a radiation-
reaction force that is accompanied by a loss of energy
to radiation, and a conservative force that survives even
when the body is maintained in a stationary position. A
self-force can also be present in the absence of a charge,
when the body’s mass is too large for it to be considered
a test mass; in this case the body creates a gravitational
perturbation that affect its motion, which is no longer
geodesic in the background spacetime. The (scalar, elec-
tromagnetic, and gravitational) self-force has been the
topic of intense development in the last several years; for
an extensive review see Ref. [1]. Most of this activity was
focused on the gravitational case, in an effort to model
the inspiral and gravitational-wave emissions of a binary
system with a small mass ratio [2-4].

Self-force computations are usually attempted under
the assumption that the body is a point particle, in order
to avoid the largely irrelevant complications associated
with internal structure. In this context, however, the
very definition of the self-force requires scrutiny. Given
that the field of a point particle diverges at the position
occupied by the particle, it is not immediately clear how
one can make sense of its action on the particle and con-
struct a self-force that is well defined, finite, and in agree-
ment with the self-force acting on an extended body in

the the limit in which the size is taken to zero. One must
find a sensible regularization procedure that not only re-
turns a finite expression for the self-force, but does so in a
unique and physically well-motivated way. In this paper
we examine regularization procedures that have been in-
voked in the computation of (scalar and electromagnetic)
self-forces in the restricted context of static particles in
static spacetimes. Our aim is to show that the differing
procedures are equivalent and lead to the same self-force.
To the best of our knowledge, this issue has not been pre-
viously addressed in the literature.

In our view, the regularization procedure that has re-
ceived the best physical and mathematical justification
is the one proposed by Detweiler and Whiting ﬂﬂ] The
method, which is completely general and not restricted
to static situations, involves a decomposition of the field
created by the particle into singular and regular pieces.
The singular field is precisely identified by a local con-
struction, and is designed to provide an exact solution
to the field equation sourced by the particle, with the
property that it shares the singularity structure of the
particle’s actual field. The regular field is the difference
between the actual field and the singular field; it satisfies
the source-free field equation, it is smooth at the parti-
cle’s position, and it is known to be entirely responsible
for the self-force. The Detweiler-Whiting regularization
method has been thoroughly justified |, and it has
emerged as the method of choice in most self-force com-
putations reported in the recent literature. Because of its
generality and naturalness, it is the standard by which
other regularization methods must be compared.

Many self-force computations, however, did not make
use of the Detweiler-Whiting regularization procedure,
but employed instead ad hoc procedures that perhaps do
not enjoy the same degree of justification. This is the case


http://arxiv.org/abs/1206.3772v1

of all computations of self-forces acting on static parti-
cles in static spacetimes @@], which involved a variety
of regularization methods. In the pioneering Smith-Will
paper HE], for example, the field of a static electric charge
in the spacetime of a Schwarzschild black hole was reg-
ularized by the Copson solution ], which was shown
to be as singular as the particle’s own field but to exert
no force. As other examples, self-force computations for
charges in wormhole spacetimes |, or for charges
near global monopoles M], were regularized with the
help of Hadamard’s two-point function, defined in each
spatial section of the four-dimensional spacetime (or in
a conformally related space). Because Copson’s solution
is known to be an exact representation of Hadamard’s
function in the (conformally related) spatial sections of
the Schwarzschild spacetime, these regularization meth-
ods are essentially the same.

The issue that interests us in this paper is the re-
lationship between these regularization procedures, and
whether they can be shown to be equivalent, so that they
will lead to the same self-force. The regularization pro-
cedures mentioned previously are all based on a choice of
Green’s function for the (scalar or electromagnetic) field.
We shall consider a number of possible choices.

The first is the four-dimensional version of the
Detweiler-Whiting singular Green’s function, given by

Gi(x,x’) = %U(z,x/)(S(a) - 1V(a:,a:’)@(a), (1.1)

2
in which z and z’ are spacetime events, assumed to be
sufficiently close that they are within each other’s nor-
mal convex neighborhood, o := o(z, 2’) is Synge’s world
function, equal to half the squared geodetic distance be-
tween z and 2/, © is the Heaviside step function, § is the
Dirac distribution, and U, V" are two-point functions that
are known to be smooth when x — 2/. Because ¢ = 0
when z and z’ are linked by a null geodesic, we see that
the Green’s function is singular on the past and future
light cones emerging from z’, and has support outside
the light cones, where o > 0; it is also symmetric in its
arguments. As stated previously, the Detweiler-Whiting
Green’s function gives rise to a robust regularization pro-
cedure that applies to any particle moving in any space-
time.

For static particles in static spacetimes, an adequate
substitute for the four-dimensional singular Green’s func-
tion is its three-dimensional variant

G(z,x') = /Gi(:v,:v') dr’, (1.2)
obtained by integrating the four-dimensional Green’s
function over the proper time 7’ of a static observer at the
spatial position @’. For static particles in static space-
times, this Green’s function gives rise to the same regu-
larization procedure as the four-dimensional version.

An alternative choice of Green’s function, which is also
appropriate in the case of static particles in static space-
times, is the three-dimensional Hadamard function, given

GH(x,2’) = (1.3)

in which o(x,2’) is now half the squared geodetic dis-
tance between x and x’ as measured in the purely spa-
tial sections of the spacetime, and W is a smooth two-
point function. This Green’s function, also known as
Hadamard’s elementary solution HE], is a local construc-
tion that is known to reproduce the singular behavior of
a field sourced by a point particle at x’. It is a plausi-
ble starting point for a regularization procedure, but as
stated above, it does not enjoy the same level of justifi-
cation as the Detweiler-Whiting Green’s function.

As a final choice we shall also consider a Green’s func-
tion GY(x, z’) that is related to the Hadamard function
by a conformal transformation. This is to account for
the fact that it is often convenient, when solving for the
field in the spatial sections of the spacetime, to formulate
the field equation in a conformally related space. If the
metric on the original spatial sections is h,p, then the
metric on the conformally related space is hqp = QO 2hg,
in which () is a scalar field. When hg is simple, the
field equation simplifies in the conformally related space,
and the field can then be regularized with the help of GY,
which differs from GY by factors of Q.

Our main goal in this paper is to compare the reg-
ularization procedures that are based on G3(z,z’),
GH(x,x’), and GY(x,x’). Our preferred regulariza-
tion method is the one based on the Detweiler-Whiting
Green’s function, because the resulting singular field was
proved to share the same singularity structure as the par-
ticle’s actual field and to exert no force on the particle. In
this case we find that if € is a measure of distance between
x and z’, then the singular Green’s function admits the
local expansion

GS(x, ') = % [1 +gre+ gae? + g3 +O(eM)|,  (1.4)
with expansion coefficients g1, g2, and g3 (computed be-
low) that depend on geometrical quantities (such as the
spatial Riemann tensor) evaluated at /. Removing this
from the particle’s actual field returns a regularized field
that is finite (indeed, once differentiable) at the position
of the particle, leading to a straightforward computation
of the self-force.

Our main result is the statement that the local expan-
sions of G (z,z’) and G (x, z’) are identical to the lo-
cal expansion of the Detweiler-Whiting Green’s function,
and that they therefore lead to equivalent regularization
procedures. We view this as a significant result that clar-
ifies and justifies the alternative regularization methods
that have been employed in self-force computations; it
puts these computations on a firmer footing, and lends
them additional credence.

We show by explicit calculation that the local expan-
sions of all Green’s functions agree through order €2,



which is more than enough to guarantee the same self-
force, but we also ask whether equality could be estab-
lished to all orders in e. We provide only a partial answer
to this question. We collect evidence that the conjectured
equality is likely to be true, sketch a proof that relies
on a strong assumption about the convergence of formal
power series, and present a complete proof of equality in
the special case of ultrastatic spacetimes.

As an application of our results we consider the scalar
and electromagnetic self-force acting on a particle held
in place in a static and spherically-symmetric space-
time. The assumption of spherical symmetry implies that
the self-force can be easily computed with a mode-sum
method based on a spherical-harmonic decomposition of
the field. The mode coefficients of the singular field then
play the role of regularization parameters M] that
can be inserted in the mode-sum to ensure convergence.
We use our local expansions to compute these regulariza-
tion parameters for any static and spherically-symmetric
spacetime. We expect that our explicit listing of regular-
ization parameters will greatly facilitate future self-force
computations.

Our developments below rely heavily on the general
theory of bitensors and Green’s functions in curved space-
time, as developed in Ref. [30] and summarized in Ref. [1],
from which we import our notations. We begin in Sec. [l
with a description of the static spacetimes that are impli-
cated in this work. We continue in Sec. [Tl with a review
of the scalar and electromagnetic field equations in static
spacetimes, along with the associated Green’s functions,
and in Sec. [[V] we review the Hadamard construction of
the three-dimensional Green’s functions. The following
sections contain our new work. In Secs. [V] and [VI] we
compute the local expansions of the Hadamard functions.
We do the same for the Detweiler-Whiting functions in
Sec.[VIIl and prove the equality of the local expansions in
Sec. VIIIl In Sec. [[X] we prove that in ultrastatic space-
times, the Hadamard and Detweiler-Whiting functions
are strictly equal to one another. And finally, in Sec. [X]
we consider the scalar and electromagnetic self-forces in
static, spherically-symmetric spacetimes, and involve the
local expansions in a computation of regularization pa-
rameters for mode-sum computations of the self-force.

In the following we denote a spacetime event by x or
a’, and a spatial position by x or @', so that = (¢, x)
and 2/ = (¢',2’). Spacetime tensors at x are denoted
A* with a Greek index « that ranges over the values
{0, 1,2, 3}; spacetime tensors at ' are denoted A® | with
a primed Greek index. Spatial tensors at @ are denoted
A° with a Latin index a that ranges over {1, 2, 3}; spatial
tensors at @’ are denoted Aal, with a primed Latin index.
Variants of these notations will be introduced as needed.

II. STATIC SPACETIMES

The class of spacetimes considered in this paper admits
a hypersurface-orthogonal, timelike Killing vector t*, and

in an adapted coordinate system the metric is expressed
as

ds®> = —=N? dt* 4 hgp dzda®, (2.1)

in terms of a lapse function N and a spatial metric hgp
which depend on the spatial coordinates z® only. No
other assumptions are placed on the spacetime. We in-
troduce the vector field

Ou N

N b)
which acts as a substitute for 9, N; the vector has a van-
ishing time component.

A straightforward computation reveals that the con-
nection coeflicients are given by

Ty, = As, TP = N2AY

A, =0,InN = (2.2)

4ch: bes (2'3)
in which I'}, is the connection compatible with the spatial
metric hqp. We shall indicate covariant differentiation rel-
ative to the spacetime connection with the operator V,,
or with a semicolon (for example, V,A” = A" ), and
covariant differentiation relative to the spatial connec-
tion with the operator D, or with a vertical stroke (for
example, D, A = Ab‘a).

For future reference we examine a vector v® that
is parallel-transported along a purely spatial curve de-
scribed by the parametric equations ¢ = constant, % =
2%(s), in which s is proper distance. The vector tan-
gent to the curve is n® with components n = 0 and
n® = dz®/ds. The equation of parallel transport is

dv®
ds

and its time component reduces to dv’/ds+(A,n*)vt = 0.
With A,n% = N~'dN/ds, the solution to the differential
equation is Nv! = constant, or

vl(s) = xg; v"(0). (2.5)

For the spatial components we find that the equation
reduces to dv?®/ds + I'¢.v"n® = 0, which states that v®
is parallel-transported as if it were a vector in a three-
dimensional space with metric hy,. When the spatial
curve is a spacetime geodesic, we find that Eq. (2.3)
produces n'(s) = 0, while the spatial components re-
veal that n® satisfies the geodesic equation in the three-
dimensional space. A purely spatial geodesic in space-
time is therefore a geodesic in a three-dimensional space
with metric hgp.

The nonvanishing components of the Riemann tensor
are

4Rtatb - N2 (Aa|b + AaAb)v

+4Tg 0% =0, (2.4)

4]%abcd - Rabcd7 (26)

in which Rgpeq is the Riemann tensor associated with the
spatial metric hqp. The nonvanishing components of the
Ricci tensor are

4Rtt = N2 (AC|C + ACAC), (27&)



“Rap = Rap — (Aapp + AaAy). (2.7b)
The Ricci scalar is
‘R=R—2(A% + A°A,). (2.8)

For future reference we also record the components of the
covariant derivative of the Riemann tensor:

4Rtatb;c = N2 (Aa\bc + Aa|cAb + AaAb|c)a (293)
4Rtabc;t = N2 (Aa\bAc - Aa|cAb - Adeabc)7 (29b)
4Rabcd;e = Rabcd\e- (29C)
We also have
4Rtt;a = N2 (Ac‘ca + 2AcAc|a)7 (2103.)
Riat = —N?(A° Ay — A% Ac + A°Rea),  (2.10b)
4Rab;c = Rab|c - Aa\bc - Aa|cAb - AaAb|C (210C)
and
“Ro =Ry, — 2(A%, +24°A,) (2.11)

for the covariant derivative of the Ricci tensor and scalar.

Below we shall consider a scalar or electric charge at
rest in the static spacetime. The charge follows an orbit
of the timelike Killing vector, and the only nonvanishing
component of its velocity vector is

=—. 2.12

The covariant acceleration is defined by a® := uo‘;ﬂuﬁ ,
and its nonvanishing components are

a® = A% (2.13)

We shall also require the vectors a® := a° ﬁuﬁ and a% :=

a® ﬁuﬁ ; the nonvanishing components are

it = %ACAC, i = (A°A.)A°. (2.14)

III. FIELD EQUATIONS AND GREEN’S
FUNCTIONS

A. Scalar field

The potential ® generated by a scalar-charge density
1 obeys the wave equation

O0® = —4mpu (3.1)
in any four-dimensional spacetime; (J := ¢g®# V4Vg is the
covariant wave operator. Our considerations in this pa-
per are limited to scalar fields that are minimally coupled
to the spacetime curvature; it is, however, a very straight-
forward exercise to extend our discussion to arbitrary

couplings. When the spacetime is static, and when the
potential and charge density are both time-independent,
the wave equation reduces to

V20 + A%0,® = —4ny; (3.2)
here V? := h® D, Dy, is the covariant Laplacian operator
in a three-dimensional space with metric hqp-

It is sometimes convenient to formulate Eq. (822) in a
conformally related space with metric hqp; this is related
to the original metric hy, by the conformal transforma-
tion

hab = Q*ha, (3.3)
in which Q is a function of the spatial coordinates x®.
As a consequence of this transformation we find that
het = Q72h% and h'/?2 = Q3h'/2. A simple computa-
tion reveals that in the conformal formulation, Eq. (8:2)
becomes

V20 4 A°9,® = —4nji, (3.4)
in which V2 := h9®D, Dy is the covariant Laplacian op-
erator associated with the metric hAgqp,

A% = b8, In(NQ) = h? (‘%TN + 3%9) (3.5)

and
i= Q% (3.6)

The four-dimensional Green’s function associated with
Eq. &) is Ga(x,z"), which satisfies the wave equation
OGy(z,2") = —47é4(z, 2'), (3.7)

in which d4(x,2’) is a scalarized Dirac distribution de-
fined by

(3.8)

where §(x — ') is the usual product of four coordinate
delta functions. A solution to Eq. (8] is then given by

O(z) = /G4(I,I/)ILL(ZE/) V—g'd*z

The three-dimensional Green’s function associated
with Eq. B2) is G3(x,2’), which satisfies the Poisson
equation

(3.9)

V2G3(z,2') + A0,G3(x, x') = —4nds(x, x’), (3.10)

in which d3(z,x’) is a scalarized Dirac distribution de-
fined by

(3.11)



where §(x — @) is the usual product of three coordinate
delta functions. A solution to Eq. (822) is then given by

O(x) = /G3($,w')u(:v’) Vi (3.12)

The Green’s function associated with Eq. (B4) is
G3(x,x’), which satisfies

V2Gs(x, x') + A%9,G3(x, ") = —4nds(x, x'), (3.13)

in which d3(z, ') is defined by

- _ ’
3(z,2’) = M (3.14)
h/
A solution to Eq. B4 is then given by
O(x) = /és(w, AN (3.15)

The relation between G4 and G3 can be identified by
performing the time integration in Eq. (8:9) and compar-
ing with Eq. 812). The result is

Gs(z,x') = /G4(:v,:v') N(z')dt'. (3.16)

Apart from the factor of N(x’), which converts from co-
ordinate time to proper time at x’, the three-dimensional
Green’s function is simply the time integral of the four-
dimensional Green’s function.

The relation between G3 and (3 is found by making
the substitutions h'/2 = Q3hY/2? and p = Q~2f within
Eq. I2) and comparing with Eq. I5). The result is

Gs(x, ') = Qx')Gs(x, ). (3.17)
This can be confirmed by expressing Eq. (310) in terms

of the conformally-related metric hop. We find that the
equation becomes

d(x —a')
Vi

and comparison with Eq. (313) allows us to make the
identification of Eq. (BI7).

When the charge density p describes a point charge
q moving on a world line v described by the parametric
relations z(7), we have that

V2iGs(x, x') + A%0,G3(x, ') = —47 , (3.18)

u(x) = q/ 64(z, 2(7)) dr. (3.19)

For a general world line the scalar charge produces a
potential given by Eq. (39), which evaluates to

O(x) = q/ Gy(z, 2(7)) dr. (3.20)

For a static charge at a fixed position z, the integral of
Eq. 3I9) evaluates to

p(x) = qo3(x, 2), (3.21)

and in this case the potential, as given by Eq. (812,
becomes

O(x) = ¢G5(x, 2). (3.22)

The link between Eqgs. (B:20) and (3:222) can be seen di-

rectly from Eq. (310).
In the conformal formulation we have instead

@) =, (3.23)
and Eq. (3I8) produces
O(x) = % (3.24)

This result is compatible with Eq. 322)) by virtue of

Eq. 317).

B. Electromagnetic field

A current density j¢ creates an electromagnetic field
F,p that satisfies Maxwell’s equations
FP = 47j®,  Fappy + Fyap + Fpya = 0. (3.25)
The homogeneous equations are automatically satisfied
when the field tensor is expressed in terms of a vector
potential @,
Fop =Vo®g —Vsd,. (3.26)
The inhomogeneous equations then take the form of a
wave equation for the vector potential,
0@, — RP®s = —4mja, (3.27)
provided that ®,, is required to satisfy the Lorenz gauge
condition

Vao®® =0. (3.28)

In a static spacetime, and for a static distribution of
charge, the only relevant component of Maxwell’s equa-
tions is Ft'g;ﬁ = 474t and with F}, := —0,®; this re-
duces to

V2P, — A0, P, = 4wy, pi= N2t = —j. (3.29)
This equation also follows from evaluating Eq. (827) in
a static spacetime. Comparing with Eq. 2], we see
that &, satisfies the same Poisson equation as a scalar
potential ®, except that the sign of A® is reversed. It is
easy to see that the gauge condition of Eq. (B28) becomes



D,®% + A,P* =0 in a static spacetime, and that it has
no impact on ®;.

In a conformal formulation in which the spatial metric
is expressed as hqp = Q%hap, Eq. (329) becomes

Vi, — A%9,®, = 4nji, (3.30)
in which
N Q
A% = haby, ln(—) = hab(abT - %) (3.31)
and
= Q% = N2Q?jt. (3.32)

The four—dime,nsional Green’s function associated with
Eq. B20) is G 7 (x,2"), which satisfies the wave equation

0G 7 (z,2') — Ra'yGfl(:C, o) = —Arg.l (x,2)04(x,2"),

(3.33)
in which gaﬂ/ (x,2') is an operator of parallel transport,
taking a vector Ag at 2’ and producing a parallel-
transported vector A, at x. A solution to Eq. (3.27)
is then given by

Balo) = [ G (@0 (0) Vgl (334)

The three-dimensional Green’s function associated
with Eq. 329) is G3(x,x’), which satisfies the Poisson
equation

V3Gs(x,x’') — A“0,G3(x, x’) = —4mds(x, x’). (3.35)

A solution to Eq. ([3:29)) is then given by

Oy (x) = —/G3($,w')u(:v’) Vhdia' (3.36)
Notice the minus sign on the right-hand side of Eq. (8.36]),
which can be compared with its scalar equivalent in
Eq. (3I2). Notice also that while we denote both
the scalar and electromagnetic Green’s functions by
Gs(x,x’), these functions are not equal to each other
because they satisfy distinct differential equations.

The Green’s function associated with Eq. (330) is
Gs(x, '), which satisfies

V2Gs(x, x') — A%9,G3(x, ") = —4nds(x, x'). (3.37)

A solution to Eq. B30) is then given by

Dy(z) = — / Gs(x, ) i(x') Vi da', (3.38)
which features the same minus sign as in Eq. (3:36]).
The relation between G, (z,2') and Gs(x,z’) can

be identified by performing the time integration in
Eq. (334) and noticing that in a static situation, the

integral involves jp only. Comparing with Eq. (8:36) pro-
duces

Gy (@, ) = / G, (2, 2) N(2)dt, (3.39)
essentially the same relation as in the scalar case.

The relation between G3 and G is found by making
the substitutions h'/? = Q3h'/? and p = Q= 2/ within
Eq. (330) and comparing with Eq. (838]). The result is

Gs(x, ') = Qx')Gs(x, '), (3.40)
the same relation as in the scalar case.

When the current density j¢ describes a point charge

e moving on a world line v described by the parametric
relations z(7), we have that

J%(x) = e/g“‘u(x,z)u“&(:r,z) dr. (3.41)

For a general world line the electric charge produces a
potential given by Eq. (334), which evaluates to

D, (z) = e/ Gop(x, z)u" dr. (3.42)

For a static charge at a fixed position z, the integral of
Eq. B40) evaluates to j'(x) = eN~1(z)d3(x, 2), so that
pu(x) = eN(z)03(x, z). (3.43)

In this case the potential, as given by Eq. (8:30]), becomes
O,(x) = —eN(2)G3(x, z). (3.44)

Notice the extra minus sign and factor of N when com-
paring this with Eq. (8:222). In the conformal formulation
we have instead

fi(z) = eg((;) 53z, 2), (3.45)
and Eq. (338) produces
Py (x) = —e%ég(m, z). (3.46)

This result is compatible with Eq. (8:44]) by virtue of

Eq. (340).

IV. HADAMARD’S CONSTRUCTION

A. Scalar field

We wish to find a representation for a Green’s function
Gs(x, ') that satisfies

V2G3(x, ') + A%0,G3(x, x') = —4nds(x, x’).  (4.1)



The Hadamard’s construction developed here applies to
this equation — a copy of Eq. (3I0) — but it applies
just as well to the conformally-related formulation of
Eq. BI3).

g“]ge Hadamard construction for the Green’s function
is [26]

W(x,x')
V20 (x, x')’

in which the two-point function W (x,x’) satisfies the
differential equation

200, W+ (V?0+A%,—3)W—(20) (VW +A0W) =0
(4.3)

Gz, ') = (4.2)

together with the boundary condition

Wz, z') =1; (4.4)
here o, := 0o /0x* and V20 := h®* D,03,. The two-point
function is known to be smooth in the coincidence limit
x — ', so that the factor (20)~/2 is fully responsi-
ble for the singular behavior of the Green’s function at
coincidence.

To construct W we express it as an expansion in powers
of 20,

W(x,z') = ZWn(w,w’)Po(:c,w’)}", (4.5)

n=0

insert this within Eq. (@3]), and collect powers of 20,
making use of the identity c%0, = 20. Setting each co-
efficient to zero, we find that each W, must satisfy the
differential equation

VW1 + A0 W,y = 2(1 — 2n)0"0, W,
+ (1 —2n) (Vo + A%, W,

— [344n(n —2)|W,. (4.6)

The burden of enforcing Eq. (#4) is then placed solely
upon Wy, which must satisfy

Wo(z', 2’') = 1. (4.7)

Equation (4] is a recursion relation for each W,,. With
Wi—1 previously determined, W, is obtained by select-
ing a base point ' and integrating Eq. ([£.0) along each
geodesic that emanates from x’.

B. Electromagnetic field

We now wish to find the Hadamard representation for
the electromagnetic Green’s function Gs(x,x’), which
satisfies

V2G3(xz,2') — A"0,G3(x, x’) = —4nds(x,x’). (4.8)

The Hadamard construction applies to this equation —
a copy of Eq. (B38) — but it applies just as well to the
conformally-related formulation of Eq. (337).

The construction is obtained directly from the scalar
case by altering the sign of A in all equations. The
Hadamard representation for the Green’s function is

W(x,x")
V20 (z, z)

in which the two-point function W (x,x’) is smooth in
the coincidence limit & — x’. It satisfies the differential
equation

GH(x,2’) = (4.9)

200, W+(V?0—A%0,—3)W—(20) (VW —-A"0,W) =0
(4.10)
together with the boundary condition

Wz’ z') = 1. (4.11)

As in the scalar case we express W as an expansion in
powers of 20,

W(x,z') = ZWn(w,w') [20(z,2’)]", (4.12)

n=0
in which each coefficient W,, must satisfy the differential
equation
VW, 1 — A0 W, 1 = 2(1 — 2n)c*0, W,
+ (1 =2n) (V%0 — A%q) W,
— [3+4n(n —2)]W,,. (4.13)

V. LOCAL EXPANSION OF HADAMARD’S
FUNCTION

A. Scalar field

We wish to express the three-dimensional Green’s func-
tion GH(z, 2’) as a local expansion about the base point
a’. We return to the Hadamard construction of Eq. (£2))
with the expansion of Eq. (&), and now express Wy and
W1 as the local expansions

!/ 1 ’ ’ 1 ’ ’ ’
WO = 1 + W(S,Ua + iwglbloa Ub + EWg,b/c/Ua Ub UC

+O(eh) (5.1)

and
Wy =W+ Whe +0(e?), (5.2)
in which o, := do/dz* and each expansion coefficient

is an ordinary tensor at x’. We let € be a measure of
the distance between x and x’, and the expansions of
Egs. (&) and (B2) give rise to an expression for W ac-
curate through order €.

The expansion coefficients are determined by inserting
Egs. (B) and (B2]) within Eq. [@6]). We begin with Wy,
which satisfies

200, Wo + (Vo + A%, — 3)Wo = 0. (5.3)



We rely on the standard expansions
a 1b 1 o d
Oagb = h ah b h/a/b’ —_ gRa/c/b’d’U o

1 ’ o
+ ZRa’C’b’d"E’Uc O'd O'6 + 0(64):| (54)

and

’ ’ 1 ’ ’
Aa = haa |:Aa/ - Aa’\c’ac + 5"40/|c/d’0'c Ud + 0(63):| )

(5.5)
in which o4, := D,0p and h“(; is the operator of parallel
transport in the three-dimensional space. From the first
equation we get,

1 ’ 4 1 ’ ! 4
V20' =3 - ch/d/O'C O'd + ZRc’d’\e’UC O'd o + 0(64),

and the second equation gives rise to >0
A o = —AC/UCI + Acf|dzaclad,

~ SAcaeo oo 1O (5)

because h“;ga = —o% Making use of the identity

ac;aa = 0 we also find that
00, Wy = WC%C’ + chd/ac,acl
1 / ’ !
+ 5ng,e,ac o o® +0(eh). (5.8)

Making the substitutions within Eq. (53]) and equating
each expansion coefficient to zero, we eventually arrive
at

1
WY = 5 Aa, (5.9a)
WO, =14 +1A A +1R (5.9b)
a/b/ - 2 al|bl 4 a/ b/ 6 a{lbl7 .
1

3 1
W(S’b’c’ - _A(a/‘b/cl) — ZA(a’Ab’|c’) + gAa’Ab’Ac’

2

1 1

~ At Ry oy — =Rigrpr o) - 5.9
+ 7A@ Byey = JRave (5.9¢)
It should be noted that since A, is the gradient of a
scalar function, A,y = A(arjpr)-

We next turn to Wi, which satisfies the differential
equation

200, W1+ (V2o + A%, — 1)W1 = —(V2Wo + A9, Wh).

(5.10)
The left-hand side of the equation is computed with the
same methods as for the previous computation. For the
right-hand side we make use of the results 0%, = §%, +
O(e?), 0% = —h% + O(¢?), and V2% = —%R“;,oc/ +
O(€?) to obtain

PN 2 ’ 1yt ’
V2Wo = h* P W0, + (—gwg @, +h? ng,c,>ac

+O(€?) (5.11)

and

A9, Wo = =AY W0 — (A W0, —WE A" )0 +0(e).

(5.12)
Making the substitutions within Eq. (&I0), equating
each expansion coefficient to zero, and simplifying the

results with Eq. (59), we eventually arrive at

1, 1 1
Wl=-A%  +-A% A, — —R/, 5.13
1A% + 3 D (5.13a)
1 ’ 1 / 1 4
1 c c c
Wa/ - _gA [¢'a” ™ §A Ac/|a/ + §A ‘C/Aa/
A ay - LRA, ¢ AR (5.13b)
16 T T gyt e T gy a9

in which R’ stands for the Ricci scalar evaluated at
x’. The expression for W), was simplified by invoking

the contracted Bianchi identity R¢ = %R‘a/ as well

a’|ce!

as Ricci’s identity to write A4 <+ Ac‘/a,cl + A°

a’ ¢

lc'a! =
3Ac‘/c,a, + 2Ra/c/Acl; recall that A, = A, because
A is the gradient of a scalar function.

The local expansion of the Green’s function is therefore

) 1 7 1 ’ /
Gl;,local(w,w') — _20{1 + W(S/O'a + EWS/Z)/U(I o

1 roar
+ EWU(,)IZ)/C'UG Ub foa + 0(64)

+ 20 [Wl +Who + 0(62):|

+ 0(02)}, (5.14)

with the expansion coefficients listed in Egs. (B9) and

G.I3).

B. Electromagnetic field

We wish to express the three-dimensional Green’s func-
tion GH(z, 2’) as a local expansion about the base point
x’. Once more we rely on the results from the scalar
case, which we directly import after implementing the
substitution A% — —A%.

The local expansion of the electromagnetic Green’s
function is

) 1 ’ 1 ’ /
Gg,local(w, .’I:,) _ 20{1 + W(?,Ua + Englaa ol
1
6
+20 (W + Who +0(e)]

+0(02)},

’ / /
+ Wy o’ o€ 4+ O(eh)

(5.15)



with VI. LOCAL EXPANSION IN CONFORMAL
FORMULATION

A. Scalar field

1
WS = ——Ay, (5.16a) The local expansion of Eq. (GI4) applies to the

1 2 1 1 Hadamard representation of the Green’s function
§Aa/‘b/ + ZAa/Ab/ + ER‘“"’ (5.16b)  G3(z, ") defined by Eq. B.I0), but it applies just as well

. 1 to the conformally related Green’s function Gs(x, ") de-
Wa’b’c’ = -

3 1
§A(a,‘b/cl) — ZA(G/AI,/‘C/) - gAa/Ab/Ac/ fined by Eq. (8I3)); in this case one simply inserts the

Wa?/ b =

1 1 CPDformally related quantities (such as fla,, &a,, and
- ZA(a/Rb’c/) - ZR(a/b’|c/) (5.16¢) Ra//b/) in place of the original quantities (such as A“/,
o”, and Ryp). As we shall now show, the expansions
are then related by Eq. (317),

| é;l,local(w7 w/) _ Q(w/)Gyg,local(w7 w/)7 (61)
an
a conclusion that guarantees the consistency of the two
approaches to the local expansion. Thus, a local expan-
sion formulated in the original space, and a local ex-
pansion formulated in the conformally related space, will
wl = _lAa(a/ + lA“/Aa/ — iR’, (5.17a)  produce the same Green’s function, apart from the fac-
4 8 12 tor of Q () that appears in the relationship between the
Wl — 1 A¢ 1 A, Green’s functions.
¢ 8 . . . This conclusion can be verified by straightforward com-
_ oAl Lo 4 putation, making use of the well-known relations between
16A Acda + 24R Aw + 24R|a/' (5.17b) conformally related quantities. These include

’ ’

< 1 c
lc’a’ — gA Ac’|a/ + gA le/

A, = A, + By, (6.2a)

hav = Q" *hap, (6.2b)

49, =T9%. +06%B, + 6% By — hy. B, (6.2c)
R% ., = R%.; + 6% DyBy — 6%D.By — hyeDgB® + hygD.B® + 6% By By — 6%, B}, B.

— 6% Mg By B™ + 6% hye By B™ — hye B* By + hpa B* B, (6.2d)

Ray, = Rap + Do By + hay Dy B™ + BBy — hay By B™, (6.2¢)

R=0? (R + 4D, B™ — 2BmBm), (6.2f)

D.Ray = DeRap + DeDoBy + hay De Dy B™ + 2(BoDy B, + BeDoBy + ByD.:B,)
— (haeB™ DBy 4 hye B™ Dy By + 2hay B" Dy Be) + 2hay B Dy, B™
+2RapBe + RaeBy + RoeBa — hacRym B™ — hye Ram B™ + 4B, By B
— (haeBb + hyeBa + 2hap Be) By B™, (6.2g)

D.R =02 (DaR +4D,Dy B™ — 4B™ Do By, + 8B,Dy B™ + 2RB, — 4BaBmBm), (6.2h)

in which B, := 9,1n, and where all indices on the right-hand side are raised with 2. They include also
1

7 ’ 1 ’ roar 1 ’ rogr ’ ’ rogr o
Ua = Ua + gsab/c/o'a O'b Uc + gsab/c/d/o'a Ub Uc O'd + ﬂsab/c/d/e/o'a O'b O'c Ud Ue +O(€6), (63)

an expansion of 5% = oY Dy in powers of 0% = h?Y Dy o, in which & is half the geodetic separation in the
conformally related space. The expansion coefficients are given by M]

5%, , = 26% Be — hyo B, (6.4a)



5%, sy = —26% Do By + hyyer Dy BY + 46%, By By — 6% bt gt By B™
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" — 29y B” By, (6.4b)

S%, vyrer = 26% Do D' Ber — hyo Dy Der B — 126%, By Dy Ber + 4hiy e By Doy B + 46%  heray B™ Do By

— hiyerhares B™ Dy BY + 2hyo BY Dy Bor + 88%, Bos By Ber — 46%,
— 4hb/c/Bd/Be/Ba/ + hblc/hd/e/Bm/Bm/Ba/ — hb/C/Ra;/m/e/Bm/,

he' @ Be By B™
(6.4c)

in which the lower indices b'c’, or b'c’d’, or b/c’d’e’ are understood to be fully symmetrized on the right-hand side of

the equations. These relations imply
o(x,x’) = Q% (a))o(x, z’
with

Pa':Ba/;

2 4
Pa/ ;= ——Da/B / —Ba/B/
b 3 v+ 3 b

1 1 /
Pa’b’c’ = §Da’Db’BC’ — 3Ba’Db’BC’ + ihu/b’Bm Dc’Bm’ + 2Ba/Bb/Bc/

’ 1 ’ / 1 ’ / ’
V|14 Pyo® + EPa/b/oa o’ + EPa/b/c/oa oo + O(eh|,

1 /
- _hu/ ’Bm’Bm y
6 b

(6.5)

(6.6a)
(6.6b)

1 /
— iha’b’Bc’Bm’Bm 5 (66C)

with the same understanding regarding the a’d’ or a’t’c’ indices on the right-hand side.

To verify that Eq. (6]) holds, we begin with the con-
formal formulation of Eq. (&I4), in which we make the
substitutions listed above. Simplifying, and keeping all
expansions accurate through order €3, reveals that in-
deed, the end result is Eq. (5I4) formulated in the orig-
inal space, except for the overall factor of Q(x’) that
occurs in Eq. ([@I). Consistency of the local expansions
is therefore assured.

It is natural to ask whether the validity of Eq. (6]
could be established as an exact relation, instead of as
an approximate local expansion pursued through order

3. Defining a W(w 2’) by the relation

W(z,x'): U W:I::I:

the proof would amount to a demonstration that this W
is suitable to be implicated in a Hadamard construction
of the conformal Green’s function via G? = W/\/%
The proof would involve three essential steps. First,
the function W, as defined here, must be shown to sat-
isfy the same differential equation as Eq. (@3] expressed
in its conformal formulation; this property follows di-
rectly from the fact that W = V26 G5, in which the
two-point function Gs = Q(z’)GY is known to satisfy
Eq. 313), the conformal formulation of Green’s equa-
tion. (The issue at stake is whether this G, which is
defined as W / V25, is a proper Hadamard representation
of the conformal Green’s function.) Second, W must be
shown to satisfy the boundary condition of Eq. (£4); this
property follows immediately from the coincidence limit
of Eq. (@A) and the fact that W itself satisfies the bound-
ary condition. Third, W must be shown to be smooth at
x = x’, by which we mean that the function must be
C> when viewed as a function of & with =’ fixed; this

(6.7)

property ensures that W admits an expansion in pow-
ers of & as displayed in Eq. (@3), which is known to
be convergent and unique. The expansion being unique,
smoothness ensures that the Hadamard construction

W(:c,:c')

éH ’ A
3 (@) 20(xz,x’")

(6.8)
gives rise to a Green’s function that satisfies Eq. (6.1))
exactly. ~

Evidence that W is smooth through order € was pre-
sented in the context of the local expansion. Because W
is known to be smooth, smoothness of W to all orders
relies on the smoothness of /0, which can only be as-
sured if the series expansion of Eq. (@A) can be proved
to converge. In the absence of such a proof, we shall
have to give the exact version of Eq. (6.I) the status of
a plausible, but unproved, conjecture.

B. Electromagnetic field

In Sec.[VTAlwe were able to establish that in the case of
a scalar field, a local expansion of the Hadamard Green’s
function formulated in the original space, and a local ex-
pansion formulated in the conformally related space, pro-
duce the same Green’s function, apart from the factor of
Q(a’) that appears in Eq. 840). In addition, we formu-
lated a conjecture to the effect that the two Hadamard
forms may be related by

GH(x,x") = Q)G (z, x") (6.9)

as a matter of exact identity. The methods of Sec. VT Al
allow us to make the same statements regarding the elec-
tromagnetic Green’s function. The required computa-
tions are almost identical, and all the relevant equations



can be obtained from the scalar case by making the sub-
stitution A% — — A%,

VII. DETWEILER-WHITING CONSTRUCTION

A. Scalar field

In this section we construct the three-dimensional ver-
sion of the Detweiler-Whiting singular Green’s function
for a static scalar field in a static spacetime. By virtue
of Eq. (B18)), this can be related to the four-dimensional
version of Eq. (L)) by

GS(x, z) ::/GZ(I,Z) dr (7.1)

in which 7 is proper time for an observer at rest at the
spatial position z. The integral can be evaluated with
the techniques described in Sec. 17.2 of Ref. [1], and we
have that

1
C3(2,®) = 5-Ulw, ') + 5—U(w,2")

Tadv

1 v
—5/ V(x, z)dr,

in which 2’ := z(u) is the retarded point on the (static)
world line, ' := z(v) is the advanced point, 7 := oo u®
is the retarded distance, raqy = —aanuo‘” is the ad-
vanced distance, and U(x,z) and V(x,z) are the two-
point functions that appear in the construction of the
four-dimensional Green’s function.

To calculate G§ we follow the methods of Haas and
Poisson (HP) [32], wherein the retarded and advanced
points are related to a middle point Z on the world line.

(7.2)

G = aagudug +oza®
1 1
_Rua'ua T0

3 * 1

7= aagﬁuduﬁuﬁ + 3Ud5u‘j‘a6 + 050"

=—1—

1 _
ZRuUua’;u - Rua’aa’ + U&da + 0(63)5

o = R BuTud + 0535 (5u5‘a3u"7 + u@u'éaﬁ) + 0453 (3aé‘a6 + 4u5‘dB) + oaad”

a? + 05i® + O(e?),

= Ruaua’ -

2Ru0ua;0' + O—&G& + 0(64)7

11

But while Z was chosen arbitrarily in HP, here we specif-
ically choose T to be simultaneous with x, so that z and
x have the same time coordinate. This condition implies

that 7 := o5 (x,Z)u® = 0.
Following HP we define the world-line functions

o(r) = o(z,2(7)), (7.3a)
U(r) :==U(z, 2(1)), (7.3b)
V(7)== V(z,2(7)), (7.3¢)

in which z is kept fixed. These functions will all be ex-
pressed as Taylor expansions about 7 = 7, with 7 defined
by Z := z(7). We also define
0a05 = 20(x, ), (7.4)
the squared geodesic distance between = and z. Notice
that » = J(u) and 750y = —d(v), in which an overdot
indicates differentiation with respect to 7. We define
A_i=u—T, Ay i=v—T, (7.5)
with A_ < 0 and A} > 0; these parameters are collec-
tively denoted A.

The A parameters are determined by writing o(u) =0
or o(v) =0 as a Taylor expansion about 7:

1 1 1
0=0+cA+ §&A2 + E&'Af” + ﬂa“)&

IOy O(e%),

120 (7.6)

in which o and its derivatives are evaluated at 7 = 7.
This equation is then solved for A. The derivatives of
o(7) are given by

(7.7d)

(7.7¢)

o®) = oétgwgué‘uﬁu:yugu€ + 0435 (aduﬁuﬁus + 6ualuu’ + 2uuf U’ + uduﬁuﬁa‘i)

+ 045y (8ada5u7 +6ua’a’ + a®uPa’ + 9uaPul + uduﬁéﬁ) + 045 (lOaé‘aB + 5u5‘d6) + 050"

= —baga® + O(e).

(7.76)



These results rely on the standard expansion

] 1 -
Oap (z,7) 9aB — ngﬂBDUHU
1 -
- ERWEXUMJVUA +0(eh, (7.8

which can be differentiated with respect to Z to produce
expansions for 0,35 and so on. We use the HP notation
for the components of the Riemann tensor; for example
Ruouo = R@ﬂlgﬁuaaﬁuﬂo’j, Ruvas = R@ﬁggué‘oﬂaﬁo’j,

and Ryouyo;u = RaﬁBD;;u@aﬁuﬁaDux. We have defined

_Du”
T odr

Iz g
g Da . Da
M ) M )
dr dr

at (7.9)

and so on, and used the identities u,a" = 0, u,a" =
—a? = ayat, and u,dt = —3a,a".
Substitution of these expansions within Eq. (Z6) and

solving for A returns an expansion of the form

A = Alﬁ =+ A262 + A363 + A4€4 + 0(65). (710)
The explicit expressions for Ay, Ao, Ag, and Ay are too
large to be displayed here, but we may mention that
Al =sand A} = —s.

With A determined, r and r.q, can be calculated as
Taylor expansions. Since r = ¢(u) and rngy = —6(v), we
have that

1 1 1
r=G6A_ + QUA% + _0-(4)A?i + ﬂ0.(5)A££

6
+0(e), (7.11a)

1

1
60(4)Ai - —0(5)Ai

. 1..
TadV:—UA+—§O'A?,’_— 24

+ O(€). (7.11b)
At leading order 7 = s+ O(e?) and 7,4y = s+ O(€?), but
the complete expansions for »—! and ra_dlv are too large
to be displayed here.

Expressions for U(z,z') and U(x,z”) are obtained in
a similar way. We write

Ulz,2') =U+UA_ + %UA% + %U’A’i

+ O(e*), (7.12a)
Uz, 2")=U+UAy + %UAi + %UAi
+ O(e*), (7.12b)

in which U(7) and its derivatives are evaluated at 7 = 7.
These quantities are given by

U=1+ 1—12300 - ing +O(e"), (7.13a)
U = U;@Ua
1 1 1 ,
= gRuU + ﬂRUU;u - ERug;a’ + O(E ), (713b)

U= U;dBu@uB + U.qa®
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1

1 1 1
- gRuu + gRaa + gRud;u - ERuu;U
+ O(€?), (7.13¢)
U= U;@Bﬁufuéuﬁ + 3U;5¢Ba6‘u6 +U.ga®
1 1
= §Rau + ZRuuxu + O(E) (713d)

To evaluate the tail integral we expand V(1) as V(T)+
(1 —7)V(7) + O(e?) and integrate with respect to T be-
tween u =7+ A_ and v = 7+ A4. The result is

/v V(z,2)dr = V(AL —A_) + %V(Ai —A?)
+ O(€*), (7.14)

in which V := V(z,Z) and V= V.au®. These are given
by the expansions

1 - 1 & 9
V = ER — ﬂR;@O’ + 0(6 ), (715)
and
) 1 _
V = —Rau® + O(e). (7.16)

24
To obtain Eq. (ZI5]) we rely on standard expansion tech-
niques. The two-point function is required to satisfy the
wave equation OV = 0 as well as the light-cone equation

Viao® + 5(0 L —2)V = §DU, (7.17)
which is evaluated at o(xz,Z) = 0. The solution is ex-
pressed as an expansion

Viz,z) =Y Vulx,z)o", (7.18)
n=0

and the wave equation gives rise to a sequence of equa-
tions which determine V;, from V,,_1; the light-cone equa-
tion determines Vy. Because o = O(€?), V = Vj to order
€, and this can be obtained by inserting the expansion
V=V"4+V2% + 0(?) (7.19)
within the light-cone equation. We use the fact that
0% = 4+ O(€?), and to compute U we start with

[e3

Eq. (ZI3DL) and rely on the expansions

0% = —g% +O(e?), ga‘a;ﬁ = O(e); (7.20)
we eventually arrive at
1- 1 .
OU = —R — ~R.z0% + O(€%). (7.21)

6 6

The end result of the computation is Eq. (ZI5).
Putting all the ingredients together, we eventually ar-
rive at the following expansion for G%:

1 - 1 -
G3(w,Z) = 5{1 +4g0% + 57/1275‘70“75



1/;an YoPoT + O(e*)
1+ 52 [1/;1 +YPro® + 0(62)} } (7.22)
with
o 1
§ = 3%, (7.23a)
3 1 1 &
ap = 79093 T g Rap = 30 W Ryaps,  (7.23D)
0 15 Ho v 1
w@B’V = §aaaBaV 2aau U RﬂBf,:Y + 4“5‘RBW
1 .5 1
+ U Ranps — 7 Ragy (7.23¢)
and
1 . 1 25 I -
W= —ga“ap + Euuu Ruy — ER’ (7.24a)
Vg =— 5aaa —i—la —i—lau“u”Rf— Ras
a7 Tpt Mt T ghe T gle T e
—_ 1 1 o
+ gu“a u’\Rﬁf,;\@ + ECLHR** + Eu”u Rapw
1 1
I 5o 7 > S _ _
Yl Rup.a + 24R (7.24b)

The actual expression for 1/)2 3y is obtained from what ap-

pears above by symmetrizing over all three indices; this
operation was suppressed to keep the notation unclut-
tered.

Noting that the vector o® has a vanishing time com-
ponent when x and z are simultaneous events, we may

re-express Eq. (C22) as
G5 (x, 7) = > {1 + %% + ¢0ba o
+ 1/)abcaaabac + O(e*)
+ 82 [1/)1 ot 4 0(62)} } (7.25)

And with the results derived in Sec. [Il the expansion
coefficients become

1

wg — 514(,“ (7263.)
o 1 1 1
ab = ——A(—lu’, + ZAEAB + gRﬁBa (7-26b)
3 1
abe = A<a|bc 1@ + gAadp e
1
+ ZA(aRBa) = 7@l (7.26¢)
and
1 - 1 - 1 -
1 _ - a TAG A .
ph= A% + gA" A 12R, (7.27a)

EES —%A lca — ACAC|a + AC‘CA + 6A6A6Aa
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1 _
LA+ Lr,

a1 T e
Comparing Eq. (Z26) with (59), and Eq. (Z27) with
(5I13), we observe that the expansion coefficients of G3
and GY are in precise agreement. This allows us to con-
clude that

(7.27b)

GS(x, &) = GY(x, %) + O(e%) (7.28)

for a static spacetime.

B. Electromagnetic field

We next turn to the three-dimensional version of the
Detweiler-Whiting singular Green’s function for a static
electromagnetic field in a static spacetime. By virtue of
Eq. (344), we have that the vector potential of a point
charge e situated at z is given by

3 (x) = —eN(2)G5(x, 2), (7.29)

with G3(z, 2) denoting the three-dimensional version of
the Detweiler-Whiting electromagnetic Green’s function.
And according to Sec. 18.2 of Ref. @], we have that the
vector potential is given

& ’
B(2) = Uy (o2 + 2
aav

e

_5/ Vap(z, z)ut dr,

in which Uqa,(z, 2), Vapu(z, 2) are the two-point functions
that appear in the construction of the four-dimensional
Green’s function.

To calculate ®7 and obtain G3 we once more follow the
methods of Haas and Poisson (HP) [32], as outlined in
the scalar case. We thus define the world-line functions

5//

Uapr (z, 2" )u

(7.30)

o(r) == o(z,2(7)), (7.31a)
Ua(7) := Uap(z, 2(7))u# (1), (7.31b)
Vo 1) = Vo (2, 2(7))u (1), (7.31c)

in which z is kept fixed. These functions are all scalars
with respect to their dependence upon z(7). As in the
scalar case they are expressed as Taylor expansions about
7 =T, at which z = Z, and the results are converted into
explicit expressions for r, raqv, Ua,@/uﬁ,, Uaﬁuuﬁ”, and
the tail integral. The results for r and r,q, appear in
Eq. (TI1).

To compute Uaﬂ/uﬁ/ and Uagnu'@” we write

Unprti? = Uy + Us A + UA2+6U A3
+O0(e*), (7.32a)
" . 1 . 1
Uaﬁlluﬁ = Ua + UQA+ + §U0¢A%’_ + EUQA?F
+ O(eh), (7.32b)

in which U, (7) and its derivatives are evaluated at 7 = 7.
These quantities are given by



Uy = a&u&
1
24

= Jaall (1 =+ Rg’g’ — Rao;a + 0(64))7

Ua U,a Buu —I—Uaaa

1 = ~(1 1
= YJaa |: Rauua - _Rauua;cr +u® (gRua + _Raa;u -

6
U,=U

a®; By

= Yaa Rauua’u _Rauacr Raaua’ “ _Ruu _Rua“u_
g { +5 + +u (6 + 5 Ruo,

/1 _
+a” (ng) +a® + 0(52)} ,

U,=U

The expansions involve components of the Riemann ten-

sor such as R%, = R® ﬁ,u“uﬁa and components of

the Ricci tensor such as Ryp := R550° a8 They involve
also g% (z,Z), the parallel propagator from Z to z. To
arrive at these results we rely on the expansion of the
two-point function U%(z, Z) given by

1 o
U%—g%(”ﬁRM“ff” Rppao’o”o +O(€3)>;

(7.34)
this is derived, for example, in Appendix B of Ref. ﬂﬁ]
Another useful expansion is

Y

oo’ +0(e®) ).

(7.35)

These are differentiated repeatedly with respect to T,

and the results are inserted within the expressions for
U, and its derivatives.

To evaluate the tail integral we expand V,(7) as

Vo (7) + (T — 7)Va(7) + O(€?) and integrate with respect

to 7 between u = 7+ A_ and v = 7+ A;. The result is

1 - . 1 =
a o« Yo n_ ZpY
ga;ﬁ_97<2Ray GR&Bﬁ

N

v 1 .
/ Vot dr = V(A = A1)+ 2Va(A] — A2)

+ O(€*), (7.36)

in which V,, = Vogu® and V,, = O@Bué‘ug + Vaaa®. To
compute these quantities we rely on the expansion

1/ -~ 1.
Ve =g |—=( Ry — =0R RVl
(0% g’y|: 2< (6% 6 (6% )+12 O‘N/B

1/ - R
+7 <RVM — 657“3;5)”5 + 0(62)} ., (7.37)

u®uPul —l—Uaa,@(u a’ + 2a%u )—l—Uaaa
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(7.33a)
Lp +a® 1+iR + O(€%) (7.33b)
12 U0 ;0 a 12 oo € ) .
1 1
ERuu;o + 6R¢w'>
(7.33¢)

a@.Bﬁgu wPulu? + U, ,BV(?)(L WPul + 2u%aPu + utu (ﬁ) +Uaaﬂ(3ao‘a6+3ao‘u'@+u a )—i—Uaaa

_ /1 _
= Jaa |: Rauau u® (ERGU + ZRuu,u) + a® <§Ruu) + a® + O(E):| .

(7.33d)
[
which leads to
Vo = Goa | — Ra+1R +1R°’“ i
a = Jaa 4 12 ujLo
a 1 2
+u <ER 7 +OC(e )} (7.38a)
1 4 1 1
_ _ - pa - pa B~ pa
Va—gaa[ 4R wu T 12Ru,uu 2Ra
+ L oR + ! *R+0(e) (7.38b)
94" T T 1 ‘ '
Here we make use of the notation R%, := R‘S‘Bag, RS, =
R 3 uPo7, and Ro‘wu’” = R®.__# 4Py, In addition, R
5 By B R
is the Ricci scalar evaluated at z, and R, := R;Buﬁ.

To obtain Eq. ((317) we rely on standard expansion
techniques. The two-point function is required to satisfy
the wave equation

OVe —R%VE =0 (7.39)

as well as the light-cone equation
(D U<%

(0% 1 (7
Ve g0 + 5(0% — 2V LU, (7.40)

N)I)—l

which is evaluated at o(x,Z) = 0. The solution is ex-
pressed as the expansion

)= Vi(r,z)o", (7.41)
n=0

and the wave equation gives rise to a sequence of equa-
tions which determine V% (z,Z) from V¢ ,4; the light-
cone equation determines VOa Because 0 = O(e?),



V¢ = Vyi to order €, and this can be obtained by in-
serting the expansion

v AV+AV55+0@ﬂ}

a

(7.42)

within the light-cone equation. We use the fact that
o'gﬁ = 4+ O(€?) and to compute (U, we rely on the
expansion
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we eventually arrive at

aueg = g% T RW@;}D’M o’ +0(e%)|.

(7.44)

57 R——(W R
5 ;

The end result is Eq. (T31).
Putting all the ingredients together, we eventually ar-
rive at the following expansion for ®3 (z):

<b2<x>=§ga<x,x>{¢§+¢ 0%+ 28,5070

+ ¢>\a670 o UV—FO( 4

2[ 1 1 _a 2
5 [1 1 - i +s [¢;\+¢fo + O(e )}}7 (7.45)
o _ o B | I pY ST > A v a
gd;ﬁ_g"ygﬁ 2R @Bﬂa 3R aBi; o +O( ) )
(7.43) with
|
0o _ . _
X TN (7.46a)
1
Ra = 5Uxda; (7.46D)
3 1 145
()J\@B = uj (Zaaaﬂ + ER@B gu“u Ruauﬂ)? (746C)
15 3 o 1 1 1
0 - _ v _ v _ _ _
¢5‘@B’7 = Uy (gaaaﬁafy iaauuu RﬂBf/’? + Zu“u Rﬂ&f/ﬁ,fy + Za@Rﬂry — ZRO‘IBVY> (746d)
and
1 . 1 . 1 - 1 1 -
%\ = Uy ( — ga#aﬁ + EU#UUR[“; ER) + 5@5\ + §U#R;\H’ (747&)
5 1 1 o 1 - 1 .5 5 _
Ao = “( 1_6““%% + 8%‘ + SGaU”U Rpup — ﬂRaa + gu“a u” Rpppa + Ea“Rga
1 45 1 .5 1 1 1 3 1
g0 o = o s + gy ) + (s + G Ras ) + G+ G0 s
1 5 & 1 2o s 1 1 1.

+ iu”a“R;\ﬁf,@ + gu“u”u”R;\ﬂm;ﬁ 12u“V”R,\W,a + 7Y PRxpa6 — 4u“R;\ﬁ;a (7.47b)

The actual expression for ¢(§\@ 5 is obtained from what
appears above by symmetrizing over the last three in-
dices; this operation was suppressed to keep the notation
uncluttered.

From Eq. m we wish to obtain a more explicit ex-
pression for ®7, and this requires a computation of the
operator of parallel transport. Our considerations near
Eq. [Z3) imply that its components are given by

(7.48)

in which A% is the operator of parallel transport in the
three- dlmenswnal space; the mixed components gt and
g% vanish. Noting that the vector o” has a vanishing

time component when x and Z are simultaneous events,
and making use of the results derived in Sec. [l we may

re-express Eq. (C40) as

] -
@ts(w) = —EN(w){l + ¢20“ + E(bggaaab

+ %w i500% 4 O(e?)
—mﬂ&+@ﬂ+0@ﬂ} (7.49)
with
v — 1Aﬁ, (7.50a)



1 1 1
(bgg = _§A6|E —|— ZA@AB + EREE, (750b)
1 3 1
0 _ _ _ _
Pase = 3Aa@lhe) — 7A@ + gAadsAe
1 1
+ ZA(@REE) — ZR(FIE“E) (750C)
and
1 . 1 . 1 -
ot = ——A‘K + —A“Aa - ER, (7.51a)
1 ~ 1
1~ ge ACA AC Az + —AAA;
d)a ] lea cla |e + 16
— ﬂRA& + 24R|a (751b)

From Eq. ([29) and (Z49) we see that the
three-dimensional Green’s function involves the ratio

N(x)/N(Z). This can be expressed as an expansion
about * = & by making use of the generalized Taylor
series

| o
N(z) = N(Z) — Njgo" + 51\]‘650“& -
+0(e),

6N|6550ﬁ0’506
(7.52)

which leads to

N(x) .1 s
N(i) =1- A&U + E(A(—l“; + A(IAB)O' o
1 a b_¢c
- 6 (Aa\bc + 345 Ab‘c + Az AbAE)O' O'bO'
+0(e"). (7.53)
With this we finally arrive at
Gg(wv x) = 1{1+¢0 a4 woba o’
+ wabc BUE + 0(64)
+5° [wl + 4707 + 0(62)} } (7.54)
with
0 1
a = —g34a (7.55a)
1 1 1
25 = §A* b+ —AaAE + ER‘%’ (7.55Db)
3 1
1ngbc A(a|bc - ZA(Z;AHE) - gAﬁAEAE
1 1
- ZA(aRBa) - ZR(EB\E)' (7.55¢)
and
1 1 g a 1 -
V=7 A% + g A Az — 12R (7.56a)
1 1
1_ z : -
wa - gA lea — A Ac|a + = A |cA EA A@Aa
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1 _
+ _RA§+ Rla

5 5 (7.56b)

We notice that the expansion coefficients can be obtained
from Eqs. (26) and (C27) by making the replacement
A, — —A,; this was expected since Eq. (8:38]) for the
electromagnetic Green’s function differs from Eq. (3.10)
for the scalar Green’s function by the sign of A%.
A comparison between Eq. (C54)) and Eq. (515) allows
us to conclude that
G3(z, %)

= GH(x,Z) + O() (7.57)

for a static charge in a static spacetime.

VIII. EQUALITY OF G5 AND GY: A

CONJECTURE
A. Scalar field

The result of Eq. (28) suggests that the equality
between the Hadamard and singular Green’s functions
might be exact, holding to all orders in €. We re-express

Eq. (T2) as

G(w.3) = L W(@. ) 1)
with
Wo(e,2) = 3| 2U(e0) + 20 ")
= /uv V(x,2(7)) dT} , (8.2)

and conjecture that WS = WH, where W is the two-
point function introduced in Eq. ([@2). We recall that
s? := 20(x,7) is the squared geodesic distance between
2 and the simultaneous event Z, 2’ := z(u) is the re-
tarded point on the (static) world line, 2’ := z(v) is
the advanced point, r := oau® is the retarded distance,
is the advanced distance, and U(z, z),
V(z,z) are the two-point functions that appear in the
construction of the four-dimensional Green’s function.
As in Sec. [VTAl above, a proof of equality would in-
volve three essential steps. First, the function W° must
be shown to satisfy the same differential equation as WH,
as displayed in Eq. [3)); this property follows immedi-
ately from the fact that G3 is known to satisfy Eq. (B.10),
just like G%. Second, W*° must be shown to satisfy the
boundary condition of Eq. (£4); this property was estab-
lished previously and can be seen directly from Eq. (Z.25]).
Third, the function W3 must be shown to be smooth at
x = &, by which we mean that the function must be C*°
when viewed as a function of « with & fixed; this property
ensures that W° admits an expansion in powers of o as
displayed in Eq. ([@3]), which is known to be convergent
and unique. The expansion being unique, smoothness

"
Tady = —Oanu®



therefore ensures that W° = WH. Evidence that W is
smooth to order €* is provided by Eq. (Z:25)).

Of the ingredients involved in the make-up of W3, the
two-point functions U(z, z) and V(z, z) are known to be
smooth, but s, r, raqyv, 4, and v are not. Nevertheless,
we conjecture that the combinations

s/r, S/ Tadv, s(v—u) (8.3)
are in fact smooth at @ = . The first two are directly
involved in Eq. (82), and the third one also is involved
by virtue of the mean-value theorem, which allows us to
write the integral as

s/v V(z,z)dr =V (x,z")s(v — u), (8.4)

with * = 2(7*) (u < 7 < v) representing a middle
point on the world line. Establishing that s/r, s/radv,
and s(v — u) are smooth is sufficient to prove that W
itself is smooth.

Some insight can be gained by examining these quan-
tities in Fermi normal coordinates (¢, z%) attached to the
static world line. With results collected from Sec. 11 of
Ref. [1], we have that

s =/ daprab, (8.5a)
1 1
r=s [1 + 5(1,1:6“ - g(aagc“)2 - gatﬁ
1
+ gRtatbﬂfaxb + 0(53)] : (8.5b)
Tadv =T + 0(54), (85C)
1 1
u=t—s {1 - iaaa:a + g(aaxa)z + ﬂatﬁ
1
- gRtatbxaxb + 0(53)] , (8.5d)

1 3 1
v=t+s [1 - 5%:6“ + g(aax“)2 + —as°

- lltztatbﬂﬁaﬂﬁb + 0(33)] , (8.5¢)

6
in which ag, a;, and Ry, respectively represent compo-
nents of the acceleration vector, its covariant derivative,
and the Riemann tensor evaluated on the static world
line, at which % = 0; terms involving a, were discarded
because these components vanish for a static world line
in a static spacetime. These results reveal that s, r, 7aqv,
u, and v are indeed not smooth at z* = 0. But they do
show that r/s, raqv/s, and

1, 3, .2 1.
s(v—u):2321—§aa:v +§(aa:v)+ﬂats2

1
— ZRiampx®a’ + 0(33)

. (8.6)

are smooth to leading orders in an expansion in powers
of z¢.
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We now proceed with a sketch of what might consti-
tute a general proof. The method of proof relies on formal
power series, which are all assumed to converge in a suf-
ficiently small domain. This rather strong assumption is
the main limitation of our argument, and the reason why
we present it as a conjecture and not a proof. It would
be desirable to either establish the convergence property,
or to devise an alternative method of proof. This shall
be left for future work.

We return to Eq. (Z8) and observe that the odd terms
in the expansion vanish by time-reversal invariance: &,
g, and all other odd derivatives of o(7) must vanish
on a static world line in a static spacetime. We recall
that o(7) := o(z, z(7)) with x fixed, and state that each
derivative of o(7) is smooth at x = Z. Equation (7.0
can therefore be written as

52 = A? an(A2)", (8.7a)
n=0
Dn = #(—0(2""'2)) (8.7b)
" (2n 4 2)! ’

in which a bracketed number attached to ¢ indicates the
number of differentiations with respect to 7; each expan-
sion coefficient p, is smooth at * = . Time-reversal
invariance implies that Ay = +vA2 := +A, and the
expansions of Eq. (ZI1]) can be expressed as

T = Tadv = A Z Qn(A2)n7 (888“)
n=0
1
— _ (2n+2)
an : (2n + 1)'( g )7 (8.8b)

with ¢, smooth at * = . Combining these results, we
have that

C — M — E’ZO:O qn(AQ)n ) (89)
S5 VX aopa(A?)"

As stated previously, each sum in this expression is as-
sumed to converge for A2 sufficiently small.

We now wish to reverse the expansion of Eq. (8.
According to Sec. 3.6.25 of Ref. [34], if y = ax + ba? +
cxd + -+, then x = Ay + By? + Cy> + - - with aA =1,
a’B = —b, a°C = 2b® — ac, and an algorithm is known to
generate all remaining expansion coefficients. The power
series can thus be reversed when a # 0. In our case
a = po = —& is indeed nonzero, and a~! is smooth at
x = &. The reversed series can then be written as

A? =¢° Z an(s2)",
n=0

for some coefficients a,, that are known to be smooth at
x = Z. Because s? is itself smooth, the assumed conver-
gence of the sum for sufficiently small s? ensures that A2
is smooth at & = &. Making the substitution in Eq. (83]),
we find that r/s and r,qv/s can be expressed as

T Tadv Z;:O:O bn(s2)n

s V2o Cn (82"

(8.10)

(8.11)

S S



for some coefficients b,, and ¢,, that are smooth at x = Z.
This reveals that r/s and r.qy/s are smooth at ¢ = Z.
We next turn to s(v —u) = 2sA, which is given by

s(v—u) =8/ 0% jan(s?)"

and is also seen to be smooth at * = .

With the stated assumption on the convergence of for-
mal power series, we have shown that r/s, r.q4v/s, and
s(v — u) are all smooth at = Z. This implies that W
is smooth, and establishes the statement that G5 and GY
are strictly equal.

(8.12)

B. Electromagnetic field

The result of Eq. (57) suggests that the equality
between the Hadamard and singular Green’s functions
might also be exact in the case of the electromagnetic
field. A proof of this statement would involve the same
steps as in the scalar case, and the modifications required
for the electromagnetic Green’s functions are too modest
to merit a separate discussion. As in the scalar case, the
essential element is the proof s/r, $/radqy, and s(v — u)
are all smooth at @ = &. If this can be established, then
we can claim immediately that G§ and GY are indeed
equal to all orders.

IX. EQUALITY OF G5 AND G FOR
ULTRASTATIC SPACETIMES

A. Scalar field

In this section we return to the theme explored in
Sec. [VITTl and provide a complete proof of equality be-
tween the Hadamard construction G and the three-
dimensional version of the Detweiler-Whiting Green’s
function G in the case of ultrastatic spacetimes. These
spacetimes have the property that N = 1, so that their
metric is

ds® = —dt?® + hgydz®da®, (9.1)

a special case of Eq. (Z). The geometrical quantities
associated with ultrastatic spacetimes can be obtained
from the equations displayed in Sec. [l by setting A, :=
OuIn N = 0.

The geodesics of ultrastatic spacetimes are described
by the equation ¢(\) = t(0)+£(0)\, in which X is an affine
parameter and an overdot indicates differentiation with
respect to A, as well as the statement that 2%(\) describes
geodesics of the spatial metric hyp,. This implies that the
world function is necessarily given by

oz, 2') = —%(t VR fos(mal),  (92)
in which o3(x, ') is the three-dimensional version of the
world function, defined with respect to the spatial metric.
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The simplicity extends to the two-point function
U(z,2") that enters the Detweiler-Whiting construction.
We may show, in particular, that U has no dependence
on the time coordinates, so that

U=U(z,z). (9.3)

This statement is a consequence of the defining properties

of the two-point function (see Sec. 14.2 of Ref. [1]), that
it must satisfy the differential equation

20%0,U + (aa‘a - 4)U =0 (9.4)

in the ultrastatic spacetime, together with the coinci-

dence limit U(a2’,2’) = 1. With the stated properties of
the world function, this becomes

(t —t)0U + 050,U + %(agaa -3)U =0. (9.5)
The differential equation can be integrated along any
spacetime geodesic that originates at z’. We may, in par-
ticular, choose a time-directed geodesic with no spatial
displacement, such that t(A) = ¢ + X and z%()\) = 2%
For such a geodesic we have that ¢§ = 0 and o03%, =
o5%. (', 2") = 3, and the differential equation reduces to
(t = t)o,U = 0. This implies that the two-point func-
tion cannot depend on ¢, and since its dependence on ¢’
can only be through the combination ¢ — ¢/, it cannot
depend on t'. We have, therefore, established the stated
property.

The absence of a dependence upon t implies that the
two-point function satisfies the purely spatial differential
equation

1
050,U + = (03, — (9.6)

5 3)U =0

together with the boundary condition U(x’,z’) =
1. These are precisely the defining relations for the
Hadamard function Wy(x, '), as stated in Egs. (4.6]) and
7). We conclude, therefore, that
U(.’I}, .’13,) =Wy (.’1}, .’13,) (97)

for ultrastatic spacetimes.

Next we turn our attention to the two-point function
V(z,2"), and prove that it admits the expansion

V(z,2') = Z Vol(z,2")o", (9.8)
n=0

in which the coefficients V,, are smooth and time-
independent; the expansion involves the four-dimensional
world function, and it is known to converge within a suffi-
ciently small neighborhood of &’. The proof of the state-
ment relies on the recurrence relations satisfied by the
expansion coefficients @],

o0, Vo + l(oo‘a - 2)% = %DU

5 (9.9)

o=0



when n =0, and

1 1

%04V, + §(aaa +2n—2)V, = —5-0Vat (9.10)
n
when n > 0.

We begin with an examination of V5. In ultrastatic
spacetimes its differential equation becomes

1

(t =tV + 050,V + (a3 . — Vo = §V2U. (9.11)
Once more this equation can be integrated along any
spacetime geodesic that originates at x’, and once more
we choose a time-directed geodesic. In this case we have

1
(t =) Vo+ Vo = §V2U (9.12)

=T

1 4

, - 12R($ )7
in which R(«’) is the spatial Ricci scalar evaluated at @/,
obtained from the known expression for V2U evaluated
in the coincidence limit (see Sec. 14.2 of Ref. [1]). The
general solution to this equation is Vo = 15 R(x’) + c(t —
t')~! where ¢ is a constant, and we see that V; fails to
be smooth at x = 2’ unless ¢ = 0. We conclude that Vj
cannot depend on time.

Turning next to V,,, we proceed by induction. We as-
sume that V,_; is known to be time-independent, and
prove that V,, must in turn be time-independent. We
begin with the differential equation

1 1
(t—t’)atvn+agaavn+§(a3aa+2n—1)vn = —%VQVn,l,
(9.13)
which we integrate along a time-directed geodesic. The
equation reduces to
(t =)0V + (n+ 1)V,

1
- _%Vzvnfl ) (914)

r=x'

and we find that the general solution contains a term
c(t — ')~ (»+1) that fails to be smooth at x = 2’ unless
¢ = 0. This allows us to conclude that V,, cannot depend
on time, and we have established Eq. (9.8).

We may now demonstrate the equality of the Green’s
functions. The four-dimensional version of the Detweiler-
Whiting singular Green’s function is

S / 1 / 1 /

Gy (x,a") = §U(:v,:v )o(o) — §V(:v,:v )O(0), (9.15)
in which © is the Heaviside step function and § the
Dirac distribution. According to Eq. (318]), the three-
dimensional version is

G(z,x') = /Gi(m,x’) dt’

when N(z’) =
factorized as

a:—%(At—\/E)(AH\/E)

(9.16)

1. With U independent of time and o

(9.17)
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with At =t —t/, we find that the integral becomes

’ Vo3
63w,y = LZE) L [ v

) dAL.
20'3 2 —/T3

(9.18)

In this we insert Eq. (O.8]), integrate term by term using

NEEY 1\ [Vos "
/ o™ dAt = (—§> / (At2—203) dAt

—os o3
_ VAl D) o) s (9.19)
2"F(7’L + 5)

and simplify.  Our final expression for the singular
Green’s function is

G3(@, ") = WS(%,::,) (9.20)
with
WS(z,2') = U(w )
_Z 2111 i V-1 2")(203)". (9.21)

These equations reveal that G5 does admit a three-
dimensional Hadamard form, and that we may make the
identifications

We(z,2') = Uz, ') (9.22)
as in Eq. (@1), and
WS(z,a’) = — %v Lz, z). (9.23)

These coefficients satisfy the recursion relation of
Eq. ([@4]), as can be seen by invoking Eqgs. (@9) and
(@I0)), and are therefore the same coefficients that appear
in Eq. (@&3). The proof of equality between G3(z,x’)
and G (z,z’) in ultrastatic spacetimes is complete, and
the calculations have revealed the relationship between
U and Wy, and between V,, and W,,.

B. Electromagnetic field

The proof of equality between the Hadamard con-
struction GY and the three-dimensional version of the
Detweiler-Whiting Green’s function G35 for ultrastatic
spacetimes proceeds along the same lines as in the scalar
case. In fact, the calculational details are strlctly iden-
tlcal because the two-point functions U, ¢ (z,2') and
V.t ( x,2') that are involved in the relevant component
of the electromagnetic Green’s function,

Gstt/ (z,2")

Loy / Lo v /
= §Ut (x,x)&(o)—in (z,2")O(0), (9.24)



are strictly identical to their scalar counterparts: Utt/ =
U and V, = V. The first equality follows from the gen-
eral relation U,%" = g/’ U — see Eqs. (14.8) and (15.9)
in Ref. @ — together with the property that gt, =1 for
ultrastatic spacetunes The second equality follows from
the fact that if VB is expanded as

v =Yv,tem (9.25)
n=0

then the recursion relations satisfied by V, tt/ are strictly
identical to those satisfied by V,,. The results of
Sec. XAl therefore, allow us to state that for ultrastatic
spacetimes, G'J = G% in the electromagnetic case also.

X. SELF-FORCE IN SPHERICAL SPACETIMES
A. Scalar field

We consider the self-force acting on a static scalar
charge ¢ in a static and spherically-symmetric spacetime.
The metric is written as

ds* = —e*V dt?* + f~1dr? 4+ r?(d6? + sin® 0 d¢?), (10.1)
in which ¢ and f are functions of r. In this notation
N = e¥ and A, = ¢ is the only nonvanishing component
of the vector A4,. The potential ® generated by the point
scalar charge is a solution to

V20 + A%0,® = —4mqds(x, 2), (10.2)
which is obtained from Eqs. (32) and 3ZI)).

In order to integrate the field equation we decompose
the potential and source in spherical harmonics:

Qb) = Z(I)Em(’r)}/fm(ev(b) (103)
Im
and
1/2
63(x, z) = 22 §(r —ro Zygm 0o, ¢0)Yem (9, ¢),
O m
‘ (10.4)

in which (rg, 6o, ¢o) represent the spherical coordinates
of the particle’s position z, and fy := f(rg). With-
out loss of generality we may place the particle along
the polar axis = 0) and exploit the property
Yo (0 V( 2[ +1)/ 47T )om,0 of spherical-harmonic
functlons Substltutlon Wlthln the field equation then
produces

/
r2 &Y + (2 + if + 7 > r®), — @@0

[20+1 _
= —4mq i fo 1/2 5(r —ro),
s

(10.5)
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in which a prime indicates differentiation with respect to
r. The modes with m # 0 necessarily vanish.

The self-force acting on the scalar charge is given by
Fo = q(g*? + u*uP)Vz®R, in which &R := & — S is
the difference between the actual potential & and the
Detweiler-Whiting singular field ®°; the regular potential
is known to be smooth at = z. In a static situation
the self-force has a vanishing time component, and its
spatial components are given by F* = qh®9,®R. In a
spherically-symmetric spacetime the angular components
vanish, and the radial component is

"= qfoarq)R(,rDuHOa(bO)'

Recalling the spherical-harmonic decomposition of the
potential, we may express this as

(10.6)

(9,2%),

FT = qfp Iim Y [(&(I))e - (10.7)
¢

in which

4
), = Y By (r)Yem (6, 9)

m=—~{

(10.8)

are the multipole coefficients of 8,®, while (9,®%), are
those of the singular potential ®°. Recalling the relation
of Eq. (8:22)) between the potential and the scalar Green’s
function, we may write this in the form
r 2 : —1 _
Fr=q fomlgnzze:[q (0,@),

(aTag)l], (10.9)

in which G%(z, 2) is the three-dimensional version of the
Detweiler-Whiting singular Green’s function introduced
in Sec. VIT'Al

The limit in Eq. (I09) can be taken by setting r =
ro+ A, 0 =06y, & = ¢o, and letting A — 0 (from either
direction). With this choice, we shall show below that

Sy — 1
(0.G3), = A(t+3)+ B+ T+ 1)

+ 0, (10.10)

in which the regularization parameters A, B, C, and
D depend on rg but are independent of ¢; explicit ex-
pressions will be presented below. Inserting Eq. (I0I0)
within Eq. (I09) provides a practical method of com-
puting the self-force by means of a regularized mode sum
that converges to the correct answer. With the particle
placed on the polar axis (6p = 0), the multipole coeffi-
cients reduce to

(2041
(8’“(1))@ = dn (I)EO(TO +A).

To establish the relation of Eq. (I0I0) and calculate
the regularization parameters we follow the method de-
scribed in Sec. V of Haas and Poisson (HP) [32], which

(10.11)



we adapt to the situation at hand. In HP the motion of
the particle was geodesic and the spacetime was that of
a Schwarzschild black hole; here the particle is kept in
place in any static, spherically-symmetric spacetime. In
HP the motion was taking place in the equatorial plane,
and a transformation of the angular coordinates was im-
plemented to put the particle momentarily on the polar
axis; here the particle is kept on the axis at all times, and
the transformation is not required. Following Sec. III of
HP, the singular Green’s function of Eq. (ZZ0) is ex-
pressed as an expansion in powers of the coordinate dis-
placements w® := z® — 2%, in which & := z denotes
the particle’s position. As in Sec. V of HP we express
the angular separations w? and w? in terms of functions
Q@ := V1 —cosb, sin¢, and cos ¢ that are globally well-
defined on the sphere. In this case of static motion, the
squared-distance function introduced in Eq. (5.22) of HP
reduces to

PP = [ A2+ 202Q = 22 (5% + 1 —cosB),  (10.12)
where
AQ
R 10.1
’ 27°ng (10.13)

with A := w" = r — ry. Following the steps outlined in
Sec. VE of HP, we obtain an expansion for (?TGg that
takes the schematic form of

67‘G§ == (arGg) _92 + (6TG§)—1 + (arGg)O + (arGg)l
+ O(€?), (10.14)

in which a subscript attached to enclosing brackets indi-
cates the scaling with powers of e. The various terms are
schematically given by

(0:G3)_, = M_5(A/p?), (10.15a)
(0:G3)_, = M_1(1/p) + O(A?/p?)
+0(A%/p%), (10.15b)
(0:G3), = O(A/p) + O(A?/p%) + O(A® /p°)
+O(A7/p"), (10.15¢)

(0,G3), = Mip+ O(A?/p) + O(A*/p®) + O(A°/p)
+ O(A%/p") +O(AY/p?). (10.15d)

The terms involving the coefficients M _o, M_1, and M,
are those giving rise to the regularization parameters; all
other terms are unimportant.

The multipole decomposition of 8TG§ is next carried
out with the help of Eq. (A19) of Haas and Poisson; be-
cause the expressions are all ¢-independent (by virtue of
the axial symmetry of the problem), there is no need to
perform the ¢-average described by Eq. (A13). We make
use of the relations

1/2

(A/p%)e = (€+3) 2—8 sign(A) +O0(A),

(10.16a)

21

(10.16b)

+0(A) (10.16¢)

GG
and arrive at the expression of Eq. (I0I0) with A =

M_gfé/2r52sign(A), B = M_/rg, C =0, and D =
—Mj7rg. The detailed computation reveals that

A= —T%f—m sign(A), (10.17a)
1 /
B = —ﬁ(l—i—rw), (10.17b)
C =0, (10.17c)
1 / / / /
D= —W{(l—i-rw) — (141 + 3022 4 3y
—6r2" — 20" f + (L4 dryp’ + 3r2¢")r f!
+(1+ rw’)ﬂf”}, (10.17d)

in which all functions are to be evaluated at r = rg.
These are the regularization parameters for a static scalar
charge in any static, spherically-symmetric spacetime.

B. Electromagnetic field

We next consider the self-force acting on a static elec-
tric charge e in a static and spherically-symmetric space-
time with the metric of Eq. (I0]). The vector potential
®, generated by the point charge is a solution to

V20, — A"0,®; = dmeN (2)03(x, 2), (10.18)
which is obtained from Eqs. (329) and (343)).

As in the scalar case we decompose the potential and
source in spherical harmonics and place the particle along
the polar axis (y = 0). Substitution within the field
equation then produces

25! Tf/ / /
T¢t€0+ 2+W—'I’”l/) T 100 —

= 4mey | 264_116%51/2 5(r—ro), (10.19)

in which fo := f(r0), %o := (1), and a prime indicates
differentiation with respect to r. The modes with m # 0
necessarily vanish.

The self-force acting on the scalar charge is given by
e = eFRO‘Buﬁ, in which Fg% = F% — Fg% is the
difference between the actual electromagnetic field and
the Detweiler-Whiting singular field; the regular field is
known to be smooth at @ = z. In a static situation the
self-force has a vanishing time component, and in spher-
ical symmetry its radial component is

0 +1)

Dy 90

F" = ee_wOfQBTq)f(ro, 90, (bo) (1020)



We express this as

Fr = ee™ fo im > [(9,00), — (9,95),],  (10.21)
Y4
in which
(0,21), Z O} 4, (1) Yo (6, )
m=—/
[20 +1

are the multipole coefficients of 9,®;, while (9,®?), are
those of the singular potential. Recalling the relation of
Eq. (344) between the potential and the scalar Green’s
function, we may write this in the form

Fr=cth lm 3ot

in which G3(z, z) is the three-dimensional version of the
Detweiler-Whiting singular Green’s function introduced
in Sec. [VITBL

The limit in Eq. (I09) is taken by setting r = ro +
A, 0 =0y =0,and ¢ = ¢9 = 0 and letting A — 0
(from either direction). With this choice, the multipole
coefficients of the singular Green’s function take the same
form as in Eq. (I0.I0). In this case, however, because of

T (0r00) + (0:GS), |, (10.23)

22

the different sign in front of A% in the Poisson equation
for ®;, the regularization parameters are given by

A= _r%f_lm sign(A), (10.24a)
1
=g (10.24D)
oot (10.24c)
b= 1617“2 {(1 — ') — (1= +3r2¢% — Py
+ 67“2,(/]// + 2T3¢/I/)f + (1 . 4rw/ B 37‘2’(/1”)rf’
+ (1 - rwl)r2f//} , (10'24(1)

in which all functions are to be evaluated at r = rg.
These are the regularization parameters for a static elec-
tric charge in any static, spherically-symmetric space-
time. The computations that lead to Eq. (I0.24)) involve
the same steps as those described in Sec. XAl
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