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OPTICAL ABSORPTION INTENSITIES OF RARE EARTH IONS
B. R. Judd.

Lavwrence Radiation Laboratory
University of California
Berkeley, California

January, 1962

ABSTRACT

Electric dipole transitions within the L4f shell of a rare-earth ion
are permitted if the surroundings of the ilon are such that its nucleus is
not situated at a center of inversion. An expression is found for the
oscillator strength of a transition between two states of the ground con-
figuration th, on the assumption that the levels of each excited con-
figuration of the type Man'd or Man'g extend over an energy range small
as compared to the energy of the configuration above the ground configuration.
On summing over all transitions between the components of the ground level

WJ and those of an excited level V' both of MfN, the oscillator strength

Jl)

P corresponding to the transition WJ‘9W‘ is found to be given by

J 1

P = ET,v(¥; I U(X)H W'J,)Z:

()

where‘MA

is a tensor operator Qf rank A, and the sum runs over the three
values 2, 4, and 6 of A. Transitions that also involve changes in the
vibrational modes of the complex comprising a rare-earth ion and its surround-
ings, provide a contribution to P of precisely similar form. It is shown

that sets of parameters Tx can be chosen to give a good Pit with the ex-

perimental data on agqueous solutions of NACl_ and ErCl,. A calculation

3 3
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on the basis of a model, in which the first hydration layer of the rare-earth
ion does not possess a center of symmetry, leads to parameﬁers TK that are
smaller than those observed for NAS' and Byt by factors of 2 and 8

respectively. Reasons for the discrepancies are discussed.
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OPTICAL ABSORPTION INTENSITIES OF RARE EARTH IONS
B. R. Judd

Lawrence Radiation Laboratory
University of California
Berkeley, California

I. INTRODUCTION

The last decade has Witnessed a remarkable growth in our knowledge of
the spectroscopic properties of triply ionized rare-earth atoms. The inter-
play of experiment and theory has led to the elucidation of appreciable parts
of the term schemes of many ions, and the splittings in the levels that arise
when a rare earth ion is situated in a crystal lattice are now understood
rather well. From the present vantage point, Van Vleck's classic paper

The Puzzle of the Rare Earthsl makes interesting reading, published as it was

at a time when even the configurations involved in the spectral transitions
had not been definitely establishéd. The arguments remain essentially valid.
The sharp absorption lines of rare-earth crystals in the visible and infra-
red regions of the spectrum do correspond to transitions within the con-
Tigurations of the type MfN, and the so-called extra levels have their origin
in the interplay of electronic and vibrational effects.

Van Vleck's paper discusses the nature of the electronic transitions,
thatvis, whether fhey can be classified as electric\dipole, magnetic dipole,
or electric quadrﬁpole. His conclusion, that all three types play a role;
was later criticized by Broer, Gorter, and Hoogschagen, who showed that the
observed intensities of the transitions are in almost all cases too intense

for magnetic dipole or electric quadrupole radiation to be important,2 They

also demonstrated that electric dipole transitions could be sufficiently
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strong to match the experimental intensities, but their calpulations can at
best be described as semi-quantitative. The difficulty in estimating in-
tensities of electrié dipole transitions ié that they arise from the admixture .
inté MfN of configurations of‘opposite parity. To calculate such admixtures,
not onlylmust the energies and eigenfunctions of configurations such as
MfN-lSd be known, but also that part of the crystal field potential responsible
for the admixing. The problem of obtaining these data has proved complicated‘
enough to restrain the performance of furthef theoretical work on the in-
tensities of the absorption lines of the rare earths, though considerable
advances_have beén made in the last few years on the similar problem of es-
timaﬁing the intensities of lines of transition-metal ions (see, for example,
Griffith3). An added reason for the absence of a detailed theory may be the
comparative iack of experimental data; for, apart from a few isolated cases,
the only oscillatdrbstrengths measured at présent appear to be for solutions

5,6

of rare-earth ions. However, the situation will undoubtedly be remedied
shortly. This expectation, taken with the information gained in the last
decade on the propefties, both experimental and theofétical, of the rare-earth

ions, makes a fresh examination of the intensities of the absorption lines

an attractive venture.

IT. MATRIX ELEMENTS

The oscillator strength P' of a spectral line, corresponding to the
ekmhicdunm'WMmﬁﬁm1ﬂdnﬂmcm@mwm;ioftMsymmdlmmlofan

ion to the component f of an excited level, is givén by

pr - X828 w/n] | (i D((ll) | £)|2, W)

In this equation, m is the mass of an electron, h is Planck's constant, and
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v 1s the frequency of the line. The factor X makes allowance for the re-
fractive index of the medium in which the ion is embedded: according to
Broer et al., for water X= 1.19.2 In terms of the polar coordinates

(rj, Qj’ ﬁj) of electron j,

q J7d J°7d
where
(k) z
k _ - 2
Cq (ej, QJJ) = [hn/(2k+1)] qu(ej, ﬁj),

qu being a spherical harmonic. The choice of g in Eq. (1) depends on the

polarization of the incident light. Eq. (l) can be regarded as a slight_
elaboration of Eq. (6-58) of Siater. '

In order to evaluate the matrix element of Eq. (l), we need detailed
descriptions of the states 1 and f. Owing to the comparatively small
splittings of the levels produced by the crystal field, it is usually a good
approximation to éssume at first that the quantum number J, corresponding to
the total angular momentum of the electron system of the rare-earth ion,
remains a good quantum number. Corresponding to the component i of the

'groundlevel of the configuration ﬂN, there exists, to the first approximation,

a linear .combination
- N .
(al =z, (£ v am | g, (2)

where M denotes the quantum number of the projection JZ Of,g; The symbol ¥
stands for the additional quantum numbers that may be necessary to define

the level uniquely; .if RS (Russell—Saunders) coupling Were»str;ctly followed,v
it would incorporate a definite_S‘and L, the gquantum numbers corresponding to
the total spin and total orbit, respectively, of the electron system. However,

it is unnecessary at this point to assume RS coupling. By analogy with Eg. (2),
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we may write

LA!) = ZM' atMll gN WrJr M) - . o (3) <

for the first approximation to the upper state.

It might be thought that rare-earth ions in solution would be subject
to rapidly fluctuating electric fields, and that the coefficiénts By and a‘M,
would therefore vary with time. While this may be true to a slight extent;
it is now virtually certain that for agueous solutions the immediate surround-
ings of the ions are rigidly locked in position. Evidence for this will be
presented later; we mention it here to eliminate the possible misapprehension
that the linear combinations (2) and (3) might have a well-defined significance
only for ions imbedded in crystal lattices.

The states (Al and IA’), being constructed ffom the same configuration
EN, rossess the samé parity. However, under the replacement rs — - fj’ we
O}

find ;ﬁlj—a The equation

(] Dfll)l AY) =0

follows, and hence to the first approximation, no electric dipole transition®
occur. This is merely a statement of the Laporte rule, of course. To obtain

nonvanishing matrix elements of the components of D(l)

, it 1s necessary ‘to
an

admix into (A| and |A') states built from configurations of opposite parity

to ZN. For the moment, we consider only those confiéurations of the type

£N—l Z?; these are certainly the most important. To distinguish such configura- %
tions, we augment f' with the principal quantum'ﬁumber n'; the symbol n is
reserved for the analogous quantum number for the electrons of the ground
configurationva, but we shall give 1t expiicitiy'only=when’én ambigﬁity

thréatens.
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The‘admixing of configurations of opposite parity can come about if.
the contribution V to the Hamiltonian arising from the interaction of the
electrons of the ion with the electric field of the lattice, here assumed to
be static, contains terms of odd parity. On making the expansion

‘ (t)
V= 2 A D
, B T R V) o T ’

this condition becomes equivalent to the demand that not all Atp’ for which

t is odd, vanish. The states (2) and (3) are now replaced by

(8] =5, (4" yIm | &

s (1

p (n'2') " J" M" | v(n'e', ¢" J" M")

and

B) =5, 2y, [y o)

N-1

+Zb(nt g, Yt gt M) [0 (aro£) Yt It M),

where

b(n'e', " J"M") = 5y &y (ZN YIM|V IzN'l (ntot) @" Jg" M")

x [E(yg) - E(n'2', " 7M1, (L)

and

b(n'e!, ¥" J"M") = St 2y (-1 (nrg') p" g M |v] £y g M)

X [E(y'T') - E(nv2', 9" J”)]'l. (5)

The symbol % stands for the sum over Y", 3", M" 1' and over those values of

n' for which.MN_l (n'4') is an excited configuration. In Egs. (L) and (5),
, . N '
E@ J) and E(¢'J") denote the energies of the levels ¥J and ¥'J' of [ ;
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s{miiarly,fE(ﬁfli,%”&“)@sﬁandszérithe'enérgy'of”thexievelﬁ¢%§”vbf,l%f%.(nfz')w

It is now a simple matter to obtain the equation

(BlDél)[ B') =Za_a' A {(zN WJ MlDél)llN—} (

M M, tp l'l'[') 'wn Jn M”)_

N-1

x (1 (ng') " J" M" | Dét)l & yrIr M)

X [E(y' J') - E(nfﬁ'z P J")]'l

( '()[/J M I D(t)lfN -1 (n|£,) wn J" M”)

N-1

X (z (nyz') 'wn J" Mul Dc(ll)‘fN w' J! M')

X [E(?)UJ) - E(l’l'l" wn Jn)]‘l:}, ‘ : (6)

the sum running over M, M', t, p, ard those quantum numbers implied by the

symbol K.

ITTI. APPROXIMATIONS
For all but the most trivial configuration52 the nine-fold sum of
Eq. (6) is quite unwieldy. .We must therefore séarch for approximate methods,
taking care to make them as realistic as possible. The occurrence of the

structure

N-1

lz (n,z|) wrogn Mn)’(zN_l (n'ﬁ’) wn:iJn‘-Mn |

«in Eq (6) suggests that it mlght be possible to adapt the closure procedure

in some way,; thereby unltlng Dé ) and Dé ). ‘into a single operator that acts

L
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between states of ZN. For a description and analysis of this method, see
Griffith.8 The number of summations we wish to absorb into the closure depends
on how far we are prepared to assume E(n'l', ¢".J”)'is invariant with respect
ton', I', ¢, or J". TFor example, the mildest approximation we can make is to
suppose that the splittings within multiplets of the excited configurations are
negligible compared with the energies that the configurations as a whole lie
above £'. This amounts to supposing E(n'£', ¥" J") is independent of J". If
the states of EN are expanded as linear combinations of perfect RS-coupled .

states of the type
(27 vsLJM|,

we can perform the sums over J" and M" in Eq. (6) by making use of equations

, such as
N (l) N-1 1 IR TR T
ZJ..,M.[(IZ VSLJMqu | 2 20yt s L J" M)
x (8L gy g g Dlgt)| Moyrsnogou)

1 1 N t-
_ _\Pra+L+L! <

X(INW/SLJM|T1()1\'3 1Ny s L3 om, o

(»)

where T is a tensor whose amplitude is determined by

@l o™ oy = @ o) ey o . (8)

The easiest way to verify Eq. (7) is to express all the matrix elements in terms

of reduced matrix elements of the type involved in Eg. (8); it is then found

that Eq. (7) is equivalent to the Biedenharn-Ellictt sum rule (see Edmonds9).
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It is at once evident that the simplifications affofded;by(using
Eqs. (7) and (8) are very slight. The degree of closure must therefore be
extended. The least severe extenéion is to suppose that E(n'f',¥"J") is |
invariant with respect‘to Y as well as tb,J". This is equivalent to regarding
the excited cénfiguration ZN_l (n'2') as completely degenerate. A glance at
diagrams giving the approximate positions and extensions of low-lying configuraﬁ
tions of the rare-earth ions, such as Figs. 4 and 5 of Dieke, Crosswhite and
Dunn,lo indicates at once thdt this assumption is only moderately fulfilled.
It therefore constitutes a weak link in the theory. However, we may hope that
the very complexity of éonfigurations of the type ﬂN-l,(n’ﬂ') might reduce the

N-1

possible error; for if there are a great many terms ¥" in 1 (n'2'), it would

not be unreasonable to expect that the entire sum over ¥", if broken up into
smaller sums over groups of closely lying terms, would decompose into a number-
of parts that, for various ¥' &nd J', were roughly proportional to one another.

Be this as it may, the approximation leads to a great simplification

in the mathematics. The analogue of Eq. (7) is

N (1) N-1 o
2 4 7 t g TR TR
T MY (& Yyawm | Dy | (nt2v) ¥ 'J M") |

x (-1

(n'v) " J" m" | Dét)l Moy

- z}\(-l)PJrq(le)(i ™ :t> {i z,' J:}

-p-qa P

X (a 2lelne ) 2leflareny(e o ) e

. N
< et ey s Lol 1y e, (9)
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1

where U( ) is the sum over all the electrons of the single-electron tensors
u(k), for which

N

o a™ gy -1

In Eq. (9), the abbreviation

o]

(n I]rk|n5£') = -/\ fﬂn 1) rk )e(n‘ﬂ')dr , (10).
0
is introduced, where )e/r'is the radial part of the appropriate single-electron
eigenfunction. A straightforward way of deriving Eq. (9) is to expand the
matrix elements of Eq. (7) by means of Eq. (27) of Racah,ll to perform the sum
over ¥", and then to pass from RS to intermediate coupling. Alternatively,

both Egs. (7) and (9) can be obtained from Eq. (7.1.1) of Edmonds,9

provided
the symbol ¥y" of that equation is interpreted judiciously.

Equation (9) is excellent.for the purposes we have in mind; however,
the cibsure procedurg can be extendéd even further. If we assume E(n'f'; ¢"J")
to be invariant with respect fo n' as well as to P" aﬁd J", and if”the ful1
descriﬁtion of.the ground cbnfiguration contains no eiectrons with azimuthal

quantum number £', then the fact that the radial functions fﬁn’ﬂ'), for all

n' form a complete set allows us to write

2 (n tlrn'g)(n llrtln'Z') = (n z[rt+l ng), (11)

and the problem of calculating intgrconfiguration radial integrals disappears.
Since for rare-earth ions both the 3d and Md shells are filled, this technique
”could not be used for g' = 2; on the other hand, there is no objection to
applying it to electrons for which ' = L, since no g orbifal_is occupied in
the ground configuration. The possibie occupation of [£' orbitals precludes

our extending the closure to all four quantum numbers n', £', ¥" and J".
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Equation (9) can be used immediately to. simplify. the first product on-
the right-hand side of .Eq. (6). A precisely similar substitution may be made .

for the second product; but owing to the relation

<1 A t)_(-l)l+>\+t (t ALy
qa -p-qa p / 'p -p-q q/

the two parts cancel to a large extent if 1+M+t . is odd.. For the right-hand side
of Eq. (9) not-to vanish, t must be odd; hence the condition is fulfilled if A
is odd. The cancellation would be perfect if, for a given n' and {', the energy

denominators

E(¥J) - B(n' &', 913"),
(12)

B(¢3')- E(n' 21,9 " I"),
which are supposed to be indepéndent of wh and J", couia be assumed equal. This
is equivalént to fhe supposition that the configurafiéhs s (n' b) lie far
above the stateé involved in thg opticél transitions. Although'the theory could
no doubt be developed without making this aséumptién; a considerabié simplifica-
tion in the mathematics results‘if it is made; vWe therefore replace both dif-
ferences (12) with the single ekpression ﬁ(ﬁ;ﬂ');: Equatibn (6) can now be written

as

(BIDél)IB')

—_ 1 At '
= p (ea+1)(-1) A < . >
p,t,even A P \a -Pa P

. (n) 1) = ‘ - | ) |
x (alugg A BN, S | | (13)
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where

5 (t,0) = 25 (2641)(20+1)(-1) 7 H
1 At 2 1 A AR
X (n 2]rjnt)(n /zlrtln"fz")/A(n'z'). (1k4)

The summation of Eq. (14) runs over all values of n' and £' consistent with
-1 (n'2') being an excited configuration. In Eq. (13), the operator Uéig
connects states of 2N; its matrix elements can therefore be calculated. by

" standard tensor-operator techniques.

Iv. SOLUTIONS OF RARE-EARTH.IONS

If, for a rare earth crystal, one wished to limit one's investigation
of the intensities of the lines in some way; for example, to study the relatiye
intensities of a group of lines corresponding to the transitions between thé
components of just a pair of levels, then no doubt Eq. (13) could be manipulated
to throw the relevant qﬁantum numbers into sharper relief. However, for genéral
purposes, it seems unlikely that Eq. (13) could be simpiified much further.
In order, then, to calculate the oscillatof strength of the transition from the
component corresponding to (A| +to that corresponding to |A'), the radial ihte—

grals and crystal field parameters A , must be estimated, the sums of Eqs. (13)

pt

and (14) carried out, and the resulting matrix element

3 | 21| 1)
q

substituted for
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(1] oY o)
. q
in Eq. (1).

Apart.from a few imﬁortant excéptions, fhe fine stfuctures of thé
absorption lines for rare-earth ions in soluﬁion; in contrast to those for
ions in crystals, have not been resolved. Each broad absorption line cor-
responds to a transition from the grQund.level to an excited level. The
measured oscillator strength‘of suéh a liné is thérefore ﬂhe sum‘of the
osclllator strengths of the various compbnent lines, suitably weighted to
allow for the differential'probability of occupation of the components of
the ground level. In the absence of detailed knowledge of the surroundings
of a rare-earth ion.in solution, the energies of the components of the ground
level, and hence their probabilities of occupation, cannot be calculated.
However, the splittings of the ground lévels of rare earth ions in crystals,
such as have been observedlz'or calcﬁlated 13 seldom exceed 250 cm_l.' For a
level where thls splitting obtalns, the ratlo of the probabllltles of occupa-
tion of the hlghest to the lowest component is as high as 0.3 at room tempera-
ture; therefore not too great an error should be introduced if we assume all

the components of the ground level are equally likely to be occupied. ‘Allowing

for the arbitrary orientation of the rare-earth ions, Eq. (1) is replaced by

P = X[8m mv/3h (27+1)] 'z[(ilDC(ll)[-f)le, o ‘ o (15)

where the sum runs over q and all components 1 and f of the grb@nd and excited
level. An equivalent formula has been given bj Br§er e# 2l.° ‘ﬂsing Eq,‘(lB),
we see the sum over i and f reduces to a sum ovér certain étates‘df the type

(Al and lA’) It is, of course,- unnecessary to introduce the eigenfunctions of

Egs. (2) and (3); we can glmply take the states (/z ¥ J M| and l/z YrJr M)
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for the components of the ground and excited levels respectively, and sum over
M and M'. As is to be expected, all quantum numbers and suffixes that depend

on a fixed direction in space disappear, and we obtain

P s o v s vy 2, (26)
even A\
where
T, = A 8T° m/3n] (2ne1) 5, (2t+1) thzg (t,\)/(23+1), (7
and
Bt,; z | Atplz/(2t+l)2- - (18)

V. OTHER CONTRIBUTIONS TO P

Before using Eq. (16) to make a direct comparison between experiment and
theory, it is convenient to discuss briefly some effects that have so far been
ignored. 1In the first place, no closed shells have been disturbed in the
construction of the perturbing configurations; but it is clear that for
Nd IV'Mfg, for example, the tensors’gfk) can couple the ground configuration
4> to the configurations 5d9 hfu and La” hfu, as well as to cohfiguratiéhs
such as 4f25d or hf25g. However, owing to the symmetry about the dbuble closed

shell
1"
(n" Z”)hﬁ +2 (n z)hl+2

)

all matrix eléments of the type

(a2 ™2 ()N 4 5y | Dék) | (a2 ()T g gy
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can differ from the corresponding quantities

((nz)u2+24N | (nz)hg+1;Ne(

w J M l D((lk) 1’1"2")-‘ wu I M")

by a phase factor at most. In view of the relation

l(£h£+2-N £u1+2-N

gyl v RO

N

2
=My v v I,

Eq. (16) remains valid; but the sum over n' and £' of Eq. (14), which determines
T, in virtue of Eq. (17), has to be augmented by those quantum numbers n" and
£'" corresponding to electrons in closed shells in the ground state of the ion.

The large energy &Nn"£") required to remove an electron from a closed shell,

together with the expectation that the radial integrals

(n £ lrk{ n'"g")

for k > 0 are small, leads us to anticipate that the required modifications to

the coefficients TK are insignificant. It is inﬁeresting to'ebservevthat if

we assume that all configurations of both types

(ﬁlf)N-l (n'4")

and

(nnzn)uz +1 (n Z7N+l

coalesce into a single highly degenerate level, the obJjection in Sec. III to

-

extending the closure procedure to all quantum'n'umbers-disappears°



-15- UCRL-10019

Thére exists a second and intrinsically more interesting mechanism that
can contribute to the intensities of rare-earth ions in solution. 8o far, the
electric_field acting on an ion has been considered to be completely static.

As mentioned in Sec. I, however, lines exist in the spectra of rare-earth
crystals that correspond to the excitation of vibrational quanta.. If the
immediate surroundings of a rare-earth ion in solution form a stable complex,

as seems likely, vibrational modes may exist, the excitatioﬁ of which could
contribute to the intensities of the broad absorption lines. To examine thié
idea in more detail, we follow Griffith and denot¢ the normal co-ordinates of
the vibrating complex by Qi.5 Further, let mn stand for the totality of the
vibrational quantum numbers. For our purposes, the basic eigenfunctions of

the system are taken to be simple products of harmonic oscillator eigenfqnctions
with the electronic eigenfunctions of the rare-earth ion. If we suppose the

parameters Atp of Sec. II correspond to some equilibrium arrangement of the

complex, then allowance for small vibrations can be made by replacing V by

oA

. tp (t)
LA [ . +3 ag e 9y ] D

1

For 7 # n', it is a simple matter to obtain the equation.
(1) 50 w0y o5 (r - (1) g

(Bl 1 B, ) =3 (nlagl ') s (B 1D 71 B,

Q

1

At a given temperature there.is a certain probability that the vibrating com-
plex is in the state defined by the set of gquantum numbers 7. If we denote
this probabiiity by o(n), then the assumption made in Sec. IV regarding the
popuiatibn of the purely electronic components of the'gfound level leads in

this case to a contribution P" to P given by
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v ‘ o : T
e 3 T e g U(” | £y an)’, (19)
: even. A e v
where
T, = X[8° m/3h J(2r+1)

L Zt (2t+1) B, ' 5° (t,n)/(23+1),

and

aA -
[(nle, [1) 17 o(n)/(26+1)?

Z
t _ i, 1

The importance for us of these results lies in the fact that Eq- (19)'isv0f

precisely the same form as Eq. (16). If, then, the T, are treated as parameters

A
to be adjusted to fit the experimental data, a good fit is no guarantee that
the lines are purely electronic in origin. Indeed, if the surroundings of a
rare-earth ion in solution are such that all Atp for odd t vanish, then P"

gives the sole contribution to P.

VI. COMPARISON WITH EXPERIMENT
The absorption data for adueous solutions of rare-earth ions are too
extensive to be analyzed completely within a reasonable length of time. Tt

A+

. ‘ .
was therefore decided to limit the investigations to Nd and Er5 , corres-

ponding to three Uf electrons and’three holes in a complete Lf shell, res-
pectively. 'Both ions exhibit_a sufficiently compléx absorption spectrum to
provide a goqd test_éf the theory. Moreovgr, Wybqurne has recently fitted the
energies of the levels of these ions_tp a detailed and‘reasonably complete

theory,lu thereby providing extremely accurate elgenfunctlons for us to work

with. The availability of tables of reduced matrix elements of the type
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(2 yst v £y s

. . . . . 1
is an added incentive for choosing these particular ions. 2
The procedure for calculating the reduced matrix elements of Eq. (16)

runs as follows:

(i) Carry out expansions of the type

Myl - s nyst) (N v s 1 Il

vY,5,L0

The coefficients h of the RS-coupled states are given by Wybourne.l

(ii) Express every matrix element in Eq. (16) as a sum over'reduced matrix
elements involving RS coupled states.

(1ii) Evaluate the new matrix elements by means of the formula

(zN vsSLdJ| U(h) I Il vyt s'L'Jr) -

[V

= 8(5, 8")(-1)S* N (o5 ) (25141) ]

x{L ”L’}(WVSLHU“)Hﬂv'SUL (20)
J's J ‘

which can easily be obtained from Eq. (7.1.8) of Edmonds.9

(iv) Use the tables of 6-j symbolsl6 and the tables of reduced matrix

15

elements to calculate the right-hand side of Eq. (20).

+
The results of the calculations are given in Table I for Nd5 and in

. + .
Table II for Er5 . The levels are labelled by their principal components; the

spectroscopic symbols are enclosed in square brackets to emphasize that the SL

designations are not exact. All the levels listed in Tables I and ITI, with the

2 2 2 I 1 2 o
7/27 Mir/er Tizjer Tasjer Pijpr Dgjpr B4 Ipygp OF AT

have been identified with levels observed experimentally; the seven exceptions

L
exceptions of D

are included because their energies correspond closely to two broad bands

5

measured by Hoogschagen.
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Since all reduced matrix elementé of (X) for}k > 6 vanish between

f-electron stategi the oscillator strengths P depend only on the three para-
meters T,, T), and T6.' It is a simple matter to take:the'éxﬁériméntai data

for a giﬁen solution aﬁd choose the three parameters that giVe'the best fit
with experiment. This has been done for Hoogschagen's data for agqueous solu-
tions of NdC_“_L5 and ErClB, and also for the analogoué'data of Stewart on agueous
solutions of Nd(0104)5. A least-équares procedure is used in all three cases,
although the variation of P over almost three orders of magnitude suggests that
some other scheme might be more appropriate. .The results are set out in Tables
IIT, IV, and V. Hoogschagen found that for guite concentrated solutions (about
0.1 M), the oscillator strengths for the chloride and nitrate solutions of a
given rare-earth ion vary only very slightly; the nitrate data are included in
Tables IIT and IV, but additional fitting procedures.have not been carried out
for them. The excellence of the agreement can be taken in at a glance by
referring to Figs. 1 and 2, where the experimental and theoreticai data for

the solutions of NAC1l, and ErClB, given in the second and third columns of

3
Tables III and IV, are drawn out. For Nd5+

b 2 b 2 L 2
I - P I - D and I — P are well accounted for. Onl
9/2 7 T3/e’ T9/e T Ts/2’ 9/2 7 “1/2 v

, even the feeble transitions

the band in the region 29 600-31 250 cm_l is in significant'diéégreement with
the theory, perhaps indicating that the assumed level assignments are incor-
rect.

In addition to the data given in Table ITI, Stewart has recorded the
oscillatof Strengths of a number of weak lines in the ultraviolet range for

solutions of neodymium percthrate.-'These have not been included in the

analysis, partly becausejof the difficulty if identifying the upper levels,
and partly because these levels are quite close to the lower leveis of hf25d,

thus vitiating the assumptions made in. the derivation of Eq. (13).
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VII. VARIATION OF'T2

Owing to the selection rules

AL,AT S 2

(2) “the parameter T

N o often plays only a minor roll

on the matrix elements of J

in determining the oscillator strengths P. Bearing in mind that P depends on

the squares of the reduced matrix elements, we see from Tabie II that only the
transition MI in erbium salts is at all sensitive to T,. Curiously

15/27 2H11/2 o

enough, it is only this transition that exhibits an intensity difference between
the chloride and the nitrate solutions (see Table IV).

If we now turn to the data for solutions of NACl, and Nd(NO5)5’ we find

3

very similar effects. The largest difference in intensity between the corres-
ponding lines in the two solutions occurs for the transition to the two vir-

tually coincident levels uG and 2G ; and a glance at Table I reveals that

5/2 /2

of all the matrix elements

3 b (@) gy
(£ [ 19/2] | vt </l £7ls'Liar ]y,
the ones for
[s'L'g'] = [hG ]
5/2
and for
s3] = (Pe, ]
- 77/2
are the two largest in magnitude. Again, the second-largest difference occurs

| - 2 I n ,
for transitions to the group of levels KlB/?’ G7/2, and G9/2; and the matrix

elements for which

[s'L'g'] = [LLG

G /e
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is the third largest in magnitude. Lesser differences do not appear to be
simply related to matrix elements of yfg); but in spite of this, the evidence
is sufficiently strong to leave little doubt that of'thé three parameters, T2
is peculiarly sensitive to changes in the anion. Of course, Stewart's work
with the perchlorate provides a third set of data to compare with the chloride
and the nitrate; but it is felt fhat the differepces between the fourth and
seventh columns of Table ITI, and hence also between the first two rows of
Table V, are to be ascribed mainly to differences in experimental technique'
rather than to any real change in the parameters Tx.
VIII. ENVIRONMENT OF A RARE-EARTH ION IN SOLUTION

So far, the guantities Th.have bgen treated purely as variable para-
meters, to be adjustéd‘to fit experiment. éo account for thelir values, we
must construct a model for at least the immediate surroundings of.a rare-earth
ion. Unfortunately, little is known about” the form such a modellshould take.
That the nearest neighbors of a rare-earth ion occupy well defined positions
is clear from the mere existence of fine structure in the spectra of solutions

17

of europium salts. The occurrence of an identical fine structure in aqueous

solutions of europium chloride-and very dilute europium nitrate indicates that
in these two cases the nearest neighbors, and probably the next-nearest neighbors

too, are water molecules. Examination of the lines corresponding to the transi-

71350 '—éDe— D 5 'JFI" and D O%;(E 5 Teveals: that. 511 the degeneracies of the

levels involved are lifted; the point symmetry at a rare-earth ion must there-

. 5H-
tions ’ZFO—é Di 5
fore be quite low. Several lines show a marked increase of intensity when
alcohol is used in place of water as a solvent, and Sayre, Miller, and Freed
regarded this as demonstrating that the complex comprising a rare-earth ion

and its immediate surroundings possesses a center of inversion, in contrast to
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the situation for alcoholic solvents.l8 Taken with the splittings of the levels,
this interpretation limits the immediate point symﬁetryvat a rare-earth ion in
aqueous solution to D2h' Miller subsequently proposed a model possessing this
symmetry, using the criterion that the water molecules around the rare-earth

19

ion should be arranged as in a fragment of a high-pressure ice. He chose a
configuration in which the eight water molecules nearest the ion lie at the
vertices of two rectangles, whose planes are perpendicular and whose centers
coincide with the nucleus of the rare-earth ion. This arrangement was consis-
tent with the structure of ice III derived by McFarlanogo

A different configuration was proposed later by Brady, who carried out
5-21 He found that

{e . . - v . ‘ .
six or possibly seven watér molecules cluster around the rare earth ion, the

x-ray diffraction experiments on aqueous solutions of ErCl

distance between the erbium nucleus and the nuclei of the oxygen atoms being
about 2.3 X. He interpreted the finer points of the diffraction pattern in
terms of a model in which the rare-earth ion is at the center of an octahedron
of water molecules. Two chlorine atoms are supposed to be-on opposite sides
of the octahedron such that their nuclei are coplanar with four oxygen nuclel
and the erbium nucleus.

Objections can be raised to both Miller's and Brady's models. As
Miller himself pointed out to the writer, a recent re-examination of the
structure of ice III has shown that there are no fragments with D2h symmetry;22
also, there appears to be no position where a rare-earth ion can be placed
interstitially and have six or seven oxygen atoms as close as the diffraction
data demand. Until the structures of denser forms of ice become known, no
further progress along the lines suggested by Miller seems possible.

Turning now to Brady's model, we note first that the superposition of

an axiai and an octahedral field splits a level for which J=1 into only two

components, in disagreement with experiment. ‘Secondly, since the splittings
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of levels are largely determined by the nearest neighbors of the rare-earth
ion, and since no octahedral field leaves all levels for which J=1 degenérate,

we should expect the splitting of such a level to be extremely small. However,

7

F. and 5D in aqueous solutions of EuCl

the splittings of 1 1

are as large as

)

those of the corresponding levels of EBuCl, - 6H20, a crystal where the immediate

3
point symmetry at a europium ion is as low as Cg.

In the absence of a satisfactory model for the surroundings of a rare-
earth ion, we must modify the project of calculating accurate values of the
_Pparameters TX' A feature shared by both Brady's and Miller's models 1s the
presence of a center of inversion: the bccurrence of any transitions at all
must be ascribed either to vibrational effécts, represented by Eq. (l9),vor
else to the absence of a center of inversion in the outer hydration layers of
the rare-earth ion. No vibrational structu£e of the kind typical of crystals

has been seen in aqueous solutions of EuCl 8 thbugh_the excitation of very

1
37
low-frequency oscillations, corréspoﬁdinguto_tﬁé“ﬁ&feleéfph ion and its_i@?~
meaiaté surroundings mo&ing as a unit, would not be distinguishable from the
main electronic 1iﬁes. Even accepting this possibility, we should expect a
calculation of the parameters Tk on the basis of a model that did not possess
a center of inversion to give-values far in excess of experiment if the first
hydration 1ayer'actually possessed such a center. We can, then, at least test

to see whether the observed values of T, given in Table V are consistent with

A

the hypothesis of Sayre et al. that a center of inversion exists, From the
many models of the rare-earth ion and its surroundings that we might construct,

it seems proper to choose one that reproduces, approximately at any rate, the

> >

observed splittings of the levels Dl, DQ’ 7Fl and 7F,2. The striking similar-
+
ity of these splittings to those of the corresponding levels of Eu5 in

EuCl5 . 6H20'has already been remarked. The detailed analysis of the isomor-

phic crystal GdCl5 . 6H20 indicates that.the europium.ion is surrounded by
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23

six water molecules and two chlorine ions. . If we remove the latter without

disturbing the former, the crystal splittings of the levels should not be too
>

o + » o
greatly affected, and the resulting complex Eu(OH2)6 does not possess a center

of inversion. Moreover, the number of water molecules is consistent with the
x-ray diffraction data. We should stress at this point that it is not suggested
that the actual configuration of water molecules in aqueous solutions is the

same as that in crystals of EuCl, - 6H20; we are merely constructing a model

b

that should reproduce, within, say an order of magnitude, values of the para-
meters Tk characteristic of a configuration of water molecules that does not

possess a center of inversion.

IX. CALCULATION OF THE PARAMETERS TX

The configuration of water molecules surrounding a rare-earth ion

influences the parameters T, through the quantities B, defined in Eq. (18).

A
For a configuration of charges s at coordinates (Ri’ ®i’ i&), the crystal field

?

parameters A, are given by

tp

B p+1l -t-1 (t) o1
A, = (-1) Speqy Ry T 0100, ), o - (21)

provided it is assumed that the electrons on the rare-earth ion spend a negli-
gible time at radial distances gfeater than the smallest Ri. If each charge
d. is replaced by a dipole of strength p, directed in the same sense towards

i

the origin, and lying a distance R from it, the substitution

—t- -t-2
eqi Ri . 1 - Ue (_'t+l) R

should be made in Eq. (21). If we use the spherical harmonic addition theorem

V]
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(for example, see~Edmonds9), we find

. , _ o
B, = [ue(tfl)/(?t+1)3t+2 ] Zi,j P, (Cos.wij>’ | (22)

where @, denotes the angle between the radial vectors leading to dipoles i and
J. Terms for which i=j in the sum must be included.
For the proposed model of the rare-earth complex, the angles &ij can be

easily‘galculated from thehkﬁdwn positions of the oxygen atoms in GdCl_ * 6H,O.

3 2

In doing this, it is to be noted that Marezio et al. use an oblique coordinate
23 L - _ ‘ : _ .

scheme. 5 The only values of t of interest to us are 1, 3, 5, and 7; for all

other values, the 3-j symbols in)Eq. (14) vanish on putting £=3. We find that~

5 P
Zi,j " ‘cos wij)

assumes the values 1.671, 1h.kL, and 1.726 for t= 3, 5, and T respectively.
The analogous sum for t=1 is also non-zero, implying that there is a finite-
electric field at the origin, and hence that the rare-earth ion is not in a
position of equilibrium. This blemish in our ﬁodel is not serious, however.
Our aim is solely to obtain approximate values for the quantities Bt’ and not
to construct a perfectly self-consistent model. 1In any case, we could easily

take advantage of the much lower power of 1/R associated with P, in Eq. (22)

1

to pass the responsibility of ensuring that B, is zero to the second hydration

layer of & more elaborate-model; while only slightly affecting B5, B_, and B

5 T
The next step is to estimate the dipole moment p. For Gd(OH2)65 -, the
3+

average distance R' of the six oxygen nuclei from the nucleus of the ion Gd
2k
is 2.412 R. Accepting the atomic radii given by Templeton and Dauben, we

: o} + o )
find this distance should be increased to 2.469 A for Nd5 , and decreased to

: ol o
2.355 A for Er5+. These distances are not the distances R to the centers of

the water dipoles, of course. If we make the simplifying assumption that the
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negative charge of a water molecule in the complex coincides with the oxygen

nucleus, then with a knowledge of the polarizability & and the ordinary dipole

moment p' of the water molecule, we can calculate p by solving the equations

po+ 51e| OL/RQ,

Moo=

b= blelx,
and

R = R'+ x.

‘ _ ' ol 25
Taking p' = 1.85 x 10 10 e.s.u., and @ = 1.48 X 10 2&} we obtain

b2 x 10728 eisiul,

noo=
and .
R = 2.716?\
for Na°¥, and
u o= L.os x 10-18 e.s.u.,
and
\ R = 2.615 3}
for Er5+. may now be réédily completed.

The calculati f B,; B and B
u ion o 5,v 5 7

The remaining factor in Eq. (17) involves Z(t,\). As can be seen from

a glance at Eg. (14), the calculation of quantities of this type entails the

-

estimatign of some radial integrals an@ enéfgy denominators. It is to be
expected that the term‘in the sum of Equ (14) fof which £' = 2 and n' ='5'v
predominates; partly because A(5d) is the smalleét of all energy denominétors,
as cén be seen from Fig. 5 -of Dieke gﬁ_g;.,lo and partly because the smaller
degree of overlap between a Lf eigenfunction and cher orbitals of the type
n'd for which n' 2 6 should result in greatly reduced radial integrals. Let

us therefore concentrate on excited configurations of the type MfN_l 5d and,

for the moment, neglect all others.
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3

Dieke et al. have found -that for Ce * the configuration 5d lies about

3+

50000 cm—l above hf, whereas for ¥Yb~ , hf125d lies about 100000 cm-l.above

Mle} A linear interpolation gives the values 58000-cm-:L and - 92000 cm_l for
Nd5+ énd Er5+ respectively. It seems reasonable to take one of these values,
appropriate to the ion under investigation, for the denominator A(5d).

The radial integrals would be difficult to estimate were it not for
3+

the work of Rajnak, who has recently calculated 5d eigenfunctions for Pr and

Tm5+.26 She made the assumption tha? the central field 5d electron moves in is
the same as that for a Uif electron; the latter can be obtained from a self-
consistent calculation carried out by Ridley for the ground states of these
“two ions.27 The radial integrals and £heir interpolated values are set out in
the first three rows of Table VI. Strictly, the use of Eq. (10) to calculate
all the radial integrals is not consistent with the assumption r < R; but the
errors introduced in doing so are sufficiently small to be neglected.

It is now a straightférward matter to collect the various parts of the
calculation together. The values of Tk thus obtained are given in the third
column of Table VII. Some of the entries of Table V are included so that a
direct qomparison between experiment and theory can be made. It is immediately
seen fhat fu and T6 for Nd5+ agree to within a factor of 3, a resuit that must
be regarded.as satisfactory. However, T2 forde5+ and all three parameters for

3+

Er are too small by an order of magnitude. It might.be thought that the

neglect of configurations of the type th_l n'd, where n' 2 6, is largely

responsible for the discrepancies. However, this is unlikely.

In the first place, it can be seen from Table VI that the products

(hr|r®|5a) (bt |r[5a)

Ao
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are almost equal to the corresponding quantities

(4] o |ur)

Hence, even if we used Eg. (11) to perform a closure over all configurations of
the type bt Tn'd, 3a kit andvhd9th+l (for a fixed N), placing them as low
as th_l5d in energy, our results would differ insignificantly from those already
obtained.

N-1 n'd can be

The irrelevance of higher configurations of the type Lf
seen in another.way. If {' = 2, then T2, Th’ and T6 depend on B5 and B5 only.

The linear relationship between the parameters Th that this implies is
T,/8 = T)/55 - T¢/3575.

Since we have Tk > 0, the inequality TE/TH < 8/55 follows. The observed ratios
are much larger than 8/55; and hence they cannot be accounted for by including
the effects of Uf T 64, b1 7d,vth_l 74, ud9qu+l, etc.

Configurations of the type th-l n'g remain to be cohsidered. Their
comparative proximity to the ionizing limit sqggests the validity of a closure
procedure over ail n'; but the large radial egtehsion of the g eigenfunctiohs
makes 1t difficult to decide where the ionizing 1limit is for aﬁ ion in solution.
For the free ion Pr5+, even the nodeiess eigenfunctions‘72(5g) attains its.
maximum value as far as 3.3 X.from the hucleus; it follows that.the eigenfuan
tions for ioné in solution are determined by conditions beyond the first hydra-
tion layer. If the six dipoles of this layer are replaced by an equivalent
uniform dipole shell, the classical eiectfostatic potential difference.geﬁween
points inside and just outside is 6p/R2, which is equivalent fo approximately

100 000 cm-l. Presumably, the ionizing limit of a free rare-earth ion should

be reduced by at least ﬁhis amount for an ion in solution. Interpolating
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2
3* ana 0,

between Ridley's energies e for Pr and assuming the energies of.

. . N-1 .. e e . . .
the configurations U4f n'g coincide at the corrected ionizing limit, we find

5+ 3+

Aln'g) to be 167 000 em™* for NaT and 207 000 em™t for Er Terms in Eq. (17)

that involve B aréfnegligible, and thé new values of Z(t,\), for which (n'£')

7
runs over (5a) and all pairs of the type (n'g), can be obtained from the old by

multiplicafion by

(£+7) ! (bf | ) A(54)

14 (6-t)! ‘
7)) i(e-n) ! (befr(5d) (f[rt[5a) Aln'g) -

~

The results of the calculation are given in the fourth column of Table VII.

The parameters T, are in all cases increased, but they are still too small by

3+ 5+

A

factors of 2 and 8 for NA”" and Er respectively.

X. DISCUSSION
In searching for the causes of the discrepanciésvbetween experiment and

A+

theory, we should not lose sight of the factAthat, for Nd , the agreement is

perhaps better than we might reasonably have anticipated. Owing to the depend—
enée of Tx on R"lO or R_lu,vthe discrepancies for Nd5+ éould be easily accounted
for by decreasing R by as little as 0.1 R. The tendency.of the negative charge
on the oxygen atoms to be drawn towafds the 3+ rare-earth ion might easily be
large endﬁgh to require a correction to R of this order of magnitude, thdugh
other reasons can bé easily thought up; For example, the protons of the water
ﬁolecules presumably take parﬁ in bonding to the'éecond hydration'layer, and
their positions are ﬁot solely determined by.the charge on the rare-earth ion,
asvﬁe havé éssumed. |

‘ Increasing TK by a factor of 2 wéuid still 1eave‘a discrepancy of a
A+

factor of U4 for Er Now, throughout the entire analysis, it has been assumed

S v v - . o= _
that the configuration of water molecules surrounding Er5 is essentially the
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+
same as that surrounding Nd5 , save for a radial scaling factor. - However, the-

3+

change in ionic radii is sufficiently large for many crystals.containing NG

+
or Er5 , Tor example, NACl, and ErCl._, to exist in dissimilar forms. If this

3 37

were the case here, then we should expect the calculated reduction of the

parameters T, to reproduce the observed reduction to within an order of magni-

A

tude only. Other causes 'may be the source of the discrepancy, of course: the

shapes of R(Lf) and R(54) are changing with atomic number much more rapidly
3

in the region of Pr * than near Tm5+, and the linear interpolation method used

to derive the third and fourth columns of Table VI m&y be unreliable. Again,
the use of free-ion eigenfunctions as modestly extended as'FK5d) might consti-
tute too gross an approximation for ions in solution; corrections as small as

10% to the entries of Table VI, if applied in the most telling directions, reduce
3

. : + + .
the calculated drop in the parameters T, in going from Nd5 to Er by a factor

A

of more than 2. It seems unlikely that lines involving the excitation of

vibrational modes are responsible for the discrepancy in the relative intensi-

3+ 5+

ties of lines of Nd and Er” ; for, even if they are quite strong, their
intensities depend on the radial integrals of Table VI, and should therefore
decrease in step with the electronic lines.

The fact that the calculated parameters'Tx of Table VII are smaller
than the expériméntal ones ig, of itself, an important result. For, as

indicated in Sec. VII, we would have expected the calculations to grossly

A

hydration layer pbssessed a center of inversion. We can therefore conclude

’overeétimate the T, if the>system comprising the rare-earth ion and the first

that this system does not possess a center of inversion. The deduction of
Sayre et al. that the opposite is true was based on the feebleness of certain
 compared to alcoholic

3
7 op

solutions. O One of these lines, corresponding to the transition Fo = D

lines in the spectrum‘of aquéous solutions of EuCl
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’

>

has been measured by Hoogschagen, and has an oscillator strength of 0.009.
Small as. this number is, it is consistent with the absence of a center of

inversion. To demonstrate this, we use pertufbation theory and calculate the

()

appropriate matrix elements of U‘'""/ by means of the formula

M

(ERNELONNEN)

2

= (Try181P0) o, 11 0™ 12 0) 18(7s) - B(Cp,)]

o o)

o .
+ (g 1 0™ 1 T )Ty 070 (") - E(PD))1

where A is the spin-orbit interaction. The matrix elements can be evaluated
by the methods of Elliott et a1.28 The oscillator strength P depends solely

on Tg’ which can be obtained by linearly interpolating the observed values for

-aqueous solutions of NdCl5 and ErClB. The result, P= 0.006, is in satisfactory
agreement with experiment. '

We are now left with the problem of explaining why certain lines in the

spectrum of alcoholic solutions of EuCl_ are anomalously‘strong, We shall not

3

explore this problem in detail here: it is worth noting, however, that the

T P
FO — D2

2
/2 6DJ or ca>,”?

depend solely on Tga On the other hand, the transitions that do not undergo

+ 2
5PJ of Pr5 5 ? depend on Th and

transitions that are much more intense in alcoholic solvents, such as

A+

of Eu” , and what appear to be transitions of the type 88

striking changes of intensity, such as BHM -

T6 only, at least in the lowest order of perturbation theory. Since both T2

and Th_depend strongly on B,, an apparent increase of T, in alcoholic solutions

o) 2

without a corresponding increase of Tu could occur only through the excitation

of vibrational modes, which might be undetected as such if sufficiently low in
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frequency. Only T.' of Eq. (19) depends on B hence, in fitting experiment

1.
2 1’
to the parameters T2, Tu and T6, a large value of Bl' would make itself felt
through T2 alone. It is possible that the‘pecuiiar variation of T2 described

in Sec. VI has its origin in a mechanism of'this sort; but, from what is known
of the relative intensities of electronic lines and their accompanying vibra-

tional structures, it seems hard to account for a change of T. by an order of

2
magnitude in this way. Quentitative measurements on alcoholic solutions of
ErCl, or NACl, would decide whether it is correct to interpret the anomalously

3 5

strong lines in alcoholic solutions of EuCl, in terms of an increase of the

3

parameter T2', or whether some other mechanism should be sought.

/

XI. CONCLUSION

Although the theory of Secs. II and III is applicable to a rare-earth
ion in a crystalline environment, the absence of experimental data on the
oscillator strengths of lines in rare-earth crystals has obliged us to discuss
the theory in terms of solutions of rare-earth ions. The difficulty of dis-
tinguishing between the pure electronic parts of the line intensities from
contributions coming from transitions in which Vibfational modes are gimul-
taneocusly excited 1s not present for the spectra of rare earth crystals, or
at least for those spectra that have been analyzed. Data for crystals, when
available, will therefore permit more rigorous tests of the theory to be

carried out.
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(n)

Table I. Reduced matrix elements of U' '’ for Nd3+

Calculated

| SER

STLJ Energyu(in em™ .(f3LuI9/2] n U( ) “ f3 [s* L' 5'])
above 19/2)a _k = 2 N N =k AN =6

“D7/2 31004' ' 0.000k ' © 0.0607 -0.0893

Ll7/2 30932 0 -0.0318 -0.0358
2 .

113/2 30073 0.0123 0.0370 -0.0k42)4
2 . .

L15/2 29413 0 0.1612 0.1006
"

Dl/2 29276 0 -0.5093 0
“DS/Z 28836 0.0111 20.2390 - 0.1659
2

Ill/2 28694 -0.0717 -0.1238 0.0594
L

D . -0.

3 /2 28641 0 0.4417 0.1299
2

P . ‘ -0.

3/2 26348 0 0.0345 0.0271
2D5/2 23880 -0.0002 0.0116 0.0479
2

Pl/z 23147 0 -0.188k4 0
Ly ' '

Gll/z 21826 -0.0023 -0.0741 0.0906
2
2G9/2 21255 -0.0358 0.1381 0.1318

D3/2 212h7 0 -0.1367 0.0121
. ‘

Kl5/2 21027 0 -0.0747 -0.1228
by

G9/2 19720 -0.0662 0.2388 -0.1926
i

G7/2 19320 0.2529 -0.4257 0.2488
2K13/2 18978 -0.0846 0.0157 0.1810
uG5/2 17356 -0.9471 0.6399 -0.1885
2

G7/2 17354 -0.2580 0.4009 ~0.1539
2 i

Hll/2 15985 -0.0073 -0.0515 -0.1020
”F 14903 0.0275 -0.0936 -0.2114



Table I. (Cont)
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- Engiégu%izegm_ (f3[ni9/é] H,U(x);” f3 . J'jf
above g /o) * A=z No=h N =6
“FY/Z v13611; 0.0337 - 0.2034 0.6525
483/2 13454 0 0.0549 0.L862
21{9/2 12612 0.0986 ~0.091k 0.3392
4F5/2 12607 0.0303 -0.4862 -0.6299
”F3/2 11524 0 0.4778 | 0.2317

. Bgee reference 1L,



-35- UCRL-10019

(n) 3+

Table II. Reduced matrix elements of U for Er

Calculated | Lt ot (0 1 g0 )

S'L'J'  Fpergy (in em = 15/2 -

above 115/2) & A =2 A o= b =6
2G9/2 24893 0 , 0.131k 0.4809
hFé/z 22701 0 0 | -0.3658
“FS/Z 22321 o o -0.4712
l*F?/z 120717 Q | -0.3816 ~0.7909
2H11/z 19407 © 0.8456 | -0.6420 0.3127
433/2 _18525 0 0 0.4624
4F9/2 15ukg 0 - -0.7107 -0.6717
“19/2 12496 ) -0.4567 -0.1302
”111/2 10415 0.1856 £0.0290 ~0.6259

a
See reference 1k.
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Table ITI. Oscillator Strengths for Nd
Spectral Upper Levels P x 106
Region involved in NGC1L Nd(‘NO ) Nd(Cl‘O ) :
(Cm_l transition . : 3 33 473 T
Theory Expt & Expt & Theory Expt
29600 - 31250 "D 21 2,
7/2° T13/2° “it/e 0.46 2.36 0.40 1.7
4 2 b
D_.,., I , D A
26750 - 29600 3/27 Tn/zr U5/ 10.13 9.52 10.16 9.8
4D 2y,
1/2° “15/2
25750 - 26750 ?PS/Z 0.04 0.05 0.05 0.03 0.02
24250 - 25750 ¢ .0.03 0.03
23500 - 24250 2D5/2 0.06 .0.08 0.08 0.05 0.06
22750 - 23500 ZPl/Z. 0.43 0.38 0.38 0.45 0.30
2 2 .
K ) D ) '
20250 - 22750 15/2 3/2 1.47 2.31 2.35 1.32 1.9
2 uG
. 9/2° T11/2 ’
2 L b :
- A 6.58 6.78 k.92 .8
18250. - 20250 K13/2’ G7/2, G9/2 5.48 5 7 9 5
2 L . .
16250 - 18250 G7/2, G5/2 10.6 10.5 11.7 8.38 8.3
5 .
15250 - 16250 Hll/Z 0.20 0.39 0.39 0.17 0.1k
14250 - 15250 uF9/2 0.78 0.83 0.83 0.65 0.51
L b
- S .8l . ’ . . .
13000 1&250 F7/2, 3/2 9.8 8.88 8.78 8.17 7.6

6TO0T-THON



Table III (Cont)
6
Spectral Upper Levels P x 10
Region involved in ; ' NdCl% Nd(NO3)3 _ ,Nd(010u)3
-1 .
C s o
@m ) transition Theory Expt EXpta Theory . &@tb
11900 - 13000 MF s 2y 8.48 9.22 9.17 7.32 ﬁ 7.7
5/2° 79/2 _
11000 - 11900 4F3/2 : 2.02 3.02 2.93 1.96 . . 2.3
2 From Ref. 5
o From Ref. 6
c

The line in this region reported by Hoogschagen has not been observed by Stewart, and no corresponding’ level

occurs in the theoretical scheme. It is certainly spurious.

_Lg_

6TO0T-TYoN
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Table IV. Oscillator sfrengthé for Er
P X 106
Spectral Upper level L
Region involved in | Ef(N03)3
(em™ transition Theory Expt & Expt °
23900 - 25100 2G9/2 0.89 0.7h 0.7k
" -
Fs /2’
21500 - 23100 L 1.15 1.31 1.31
F3/2
20000 - 21500 uF?/z 2.3k 2.22 2.22
18700 - 20000 2Hll/2 2.91 2.91 3,14
17500 - 18700 us3/2 0.57 0.83 0.83
' L
14600 - 16400 F9/2 2.27 2.37 2737
- ) .
- . . 0.34
12000 12900 19/2 0 47 0.34 3
9900 - 10400 uIll/z 0.63 0.50 0.50

From Ref. 5.
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Table V. Observed values of the parameters=Tx (in units of'lO-Zl'sec.)

Sclute

T, S

2 6
« . . .
NdCl3 8.7 17.3 35.3
Nd(ClOu)3 4.2 18.0 29.1
Er013 3.2 5.6 4.8
Table VI. Radial integrals ( in atomic units)

Integral Pr3+ Nd3+ Er3+ Tm3+
(4] r | s54) 0.900 0.869 0.615 0.583
(ue| 3| sa) 5.47 5.17 2.75 2.45
(url 2’| 5a) - 50.5 b7 - 9.9 . - . 16.5 -
(ur| rf] ur) 1.46k 1.39k 0.831 0.761
(k] ] Lf) 5.3L .96 1.95 1.57
(4| 0| Lf) 39.6 36.4 10.5 7.31
(k| r8| Lr) 500 450 100 62
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Table VII. Theoretical and selected experimental values of.
the parameterS”Tx'(in units of-lO:'21 sec.): .

Calculated O. ‘ .
L — — — _ Observed in
Ton Parameter (n'4) = (54) (n'£') = (5d), Chloride Solutions
) only and all (n'g) (From Table V)
\ R
Té 0.94 3.62 8.7
Na3* T, 6.73 9.96 17.3
T, w0 e 35.3
T, .. 005 0.28 3.2
Erot T, 0.38 0.59 . 5.6
T 0.68 0.72 4.8
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v (cm™)

31000

MU-25824

Fig. 1. A comparison between experimental and theoretical.

.oscillator strengths of transitions in aqueous solutions’

" of NAClz. The lengths.of the horizontal lines running
from the central vertical line give a measure of -log P;
theoretical values are given on the left, experimental
values on the right. The ordinate of a horizontal line
gives the apﬁroximate energy of the corresponding transi-
tion, in em~-.
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26000

17000 -
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n
Fig. 2. A comparison between experimental and. theoretical .
~oscillator strengths.of transitions.in aqueous solutions
of  ErClz.. The design of the figure is the same as that

of Fig. 1. . .- o R T
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