FRACTAL PERCOLATION AND QUASISYMMETRIC
MAPPINGS

EINO ROSSI AND VILLE SUOMALA

ABSTRACT. We study the conformal dimension of fractal percolation and show
that, almost surely, the conformal dimension of a fractal percolation is strictly
smaller than its Hausdorff dimension.

1. INTRODUCTION

Dropping the dimension of a metric space X by a quasisymmetric mapping
is a popular and challenging question in analysis. Especially, this question has
been studied for many deterministic fractal sets, such as Sierpinski carpets and
other self-similar sets, and also Bedford-McMullen carpets and other self-affine
sets [7,11,16,17,19]. In this note, we study the conformal dimension for certain
random sets. Given a random set £ C R? with almost sure Hausdorff dimension
s € (0,d], it is natural to ask if E is almost surely minimal for conformal dimension,
and if not, what is the “almost sure” or “expected” conformal dimension of F.
We are not aware of any results of this kind for continuous random sets, but
related embedding questions have been investigated for discrete sets, especially for
Lipschitz embeddings of independent Bernoulli random sets in Z and Z<, see [1,2].

1.1. Conformal dimension. A homeomorphism 7: [0,00) — [0, 00) is called a
control function. A homeomorphism f between metric spaces (X, d) and (Y, o) is

called n-quasisymmetric if

" W10, (ee0)
(@), z) = "\ o, 2)

holds for all z,y, 2 € X with z # z. We say that f is quasisymmetric (qgs for short),

if it is n-quasisymmetric for some control function 7. Quasisymmetric mappings

preserve certain geometric properties like doublingness, uniform perfectness and so

on, but unlike Lipschitz mappings they may distort common notions of dimension
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such as Hausdorff dimension. For standard properties of quasisymmetric maps we
refer to [10,17,18].

If f: X — Y is n;-quasisymmetric and g: Y — Z is np-quasisymmetric, then
go f is myomi-quasisymmetric and f~! is /-quasisymmetric, with /(t) = 1/n; 1 (1/t).
Therefore metric spaces X and Y are said to be quasisymmetrically-equivalent
if there is a quasisymmetric f: X — Y. Given a metric space (X,d) a natural
question is to describe the spaces that are quasisymmetrically-equivalent to X. This
is known as the quasisymmetric uniformization problem. For example, a metric
space is quasisymmetrically-equivalent to the middle thirds Cantor set if and only if
it is compact, doubling, uniformly perfect, and uniformly disconnected [7, Theorem
15.11]. For more on quasisymmetric uniformization, we refer to the survey [4].

The conformal (Hausdorff) dimension is a natural quasisymmetric invariant of
a metric space. For a metric space X, its conformal dimension, Cdimy X, is the
infimum of Hausdorff dimensions dimyg Y, among spaces that are gs-equivalent to
X. That is

Cdimyg X = inf{dimy f(X) : f: X — f(X) is quasisymmetric }.

If X C R? then it is relevant to restrict to quasisymmetries f: R? — R?. This
leads to the definition of global conformal dimension: For X C R?, we define its
global conformal dimension as

GCdimy X = inf{dimy f(z) : f: R? = R? is quasisymmetric }.

(Recall that a homeomorphism f: RY — R? is a quasisymmetry if and only
if it is quasiconformal). One can also consider the corresponding conformal
dimensions for other notions of dimension (such as Assouad dimension, box-
counting dimension, packing dimension), but we focus on the Hausdorff dimension.
If dimg X = Cdimyg X (resp. GCdimy X = dimy X), then we say that X is
minimal for (global) conformal dimension.

1.2. Conformal dimension of self-similar and self-affine sets. Since self-
similar sets satisfying the strong separation condition are uniformly disconnected
(and uniformly perfect and compact), they are all gs-equivalent and thus have
conformal dimension zero. Without the strong separation condition, the situation is
very different. A model example is the classical Sierpiniski carpet S3 C R? (see [17,
Section 4.3]). The carpet S3 is obtained by dividing the unit square into 9 equal
sub-squares, removing the middle one and continuing the process in the remaining
8 squares iteratively. The resulting set S3 is a self-similar set that satisfies the open
set condition. It can be shown that 1+ log;2 < Cdimy S5 < dimy S5 = logs 8,
but the exact value of Cdimy S5 is unknown. (For the strongest claimed bounds,
see [13].) The bound Cdimy S3 < dimy S3 follows by an Assouad dimension
estimate (see [14] for the definition and properties of the Assouad dimension): It
holds that dimy S5 = dimy S5, and, by passing to certain tangent sets and using
modulus estimates that we do not review here, it follows that Cdimp S5 < dimy S
(see [17, Example 6.2.3]). One can consider the same construction with any odd
integer p instead of 3 dividing the unit square into p? equal squares of side-length
p~! and removing the middle one. This results into a central carpet S,, and one can
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deduce the corresponding results for S,. It was shown by Bonk and Merenkov [5],
that central carpets S, and S, are never gs-equivalent for p # g.

In the above example it was crucial that dimy S3 = dimy S3. This is a common
property among self-similar sets satisfying a reasonable separation condition, for
example, the open set condition. Self-affine sets S, on the other hand, typically
satisfy dimpg S < dimp S and thus a similar method does not work. However, it is
still possible to study their conformal dimension. A Bedford-MacMullen carpet S
is obtained using a similar process as the central carpets S, except that the unit
square is divided into n X m congruent sub-rectangles (n > m) and some of them
are removed according to a given pattern which stays the same during the process.
Mackay [16] verified the following dichotomy: If the retaining pattern contains an
empty row and none of the rows is full, then Cdima S = 0 (and thus trivially also
Cdimy S = 0), otherwise Cdima S = dimy S. A similar in spirit, but incomparable
class of of self-affine sets was recently studied by Kdenmaki, Ojala, and Rossi [11].

1.3. Main result. In this paper, we focus on a well known family of random
fractal sets, the fractal percolation. It is defined on the unit cube [0, 1] via two
parameters M € N3 and 0 < p < 1. We divide the unit cube into M? sub-cubes.
Each of the sub-cubes survives with probability p and perishes with probability
1 — p independently of the other cubes. This process is then iterated in the
surviving sub-cubes of all generations. The fractal percolation set F consists of
the points that survive forever. We recall the definition and the basic properties
of fractal percolation in Section 2. The main result of this paper implies that
almost surely on non-extinction, fractal percolation is not minimal for conformal
Hausdorff dimension:

Theorem 1.1. Let E = Ey;,(w) be the fractal percolation set in R? and p € (0,1).
Then there exists t = t(d, M,p) so that Cdimy E = t < dimyg FE almost surely
conditioned on the event E # ().

It is well known that, conditioned on non-extinction, the Hausdorff dimension of
fractal percolation obtains a constant value almost surely (see (2.1) below). By an
application of a zero-one law (see Proposition 3.1), also the conformal dimension
of the fractal percolation takes a constant value, almost surely conditioned on
non-extinction. Thus the task is to show that, conditioned on non-extinction, one
can almost surely drop the dimension by a quasisymmetry. The random structure
of the fractal percolation implies that fractal percolation does not satisfy uniform
disconnectedness nor uniform perfectness, so unlike for well separated self-similar
sets, there are no obvious ways to drop the dimension via quasisymmetric maps.
Also, it almost surely holds that dimyg £ < dimy F = Cdimy F = d, so the methods
from central carpets do not work either.

We prove Theorem 1.1 in Section 3 by constructing a quasisymmetry f,: £ — F
for each realization E = F(w) of the fractal percolation process, where F = F(w)
is a (random) subset of R, and then showing that dimg F' < dimpg E almost surely.
The main idea is quite simple: Suppose that () is an M-adic cube that survives
the percolation. There is a fixed positive probability, independent of @), that all
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F1GURE 1. The first three stages of a sample of the fractal percola-
tion process in dimension 2 with parameters p = 0.7 and M = 3.

the sub-cubes of () die out. If this happens, it is possible to shrink the inner part
by a contractive map. Iterating this over surviving cubes of all generations, yields
a quasisymmetric map defined on E. We will show that around most points, this
shrinking happens on so many scales that the induced quasisymmetry will decrease
the Hausdorff dimension of the fractal percolation set E.

In Section 4, we prove Theorem 4.1, the global version of Theorem 1.1, by
extending f to a quasisymmetry R? — R

Acknowledgement. We thank John Mackay and the referees for useful comments.

2. FRACTAL PERCOLATION

We recall the definition of fractal percolation in R? as follows: To begin with,
we fix a parameter M € {3,4,...} and let A = {1,..., M?%}. We first define a
labelling of the M-adic sub-cubes of the unit cube [0, 1]? using the alphabet A.
We denote by Q,, the family of closed M-adic sub-cubes of level n of the unit cube
0,11,

d

Q, = {H[z’lM”, (+1)M™] :0<4 <M"— 1}
1=1

and let @ = U,en@,. Write Q' Cn Q if there is n € N such that Q € Q,,

Q' € Q,ynyand Q' C Q. Let us label the elements of Q; by theset A = {1,..., M?}

such that the symbols

i€ Ap={1l...,M*— (M —2)%}

correspond to the cubes intersecting the boundary of [0, 1]%. We fix this labelling
throughout the paper and given any Q € Q,,, we label the cubes Q' C; () using
the same labelling based on the geometric location of ()" inside (). This induces a
natural labelling of Q,, by A™.

The main reason for the assumption M > 2 is that for M = 2, Ag = A since
every cube touches the boundary of its parent. We leave it to the interested reader
to check that all our results also hold for M = 2. Basically, this reduces to the
situation M = 4 by gluing together two consecutive steps in the process.

We will use notations i = iyiy...,j = jij2..., etc. for words i,j € AN
and also for finite words i,j € A* = |J,.yA". We denote by o the left shift,
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o(iyigiz...) = igi3.... If i € A*, welet |i| stand for its length. The notation i < j
means that j = i or j = 1j’ for some j’ € AN UA* (Note that this is equivalent to
saying that Q; Cn Q; for some N > 1 whenever j has finite length). By i A j
we mean the longest common beginning of the two words i and j. If |i| > n,
let i|, = iy...4, and [i|,] = {j € AY : j|, = i],}. We say that a collection
A c A* U AN of words is incomparable if there are no words i, j € A’ such that
i#jandi<j.

Since Q,, is in one to one correspondence with the alphabet A", we may define
a natural projection IT: AN — [0, 1]¢ by setting

II(i) = z;, where {z;} = ﬂ Qi) -
neN
Equivalently, TI(1) = lim, o hq,, (0), where hq is the homothety sending [0, 1]¢
to Q. Given 0 < p < 1, the fractal percolation set F(w) is then defined by
E(w) :=T(T(w)),
where
T(w)={ieA": X;, =1foralln € N},
and X;, i € A* are independent Bernoulli random variables each taking value 1

with probability p. We denote by P the law of the fractal percolation process.
This is the unique Borel probability measure on {0, 1}/‘N satisfying

||
P HXi‘nzl = pll for all i € A*.
n=1

It is well known that if p > M~%, then almost surely, conditional on non-extinction
(that is, E # @), it holds that

log p

log M~

On the other hand, if p < M~? then F is almost surely empty, see for example [3,
Theorem 3.7.1].

Let us also denote by T,, C A" the (random) set of n-words i = 4; .. .14, such
that

(2.1) dimy(E) = d +

X, =1forallk=1,...,n.
By B, we denote the sigma-algebra generated by {X; : |i|] < n}. In other words,
B, is the sigma-algebra generated by the labelled finite trees T, € {0,1}A".

Note that T,,(w), n > 1 and T'(w) can be interpreted as trees by considering an
edge between the vertices i and j if j € T}, 1 € T}; and either j = ik or i = jk
for some k € A. For convenience, we extend the natural projection for finite words
as well. For i € A*, it holds that II([1]) = @;, and so we set II(i) = hg,(0). With
this notation, we have the identity

(2.2) (i) = II(1) + M~ HII(3) = ho, (11(3))
for i € A* and j € ANUA*.

ilk
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Remark 2.1. The fractal percolation process is stochastically self-similar in the
sense that conditional on i € T},, the sub-tree of T rooted at i has the same law
as the original tree T. Transferred into [0, 1]¢, this means that, conditional on
i e T,, the set

ho, (T (w) N [1]))

has the same law as E, for all £ € N. Moreover, if A’ C A* is a (finite) collection
of incomparable words, the random sets hy!(II(T(w) N [i])) are independent
conditional on the event

ieTy forallieA.

Note that II(T(w) N [i]) is almost the same as F'N Q;, expect that 0Q; N E may
contain points of E of the form TI(j) for some j ¢ [i],].

Remarks 2.2. a) The fractal percolation set E is a model example of a random
fractal constructed from a Galton-Watson tree. In addition to fractal percolation,
our main results can be extended to many other Galton-Watson random fractals,
see Remark 4.3.

b) Many properties of the fractal percolation sets can be deduced from cor-
responding properties of the underlying Galton-Watson tree. For instance, the
Hausdorff dimension of E(w) can be directly deduced from the branching number
of the tree T'(w), see [15, §1.10]. When it comes to conformal dimension, there
is in general no relation between C dim F(w) and C dim(7'(w)); More precisely, a
natural way to metrize T'(w) and its boundary 9T (w) C QN is to consider 0 < k < 1
and define d,(i,j) = s/*l. Since for all 0 < &, s’ < 1, the spaces (0T (w),d,.)
and (0T (w), d,) are quasisymmetrically equivalent (the identity map yielding the
obvious quasisymmetry), it follows that Cdimy (7' (w),d,) = 0.

3. CONFORMAL DIMENSION OF FRACTAL PERCOLATION

We first observe that the conformal dimension of £ = FE(w) is constant almost
surely on E # &.

Proposition 3.1. There ezists t = t(p), such that
Cdimyg F(w) =t,
almost surely, conditioned on F(w) # &.

Proof. Recall that F = F(w) = II(T(w)). Suppose that CdimygII(T(w)) < a.
Then there exists a quasisymmetry f: F — Y, where Y is a metric space with
dimp Y < a. Given i € A*, the restriction

flnaeynay: I(T(w) N [i]) =Y

is also a quasisymmetry (with the same control function). Since scaling preserves
quasisymmetry as well, this implies that the event

Cdimy [[(T(w)) < «
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is inherited, meaning that it holds for all finite trees and if it holds for a given tree
T, it holds also for all the descendant sub-trees It follows from a standard zero-one
law for inherited events (see [15, Proposition 5.6]) that

P(Cdimpg E < a|E # @) €{0,1}.
The proposition follows with ¢t = inf{« : P(Cdimy E < «) > 0}. O

Remark 3.2. The proposition clearly holds for the global conformal dimension
as well. (Recall the definition from the introduction.) Moreover, with the same
technique, it is also easy to show that for a given (deterministic) X, it holds that

P(X can be quasisymmetrically embedded to E) € {0, 1}
as well as
P(E can be quasisymmetrically embedded to X) € {0,1},

since the cases where I = & are trivial.

We will now start the proof of Theorem 1.1 by constructing a (random) mapping
f: E — R that witnesses the estimate Cdimy £ < dimyg E. Consider a prede-
termined word of length K" > 1 corresponding to one of the inner cubes, that is
n € A¥ such that n; ¢ Ap. Given T'(w), we define a new set T'(w) by the following
substitution rule:

If {i|,—1j} NTh(w) = @, for all j € Ap, then substitute i,, — 7i, .

Apply this for all i € T(w) and all n € N and let T'(w) be the resulting subset
of AN. Let 1 denote the word obtained from i after applying the aforementioned
substitution rule for all n. In particular, the substitution is not applied iteratively,
but it is applied to all n at once: If we denote i = #1is¢3. .., then for any n, the
single letter word 4, becomes a word j,, € {in,ni,} in the substitution, and then i
equals to j1j2js . ... The definition of i clearly extends to finite words i € A*, as
well (the substitution rule is applied for indices 1 < n < |i| only). It is understood

here that i|y is the empty word @ and, moreover, that & = @.
We define a map f: E(w) — F(w) by

(3.1) fM(1)) =T(1),
where F(w) = f(F(w)). Since a point € F can have multiple representations,
we should check that f is well defined (whenever E(w) # ). So let € E and
i,j € ANso that TI(i) = TI(j) = z, but i # j. We need to show that TI(1) = II(3).
Write k = |1 A j|, 1 = ki’, and j =kj’. Then in,j, € Ap for all n > [k[ + 1, and
so either i = ki’ and J =kj’, or i = kni’ and j = knj’. In both cases, recalling
(2.2), it follows that I1(1) = TI(j). This shows that f(z) is indeed independent of
the representation of z as II(i). Note also that if i, # j, for some n, then i # j.
This implies that f is one to one.

Note that due to the underlying random structure, ij j is not generally equal to
ij. To split the word ij in a way that goes well with our substitution rule, we

define

iJ = Umﬁ-
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This gives the identities 1\5 = IJ and

(3.2) I(1j) = (1) + MFII(,3) = he, (T1(,3))-
For p € T,,(w), write

(3.3) fp(II(1)) = II(, 7).

By (3.2) we have

(3.4) flz) = hg, o fpo hé: (x)

for all p € T,,(w) and € II([p]) N E. This allows us to separate the common prefix
p from the equations, when considering | f(II(pi)) — f(II(pj))|, for example. Note
that the mapping f; is the random mapping that is obtained by replacing the tree
T'(w) by the sub-tree rooted at p in the definition of f.

In order to prove Theorem 1.1, we need to prove the following lemmas:

Lemma 3.3. dimy F' < dimy E (almost surely, conditioned on non-extinction).
Lemma 3.4. The map f: E — F is a quasisymmetry (for all w).

Before going into the proofs, let us fix some notation for convenience: Let us
replace the Euclidean distance by the maximum distance, which we keep denoting
by |z —y| = max;—;__af{|z; — vi|}. Since the maximum distance is bi-Lipschitz
equivalent to the Euclidean distance, all properties related to dimensions and
quasisymmetries are unaffected by this change. If A and B are variables, we
denote A < B if there is an absolute constant C' < oo (depending only on M and
d) such that A < CB. If A< B and B < A, then we write A = B.

Proof of Lemma 3.5. For i € A*, denote E; = II([i]NT(w)). Then E = |J;cpn Es
for any n. Moreover, f(FE;) C Qs for all i, and thus, {Q;}ier,, n € N, constitute
natural coverings for F'(w).

Fix 0 < s < d, and define random variables Y,J(w) = >, 7. ) diam (Q5)°. We
will estimate E (Y,’(w)|B,). Fix i € A™ and condition on i € T,,. Using the
linearity of expectation,

E( Y diam(Qg)'|i€T,

it€Tn41
IR | MENT
= diam(Q5) 27)(11 €T, ]ieT,)E EH |ii € Ty | -
Let us denote the previous sum, Zf\g ..., by S(i). Since S(i) is invariant under

the shift o(iy...1) =1is...9p and P(i € T1) = p for all i € A, it follows that
Md
S(i)=> P(ie THE (M*S‘i‘ i e T1>
i=1

:pZE<M—S|7||¢eT1>+pZE(M—S|7||z'eT1) .

iEAB ’i%AB
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For i € Ap, we have E <M‘Sm |i € T1> = M~*, whereas for i ¢ Ap, we obtain
(recall that K = |n|)
E (M*S‘ﬂ i e T1> = M—P(TyN Ap # @) + MEP(T, N Ay = )
Y (1 (1- p)Md—(M—2)d X M—sK(l _p)Md—(M—z)d>
— M (1 (11— ME) _p)Md—(M—Q)d> ‘

Let us denote

(M —2)
M

and note that k < 1 if s > 0. Based on the above computation, we may write

k= Kl K) = 1= (1= M) (L= )=o),

(3.5) E Z diam(Q)* |i € T,, | = diam(Q;)*pM**k(s, K) .

i€l 41

Let ¢ be the unique solution to pM?~!k(t, K) = 1 (note that this is well defined
since t — pM?'k(t, K) is continuous and strictly decreasing, pr(d, K) < p < 1,
and pM~%(0, K) = pM~% > 1). Then (3.5) yields

E(Y,w I Tw)= S E| 3 diam(Q) ] i€ Thw)

1€T, (w) 11€Tn+1(w)
= ) diam(Qy)' = Yi(w),
1€T, (w)

and thus we have E (Y; 1| Bn) =Y!. By Doob’s martingale convergence theorem [9,
Theorem 8.2], almost surely Y;! converges to a random variable Y with E(|Y*|) < oo,
and thus

sup Z diam(Q;)" = sup Y, (w) < 00.

i€T,
and whence dimy F'(w) <t almost surely. On the other hand, we know from (2.1)
that almost surely on non-extinction,

dimy F(w) = s,

where s is the solution of pM?* = 1. Using (s, K) < 1, we have t < s and
whence the claim. i

Before proving Lemma 3.4, we collect the main geometric properties of the map
f in the following proposition.

Proposition 3.5. Let z,y € E, with x = II(1), y = II(j) and let k = i A j.
Denote i = ki’ and j =kj’. Then

(3.6) f(x) — fy)] = MHI(3") - 11(5")| = MEEz -y
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fp(z)
;;//// ///// 7 Qp/‘nfl

7 7
7 7
e 7
7 7
2 7
7 7
7 7
/////////// Q
/
P n—17M

v e d[0,1]4

—
M—TL

FIGURE 2. The formulas (3.8)-(3.10) are being illustrated here.
Intuitively, v is “far” from both z and f;(z) which in turn are “near”
each other.

Proof. The main geometric ingredient of the proof is the following observation:
There is a constant C' > 0 such that the following holds for all p € A*, z € QN E
and u € 0Qp: Denote v = II(pm) and let w = II(pm) (Note that w equals f(u), if
u € E,butif u ¢ F, then f(u) is not defined). Then

(3.7) CIMPI=Pl g — | < |f(z) —w| < CMPIEPlz — .

In order to prove (3.7), write x = II(pp’) and first consider z = II(p’) and
v =TI(m). If p;’ =p’, we have f,(2) —v =1II(p') — v = 2z — v. Otherwise, let n >0
be the smallest index such that [pp],_,j] N Tjpjsn(w) = @ for all j € Ap. Then we
have the following estimates (see Figure 2):

(3.8) 2€ Qi \ | Qo
JEAB
and
(3.9) fo(2) € Qpy 1w € Qpiui \ | Qi
JEAB
and
(3.10) d (v,Qp,|n_l\ U Qp,|n_1j> > M.
JjEAB

giving the bounds M~ < min{|z —v|, |fo(z) —v|} and | fp(2) — 2| < M "+, Thus
we get

|2 =] < [fp(2) = 2| + [fp(2) =0 S [fp(2) = v < [fp(2) = 2[ + ]2 = 0| S |z —vl.
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In other words, |fy(2) — v| & |z — v|. Combining this with the identities
|[f(2) —w| =1 N(Em)| = MPI(R) — M) = M| f,(2) - ol
|z — uf = [II I(pm)| = M~ PITI(p') — M(m)| = M~ Pl|2 o],

implies (3.7).

Finally, let us derive the claim of the proposition from (3.7). Let u € 9Qy;, and
u' € JQyj; be the points along the line segment joining x to y, and let w and w’
be obtained from v and v’ (respectlvely) as in (3. 7)

pp’)

(pp
(pp)

Since either kzl = ki| and kj| = kj}, or kzl — kni} and k]l = knj!, it follows
that either |w —w'| = MM=E |y — /| or |w —w'| = ME=E=Il|y, — /|, In any case,
(3.11) w — w'| & MEE|y — /|
Applying (3.7), with p = ki, ky, yields

[f(x) = fW)l < [f(2) = w] + Jw = w'] +[f(y) — |
ro MR g | 4 MRl gy o] 4 MRy g
~ M\kl—\il|x —yl.
To obtain the desired lower bound, we let w € 0Q L w € 8@ be the points

along the line-segment joining f(z) to f(y) and let u E OQxr, v/ E 0Qyj; be such
that w and w’ are obtained from u, u’ (respectively) as in (3.7). Then (3.11) holds
also for these w,w’, u,w. Combining with (3.7), we infer

[z —y| < |z —ul +u— |+ |y — o]

~ MIEH f () = ]+ MM — ']+ MEH f(y) = ]

= MM f(z) = f(y),
as desired. U
Proof of Lemma 3.4. Let us show that the map f defined by (3.1) is a quasisym-
metry E(w) — F(w). To that end, let z,y,z € E, with z = II(i), y = II(j),
z=1I(p). Let k=1 A j. We COI]Sldel" two different cases:

Case 1: k < p. Let us denote p = kp’ and 1 = ki’. Let m = i’ A p’. It follows

from (3.6) that
(3.12) If(z) = f(2)| = M'km|_‘ﬁ“\x —z| = M‘k|_|E‘M|m‘_‘kﬁ‘\:c —z|.
If ym = m, then (using (3.6) for x and y),

[f(@) = f@) MM —y| o~y
[f(@) = fR ME-Eg — 2 |z — 2]
Let us assume that [ ;m| > |m|. In this case | m| = |m| + N|n| for some N € N.

Denoting m = my ... myy, this means that N of the symbols m;, i = 1,..., |m| were
replaced by nm;. Thus, there is an index 0 < n < |m| — N such that

(3.13) k(m[»)j] N Tn41(w) = @ for all j € Ap.
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Qj|\k\+1 Qi“k\“ Qx(ml,)
Yy
o
—
M7|k‘fn71

FIGURE 3. In case (1) of the proof of Lemma 3.4, y can be in the
boundary of @y, ,, and thus also in Qx,), but due to (3.13), it
cannot fall into Qml,,,)-

Since = € I1[km| and y ¢ I1[k(m|,+1)], we obtain
o =yl > d(w, 0Qu),) = M7 > MR
Putting this together with |z — z| < M~¥=Im yields
[n]
gl — vl < (12—l
so that recalling (3.12) and
[f(@) = fy)l = MMM =y,
we finally get,

1f(2) = F@I bl 12 =91 < (!x — y’)lnlﬂ |
Case 2: k £ p. Denoting m =k A p and k = mk’, the estimate (3.6) gives

(@) = f@) MM —y| Jr—yl _ lz—yl

~ _ = M¥I-lK .
[f(x) = f(z)] MR-z — 2] jz—z2[ 7 |o— 2]
Thus, we have verified that f is a quasisymmetry with control function n(t) =
C max{t, t"*1} with some constant C' < oo. O

4. GLOBAL CONFORMAL DIMENSION
In this Section, we prove the global version of Theorem 1.1:

Theorem 4.1. Almost surely on non-extinction, the fractal percolation is not
manimal for global conformal dimension.
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EQn

FIGURE 4. One way to define g is the following: Start with the
homotheties ¢ that maps [0,1] to I, and g that maps [0, 1] to Q.
Let g|; = g|7. If u € [0,1]¢\ I, then there are unique x € 9[0, 1]¢ and
0 <t<lsothatu=(1—t)z+tg(x). Set g(u) = (1—t)z+tgog(z).

We will show that the quasisymmetry f: F(w) — F(w), constructed in Section
3, may be extended to a global quasisymmetry f: R? — R?. Clearly, it is enough to
extend f to a quasisymmetry on [0, 1]¢ such that f is the identity on the boundary
of [0,1]%.

The definition of f on [0,1]?\ E is slightly technical, but geometrically intuitive:
We try to stretch the distances as little as possible on the complement of E. We
will use an auxiliary map g: [0, 1]¢ — [0, 1]¢ with the following properties (For a
cube @, we denote by k() the cube concentric with () and with side length x times
the side length of Q):

(1) g is the identity map on 90, 1]%.

(2) g maps I = (1—)[0,1]* onto (1— )@, and g|; is a homothety (a scaling
composed with a translation).

(3) g is bi-Lipschitz.

It is easy to construct such a map g, see Figure 4. For a cube QQ € 9, let
go = hgogo(hg)~t. Note that each gg is bi-Lipschitz with the same constants as
g. We can now extend the map f to [0,1]?\ E(w). Given z =TI(i) € [0,1]?\ E(w),
let n € {0,1,2,...} be the largest index such that i|, € T,,. Write 1 = i|,i’ =
Q1. i T N {ilng @ j € A} # &, we simply define

fx) =T(i,1")
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Otherwise (if 7,41 N{i],J : 7 € Ap} = @), we put
Fl2) = g0, ({337

Recall that if n = 0, we interpret i|, = &, giving f(x) = z in the first case and
f(z) = g(z) in the second case. On E = E(w), we define f as in the proof of
Theorem 1.1. It is easy to check that f is well defined, that is, independent of the
representation = II(i) (e.g. this follows from (4.2) below). Moreover, it is an
immediate consequence of the definition that f(x) = z, if z € 9[0, 1]%.

Given p € T,,, we also extend the “blow-up” maps f, defined in (3.3). The maps
fo: [0,1]% — [0,1]¢ are defined using the definition of f, but replacing T'(w) by the
sub-tree rooted at p. More precisely, we set

fola) = b5t o f oo, (@),
or in other words,
(4.1) f(x) = hg, o fy 0 hgl(x)

forall z € Qp, and all p e T,,, n € N.
The following global version of Proposition 3.5 describes the essential geometric
properties of f.

Proposition 4.2. Let x =11(i) andy =11(j) and letk = iAj and let 0 < n < ||
be the largest index such that k|, € T,,. Let i =Xk|,i’, j = k|, Then

(4.2) f(2) = fly)] = MWRITI(E) = TI(5)| = Ml — )

Proof. The main ingredient of the proof is the following generalization of (3.7):
Given x € (), and u € 9Qy, let p’ be the longest beginning of p such that p’ € Tjy.
Write u = II(p'm) Then

(4.3) () = f(u)] = MPIPl g — ]

Once (4.3) is verified, (4.2) is achieved following the proof of Proposition 3.5.

To verify (4.3) we may assume that = ¢ E, as otherwise the claim follows from
(3.7). Write z = I1(1) = I1(i|,1") where n is the largest index such that i|, € T,,.
We will consider two cases:

Case 1: |p| > n. Note that in this case p’ = i|,. If T,y 1 N{il.J : j € A} # O,
then

—~

fx) =T(i[,1")

and

—~

f(u) =11(i]m) .
Thus

(@) = flu)] = MPI-PITI(pi") — TT(pm)| = MP1-l|z — ).
On the other hand, if T,,;1 N {i],.j : 7 € Ap} = &, then

f(@) = go, (M(i]1")
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and

fu) = go . (H(i[m).

iln

Since
T(3],4") — TI(i]pm)| = MP1-P |z — ]

and 90y is Bi-Lipschitz (with constants that are independent of i and n), we infer

(@) = f)] ~ Mz —
Case 2: n > |p|. We argue as in the proof of Proposition 3.5. Note that in this
case p’ = p and f(u) = II(pm).
Let us first assume that |p| = 0, so that f(u) = u = g(u). If i|, = i|,, then
f(x) =z or f(x) = gq,,, () depending on T,,11 N{i|nj : j € Ap}. In both cases,
it is easy to see that

[f(@) = fu)] = [f(x) —ul = |z —ul.
If m # il,, there is n’ > 0 (with n’ < n) such that
LS Qi|n/,1 \ U Qi’|n71j7
JEAB

f(iL‘) = Qin/—ln - Qi|n'71 \ U Qi|n/71j7

JEAB

and the estimate
|f(z) = fw)| = [f(z) —ul = |z — ul

follows as in the proof of Proposition 3.5 (recall (3.8)—(3.10)).
If |p| > 0, the same argument applies for f, yielding

[fo 0 gy (@) = fo 0 hgr(w)] = |hg)(x) — hgy(u)] = MPl|z —u].
Thus, recalling (4.1),
[f (@) = f(u)] = hq, © fo 0 hg, (z) = hq, © fo 0 hg, (u)]
~ Mlp\—lil‘x — u
which proves (4.3) (recall that p = p’). O

Proof of Theorem /j.1. The claim is derived from Proposition 4.2 similarly as
Theorem 1.1 is derived from Proposition 3.5. U

Remarks 4.3. a) Observe that the upper bound that we obtain for the conformal
and global conformal dimension of E is quantitative in terms of M, d, and p.
Indeed, since (3.5) is valid for any choice of K € N, letting K — oo and setting

I _ _(M—Q)d _ A\MY—(M—-2)¢
K—I;EI})OH(S,K)—l i (1—p)

Y
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it follows that, almost surely on non-extinction,

_ logp  logk ) log v’
(4.4) Cdimp E < d+ o M + g M dimy(F) + log M
Most likely, the above estimate is very far from being optimal. It remains a
challenging open problem to determine the exact value of Cdimy F in terms of
p, M and d.

b) A celebrated result (see [12]) for conformal dimension is the fact that it does
not take values in (0, 1). Using (4.4), we can improve this for fractal percolation
sets as follows: Given M and d, there is a quantitative ¢ = (M, d) > 0 such that,
almost surely, fractal percolation sets with dimy £ < 1 + ¢ satisfy Cdimyg E = 0.
For instance, if d = 2 and M = 3, then solving

logp  logk" _q
log3  log3

for p implies that £(3,2) ~ 0.00389. Some other values of ¢ include, £(4,2) ~
0.00556, £(5,2) =~ 0.00608, £(3,3) ~ 0.00157, £(4, 3) ~ 0.00240.

c¢) Arguably, the most studied quantity for fractal percolation is the critical
value 0 < p.(M,d) < 1 such that for 0 < p < p,, the fractal percolation sets
are almost surely totally disconnected, whereas for p > p., the set E contains
nontrivial connected components almost surely on non-extinction. See e.g. [§]
and references therein. Note that our results hold for all p € (0,1). However,
our method does not drop the dimension of the union of nontrivial connected
components of E, but recall that this union has Hausdorff dimension < dimyg F,
almost surely on non-extinction.

d) Our main results can be generalized to many other random fractals constructed
using the M-adic cubes. In particular, if the offspring distribution of @);, i € A*,
is driven by a Galton-Watson process (see e.g. [6] for more details) and if for each
i € A", the probability for

ToiiN{ii :ieApt=@and T, .N{ii : i€ A\ Ap} # 9,

conditioned on i € T, is > ¢ > 0, then the resulting random set E satisfies
Cdimy F < dimg E, almost surely on E # &.
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