THE BOUNDARY PROBLEM ASSOCIATED WITH A
DIFFERENTIAL EQUATION IN WHICH THE
COEFFICIENT OF THE PARAMETER
CHANGES SIGN*

BY
RUDOLPH E. LANGER

1. Introduction. The boundary value and expansion problem associated
with the ordinary linear differential system

u'"(x) + p(x)u' (%) + [q(x) + Nk(x)]u(x) = 0,
Ll(u) = 0: j = 1:27

with coefficients real and continuous, and N a complex parameter, has been
extensively studied. The results of these investigations (and of those dealing
with the generalized system of order #) comprise an extensive theory for
the case in which the coefficient of the parameter maintains its sign in the
interval determined by the boundary conditions. Not merely the existence,
but the asymptotic forms of the characteristic values and functions are
known, and the expansibility of a function, arbitrary within wide restric-
tions, in a series of characteristic functions has been established.

Far less has been done with the cases in which k(x) either changes sign or
otherwise vanishes in the given interval. The existence of infinitely many
characteristic values has been variously established,} but their distribution
and the form of the corresponding solutions has not been determined. If
k(x) changes sign a finite number of times Hilbert’s theory of the polar inte-
gral equation is applicable and yields the theorem that a function which is
continuous together with its first four derivatives and which satisfies the
boundary and certain auxiliary conditions is expansible in a uniformly con-
vergent series of characteristic functions. The method of infinitely many
variables has been applied with considerable success to the more general
case in which k(x) is less restricted.} Still the expansion theorems obtained
are hardly comparable with those which have been obtained under the hy-
pothesis that the sign of k(x) does not change.

* Presented to the Society, September 8, 1927; received by the editors January 17, 1928.

t For references see the introduction to the paper by L. Lichtenstein, Zur Analysis der unendlich-
vielen Variabeln, Rendiconti del Circolo Matematico di Palermo, vol. 38 (1914), p. 113.

1 Lichtenstein, loc. cit., also Anna Pell Wheeler, Linear ordinary self-adjoint differential equations
of the second order, American Journal of Mathematics, vol. 46 (1927), p. 309.
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2 R. E. LANGER [January

The present paper is devoted to a discussion of the case in which the coeffi-
cient k(x) is the function «’, where v is any real positive constant and the
interval includes the point £ =0. If » is integral this is a specialization of the
equation discussed above since the coefficient remains real. If the integer is
even or x=0 is an end point of the interval the coefficient merely vanishes,
while if v is an odd integer a change of sign takes place. If » is not integral the
coefficient clearly changes from real to complex.

The method used is that of asymptotic forms. The equation is solved
in terms of Bessel’s functions and the asymptotic forms of the characteristic
values and of the characteristic functions are deduced. It is shown that if
f(x) is any integrable function then the expansion in terms of the char-
acteristic functions converges except at the end points to the average
3[f(x+)+f(x—)] in any interval in which f(z) is of bounded variation and
x2=0. If f(x) is of bounded variation throughout the whole interval the
expansion converges also at x=0, to the average of the functional values if
v is an integer and otherwise to a weighted average.

2. The solution of the equation. We consider the equation

1) w' 4+ Aru(x) =0,

in which » is any real positive constant and X is a complex parameter. When
£ <0 we specify the symbol 2* to designate |z |e=i. Similarly p'/? shall desig-
nate |p [t/2eti/Deree,

It is convenient to set

(2) v=2k—2, \= k%%

and to consider p as a new parameter. If the variables are then changed by

the substitutions
y(x) = x~12u(x), t= pxa*,

the equation takes the form of the Bessel’s equation with solutions

(7 .
i) =H  0),* i=1.2.

Hence we may choose as a set of independent solutions of the equation (1)

Tp\'/? . @ .
©) wtzn) = (Z) eommianang® G, = 1,24

1/(2k)

* The choice of the Bessel’s functions of the third kind is made because of their suitability for the
subsequent developments. Cf. Watson, Theory of Bessel’s Functions, Cambridge University Press,
1922, p. 73. This reference will be indicated in the text by W.

t In combining two formulas by the use of double signs we shall agree to associate the upper
signs with j=1 and the lower signs with j =2.
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With the use of the formula [W, p. 74]

4 oy ()
z{tﬂf W} =vE_®,

we obtain from (3)

w\!/2 . ) .
(3a) u{(x,p) = k(;) e*"‘“’"’“"’P”’x"“”ﬂl;m)_l (pz*), Jj=12.
3. The asymptotic forms of the solutions. If we adopt as generic
symbols B(f) to designate a bounded function, and I,(¢, ) to designate a
function of the form

L = & m_ 20

= (- 2ipm |
where
I(r+m+ %)
(r,m) = ———————
m!T(r—m+3%)

the asymptotic expressions

2\1/2
HD () = (_) etil=rela=xIO] (4 ¢ y)
wt

are available [W, p. 198] and are valid for any integer >0, and uniformly
so for —w+ €< arg ¢<w— ¢, where eis an arbitrarily small positive constant.
We find from this that with the use of the abbreviations

1
0 10 =1,(1. ).
8i(x,p) = a~ltex=*(+ px¥), i=12,
we may write
(5 ui(x,p) = 0,(x,p)>
for

x>0, —wvt+eSargpsS7T—e.

Similarly we deduce as the formula for the derivative
1
(5a) u](x,0) = + ipkx’"e*-"”’[,(t ST 1).
To obtain the asymptotic forms when <0 we employ the formulas

[W, p. 75]

in (1 ¥ . sinmr

(6) H) (tem=s) = sin (1 ¥ m)rm - + m)er'w () F eFrei— T g*?
sin ro ’

®,

r
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which are valid when m is an integer. Setting | |=¢, i.e. x=£e"?, and de-
fining the integer K and the fractions 7, 7’ by the relations
K—1<E<K,
k=K—-n=(K-1)+1/,
we find from (3) and (6) that if

)

® p' = perri
and arg p’ is restricted to the interval (—w+¢, 7 —¢), then
9) ui(x,p) = i"*[c;101(£,0") + ciab2(£,0)], Jj=1,2,
where
’
nw T . nr T
10 = — CO0S —— CSC — = () = — 1COS— CSC —
( ) C11 C Zk’ C12 21 2% 2k’
Q4+nr =
C22 = COS —— CSC —
2k 2k

In terms of x formula (9) is
(11) ui(x,p) =iKx4[c;i eI (px*) + ¢j s I(— px¥)], j=1,2,

for
x<0, (—14+nrt+esargp=(1+n)r—c¢,

where /=1 if K is even, and /=2 if K is odd.

In (11) as in (5), (5a) the asymptotic form of »/ may be obtained from
that of u; by differentiating only the exponential factors and replacing
I(¢) by I,(¢, 1/(2k)—1).

When » is an integer it follows from the work of Birkhoff* that for p
confined to any quadrant formed by the axes of reals and imaginaries every
solution of equation (1) is asymptotically of the form

u(x) = x4 [are*vi(x,p) + a2 vs(x,p)],

for x=6>0, while for x< —§ such a solution is of similar structure with
a, and @, replaced by different constants 4, and a. respectively. From formu-
las (5) and (11) the relation between these sets of constants for the quadrants
in which (5) and (11) are both valid is found to be

ay = iK(c1,001 + ¢2,102),

dy = iK(c1,8-101 + ¢2,3102) .

* Birkhoff, Asymptotic solutions of differential equations, these Transactions, vol. 9 (1908), pp.
219-231.
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The asymptotic expressions obtained display the functional form of the
solutions when |px*| is sufficiently large. For small values of |px*| we
observe that since

t"H:::(t), j=1,2, >0,
is bounded when ¢ is bounded, it follows from (3) and (3a) that
| #4u;(2,0)| < M.,
| ) (x,0)| < My|p| 121w, for | px*| < M.
Cowmbining these inequalities with formulas (5) and (5a) we find that

(12)

ui(x:p) = —vl4eit'p=t"B(x’p)’
(13)

u!(x,p) = + ikpetir=*B(x,p), for 0 < ».

Lastly we obtain from the formulas [W, pp. 74, 40]
)

lim #H () = A;, lim ¢#H_ () = Ajets=s, u>0,
-0 -0
where
+ 2»
T iI'(1 — p) sin ur
and
(14) I'(z)r'(1 — 2) = ’

sin 7z
and the relations (3) and (3a)

Fi 1 p \/2-1@k)
#:(0.p) = ——ettDrirap | — )
1( ,P) Y (2k)( 2)

+ 2ki 1\/ p \M2+1/ W
w10 = 22 pmmsaon (1= LYY

(15)

4. The boundary problem. The characteristic values. We consider now
the boundary problem obtained by adjoining to equation (1) the boundary
conditions

(16) uf) =0, u—-a)=0* a>0, B>0.
Since every solution of (1) may be written in the form
an u(x) = awi(x) + aquq(x)

* For brevity we shall use the notation %(x) in place of %(x, p) when no confusion is apt to result.



6 R. E. LANGER [January

it is clear that there exists a solution satisfying conditions (16) if and only
if the value of p is such that

(18) 2B, —a) =0,
where
(s, f) = ui(s)  us(s) )
ui(t)  us(t)

Since by (2) any half p-plane maps into the entire A-plane we may restrict
ourselves, in seeking the roots of equation (18), to any half-plane

(19) —d=argp=xw— 05, where 0 <& < ¢'w.

For such values the asymptotic forms of u;(x, p) and of #;(x, p’) are given
by formulas (5) when x>0. We must distinguish between the cases in which
v is or is not an even integer.

Case 1. » not an even integer. In this case the rays

(20) argp =0,

(21) argp’ =0, i.e. argp=1m,

are distinct. Suppose now that p is confined to a sector S; of the—half-plane
(19) which includes the ray (20) but excludes the ray (21). In such a sector

R(ip") >0, and from (4) 6,(x, p’) is asymptotically negligible in comparison
with 6,(x, p’) for x>0. Hence we find in this sector

2B, — a) ~ it 6:(6,0) 6(8,0) t
cubi(e,p’)  cafi(e,p’)
and the equation (18) takes the form
(22) cne?*I(pB%) — cue=#fI(— pB*) = 0.
If we set ,
(23) rim =g* [(m - %-)w +21i log (cos%}? sec ;—;):I,
and observe that 1
(275’ ! ) B(p)
log I(— pB*) — log I(pB*) = —— + ,
ipB* p’

* We use the symbol ~ to indicate that the functions are of the same asymptotic form. Thus if
in this formula the sign ~ were to be replaced by = it would be necessary to replace in the right
hand member the quantity "*765(ap’)[c2261(8)+128:(8)], which has been dropped. By (4) it is
evident, however, that this quantity is of lower order of magnitude when ] P | is large than the error
due to stopping at any definite term of the asymptotic expansion of the expression retained.
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we may write (22) in the form

(i 1) B(p)
(22a) p—|rm+ +=21=0

2082* o3

Let the points 7, in the p-plane be surrounded now by small circles with
centers at 71, and radius e. Then for m sufficiently large the parenthesis in
(22a) will have a value lying within this small circle for every value of p
on the circumference, and as p traces the circumference the argument of the
left hand member of (22a) increases by 2r. Hence (22a) has just one root
p1,m Within the small circle. From (22a) we may write then

Pim = T1m+ B(m)/m :

Computing the term in 1/p from this and observing that r, . is of the order
of m we obtain the formula
1
(EZ’ l) B(m)
m
+ .

271, B2 md

(24) P1m = T1,m +
In similar manner if p is restricted to a sector S; of the half-plane (19)
which includes the ray (21) but excludes the ray (20) we have R(zp) <0 and
2B, — a) ~ — 6:(8,0)0:( — a,p).
The characteristic equation (18) now takes the form
(25) cre® I (pa*) + crae— "< I(— p'a*) = 0.

If we set

1 1 !
(26) ro,m = ok [(m - —)1 — —log (cos i sec z)],
4 21 2k 2k

we find precisely as in the preceding discussion, if we recall (8), that

1
@) o = e"*'|:r2,,,.+ (5;, 1) + B(m):l.

27y mae2® m3

We may state then the following theorem:

THEOREM 1. If in equation (1) v is not an even integer the infinitely many
characteristic values of p are asympiotically spaced at regular intervals along
two distinct siraight lines in the complex p-plane, the formulas for these values
being given by (24) and (27) above.
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We observe in particular that when » is an odd integer then n=7'=1%, and
the logarithmic terms in (23) and (26) vanish, so that p;,= is asymptotically
real and p;,» asymptotically pure imaginary.* In this case we find from (2)
the theorem

THEOREM 1a. If in equation (1) v is an odd integer the infinitely many
characteristic values are given asymptotically by the formulas

Am = kz,s—zk[<m - —1—>21r2 + (—l- 1)] 42
o 4 2k’ m

e e G ]2

Case 2. v an even integer. In this case we find from (2), (7), and (9) that
kis an integer and hence that K =k, 7=0, ’=1, and p’=p. From the form
(28)  QB, — @) = i[cufi(B)01(a) + c201(8):(cr)

— c11B2(8)01(x) — c1:02(8)02(ar) ]

x2,m

the equation (18) becomes

(29) e Gr+ab [(p8¥) I (pa¥) + i(COS i) e G =M (pBF)I(— par¥)

+ i(cos %) e-io k=R (—pBR) [ (park) — =3¢ B+ [(— pB¥)I(— par¥) =0.

The equation of this type has been studied,f and it is known (i) that its
roots are asymptotic to those of the equation

™ T
29a g2ie (Bk+ak) i<cos —-) e2iefk g (cos —) etk — 1 =0,
(292) + 2k 2k

and (ii) that the roots of this latter equation lie in a strip bounded by
parallels to the axis of reals,} and that for |p|>N at most three roots lie
between any two lines perpendicular to this axis and less than the distance

2wk

B* +a*

apart.

* It is known, of course, that p1,» and ps,m are actually real and pure imaginary respectively.
Cf. Ince, Ordinary Differential Equations, London, 1927, p. 238.

t Tamarkin, Some General Problems of the Theory of Linear Differential Equations etc. (in Russian),
Petrograd, 1917, also C. E. Wilder, these Transactions, vol. 18 (1917), p. 420.

t They are actually real. See note * above.
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We observe that in the particular cases in which 8% and o* are commen-

surable, say 8" = (3ot
= q9)a”,

where p and ¢ are integers, the solution of equation (29a) is an algebraic
problem, the equation being algebraic of the degree p+g¢ in e?#=*¢"', De-
noting the roots of this equation by r;, 7=1,2, ..., p+4¢, we have then

e2‘ﬁ¢k/a =7,

from which .the characteristic values are found to be

1 :
Pim = qa“‘[mw + % log r; + ei(m)]
where
lim e;(m) = 0.

m—r 0
We consider more explicitly the particular case in which
(30) a=4.

The determination of the characteristic values is in this case easily poséible
for the equation (28) reduces to the quadratic

62(8) + Zi(cos E;) 6,(8)0:(8) — 62(8) = 0,

which we write in the form

@31 {61(8) + ie™¥/@P0,(8) } {62(8) + ie"2Mh,(8)} = 0.
From this the characteristic values are found directly to be
1
11 <§Z’ 1) B(m)
@ pim=5| (m= g )r - + 2, =12,

4 74k < 1 1 me
2{m — — £+ —
4 4k

and we have the following theorem:

THEOREM 2. If in equation (1) v is an even integer and =3, the ihﬁnitely
many characteristic values are given asymptotically by the formula

(33) X,',,.=k2ﬁ"'2"[( _i+i)21ri_<i, 1>]+£§m—)) 7 =1,2.
' 4~ 4k 2% m? ’

It appears from this that the case » an even integer is irregular in the
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sense that the characteristic values (32) are not the limiting values which
would be obtained from (24) and (27) by allowing 7 to approach zero,i.e.
by allowing » to approach the even integer.

5. The characteristic functions. When p is a characteristic value the
constants a;, a; in (17) may be chosen to make the solution satisfy the
boundary conditions. The solution (17) becomes then a characteristic func-
tion. We proceed to derive its asymptotic form. For convenience we shall
omit the subscripts on p, understanding that in the discussion of this section
p is always taken to be a characteristic value.

Case 1. v not an even integer. Consider first the function corresponding to
p=p1,m. Choosing the constants in (17) thus:

a; = —uz(ﬁ,P)x az = “1(3#’):
we find

(39 u(x) = Q(B,=,0).
The characteristic equation (22) is in this case

cubs(8,p) — ¢2101(8,p) ~ 0,
and substituting from this in (34) we find

(35 w(@)~— (j—fi)molm,» [(‘;—i)momx,p) - (Z-:i)ml’z(xm)]-

With the use of the formulas (4) the form of #(x) when x>0 is thus obtained.
If x <0 we observe that because of (18) we may write

QB,x,0) = ;‘_:%ﬁ,&%ﬂ(_ a, x,p).

Substituting from (9) for #;(x) and %;(—a), and observing that
(36) CuiCez — Ciz6z1 = 1,

we derive the result

il+"01(ﬁ ) p) '
@37 “(x;P = Q ayfap, .
) cubi(a,p’) + cibela,p’) ( )
Now when p=p1,m, 02(e, p’) is asymptotically negligible in comparison with
6:(c, p’) and hence we may replace the denominator of (37) by cubi(e, p’).
Lastly if we remove from (35) and (37) the factor

1/2
-2 (2) ol(ﬁyP) )

C11

which is independent of x, we have the following theorem:
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THEOREM 3. If in equation (1) v is not an even integer the characteristic
Junction u, (%) corresponding to the characteristic value py,m is of the asymptotic
form

—r/4 C 1/2 c 1/2
#1,m(2) ~ [(£> e (px*) — (—E) e (G px")]

21 C11 C21
when x > 0,
g [ . . I(— pa®) ]
Uy () ~ | (= plER) — i Qak—E)  __ T(p'tk
1m(2) ~ — TR (= 0’8" TG'ah (o'E%)

when x <0, p=p;,m.
To derive the form of u.,.(x) we consider the solution
(38) u(x) = — i~2Q(x,— a,p).
When x <0 we obtain from this by means of the equations (9) and (36)
u(x) = Q¢,a,0").
The characteristic equation in this case is (25), i.e.
cubi(a,p’) + cifala,p’) ~ 0.

Observing that (38) and (25) may be obtained from (34) and (22) by inter-
changing the following letters:
(39) u, with u,, 6, with 6, cxn with —ci,, B8 with @, p with p’, x with £

it is clear that the result, namely the form of #(x) when x <0, may be simi-
larly obtained from (35).
When x>0 we have because of (18) the relations
142(— a,p) 1:1-”02(5‘)9,)

Qx, —a,p) = ——QUx,B,p) = =,8,p),
(%, — a,p) wB.2) (%,8,0) o Bor) — cadnBp) (=,8,p)

and hence from (38)

(40) ) PG) a0
u(x) = — z,B,p).
cuf2(8,p) — c216:(8,p) 8
Observing that the interchanges of letters (39) lead from (37) to (40) except
for a factor —¢~? it is clear that the result is again derivable from that of the
preceding discussion. Removing the factor

— o\ 1/2
2i< “) 8,(ct, 0")

cn
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from the solution considered we may state the following theorem:

THEOREM 3,. If in equation (1) v is not an even integer the asymptotic forms
“of the characteristic functions us »(x) corresponding to p=ps,m are given by the
formulas

x—r“ I k
Uz, m(%) ~ [e""”‘I (pz%) — e L0 (- px")]

— 247(= ¢11012) /2 I(— pB*)
when x>0,
v/4 1/2 —c 1/.
Uy, m\X) ~ 5_. [( cn ) e R (p'EK) — ( ”) ¢—iv B (— p/Ek)]
21 —C12 1

when x <0, p=p2,m.

In particular if » is an odd integer these forms may be somewhat reduced
and we have the following theorem:

THEOREM 3a. If in equation (1) v is an odd integer the characteristic func-
tions uy,m(x) corresponding to the characteristic values p=pi,m are given by the
formulas

B(mx*) . T
u1,m() ~ x"”"[{l +— } sin (Pl,mxk +T)

(ma®)?
B(m, x*) x
+————cos (Pl.mx" + —-)] ,
mx 4
when x>0,
Blmt*
1, m(2) ~ — f_.“(sin 4;;)[6_,1,”6,, {1 + f:;i )}
B(mE")}‘]
— e hm (2ak—tk) J 1
{2t
when x<0.

Tke form of the characteristic function us m(x) for £>0 (or x <0) is obtain-
able from that of u1,m(x) for x <0 (or x> 0) by interchanging x with & and o with B.

From this we see that for large values of m any solution has the character
of |x|=/4 sin (o1,m|%|*+7/4) in any interval of the x-axis lying entirely
on one side of the origin, while in any interval of the x-axis on the other side
of the origin the graphs of the solutions lie arbitrarily close to the axis for m
sufficiently large.

It is desirable also to note the values taken on by the characteristic
functions at x=0. Removing the constant factors specified in the dis-
cussion above and substituting from (15) we find
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1/2—1/ (2k) 1/2+1/ (2k) .
@) w0 =Cip, ", im0 =Cip T, i=12,

where C; and C/ are constants independent of m. Since |p;,= | is of the order
m it is seen that |u;,(0) |, and |#/..(0) |, become infinite with m.

Case 2. v an even integer. Inasmuch as we have derived the asymptotic
forms of the characteristic values when » is even only for the case =8,
we shall confine our discussion of the characteristic functions also to this case

Setting
(42) u(x) = Q(8,2),
and observing that from (31) we have
01(8,pi.m) = — XTI EW0x(B,p;.m), j=1.2,
we obtain directly on dropping the factor

— Zcfilﬁ:tilﬂk)gz(ﬁ’pi'm)
the form

—r/4
[eitpsktniaFriURNT (pxk) — gitpzktr/aFaI U] (— py¥)]

(43) #jm(x) ~

for x>0, p=p1,m, Or in an alternative form

(48)  u;n(z) ~ x”‘[{l " B(mx'?} sin <p,._,,,x'° + —Z— F 4—2)

(mx*)?
B(mxF) ( - L r):l
— — co o m — —
mat o\ T T

forx>0,7=1, 2.
For x <0 we have since p’ =p, n=0,
_ 9(8)
c2101(B) + c2202(8)
Substituting in this the values of ca, ¢z as given by (10) we find that the

fraction on the right reduces to (— 1) for p=p; ». Hence we have on compar-
ing with (42)

Q(8,8) .

u(x)

Ui m(x) = F u;m(f) for x <O, j=1,2.

THEOREM 4. If in equation (1) v is an even integer and o=, the asympiotic
forms of the characteristic functions are given for x>0 by (44) above. The func-
tions u1,m(x) are odd functions and the functions us »(x) are even.
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Proceeding as in the previous case when ¥ =0, we find in this case the
values
_ ’ oy ARYeR
(45) #1,m(0) = 0, %1,m(0) = Clpl,m s

1/2—-1/ (2k)
2,m ’

t2,m(0) = Cap #2,m(0) = 0.

6. The formal expansion of a function f(x). We shall suppose now, that
the characteristic values are arranged and designated by a single subscript
$0 that |pm—1|< |pm|- Then two characteristic functions corresponding to
distinct characteristic values are found in the usual way to satisfy the relation

B8
f 22U (2)ui(x)dx = 0, 1 #n.

It is clear that A=0 is not a characteristic value, since by equation (1)
this would imply #’/(x)=0, and by (16) %(x)=0. Hence we have for any
characteristic function # and the corresponding X the relation

1 d
(46) Ut = E;ei a{)\xvﬂuz + xu'? — uu'} ,
which is an identity since #(x) satisfies (1). Integrating it and applying (16)
we obtain
fpx'“z(x)dx - [Bul*(8) + au?(— o) ].
. 2kN. "

It is readily found by substituting on the right the asymptotic forms of the
characteristic functions that this member and hence the integral on the
left is different from zero for n> N, i.e. for n> N the characteristic values
are all simple. If thisis true for all values of #, which is clearly the case when
the characteristic functions are real, i.e. when » is an integer, we may derive
in the usual way the expansion associated with an arbitrary function f(x), i.e.

B8
lim | 2f()ém(x,0)dl,

”m—s 0
where

47 bu(z) = 3 _":(_")“"(_‘)_ :

= pu2(d)d

-

Moxeover if G(x, ¢, p) is the Green’s function of the system (1), (16), and v
is any semi-circle in the p-plane with center at p =0 which with the diameter
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joining its end points encloses the characteristic values \,, =1,2, - - -, m,
and no others, then by familiar reasoning*

k2
(48) mwn=ffmmwm»
wid,

7. The function G(x, ¢, p). To avoid repetition in the discussion of the
expansion problem we shall suppose that x, which we consider fixed, lies
on the interval 0<x<B. Clearly the deductions and results for an <0
will be entirely similar to those for > 0.

If W [us, 1] denotes the Wronskian of the functions u, and u,, i.e.

W [t2,01] = waws! — wiud ,

we find from formulas (3) and (3a)

k 2
oW [HD oz, B (ozh)],

W [ua, ] = 1/(2k) 1/(28)

and it follows from the known formula for the Wronskian on the right
[W, p. 76] that

W[uz,iﬂ] = 2kpi.

The classical formulas for G(#, ¢, p)t reduce therefore for the case in hand to

1Q Qt, —
;:’;zﬁ(t’ )a) for t < x,
P y T Q&
49 =
( ) G(x,t,p) {l iQ(B,t)Q(x, _a)
for t > x.
2kpQ(B, — @)

We observe now that because of the distribution of the characteristic
values as shown in §4 it is possible to choose in the p-plane a sequence of
circles T'm: |p| =7 having the following properties:

(i) as m— o over positive integral values, 7,—®;

(i) if ym denotes the semi-circle of I'n for which —6<6=<w—4§, then
vm with the diameter joining its end points includes just m characteristic
values;

(iii) there exists a constant x>0 such that every point of any arc ym
is at a distance greater than x from any characteristic value.

For the subsequent discussion we must derive the asymptotic forms of

* Birkhoff, these Transactions, vol. 9 (1908) p. 379. If some characteristic values are not simple
we may consider ¢m(, £) defined by (48) rather than by (47).
t Birkhoff, loc. cit., p. 378.
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G(z, t, p) on the semi-circles y.. With this in mind we proceed as follows.
If v is not an even integer let v be divided into the arcs

"/ml:—6§0§07
'Ym2: Oéoéﬂﬁ',
Yms: NS0 x—4.

Consider first any portion of ym:, say 7.,..2: 0<0=<6’'<ym. On this arc
R(#p’) >0 and hence we have

1— 62101(5,13)]
cuf2(8,p) ]

Substituting from (4) in the bracket on the right we obtain for it the ex-
pression

(50) [1 - c—ne"""(l + E@)]

‘11 P

2B, — a) ~ — 11108, 0)0:(a,p") [

and this is clearly asymptotic to 1 except in the neighborhood of §=0. But
it is known* that if |p— Pm I >x, where pn is any root of the equation ob-
tained by equating the expression (50) to zero, then the expression (50)
itself is uniformly bounded from zero. Similarly if we consider Ym2:0<6’
<0=<7m, then on this arc R(:p) <0 and we have
06, — a) ~ et 08,0 1 4+ 2200,
cubi(e, p)

The bracket in this expression is clearly asymptotic to 1 except in the
neighborhood of 6=7w where it is uniformly bounded from zero since
|o—pm|>x. In the same way we find that Q(8, —a) is uniformly bounded
from zero on the arcs ¥, and 4,3, while
(8 ) { i1+160,0,(8,p)01(cx,p”) for —86 =60=<0" <0,
— a ~
’ — i%961505(8, p)02(at, p") for qw < ¢’ SO < w — .

If v is an even integer, we have from (28)

c1bi(a) _ c2201(8) _ 01(0!)01(!3)]
c1fa(e)  c1202(8)  Oa(a)2(8) ]’

and the preceding argument may be applied to show that the bracket on

mm—w=-amwmwp+

* Tamarkin, Rendiconti del Circolo Matematico di Palermo, vol. 34 (1912). Cf. also Wilder, loc.
cit., p. 422,
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the right is asymptotic to 1 for 0<0’<0<w—4. An analogous formula is
found for (8, —a) when —8=<60<60’ <0, while the quantity is uniformly
bounded from zero on the semi-circles y.,. It is clear from this that the
subsequent discussion of the case » an even integer may be included in the
preceding general case by permitting 7 to take the value zero.

Substituting the asymptotic forms in the numerators of formulas (49)
we find that when 0<x <8, G(z, ¢, p) is bounded uniformly for p on the arcs
¥m, and that the asymptotic forms of G(x, ¢, p) may be obtained when
0<x<Band —a<t<p, from the following expressions:

when —86=<0=<6’'<0,

10 0:(8) — c1102(¢
z(x) [621 1() C11l 2( )] for £ < v,
(51) G(x,t,0) 2kocn
X,b,p) ~ 4,
i02(8) [c2101(x) — c1102(#)]
for t > x;
2kpea
when 0<6'<0=<0" <qm,
19 0:1(8) — c110:(2
1(x) [621 1() 1 2()] for ¢ < z,
(51a) G(z,t,0) ~ | Zhpon
il 1:01(!) [cz101(x) —_ cuoz(x)]
for t > x;
2kpen

and when 97w <0’'<0=7w—3§,

191 (%) [c2201(8) - c1205(8) ] for

i<z,
(515 oot p) ~ 2kpc12
ile 01(2) [cas81(x) — c1982(x)]
fort> =
2kpc12

8. A lemma. For the discussion of integrals involving G(x, £, p) we shall
find the following lemma of use. We designate by y:2 the portion of the
semicircle v,, for which 8’ <0 <6" and set p=re®.

LemMA. If ¢(t) and ®(t, p) are any integrable functions such that for
asit=),

(i) () is real and y(H) 2y >0; (i) |®@, p) | <M for 0'<0<0"",r>N,
then the integral
16) = [ peront, o),
~(1,2)

the ambiguous sign being chosen + when p is in the upper half plane, and —
when p is in the lower half plane, satisfies the relation |I(£) | <M, r'.
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Suppose for the moment that ¥(+? is an arc of the quadrant 0<6<=/2.
Then we have sin #=60/2 and hence

[ ew(t)l = g~ (Dsind < g—rv (102
and

o My

2
(52) | I | = M7 f eV (D0I2dY <

’

If ¥(4? is an arc of the quadrant 7/2<6<w we have sin 6= (r—0)/2 and
the result follows in the same way, as it obviously does also if —7/2<6<0.

9. The function ¢n(x,f) when x0. With the use of the formulas above
we shall show first that when «x is considered as a parameter, x>0,

(53) | #14m(x,0)| < M

for —a<t=x—¢, or x4 {<t<pB, where { is an arbitrary constant subject
to {>0,0<x—¢, 2+¢=<8.

Since G(x, ¢, p) as a function of x or as a function of ¢ satisfies the boundary
conditions (16) we see from (48) that

¢m(— a,t) = ¢m(ﬂ:t)
= ¢m(x, — @) = ¢m(x,8) = 0.

We may restrict the further discussion therefore to the case x <8, —a<t<g.
Furthermore we may choose as the contours v in (48) precisely the semi-
circles ym of §7. Consider first the case in which —a<¢<x—¢. Then since
by (4) and (9)

#i4casf1(f) — cufa()] = e?=D*By(x,t,p) when p is on Y1,
and
t’“[‘:z-i—lol(t) - Cl.i—102(t)] = ¢ %= D*By(x,t,p) when p is on ymj, J=2,3,

we obtain by substituting (51), (51a) and (51b) in (48)

k1
t'“‘ﬁm(x:t) = '_l:_f e_"”zk‘(H)k]Bl(x,t)P)dp

21!’ Ca1 Tm1

3 1
+ X

f e‘ﬂl=k-<H>*lB;(x,t»P)d"]‘
i=2 C1,j—1 Jayp;

From this it follows by the lemma of §8 that (53) holds for —a<t{<x—¢.
A similar procedure establishes (53) when x+{ <t <g.
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Consider now the integral

Y

(54) In(z,tyts) = f Pén(z,Odt, for0 <z <B.
2

We shall show that

55) | In(z,ti,t)] < %, ‘;’:’?ﬁg:’;ta_g:f hahss-i,
(56) In(z, —a,x) = § + e(x,m) ;

(57) In(x,2,8) = } + e(z,m) ;

(58) | In(%,81,8:) | < M uniformly for —a S 4 < 27 S 8,

where e(x, m) is used as a generic symbol for a function which approaches
ZEro as m— .

The function G(x, ¢, p) as a function of ¢ satisfies the equation (1). Hence,
on substituting from (48) in (54) we may write the result

1 & dp
In(%,t1,80) = — ——f f Gu(zx,t,p) —dt.
mlJy Tm P

Interchanging the order of integration and integrating we obtain from this

1 d
(59) Iﬂ(x;tht?) = - _f {Gt(x)tz)P) '—Gt(x’tl’p)}_p’
w1 Tm 4

provided —a = Hh =fHh S x, orx S h S h S6.

Now from formulas (8) and (13) we find that for —a<t=x—¢{

1 .
—[car! (¢) — cuund (£)] = €= By(x,¢,p), for p on yami,
p

and

1 .

’;[Cz.i—lu{ () — c1,j—ud ()] = e~ B (x,2,p0), for p on ymj, j = 2,3,
and hence from (51) and the lemma of §8

d d
f G:(x,t,p)—e = f e“"["‘“"""’Bl(x,t,p)—p
m p Tm1 P
60) " .
d B(x,t,
+ Z eip[zk—(z—f)k)]Bi(x’t’p)_e = (x ’p) .

i=2 Tmjs P T'm

Similar considerations lead to the same result when x+4¢ <¢<B. This es-
tablishes the relation (55). If we set {=0 in (60) the exponential factor
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reduces to unity. Obviously, however, the integrals are still bounded as
m—oo . It follows that (58) is valid for ¢<x, and a similar discussion estab-
lishes it for t£=x. Te deduce (56) we observe that on substituting ¢=x in
the first of formulas (51), (51a), and (51b) and using the asymptotic forms
(4) we obtain

(61) L”Gt(x,x—,p)%= fh[——l'+B(x’p)]ie=—%i-l-e(x,m).

2 p p

Substituting this and the relation (60) for = —a into (59) we obtain the

result (56)
Since the Green’s function has the property that
(62) Gc(x,x‘l',p) —G,(x,x—-,p) =1,

we obtain directly from (61)
dp mi
[ 6taa+.0= =2+ am.
Tm p 2

This together with (60) for =g yields (57).
10. Convergence of the expansion at x%0. We prove the following

theorem:

THEOREM 5. If f(x) is any function which is integrable in the sense of
Lebesgue over the interval —a <x =, and if x is any inner point of this interval
other than x =0, and if further the function f(t) is of bounded variation in any
neighborhood of the point t=x, then the expansion associated with f(x) converges

to
i +) + 5= )]

At the end points x = — o or x =3 the expansion converges to zero.*

From (56) and (57) the expression %[f(x+)+f(x—)] may be written in
the form
(63) lim [f(z +)In(x,2,8) + f(x =)In(z,~ a,2)].

m— 0

On the other hand the sum of the first m terms of the expansion associated
with f(x) is by (47) ,
[ #100uta s

It remains to be shown that under the existing hypotheses the difference
of these expressions converges to zero. This will follow if

* The convergence at x=0 is covered by a later theorem.
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(64) lim D;j(x,m) = 0, i=1,2,

”m—> 0

where

DiGem) = [ 7L — S =) onlz i,
(65) -

B
Do(x,m) = f PLIG) — f(x +)om(x,2)ds.

Consider the first of these expressions (65). By hypothesis there exists
an interval (x—{, ) in which f(¢) is of bounded variation. Hence we may

write in this interval
f@&) — flx =) = xa(8) — x2(2),

where x;(¢), =1, 2, are bounded, positive and decreasing functions and
xi(x—)=0. Hence if € is arbitrary, >0, there exists a positive constant
$1<¢ such that

(66) 0= xi() <efor x—§1 =t =<z, j=1,2.
We have now

z—{1
(67) Dy(x,m) = f L1 — f& =) |om(s, it

2 z
-2 (- 1)if Pxi(Odm(x,)dt.
z—{,

=1
By virtue of (53), (55) and Lebesgue’s* lemma the first of these integrals
converges to zero as m—oo. By the second law of the mean, however, the
remaining integrals in (67) can be written in the form
‘.
xi(x — 1) ' Péom(x,t)dt, where x — {1 < t; < %, j=1,2,
z—{1
and by (58) and (66) this is less than Me. Hence for m sufficiently large
| Di(x,m) | < 3Me

and the first of relations (64) is established. The discussion of the expression
Dy(x, m) is precisely similar and hence we may consider the theorem es-
tablished.

11. The function ¢,(x, ¢) when x=0. The discussion above was based
on the assumption £%0. We consider now the excepted case. The function
om(x, 1) is readily found to be unbounded as a function of m when x=0.
However, we shall show that when x =0 the integral (54) satisfies the rela-
tions

* Lebesgue, Annales de la Faculté des Sciences de Toulouse, (3), vol. 1 (1909), p. 52.
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68) II(Ot t)|< uniformly for —ashsSta < — ¢
m\V,¥01,02

MRV
or SSEhsShs8;

69) I.(0,— a,0)= 1 (m), wh l(t A t )
9 a 2+a+em ere ¢ = 5 7 n2 7' n2

1
(70) I,..(0,0,B) = 7 — io + e(m) ’
(71) | Ia(0,t:1,t)] < M uniformly for —a < ) < £ < 8.

We observe that when » is an integer, ¢ =0.
The formula (59) is valid for xt=0. Hence we consider the integral (60)
for x=0. We have from (51), (51a) and (51b) for —a=<t¢<0"

f G;(O,t,p) "”[621 f gz(o)_:(f,_p’) ip

i Z (=17 jrw 1(0) 4 i(7,p) g_,;:l

j=2 C1,j-1 P p

(72)

where r=te~*'. If {<—{ we may substitute the asymptotic forms of
u/ (r, p’). This gives to the right hand member the form

BI(T’P) 2( ,P) 8(7’P)
—iplrk____~ " —tiplrk____~ " 7 o’ k.
j; Me ” pll2+ll(2k)dp + j; n ’ /2GR o + f T2 dp
to which we may apply the lemma of §8. From this together with the discus-
sion for {<¢<p, formula (68) follows. On the other hand if —{=<¢<0,
we may turn to formula (12) for the form of %/ (r, p’). Theright hand member
of (72) is in this case of the form
3 dp
Z B; (T,p ]
jm=1 Tmj P

and relation (71) follows.

For the determination of (69) we consider the integral (72) for t=0—.
Substituting the values given by (15) in (69) and (70) and employing (14)
we obtain

f G(0,0 — ,p)— = {I:Cu + w—-n/(zk)]f il
a1 Tm1 P

2 sin — "
2k

¢
+ [_2 - wn/(zk)]f ‘_1£+ [% - wn/(zk)]f @}
‘u Tma P C21 Tms P
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But

d d d
f 2 s, f 2 wi, and f 2~ rr — 0)i,
Tm1 P Tm: P Tms P

while from (10)

C11 . ™ mw ., T
—_—= = z(cos— -+ tan — sin —),
C21 2k 2k Zk

¢ 1r 'r T
Z= i(cos-—— -+ tan a7 sin —),'
C11 2k 2k Zk
(2% < T o r)
—_ = 1| cos— — tan —— sin — }.
Ca1 2k 2k 2k

With these values we obtain

dp 1 i T 7w
G:(0,0 —,p)— = — 7i{—+ —|ntan— — ' tan —
j;' (0, P)p 71{2 + 2(’1 n 2k 7 nZk)})

and this leads directly to (69). The formula (70) follows from (69) because
of (62) asin §9.
12. The expansion at ¥ =0. We prove the following theorem:

THEOREM 6. If f(x) is any function which is of bounded variation on the
interval —a<x<p then the expansion associated with f(x) comverges when
x=01to

(13) (3 — iolf0 +) + [ + iclf0 ),
where o depends on v as given in (69), and vanishes when v is an integer.

Proceeding as in §9, we write (73) in the form (63) with =0, and
construct the quantities D;(0, m) given by (65). We must show that (64)
follows when £ =0. Consider D(0, m). Since f(¢) —f(0—) is of bounded varia-
tion we may write it in the form

x1()) — x2(9,
where x;(f) are positive and decreasing, and
(74) | x| < M.

Moreover since x;(0—)=0, we may choose e arbitrarily and determine {
so that

(75) | xi(®)| <€, when —¢ <S¢ =0.
Then
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2 -3 2 0
Dy(0,m) = — 2(— 1) f rxi(Oem(0,)dt — 2 (= 1) j Fxi09a0,0

Applying the second law of the mean to each of these integrals, we obtain
the relation

2 T;
Di(0,m) = — D (= Dixs(— @) f #6u(0, )t

J=1
2 ¢
- Z('— l)in(— g-)f t'¢m(0)t)dt)
i=1 -t
where —a<T;<—{, —={<¢;<0. By (74), (68), (75), and (71), however,
this yields
| Dy(0,m) | <

M
r,,.1/2+1/—(2—"> + 2Me < 3Me for m = m,.

This establishes the fact that
lim D;(0,m) = 0,

m— 0

for j=1, and a similar argument establishes it for j=2. Hence Theorem
6 is proved.

13. The case a=0. We consider now briefly the case in which x=0
is an end point of the interval. The boundary conditions are then

u(B) =0, =(0) =0,

and the characteristic equation is

(76) 2(8,0) = 0.
From (4) and (15) the equation (76) is of the form
0 pl/2F1 2R [9,(B) + dei20y(8)] = 0.

The observation of §6 that p =0 is not a characteristic value is valid for the
case in hand, and since the remaining factor in (77) is precisely the first
factor of (31) the characteristic values p (or N») are given, regardless of the
character of » by precisely the formula (32) (or (33)) with j=1. It follows
that the characteristic functions also are given for any value of » by the
formulas for #;,»(x) in (43), (44), and (45).

Since #=0 is now an end point of the interval the expansion converges
at this point to zero. For 0 <x =g the discussion is precisely that of §§6, 7, 9
and 10 with « replaced by 0, and the expansion theorem is accordingly the
theorem as stated in §10.
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