ON THE THEORY OF INTEGRAL EQUATIONS WITH
DISCONTINUOUS KERNELS*

BY
RUDOLPH E. LANGER

CHAPTER 1. INTRODUCTION

This paper is concerned with the theory of the integral equation whose
salient characteristic is that its kernel K(x, £) is discontinuous along the
line £=x. Itis closely related with the theory of the integral equation char-
acterized by discontinuities in the partial derivatives of the kernel for
£=x, of which more specific mention is made below.

The point of departure for the consideration involved is in each case
furnished by the familiar fact of the equivalence of a differential system
composed of an equation

n,

dx»

PoT—+ -+ pat = My,

and homogeneous boundary conditions, with the integral equation

u(z) = f G, Du(d)dt,

in which the kernel is the Green’s function of the reduced differential system.
The existing theory of differential boundary problems guarantees the exist-
ence of characteristic values of X and corresponding functions u(x) for the
differential system in a broad class of cases. The same is true, therefore, for
the equivalent integral equation, and viewed from the standpoint of the
theory of integral equations these facts must be attributable to the peculi-
arities of the Green’s function which serves as a kernel.

Fixing the attention for the moment on the case in which the differential
system is of the second order and self-adjoint, the properties of the kernel
which are of particular interest in this connection are (1), its symmetry in
its arguments, and (2), the finite non-vanishing discontinuities in its first
partial derivatives for £=x. The extent to which symmetry of the kernel
serves as a basis for a theory of integral equations is shown by the theory
of Hilbert and Schmidt. The question of the extent to which the second

* Presented to the Society, January 1, 1926; received by the editors January 21 and March
26, 1926.
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property mentioned serves as such a basis has remained open. It appears
to have been touched upon first by Birkhoff in 1906 in an unpublished dis-
cussion of the equation with kernel both symmetric and discontinuous.*

The development of a theory based only on the discontinuity of the first
partial derivatives of the kernel was taken up by Mrs. Eleanor P. Brown}
in a thesis prepared under the direction of Birkhoff and presented at Rad-
cliffe College in 1921. This theory will be presented shortly in a joint paper
by Mrs. Brown and the author.

If the differential system under consideration is of the first order the
discontinuity along the line £=x occurs in the Green’s function itself. It is
this property which is taken as the distinguishing feature of the kernel of the
integral equation to which the present paper is devoted. While the analytic
details which are of interest differ in many respects, the methods used here
are in the main parallel to those of the paper referred to above which is to
embody Mrs. Brown’s thesis. They are similar also in many respects to the
methods employed by Birkhoff and the author in a treatment of differential
boundary problems.}

The content of the paper may be roughly summarized as follows. In
Chapter 2 the hypotheses on the kernel of the given equation are enunciated
and a change of variables is deduced which serves to normalize the discon-
tinuities in the kernel and its first partial derivatives. In Chapter 3 the
integral equation is transformed into a system composed of an integro-
differential equation and a boundary condition, and in Chapter 4 the equiva-
lence of this system with the given equation is established. Chapters 5, 6,
and 7 are concerned with the integro-differential equation alone (without
the boundary condition), and it is shown that the equation is possessed of a
solution for all values of the parameter which are sufficiently large. The
asymptotic form of this solution in any right-hand or left-hand half-plane is
there deduced.

In Chapter 8 the boundary condition is introduced and by means of it
the existence, under certain restrictions, of infinitely many characteristic
values for the parameter is proved and the asymptotic form of these values
is obtained. In Chapters 9, 10, and 11, the normalized asymptotic forms of
the characteristic functions for the given integral equation and its associated

* Bulletin of the American Mathematical Society, vol. 13 (1906), p. 62.

t Formerly Miss Eleanor Pairman.

1 G. D. Birkhoff and R. E. Langer, Boundary problems and developmenis associated with a
system of ordinary linear differential equations of the first order, Proceedings of the American
Academy of Arts and Sciences, vol. 58, pp. 51-128; April, 1923
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equation are developed, and it is proved that when the given equation has
only simple characteristic values the set of characteristic functions is closed.
Lastly in Chapter 12 the expansion of an arbitrary function in a series of the
solutions is considered. It is shown that for the expansion of any function
f(x) which is integrable in the sense of Lebesgue the solutions of the integral
equation have essentially the same properties as the solutions of a related
system composed of a differential equation of the first order and a homo-
geneous boundary condition. At the end points of the interval, and only
there, do the two expansions behave in dissimilar fashion. The related
differential system in question here is a special case of a system previously
studied by the author.*

In the appendix a simple example of an integral equation to which the
developed theory applies is given, and by computed results various features
of the theory are illustrated.

CHAPTER 2. THE NORMALIZATION OF THE EQUATION

1. The given equation. We consider given the equation

B
0 O = o f I'¢,7)y(r)dr,

in which p is a complex parameter. The kernel is real and satisfies the
following conditions:

(i) that it is possessed of partial derivatives to those of order »=1 in-
clusive, these partial derivatives being continuous in the open regions

asSTr<t¢ t<t=s
R'{ T and R"{ A
ast=sp asS IS8,

and approaching in each of these regions a finite limiting value at every point
of the boundary r =¢;
(ii) that

Tt

I‘(t,'r)] = o(f) # 0.

Tosf—

2. The derivatives of ¢(f). The differentiability of the function ¢(t)
defined in (ii) may be derived from the facts which we formulate as follows.

* Developmenis associated with a boundary problem, these Transactions, vol. 25 (1923), pp.
155-172.
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LemMA. If F(t, 7) is any function possessed of the properties (i) above, then

(a) TEL) ppt) + R +),
(®) f—(i’-;—tﬂ = Fut,t =) +Fi(t,t =)

Let ¢, >, be any two points of the interval (o, ). Then

F(ta,tz +) —F(tl,tl +)
b — 4

1
=5 {F(ta,ts +) — F(t1,ts) + F(t1,82) — F(t1,t: +) },

where At =¢,—t,. By the law of the mean the right hand member of this equals
Fi(ts — 0:At,8,) + F (81,8 — 0:41), 0<6:<1.

Since this approaches the right hand member of (a) as a limit when either
! or 45 is taken at ¢ and A¢—0 the proof of statement (a) is complete.

The proof of (b) is precisely similar.

Since the kernel I'(¢, 7) and its partial derivatives to those of order
(n—1) are of the type of F(¢, 7) of the lemma, we may differentiate the right
hand member of the relation

o) = I(z,e +) - I‘(t)t =)

n times. This, together with the continuity of the resulting terms on the
right, establishes the existence and continuity of d"¢(f)/dé* on the interval
(@, B).

3. The change of variables. By hypothesis the function ¢(¢) maintains
its sign on (a, ). With a proper distribution of the constant factors between
p and I it will follow that ¢() >0. We assume such a distribution. Then
the continuous functions

¢ T
©) = [ oa, &= [ otar
are monotonic increasing and may be used as new independent variables.

Introducing them in equation (1) and denoting by f(x, £) the function into
which f(¢, ) is transformed by the inverse of (2), we obtain the form

3) 3(2) = N f (x,5)5(®)dk,

in which
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8
@ A=—p, a=0, b =f e(r)dr,
T(z,8)
x,8) = — .
(=9 o (&)

It is readily verified that in the regions

S &< <ESH
Rl{a f<e and R,{x ¢
a<x2=b a<x=b,

and on the boundary &=z, Q(x, £) is possessed of properties analogous to
those under (i) above. Moreover

=2+
Q(x:f) = - 1.
- i-z—
Defining ¢/(x) now by the relation
Y=ot
Qz(x;S) = 'I’(x) ’
A=z

and introducing in (3) as a new dependent variable the function

u(z) = 3/ H,
we obtain as the final form of the equation
b
(5) uw) =2 [ Kz ou@d,
where ’

K(z,) = (s, pefe v,

This kernel K (x, £) and its partial derivatives are undefined on the line
¢=x. We shall complete their definitions by designating them to have in the
points of this line their limiting values as these points are approached in the
region R;.

4. The normalized equation. The equation (5) will be said to repre-
sent the normal form because of the following characteristics which its kernel
is found to possess.

(A) The function K (x, £) is possessed of partial derivatives to those of
order n21 inclusive, which are continuous in the region R; and in the

closed region
R {a Séf=x
a<x=b;
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==+
(B) K(x,8) ‘ =-1;
qemzt
© K.(x,8) : = 0.

It may be observed that the differentiation of (B) and the application of
(C) yield the further relation

(D) Ks8| =o.

b=z

THEOREM 1. Every integral equation of the type (1) with a kernel possessed
of the properties (i) and (ii) above may, by a suitable change of variables, be trans-
formed into an equation of the same type with a kernel possessed of the properties
(A), (B), (C) and (D).

CHAPTER 3. TRANSFORMATION OF THE INTEGRAL EQUATION INTO
AN INTEGRO-DIFFERENTIAL SYSTEM

5. The auxiliary differential system. We consider in connection with the

normalized equation the differential system
’ —
( 6) Yy (x) = 0’
ry(e) + vy(b) = 0.

The constants g and » are parameters, the choice of which is arbitrary,
subject to restrictions to be imposed at certain points in the subsequent
theory. In each case, however, only discrete values of the ratio u/v will be
excluded.

To begin, let u and » be chosen so that

@) = — 1.

Then system (6) is incompatible and possesses a Green’s function G(, £).
This function and its derivatives are undefined on the line £¢=x where
G(x, §) is discontinuous. We shall complete their definitions in the region R,
composed of R; and R;, by designating them to have in the points of the
line £ =« their limiting values as these points are approached in the region
R,. We may then enumerate their characteristics as follows.

I. The functions G(x, £), G.(x, £), and G¢(%, £) are continuous in R; and R/ ;

=zt
II. G(x,E)] =-1;
bz
III. G(x,8) = Gi(2,8)=0;
Iv. #G(a,8) +vG(b,8)=0;

V. vG(x,a) + uG(x,0)= 0;
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VI. the solution of the system

w'(2) = f(x),

mw(a) + vw(b) = 0
is given by

b
w(z) = f Gx,0f(1)dt ;
VII. G(x;f) = - H(E)x)y

where H (x, £) is the Green’s function of the system adjoint to (6).

6. The construction of K (x, £). It will be observed that G(z, £) and the
kernel K(x, £) of the normalized equation (5), and their respective first
partial derivatives, have the same discontinuities in the region R. We shall
construct with the use of K(x, £) another function K(x, £) which maintains
these characteristics, and in addition shares with G(x, £) its properties IV
and V.

We assume now that for the given equation

(iif) n=2,
and that in the normalized form
(i) | K(a,b)| +|K(a,a +) + K(b,8) | + | K(b,0) | > 0.

Then p and » may be so chosen, subject to previous restriction, that

(8) A = u*K(a,b) + w[K(e,a + ) + K(b,5)] + »*K(b,a) 5 0.
We assume such a choice, and set

vK(x,0) + pK(x,0) = W(2),

uK(a,8) + vK(b,£) = V(§).

Clearly these functions W (x) and V(¢) are possessed of continuous deriva-
tives to those of order # on the interval (a, b). The function K(x, £), defined
by the formula

9)

1

(10) K = ¢ K0 Wi

V©) A

is, therefore, found to possess the properties (A) to (D) of the kernel K(x, £).
From the relations

?

sW(a) +W () = A,

an vW(a) + uV(b) = 4,
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it follows further that

(12) uK(a,§) + vK(b,§) = 0,

vK(x,a) + uK(x,b) = 0.
7. The relation between K(x, £) and G(x, £). If x is regarded for the
moment as a parameter, the function
w(x:E) = K(x,é) —G(x,f)
is continuous together with its first derivative in £. Since by III, V, and (12)
it is also a solution of the differential system
9w (x,£)
- =K %,8),
py t(x,8)
vo(x,a) + po(x,b) =0,

it is uniquely determined as such, and is by VI expressible in terms of the
Green’s function H(x, £). Introducing G(x, £) by virtue of VII, we may
write therefore

b
(13) K(z,9) = G(x,8) = — [ Kux,06¢,0adt.

This relation, if £ is now looked upon as the parameter, is in form an integral
equation for G(x, £) as a function of x.

8. The solvability of the relation between K(x,£) and G(x, £). A sufficient
condition for the solvability of equation (13) for G(x, £) is that the Fredholm
determinant D for the kernel K;(x, £) shall differ from zero. This kernel,
and hence also D, depends upon the parameters u and ». We shall show that
under the assumption, which we now make, that the given equation
is such that

w) D#0ingandv,

it is always possible to choose these parameters subject to previous restric-
tions, so that Ds=0.
We set

Kg(x,E) = E(x,E) ’

Ki(x,8) = E(x,¢)
and denote respectively by D and D(x, £) the Fredholm determinant and
first minor of the kernel E(x, £), and by D and D(x, ) the corresponding
expressions for the kernel E(x, ). We have*

D=1+ 2 du, D1k =E(r,d) + X daler,b),
n=1 A==l

* Bécher, An Introduction to Integral Equations, Cambridge University Press, 1909, p. 32.
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where, if we omit writing the arguments and indicate them only by their
subscripts, thus: E(¢¢;)=E;;, then

Eu - - - Eyl
( D"f fb 1 1
a L dfl"’d&u
Enl c e Enn
Ey; Ei3 - - - Ej,n42
Ess Ess - - - Eszaq2
(—1)n | . . ..
dalt ) = [
152 n!l J, J s - - dEnss.
Enp22 - - - Enjane

We shall omit writing down the analogous formulas for D and D(§,, &),
since they may be obtained by replacing in those above d., d.(, &) and
E respectively by d., da(£1, £2) and €.

Consider the term d,. By (10) we have

E(x,8) = E(x,£) + o(2)¥(8),
where
W@VE

o(x)(§) = A

Substituting this form and expanding the resulting determinant into a
sum of determinants with monomial elements we obtain

- Ein
H”f f d - - - dta
Ear: -+ Em
En - - Eria i Eriwr - - - Ena
(-1)“f ,,._, S e,

« Emric1 @i Enipr -+ + Ena
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Of the terms on the right the first is simply d.. The remaining sum we shall
reduce by the following manipulation. In the determinant of the sth term
of the sum, let the sth row and column be shifted into first places, and let
the arguments be renamed as follows:

£ to become &4y, for k=1,2, . - -, ¢-1);

£,to become & ;
the others to remain unchanged. Since these arguments are all variables of
integration this change in their designation amounts merely to a change in
the order of integration, and this is immaterial. The terms of the sum have
thus been made identical, and hence the entire expression reduces to

®1 €z - - Ein

U [ ..[ﬁ:w~%~

én €n2’ s Etm

This we expand by the elements of the first column to obtain

€r2 - - - Eom
(_l)u b 5 . P .
(n—1) |f o f Vier | ... | & dEa
o -« Enn
€2 - - - Em
C . Eirg: - - -
+ (n 1) ] 'l’l ,=z( - 1) Pi Ei+l.2 L. dzl .. .dE”.
6»2 * . 8,".

Observing that the first term of this is

b
-fmwww%,

we proceed to a further reduction of the remaining sum. Let the (5 —1)th
column in the respective term (i.e., that in which j is the second subscript)
be shifted into first place and let the arguments again be renamed so that
& becomes £y, for k=1,2, - - - [ (7 —-1),
£; becomes &,
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and the others remain unchanged. This again makes the terms of the sum
identical, and the expression takes the form

€21 Eaz- - - Ega
%é)l_”):'.f f (n — Dows

This is precisely

déy - - - dEa.

enl snf! ot evm

- j; bj;bso(fx)#'(fz)dn_z(iz,El)dfxd&-
Collecting our results, then, and summing the d, to obtain D, we find that
D=~ | bW(&){V'(sl) o+ [ 1) D(&,&)dsz}del.
By use of Fredholm’s relation
.00 + [ "€(,8) Dt b = D80,
and the formula

V’(El) = #8((1)51) + Ve(bysl))

which follows from (9), the final form
1 b
D= O — &f W 51){#0("»21) + V‘D(bsfl)}dfl

is obtained. We observe now that in this relation D and D(x, &) are free
from the parameters u and », since they depend only on E(x, £). It follows
that D is rational in x and ». The condition D0 in u, » is found directly
to take the explicit form

(va) | 6(a,) | + |6(a,a +) + 6b,0) | +|6(b,0)| %0,
where

0(z,) = K(x,5) D — f D(x,8) K¢, 3)dt,

and D and D(x, £) are the Fredholm determinant and first minor of the kernel
Ki(x, £). Except in the case that this inequality fails, the parameters u and
v can be chosen so that D==0.
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The method of manipulation used on D can be employed equally well in
the analysis of D (£, £;). It may be shown in this way that D(¢,, &) is also
rational in p and v.

With p and » chosen so that D0, the existence of the kernel F(x, £)
reciprocal to E(x, ) is assured. Writing the relation (13) then in “‘solved”
form we have

1)
(14) G(x,8) = K(z,8) — f Fz,)K(t,D)dt.

9. Characteristics of F(x, £). Since the kernel E(x, £) is continuous in
R, it follows that F(x, £) is likewise continuous in R. The behavior of the
partial derivatives of F(x, £) may be determined as follows. Differentiating
Fredholm’s identity

b b
19 B O +F@d=[ Eworeod=[ FenEeoa,
we obtain .
Edn®) + Fila,§) = [ Bw,0F@, 0,
b
Ew9) + P, = [ Fla0E.9ar
Since the right hand members of these relations are obviously continuous

it follows that F,(z, £) and Fy(x, £) are continuous in R, and R, , and hence
that

§=2t f=zt
F,(x,z)] = Ez(x,a] ,
(16) .t -
F;(ac,s)]£ = Ee(x,&’)l

In similar manner the higher partial derivatives may be considered. It will
be found that F(x, £), like E(x, £), is possessed in R, and R, of continuous
partial derivatives to those of order (n—1).
From the formula
D(x,§)
D

,

F(x,f) ==

it is seen further that F(z, £) is rational in the parameters g and ». From
Fredholm’s identity above and the relation

(173) ”E(G)E) +vE(},8)=0,



1926] DISCONTINUOUS KERNELS 597

obtained by differentiation from (12), we draw lastly that
(17b) uF(a,§) + (b, =0

10. The transformation of the integral equation. Let u(x) represent,
now, any solution of the normalized equation (5§). Multiplying (14) by
Me(£¢) and integrating with respect to £, we obtain

1 b b b
(18) A f G(z,Du®dt = N [ K(z,Hu()ds — f Flz,0n [ K@, Bu()at - dt.

In this the integral which occurs in both terms on the right may be evaluated
by multiplying (10) by M(£), integrating, and utilizing (5). With the result
so obtained and with the abbreviation

19 L(u) = pu(a) + vu(d),
the equation (18) reduces to the form

(x)

(20) f G(x,Du(®)dt = u(z) — L(w)

- f F(x,t){u(t) —:L(u)ﬁ}

We shall abbreviate this result by setting
1 b
@1) *(a) = - [W(x) - f F(x,t)W(t)dt].

The function $(x) so defined is continuous and has a continuous (n—1)th
derivative on (g, b). For subsequent use we observe that

(22) pd(a) + »3() = 1.

Introducing ®(x) into (20) we may write that relation
(23) u(z) =\ f "G, Du(@dE = L()8(x) + f "Bz, ult)as.
By differentiation this yields finally the equation
'(x) — M(x) = L(w)o() + f bf(x,t)u(t)dt,

where we have set
o(x) = ¥'(2),

@) S, = Fu(, ).



598 R. E. LANGER [October

Lastly adjoining to the equation thus derived a second equation—
obviously satisfied by every solution of (5)—we may formulate the result
as follows.

THEOREM 2. If the kernel of the normalized integral equation (5) satisfies
the conditions (iii),(iv),(v), above, then every solution of the equation is also
a solution of the related integro-differential system

) W(2) — Mi(2) = L(w)o(z) + f f(x,u(dat,
(25) . )
(b) L(u) = ) f V() u(d)ds.

The functions V(¢) and L(x) involved here are given respectively by (9)
and (19) above. We remark that the function ¢(x) is continuous together
with its derivatives to that of order (x—2) on (a, b), while f(x, £) is con-
tinuous with its partial derivatives to those of order (#—2) in R; and R; .

11. The associated integral equation. Deductions analogous to those
above may al<o be made for the integral equation

o(z) = f K (¢, 2)(8)dt,

associated with_equation (5). To accomplish this most easily we shall
set —K (%, x) = K(x, £) and write the equation in the form

G o(z) = — f R(z,8)o(®)dk,

which is readily found to be its normal form. The deductions already made
become applicable to equation (5), then, if X is replaced by —\ and if the
functions involved are taken to spring from the kernel K(x, £) rather than
from K (x, £). When this is the case we shall indicate it by superscribing the
various functional symbols with a bar.

The relation between the two developments is more easily followed
if in passing from the treatment of the given equation to that of the associ-
ated equation the parameters p and v are interchanged. We shall suppose
this done. Since A = —A, then, the condition A%0 has already been met.

It is, however, necessary to impose upon the kernel of the given equation
the condition that

) D#£0in » and p.



1926] DISCONTINUOUS KERNELS 599

The explicit form of this condition as it is obtained from (va) is that

(va) |8(a,8) | +18(a +, a) +8(5,5) | + |6(6,0)| 0,

where

0(z,5) = K(z,) D — f By, K (=, Dk,

and D and D(x, ¢) are the Fredholm determinant and first minor of the
kernel — K;(¢, x).

When condition (V) is satisfied, every solution of the equation (5) is
found to be a solution of the system

) (a) V() + M(x) = L(v)e(x) + j;f(x,t)v(t)dl,
_ b
(b) I() = -2 f V(i)o(i)as.
In this ‘

L(v) = vo(a) + nuo(b),

and to obtain the values of f'(x, £) and ¢(x) in terms of familiar symbols we
may proceed as follows.

By direct substitution it is found that
W(x)= - V(a), Ve =-we,
K(z,5)= — K(t,2),  E(x,8=— Kt,%).
Substituting this value of E(z, £) in Fredholm’s identity
B9 + 50 = | " B, 0P, Dt
and differentiating with respect to £ we obtain

- Keult,®) + J(2,0= — f Ko, 9F (L, 0)dt.

In this we may replace K;.(§, x) by its equivalent Ei(£, ). Then further
integrating the right hand member of the equation by parts we find that

b
- Et(&:x) + 7(xy£) == E(b)x)ﬁ(brg) + E(a)x)F(a;E) + f E(t,x)f(t,f)dl.



600 R. E. LANGER [October

Because of (17a) and the formula analogous to (17b), however, the sum of
the first two terms on the right vanishes. Hence we have the relation

Ey(t,3) — flz,8) = —ff'(t,s)E(t,x)dt.

On the other hand the interchange of the arguments in (15) and the subse-
quent differentiation of that relation yields

b
Eet,2) + f(E,7) = f 76D E(, )dt.

A comparison of the two results shows that

f(xsf) = - f(E,x).
With this result and the formulas already noted above we find readily

- ir_, b
(268) o) = ;[ V@ + [ Vs aa)
Lastly we observe that et et
(26b) fed ] = o]
fomz— bz

CHAPTER 4. THE EQUIVALENCE OF THE INTEGRO-DIFFERENTIAL
SYSTEM AND THE INTEGRAL EQUATION

12. The transformation of equation (25a). To establish the equivalence
of system (25) and equation (S) it remains to show the converse of the
theorem of the preceding section, namely that every solution of system (25)
is also a solution of equation (5). To do this we shall retrace the steps taken
above and so deduce the equation (5) from the system.

Consider first the differential system

¥'(2) = o(x),

#y(a) + vy(d) = 1.
Because of (7) it is possessed of a unique continuous solution. By (22) and
(24), however, ®(x) is such a solution. Hence the system serves to determine
®(x) uniquely in terms of ¢(x). In similar fashion because of (17b) and (24)

the system

dw(x,£)
dx - f(x:£)7

no(a,§) + vw(b,8) =0

serves to determine F(x, £) uniquely in terms of f(x, £).

27
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Let #(x) now be any solution of equation (25a), and with the functions
®(x) and F(x, £) determined construct

1 b
o(2) = u(z) — \ f G, Du(®)dt — f F(z,Du(®)dt — L(u)3(2).

This function is obviously continuous. Moreover, it is a solution of system
(6), for we find on the one hand by differentiation the relation

1
o'(x) = w(x) — Mu(x) — f f(z,Du(@)dt — Lwe(x),

of which the right hand member vanishes by (25a), while it follows on the
other hand from property IV of G(x, £) and from (17b) and (22) that

uo(a) + va(b) = 0.

The system (6) is incompatible, however. Hence o(x)=0, that is, u(x)
satisfies equation (23).

The function F(x, £) was originally derived in Chapter 3 as a reciprocal
kernel. Hence it is itself possessed of a reciprocal, which is, moreover, pre-
cisely E(x, £) of the preceding chapter. The integral equations

b
6(x) = () + f F(z,00(t)dt,
(28) "
wwa=ﬂ%9+waﬁW@w

are, therefore, uniquely solvable, and since by (21) and (14) we have as
solutions respectively W (x)/A and K(x, £), these functions are uniquely
determinable. We have at our disposal, therefore, the relations (14) and (21)
satisfied by them, while the substitution of (21) in (23) yields further the
relation (20).

Let (14) be written, now, in “solved” form, thus:

K(z,) = G(z,8) — f E(x,8) G(t, £)ds.

From this we obtain upon multiplying it by Ax(£) and integrating it with
respect to §

b b b
\ f K, u(e)dt = f G, Du()dt — f E(z,0) ) f G, Eu(E)dkds
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We shall eliminate from this the quantity
b
M 6 o,

by substituting for it its value as given by (20). In this way we find, upon
collecting terms, that

W(x?_

b
N f K(z, Du(®)dt = u(z) — L(w)

- b{F<x,s> + B0 - "B, oFG, o} {0 - 2 (E)}

This reduces, however, for by Fredholm’s identity (15) the first factor in the
integrand on the right vanishes. It follows that every solution of (25a)
satisfies also the equation

W(x) .

(29) u(x) = f K(z,&)u(®)dt + L(w)

13. Application of equation (25b). If the solution %(x) of equation (25a)
satisfies also (25b), the value of L(x) may be eliminated between (25b)
and (29) above. The result obtained is that

W(x)V
(30) o) =2 {K(x H +~——(~i—§3} 0,

and since the bracket in the integrand is, by (10), K(x, £), this is precisely
equation (5). This result we formulate as follows.

TueorREM 3. Under the hypotheses of Theorem 2 every solution of the integro-
differential system (25) is also a solution of the related normalized integral
equation (5).

The proof of the equivalence of system (25) and equation (5) is thus
completed.

14. Generalization. In the deductions of this chapter we have been
concerned hitherto with the particular system (25) derived in Chapter 3
from equation (5), and because of this we were able to identify as previously
known functions the solutions of the various defining differential systems and
integral equations. In any case, however, we see from equation (30) and the
fact that W(x)/A and K(x, £) there involved are solutions of the respective
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equations (28), that the kernel of equation (30) is itself given as the solution
of the integral equation

b
(31) K(x,8) = [G(x,5) + 2(x)V(®)] +f FQx,NK(t,E)dt.

It is clear from this that the method may be applied to the transformation
of the general system of type (25), provided that the function F(z, &)
defined as above is possessed of a reciprocal. We may state therefore the
following theorem.

THEOREM 4. If an inlegro-differential system of type (23) satisfies the
condition that the solution of its related differential system (27) is possessed of
a reciprocal, then every solution of the integro-differential system solves also
a related linear integral equation of the second kind.

15. The associated system. Clearly all the methods employed above
are applicable to the system (25) as well as to (25). Hence we may conclude
that system (25) is equivalent to the equation (5).

CHAPTER 5. THE EXISTENCE OF A SOLUTION OF THE INTEGRO-DIFFER-
ENTIAL EQUATION FOR LARGE VALUES OF THE PARAMETER

16. Matters of notation. For the sake of simplicity in the formulations
and deductions of this and subsequent chapters we shall make here certain
conventions of notation. To begin with, the relation [\|> N shall be inter-
preted as an abbreviation of the statement “|\| sufficiently large.” It is to
be understood, therefore, that N does not necessarily mean the same con-
stant in any one case as it does in any other. Further we reserve B(x, £, \)
as a generic symbol for functions which for (x, £) in the region R and |\| >N
are possessed of the following properties:

(a) B(x, & MN) is uniformly bounded, i.e.

|B(x, £, \)| < B (a constant);

(b) B(x, £, N) isintegrable in £ uniformly in x and \, that is, if the interval
(@, b) is subdivided by the points {y=a <§,<£: < - - - <£,=bin any manner
so that lfi"fi—ll approaches zero as n—o, and if U;(x, \) and Li(x, \) are
respectively the upper and lower bounds of B(x, £ \) on the sub-interval
(£i-1, £:), then when any constant e >0 is prescribed there exists a numbe #,
such that

| ; (Ui, N) — Li(x, N ] — 8 | < e

for n=>n,.
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Lastly ¢ and ¢r will be used to designate the real and pure imaginary parts
of \, thus: A =047, and a constant designated M shall be understood to be

positive or zero.
17. Lemmas. For use in the subsequent deductions we begin by estab-

lishing the following lemmas.

LemMA 1. If a<2=b and
Ia,50) = [ @ 0=0B(z,EN,

lim I'=0
IN =

e =M

uniformly in x and z and the argument of \.

To establish this let the interval (a, b) be subdivided in the manner de-
scribed under (b) above, the point z being taken as one of the points of
subdivision, i.e. & =2. Then if ; is any point of the interval (§._1, £:) we
have for ¢ on this interval

I B(x’E))‘) - B(xagu)‘)l < U,(x,)\) - Li(x))‘)-

Let I(x, z, \) be written now in the form

k E.’
I(x,2,\) = E {B(x,g.-,)\) erM=—bdt

=1 i1

3 -
+ M- f)[B (x,s,)\) - B (xysu)‘)]df} .
§i-

Then since 1

|| < Mo forg < M, a=¢

IIA

250,

we have
M=) — Me—ED)

A

I'I(x,z,)\)| = i {B

=1

&
+3M(b—a)[Ui(x)>‘) - Lt(x))‘)] df}

2kBeM (o) z
+ M 3 [U(x,N)

§____
RY Pt

— Lz, N ] = &)
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Now let €>0 be arbitrarily chosen. Then since £ <# the final sum will, by
hypothesis (b), be less than e for »=#,, and we have

2”1.3
| I(x,z,)\)' = e‘“"‘"’[—— + e].
Ry
Since #, is fixed when ¢ is chosen, we may by making || sufficiently large

reduce the right hand member of the inequality to less than 2¢Y® %,
This proves the lemma.

LemMma 2. If
I(x,3,)) = f AU-DB(x, £, N dt
b
then
}im I,=0
AN

uniformly in x and z and the argument of \.

The proof of this lemma is in every way similar to that of Lemma 1.
18. Transformation of the integro-differential equation. = We consider
now the integro-differential equation

1
(32) #(2) — Mu(z) = L{w)o(x) + f f(z,Du®dE + Ex,N).

The symbol E(x, \) is to be considered generical, designating a uniformly
bounded function which is analytic in X for |[\|>N. The equation (32)
reduces to equation (25a) in the special case E(x, \)=0. For subsequent
applications it is essential to consider the more general case.

If we consider equation (32) for the moment as a non-homogeneous
equation of the type

W+ pu =g,

it follows from the theory of differential equations that it may be written
in the form

(20)  w@ =t [ ool Lo + [ f(t,s>u<s>ds+E(t,x>}dt,

the limit * being any constant on the interval (a, d), and the coefficient ¢
being constant with respect to x but otherwise arbitrary.

For purposes of orientation we shall proceed to deduce the consequences
of the assumption that for such choices of the constants as will be made,
equation (32a) is possessed of a solution. This deduction will be made
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separately for the cases in which X\ is confined to a left hand half-planc
o< M, and in which \ is confined to a right hand half-plane = — M.

19. Heuristic deductions when oc<M. Let the arbitrary elements in
(32a) be chosen in this case as follows:

* =g, c = cee,

where ¢, is any absolute constant. The equation becomes, then,

z b
(32b) u(x) = c1e*=* + f e“""{L(u)qo(t) + f f(¢,9)ut)dt + E(t,k)}dl.

Substituting the right hand member of this for #(x) in the expression L(x),
we obtain, upon solving for L(u),

(33) L(w) = C"I{L(Cle"("") +f °e*<w>{E(t,x) +f bf(t,é)u(f)df}dt},

b
C= [l - vf e"("“)cp(t)dt].

This solution is possible if I)\I >N. For, since ¢(£) is a function of the type
denoted by B(x, £, \) the integral in the expression for C decreases to zero
as |\| increases, by Lemma 1. Hence C50 for |\|>N.

With the value of L(%) thus obtained equation (32b) takes the form

where

b
(320) w(z) = 6(x,\) + f Az, £, N u(@)dE,
where

0(x,\) = 2= -|-f e E( N)dt

e b
+ C‘I{L(cle“’“")) + vf e“"‘”E(l,)\)dt} . fe“‘""«p(t)dt,

a a

and

z b z
aw,e ) = [ oo+ [ owogega [ ecpa.
The assumed solution of equation (32b) must, therefore, satisfy also equa-
tion (32c¢).
20. The existence of a solution of equation (32) for ¢ <M. Returning
now to equation (32a) we may construct, by the respective formulas above,
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the constant C, the functions 6(x, \) and Q(z, &, \), the equation (32c), and
the series

b
(34) 6(x,\) + f Q(x, £, \)6(E, \)de

b b
+ f 2z, t,0) [0, 6,0, Nd0dE + - - - .

In the formulas for (x, N\) and Q(x, £ M) the integrals involving E(¢, N)
are uniformly bounded. The remaining integrals may be made arbitrarily
small by taking |[\|>N, since f(x, £), like (%), is a function of the type
B(x, £,\). Lastly e **~® is bounded, since ¢ < M. Hence for [\|>N

lo(x,N) | < 4 (a constant ),

1
Qx, 6,0 | < ——
RCER 2(b—a)’
and the terms of the series (34) are in absolute value less than the corre-
sponding terms of the series

A+i 4y
2 2 )

The series (34) converges, therefore, uniformly to a function numerically
less than 24. Since the terms of (34) are continuous in x and analytic in A
it follows that (34) converges to a function u(x, A\) which is uniformly
bounded, continuous in x and analytic in A. On the other hand by the classi-
cal theory of integral equations® this function %(x, \) is a solution of (32c).

We observe that if E(x, \)=0, then the choice ¢,=0 leads to 8(x, \) =0.
The solution found is in this case #(x, \)=0. We shall suppose, therefore,
in proceeding, that ¢, has been so chosen that |ci|+|E(x, N)| 0.

Let the right hand member of (32c) be substituted now for u(x) in the
expression L(x). The result is found to be precisely (33) above. The right
hand member of (33) is contained, however, in the right hand member of
(32c). The elimination of it between the two equations yields equation
(32b), which is, therefore, satisfied by the function u(x, \) found. Lastly
differentiating (32b) we obtain equation (32), which completes the proof
that for <M, |[\| >N, equation (32) is possessed of a solution which is
uniformly bounded, continuous in x, and analytic in \.

*Bécher, loc. cit., p. 15.
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21. The case 0= —M. When \ is to be confined to a right hand half
plane 0= — M the arbitrary elements in (32a) may be chosen as follows:

# =), ¢ = Cae™??,

where ¢, is any absolute constant. Reasoning precisely analogous to that
followed in § 19 and § 20 serves, then, to establish the fact that for o> — M
and [\|>N equation (32) is also possessed of a solution with the char-
acteristics noted above.

22. The associated equation. The discussion of the equation obtained
from (25a) by adding on the right a function E(x, \) may be carried through
precisely like the discussion just concluded. In this way it is found that for
A confined to any half-plane ¢ <M or o= — M, and |\| >N, such an equation
also is possessed of a uniformly bounded solution which is analytic in A
and continuous in x.

Summarizing the results of this chapter we have obtained the following
theorem.

THEOREM 5. If the complex parameter \ is restricted to a region bounded
by a line parallel to the axis of imaginaries and exterior to a circle sufficiently
large and with center at X\ =0, then the integro-differential equation (32) admits
of a solution which is uniformly bounded, continuous in x, and analytic in \.

CHAPTER 6. THE FORMAL SOLUTION OF THE INTEGRO-DIFFERENTIAL
EQUATION

23. Alemma. In order to preclude interruption of the deductions about
to be made we begin by establishing the following lemma. The symbol
H(x, £, \) will be used to designate a function which is merely bounded
uniformly for I)\| >N, and is integrable in x and &.

LemmA 3. If 21 and 2. are any points of the interval (a, b), and
Loyt = [ 0BG 10,
%
then the functional form of this integral is given by
I(21,22,&,\) = e*2H(22,&,\N) + e*2H(z1,£,0).

This lemma follows almost immediately from the preceding ones. Thus
the integral may be written in the form

z2

I(z1,22)¢,\) = e“*f e OH(E,E,N)dt — e“‘f6‘“‘"‘)3(5,‘,%)&,
*

*
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where * denotes any constant on the interval (¢, b). If —c =M we may
choose *=a. Then the factors of the integrands on the right are all uni-
formly bounded. The same is therefore obviously true of the integrals
themselves. On the other hand if —o0= — M we may choose *=25, with the
result that the integrals are again uniformly bounded. This proves the
lemma.

24. Heuristic investigation of the functional form of a solution of (25a).
The existence of a solution of (25a) has been shown. We shall suppose
now for purposes of orientation that such a solution may be obtained by the
method of successive approximations, and in particular by the approximating
scheme defined by the formula

b
(35) i (2) — Mui(2) = L(ui1)e(x) + f J(2,B)uia(E)dt.

This formula is in the form of a differential equation for %;(x) when %;_,(x)
is known.

With the initial approximating function #,=0 we have as a possible
choice u;=€. Substituting this in the right hand member of (35) and

applying Lemma 3 we find that u.(x) is given by an equation of the type
(35a) uy (%) — Mug(x) = er*H(x,\) + e*H(x,\).

The formula
us(x) = €* +f A0 {NH(2N) + MH(2,N) }dt

yields a solution when the * is chosen arbitrarily for each term of the inte-
grand. We obtain a particular solution #,(x), then, by choosing *=b for
the terms of which ¢ is a factor, and + =a for the terms which contain e" .
By Lemma (3), then

(36) uy(x) = er*H(x,\) + e*H(x,\) + e*H(x,)\).

Upon the substitution of this as #;_1(x) in (35) and the application of
Lemma 3 we find that u;(x) satisfies an equation of precisely the type (35a).
Hence there exists a u;(x) of the same functional character as #(x) given by
(36). Obviously the same argument may be applied in the course of each
successive substitution, and since we may consequently choose #.(x) for
every # of the form of #z(x) above, the convergence of the procedure would
lead to a solution of equation (35a) of the form (36). Guided by this result
we proceed to substitute the form (36) into the equation with the purpose of
determining as far as possible the functions H (x, N).
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25. The formal determination of coefficients. The undetermined func-
tions H(x, \) are bounded for [\|>N. We shall proceed on the hypothesis
that they are expansible in power series in 1/\, and shall write the assumed
form of the solution of (25a)

(37 u(x) = =[y(2)] + *[8(x)] + e*[a(2)].

In the notation used here

o(®)] = 3 242

=0 A
The result of the substitution of form (37) in the equation (25a) involves
theintegral
b
1= [ oG, o)l

We shall consider this in two parts, namely

f Mf(z,) 3 ”‘—(‘)de,

k=0
and

Ig =f e“f(x,f) Z 'Yk(E)

k=n—1 )\k

Integrating the kth term of I, by parts (n—2—k) times, we obtain the for-
mula

_ SR L e S = OUpre = e a,0)
—- = )\HH-X

—1 n—2 b n—2
St f DS (= D¥fyp—tH(z,E)dk.

k=0
The notation has been abbreviated here so that
f(x,z)')'k(f) = f‘Yk(x,E) )

t=z+

f7k(x1£):' = ]f'Yk)

=z

0fvi(x,§)

a£ f'Yk ( ,£)°
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The substitution of (37) in the equation yields therefore

1
W(2) — Mi(z) — L(w)p(z) — f f(x,Du(d)dt

- e“‘{[‘y'(x)] + 2 3(- 1>‘)\{{f;}+"”{ }

(38) k=0 =0
e S T [ S T ST
At Js o ko ’
b L]
+ [ o = 7;15) & = 0,
] k=n—1

where the coefficients of ¢** and e are of the same general character as that
of e,

Equating now to zero the coefficient of e*¢/\ for =0, 1, 2, - - -, (n—2)
respectively we find that v,' =0, whence we may choose y,=1, and that the
functions y(x) vy2(x), - - -, ¥a—2(x) can be successively determined each by
means of a quadrature. Continuing in similar fashion and equating to zero the
coefficients of ¢®/A! and e*/A! for I=—1,0, 1, .., (n—3), respectively,
we find likewise that

50 = 0;
Bi(x) = — vo(x),
etc.,
39
(39) o =0,
ai(z) = — pe(x),
etc.,
and that 8;, - - - , Ba_z, @3, - - - , an—2 may also be successively evaluated.
Hence we may construct the function #(x) given by the formula
'Yl(x) 'Yn—!(x)}
= — pAz 1 — PN
a(x) =e {-{- Y + -l-)‘"_2
B1(x) 3n—2(x)}
40 b T
( ) + e { )\ + + xu-—Q
+{ LGN .+a_n—_2(_x2},
A A2

26. The equation satisfied by 7%(x). The deductions above have been
purely formal. A consideration of formulas involved shows, however, that
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since ¢(x) is possessed of derivatives of order (n—2), while f(x, £) is possessed
of partial derivatives of the same order, v:(x) may be differentiated (n—12)
times, while 8:(x) and «;(x) are differentiable (# —1—1) times. The function
#(x) determined is, therefore, differentiable and can be substituted into equa-
tion (25a).

The result of this substitution may be read directly from (38) above if the
coefficients with subscripts greater than (n—2) are taken now to be zero,
and the symbols [y(x)] etc. are interpreted as representing the respective
polynomials instead of the formal infinite series. The coefficients have been
explicitly determined so that the terms in €*=/\f, /N1, and €*/\*~! vanish
for=0,1,..., (n—2). Since the integral I, of (38) does not now appear,
there remain merely a term of the form B(x)e/\"~2, an analogous term in
/A2, and the integral

(=12 pd n—2
——— | ¥ 3 (— Diyp M, 8)dE.
AR 2 a k=0
Writing this integral in the form used in the proof of Lemma 3 we find readily
that the substitution yields the result

b
#(x) — Mi(z) — L(@)p(z) — f fx a8
(41) ’

1 _
= o5 (BN + @Bz, N},

where, moreover, the functions B(x, \) are analytic in A\. We shall call the
function #(x) a formal solution to the order (#—2) of equation (25a), since
for such values of A for which the exponential factors in (41) are bounded the
equations (41) and (25a) agree to terms of degree (r—2) in (1/\).

27. The associated equation. Equation (25a) differs from equation
(25a) in that each function involved is replaced by the corresponding function
superscribed with a bar, and in that X is replaced by —\. With these altera-
tions formula (40) above yields the formal solution of (25a). Because of
relation (26b), therefore, this formal solution is

e o m® o Ye(8)
3(x) = e { 1 s + + (=12 )‘”_2}
(40) + e—xb{ _ ﬂlix) o (= l)n—zt}%:__(%)}

—\a —_— &l(x)_ P —_ n—Z:&_"ﬂ
+ e { N + + ( 1 a2 }’
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the function v,(x) occurring here being that which occurs also in formula
(40).

CHAPTER 7. THE SOLUTION OF THE INTEGRO-DIFFERENTIAL EQUATION

28. Relation of the formal solution to a true solution for s <M. By the
conclusions of § 20 equation (252) admits, for e <M, [A\|>N, of a solution
u(x) which satisfies the relation (32b) with ¢, any non-vanishing constant,
and E=0. Such a solution will not vanish for x=a, and hence upon being
multiplied by a suitable function of \ alone, will satisfy the condition

u(a) = 4(a),

where #(x) is the formal solution (40). This multiplication by a function
independent of x is permissible since the equation (25a) is homogeneous.
Inasmuch as the solution of (32b) originally chosen is analytic in N for
[\| >N, while the same is true of the formal solution #(x), the analyticity
of the final form %(x) is assured.

Consider now the function

(42) w(x) = )\""e‘“{u(x) - ﬁ(x)}.

The bracket on the right obviously satisfies equation (41). Hence w(x) is a
solution of an equation

b
w(2) — Mw(x) = L(w)e(z) + f (2, Hw®)dE + {CB(x,\) + Bz, N},

the functions B(x, A) being analytic in \. This equation is of the form (32)
since for o £ M the bracket on the right is of the type E(x, \), and hence we
may apply to it the deductions of § 19 and § 20. Since w(a)=0 by (42),
we find from the form (32b) that we have before us a case in which the
coefficient ¢, of § 19 is zero. The function 8(x, ) reduces, therefore, in this
case to

0(z,\) = f M@=t {0 B(¢ ) + B(t,\) }dt

b z
_I_C—l,,f ek(b—t){e)‘(b—a)B(t’)\) + B(t,)\)}dt f eMe=0gp(r)dt,
and hence is, by Lemma 1, of the form e(x, \), where this symbol is used to
denote a function which approaches zero uniformly in « as [\|[—ow. In
consequence of this, as may be drawn from § 20, w(x) is itself of the form

e(x, N).
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Solving (42), then, for u(x) we obtain the result that there exists for
o<M, |\|>N, a solution of the form

e(x,\)ere

w(x) = a(x) + ==

This solution is moreover continuous in x and analytic in A.

29. The solution for > — M. The deductions of § 21 establish the exis-
tence of a solution of equation (25a) which for ¢ = — M, [\| >N, is analytic in
A, continuous in x, and non-vanishing at x=>b. Because of the homogeneity
of (25a) this solution may further be made to satisfy the condition

u(b) = u(b).

We may conclude, then, in a manner entirely analogous to that of § 28,
that the function

2(x) = N2 {u(x) — a(zx) }

satisfies an equation of the type (32) and, since it vanishes at x =b, is of the
form e(x, A). From this it follows further in the manner of § 28 that there
exists a solution of equation (25a) which, for |[\|>N, ¢= —M, is analytic
in A and continuous in x, and which is of the form

e(x,N\)er?

u(z) = a(x) + =1

Inasmuch as zero is a particular function of the type e(x, \) the results
above may be summarized as follows.

THEOREM 6. If the complex parameter \ is restricted to a region bounded
by a line parallel to the axis of imaginaries and exterior to a circle sufficiently
large and with center at N=0, then the integro-differential equation (25a)
admits of a solution of the form

o mer{a B 150
! n—-2 € ,X
“ rof B 225
rof B2 TR

This solution is enalytic in \ and continuous in x.
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30. The associated equation. Clearly the analysis applied above to the
equation (25a) and its formal solution (40), may be applied equally well to
the associated equation (25a) and its formal solution (40). In this manner
it is found that when X is confined to any right or left-hand half-plane and
I)\I >N, the equation (25a) admits of a solution v(x) which is continuous in
z, analytic in \, and of the form

—\z — Yl(x). PPN — n—2 'Y_—_n—Z(x)
v(x) = e {1 X + +(=-1) S }
JR— o El(x) ) _ ”_2En—2(x) e(x,)\)
@) +ek{— (- D x»-z}

al &n—ﬁ . € ’x
+e"‘“{ _ ix_)+ Ce g (= 1) )\,,_(:)‘f' (:,.—Z }

We remark lastly that since the coefficients and functions involved in
equation (25a) and (25a) are all real, conjugate imaginary values of A will
correspond to the conjugate imaginary solutions #(x) or v(x). Thus if we
denote by \., u.(x), and v.(x) the conjugates of \, (x), and v(x) respectively,

u(x,\) = uzx,N),
v(x,\.) = v(x,\).

CHAPTER 8. THE CHARACTERISTIC VALUES

31. The characteristic equation. The immediately preceding sections
have been concerned with the form of a solution of equation (25a). By
Chapters 3 and 4 such a solution solves the given normalized integral equa-
tion if and only if equation (25b) is also satisfied. This imposes a restriction
on the choice of X which we proceed to consider.

Substituting for the factor Au(¢) in (25b) its value as the second term of
(25a) we obtain the equation

b b
1) = [ vodwo - Lo - [ j0ouie,
which, if we integrate by parts the term involving #’(¢), takes the form

baula) — kau(b) + f A - B(Ru(E)de.
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In this, A-@(%) is given by formula (26a), and

b = V(o) +#{1 + f °v<s>¢(e)ds},
(44a) "
b = V(B) — v{l + f V(f)«:(s)ds}.

It is convenient to set
—A-o(®
—_—
2k
A- o8
_—
2k,

91(5) =
(44b)
Q(8) =

and to write the equation in the form

45) kl[u(a) - bnl(au(s)ds] - kz[“(b) -f bﬂz(f)“(f)ds] - 0.

We shall call this equation the characteristic equation. Its roots, if such
exist, are values of \ for which the solution of the integro-differential equa-
tion satisfies also the given integral equation. We shall call these roots
characteristic values and denote them by A;.

We observe that since the coefficients of equation (45) are all real, the
equation is essentially unchanged if «(x) is replaced by its conjugate imagin-
ary #.(x). From this it follows, by § 30, that the characteristic values occur
in conjugate pairs.

Now for X in any right or left hand half-plane we have by Theorem 6 a
solution

u(x) = e** + er%e(x,\) + e*%(x,N),

which is analytic in X for |[\| >N. The substitution of this in (45) yields for
the characteristic equation the form

(46) [£1 4+ e ]ere — [k + (V) ]e*® = 0,

in which the functions e(\) are analytic for |[A\| >N.

32. A further condition on the given equation. It is essential to the pro-
cedure which is to be followed in solving equation (46) that neither of the
coefficients %, and k. shall vanish. Since k; and k; are seen from the formulas
to be rational functions of x and » we may choose u and » subject to previous
restrictions so that kik.50, provided only that neither k;, nor k; vanishes
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identically in 4 and ». We shall suppose then that the given integral equation
is such that

(vi) ki(uy) # 0, ka(up) # 0.
From the formulas for %, and %, it follows immediately that
(47) vky(u,v) + pka(p,v) = Au,»).

It is a clear from this that a sufficient condition for (vi) is that

A(0,») # 0, D(0,») £ 0,

and
Ap,0) # 0, D(p,0) > 0.

For if these conditions are fulfilled %, and k. are defined for the values (u, 0)
and (0, ») and if either one vanished identically relation (47) would entail
a contradiction for u=0 or for »=0.

The restriction (vi) is an essential one, for we have in the Volterra equa-
tions, i.e. those in which K (x, £)=0 in one of the regions R, and R, an ex-
ample of equations which may satisfy all previous conditions, but to which
the subsequent results do not apply. To show that these equations are
ruled out by condition (vi) we may proceed as follows.

Let us suppose K(x, £)=0 for £>x. Then W(a)=v and »#0 because
of (8). We recall that E(x, {) = K;(x, £), and hence that Fredholm’s identity
(15) yields the formula

b
Ki(a,8) + F(a,8) = f K.(a,OF(t, 0)dt.

Upon an integration by parts the right hand member of this assumes the
form

K(a,))F(b,8) — K(a,a + )F(a,8) — f K(a,)F (¢, b)dt,

of which the first two terms reduce because of (17b) and (12) to F(a, £).
Hence we may write

b
K(e,f) = — f K(e,OF ., D,

or, upon substituting from relation (10),

f’V(l)Fc(t,f)dt _ 1 rKE(a,E) + be,(;,E)K(a,t)dt]

Ve
A B W(a)L

A
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Multiplying this by W () and integrating we obtain the form

b 1 b b
f V() f F, z)ﬁdsdt -val. W(E)[Ke(a, D+ f F.(t,z)K<a,t)d:]ds
'(5)

——[W(b)V(b> W(@)V)] + f V() ——

With the use of formulas (11) and a rearrangement of terms this leads finally
to the relation

f bV(t)¢p(t)dt = M‘E

‘WF)' ) W(z)[Ke(a 9+ f F6,DK(, t)dt]de

From this form it is readily found, now, that since K (x, £)=0 for {>x, the
second term on the right vanishes, with the result that

k= p+ vK(b,a), ks = 0.

33. The solution of the characteristic equation. We consider to begin with
the related, simpler equation

(48) kier® — kae?® = 0.

Because of (vi) we may suppose u and » so chosen that k,70, k.0, and
the equation is easily solvable. Thus e?®— =k, /ks,, and by taking logarithms
the roots are found to be

(49) Pm =

k
{me'-i—logk—l} m=0,+1, +2,--).

b—a 2

Solving the equation (46) now formally in the same manner we find

kl + é(km)}
k4 eQm))

1
Am = 3 {me' + log

Then inasmuch as in functional form

kl + 6()\,,.) kl
—— = log— Am),
og Ta b eO) og ' + e(Am)
we have
(46a) Am = pm + €(Am).

Consider now the function

o(x) =\-— [Pm + C(X)],
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the function € being that of (46a). The function §(\) is analytic, and if
>0 be chosen arbitrarily but sufficiently small it will follow that |e(\)| <3
for [\|>N. If, therefore, a circle C,. with radius & be drawn about each of
the points p.., then for |m| sufficiently large the point p»+€(\) will lie within
the corresponding circle C,. whenever X\ is a point on the circumference. As
X\ describes this circumference, therefore, the argument of #(\) increases
by 2=, from which it follows that 6(\) =0 has precisely one root within Cn.
This means if we denote this root by A, that the points \,. are represented
asymptotically by the points p., namely

(50) km = Pm + €m,

where €1, €3, - - -, €., - - - is a sequence of constants such that limm.s €»=0.
Moreover since the characteristic values occur in conjugate pairs, while pm
and p_. are conjugate,* we conclude that

From the significance of p. for the given integral equation, and from the
fact that by (49) p. involves the ratio k/ks, it follows that this ratio is
determined by the integral equation alone and so must be independentf
of the parameters u and ».

34. A more precise formula for A\,,. In deducing the formula (50) we
assumed only that for the given integral equation n=2. If we have at our
disposal the existence of derivatives of higher order a formula more precise
than (50) may be deduced. We shall assume, now, for the following deduc-
tions that for the given integral equation

(vii) n = 4.

The assumption (vii) insures the existence of a solution #(x) of equation
(25a) which is of the form given by (43) for n=4. Substituting this solution
in (45) and integrating by parts the integrals involving €*Q(¢) we obtain for
the characteristic equation the form

ki & A k k A
eh{kl + = + __l?‘__t_iz} - 8)"’{}32 + - + =2 + -)-} =0,
A A A2

* It is assumed at this point that k,/k. is positive. If it is negative we may write log (ki1/ks) =
i + log Ikl/kz[, in which case it is evident that pm and p_m-1 and hence also M, and A_n—; are con-
jugate. To avoid unnecessary complications we shall continue only with the case ki/k2>0, the
modifications for k;/k: <0 being reasonably obvious.

1 The example of the appendix illustrates this.
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where the coefficients % are constants and in particular
b
b = k(o) + @) + 20:0) = 2 DOk} ~ ks,
(51) .
o = i) + ) = 20.0) — 2 008K} — 180
Solving this equation formally in the fashion of § 33 we obtain
ks ki + e(\n)

1
\ n 1 1 + kikm ki\o?
m = Pm (o] »
b—a gl+ ka2 +kza+€()\m)
k2x"‘ kzx,»’

or, upon expanding the logarithm as we may, because of (50), for |m|
sufficiently large, the form

xm=Pm'*'

Ea_
1 k k A"+ e(Am)
1 2 + ,
b—a Am Am?
A’ representing a constant independent of m. From the formulas (46a)
and (49) we find readily, however, that
1 b—a A"+ e(m)

—= - + ,

Am  2mmi m?
A" being a constant. If this is substituted in the right hand member of the

preceding expression we obtain a result which is expressed in the second
part of the following theorem.

THEOREM 7. If the kernel of the normalized integral equation (5) satisfies
the conditions (iii), (iv), (v) and (vi) then there exist infinitely many values of
the parameter \ for which the integral equation admits of a solution. These
characteristic values are of the form

k
Am = {Zm-;u-l-logk—l}-i-e.. (m=0,il,:l:2,...)’
- a 2
where
lim e, = 0.
LI

If the kernel of the integral equation satisfies the conditions (iv), (v), (vi)
and (vii), these characteristic values may be determined more precisely by the
Sformula

3
(50a) An = !

{me' + log k—}
2

+ (kra/ k1) — (kas/ks) + A+ ea .

—a 2mxi ms
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The various constants k are given by formulas (44a) and (51), and A also is a
constant independent of m.

Obviously if a larger number of derivatives of the kernel of the given
equation are at hand the method applied above is applicable to the deduction
of a formula still more precise than (50a).

35. The associated equation. It is not necessary in this case to repeat
the discussion for the system (25). By the classical theory of integral equa-
tions the associated equations (5) and (5) have the same characteristic
values. Hence formula (50a) serves both.

CHAPTER 9. THE CHARACTERISTIC FUNCTIONS

36. The solutions of the integral equation. The characteristic values
An by their very determination are such that the functions u(x, N,) satisfy
not merely equation (25a) but the entire system (25). As such these functions
are also solutions of the given normalized integral equation. For brevity
we shall denote them by #,.(x), and shall call them characteristic functions.

The form of the characteristic function #.(x) is obviously obtained by
substituting the value A =\, in the form «(x) given by formula (43). Divid-
ing this formula by e and observing that for |m| sufficiently large e'mt=—=
is uniformly bounded, we obtain because of (vii) the formula

Bi(x)  ai(x) H(z,\m)
v T T T

71(%)

u,..(x) = e\ﬂ(z—d){l + } + ehm(b—a)

m

Since by (50a)

eM(z—8) — pop(z—a)+[(1/2mxy) (Ckialky) = Ckog/ k) )+ H (m) | ma) (z—a)

= ¢Pm(z—a) [1 + f_.__.g(ﬁf — k_2_2) + H(x’mZ],

2m1ri k1 k2 m?

we find in terms of p,, and m

(52) Un(2) = eom() {1 + Q‘(x)} ;o= B (’"2”‘),
m m m
where
1x)(d — a) + ((Bre/k) —(k2e/k2))(x — a
(532) 0i(x) = 71(x)( ) + (( /2,,,' (Ras/ k2))( )
and
o) = z:ia{eﬂ-“-ﬂﬁl(x) + al(x)}.
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By (48), however,
k1

ePm(d—a) = .

ke

Hence the function Q.(x) is independent of m and substituting for B:(x)
and a;(x) their values from formulas (39) we find that

— (b —a) k1
(53b) Qx2) = ————=| n+ —» |¢(2).
2wi kz
Deductions precisely similar to those above based on the function (43)
vield the characteristic functions of equation (5). We have first

{',,‘(.'(’) = ¢ Amls ) ‘1 — ‘Y‘(.\)l R A -[—5_1-('1-‘.)- — _a_l.(f_). .I_i(x’xt)

A J Am Am Am?

from which in the manner above we obtain

. O 5 s( H(x,
(52) (X} = ¢ Pu T {1 ! l(.r_).} +4- .(‘)':‘g_\) + ('V m) .

m m m?

In this Q:{x) is the function occurring also in (52), and

— b—a ko)
(53b) Os(x) = —— [v + /r—] e(x).
271 k1

37. The normalized set. By the classical theory of integral equations
the set of functions #,,(x), ©.,.(x) is biorthogonal, that is,

f e (Dry(D)dr = 0, m £ p.
The set of functions is said to be normalized if further
fhu,,,(x)v..(x)dx =
Forming the product # ,(x) #.(x) from formulas (52) and (52) we obtain

Oa(x)emrmlead 1 Oy(x)erm=  [I(x,m
un(D)ente) = 1 4 SO Qe HEm)

m m?

‘Yhen since Ipm[ is of the order m, while Q.(x) and Q;(x) are possessed of a
derivative, we obtain as the result of an integration by parts

[oemeiz_

m m?

(1 =12,3).
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Accordingly
H(m)

m2

b
f Um(x)vm(x)dx = (b — a) +
We may therefore normalize the solutions given by (52) and (52) by multi-
plying them by a suitable factor of the form

1 + H(m)
Vb —a m?

Thus we obtain the following theorem.

THEOREM 8. If the kernel of the normalized integral equation (5) satisfies
the conditions (iv), (v), (vi), and (vii), and the kernel of the associated integral
equation satisfies condition (V), then the normalized characteristic solutions of
these equations are given respectively, for |m| sufficiently large, by the formulas

Un(x) = I:ep,,.u—.,) {1 n Ql(x)} n Qa(x) + H(x;m)]’
(54) Vb —a m " -
= i 41 _ @1(%) Qs(x)  H(x,m)
on(2) = \/b_a[e " >{1 ( }Jr ), B ]

Finally we remark that by § 30 and § 33 the functions % .(x) and %_a(x),
as well as the functions v,.(x) and v_.(x), are conjugate imaginary.

CHAPTER 10. THE CLOSURE OF THE SET OF CHARACTERISTIC FUNCTIONS

38. Birkhoff’s theorem. It has been shown in the preceding chapters
that for |m| sufficiently large the characteristic values of the given integral
equation are simple, and that the corresponding biorthogonal set of char-
acteristic functions # . (x), v.(x) may be normalized. We shall now make the
further assumption:

(viii) All the characteristic values of the given integral equation are simple.

Then the entire set of solutions #.(x), ¥»(x) may be normalized. We
wish to show that the set is also closed. To this end we shall employ the
following theorem which is a generalization of a theorem given by Birkhoff*
for orthogonal sets.

* Birkhoff, Proceedings of the National Academy of Sciences, vol. 3 (1917), p. 656.
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THEOREM. If wn,(x), 2m(x), m=0, +1, +2, ..., is a closed normalized
biorthogonal set of functions, and if wWn(x), Zm(x) is a second normalized
biorthogonal set, then this second set is also closed provided (a) the series

[wo(x) — wo(x) J2o(y) + Z_: { [nm(2) — wn(2) ]zm(¥)
+ [w_,,.(x) - a—m(x)lz—M(y)}

converges to a function H(x, y) less than 1/2(b— a) in numerical magnitude, and
(b) the convergence is such that the series multiplied through by an arbitrary
continuous function f(x) can be integrated term by term with respect to x, and
yields a series whick converges umiformly on any closed sub-interval of a <y <b,
and of which the sum of any number of terms remains uniformly bounded for
a<y=b.

The proof, except for minor modifications, is that given by Birkhoff.
Thus if the set w.(x), Z.(x) is not closed, there exists a function f(x)%0
which is continuous on (a, b) and such that

fbf(x)'l?m(x)dx =0 forallm.

In this event if we multiply through the equation of definition for H(x, y)
by this f(x) and integrate term by term as we may by hypothesis, we find

b b
f H(z,y)f(x)dz = f f@wo(D)za(y)dx

d b
+ 2 | S(® [wn(®)2m(3) + wm(#)2-n()]d=,

m=1 a

where the series on the right hand side converges under the hypothesis to a
bounded function which is continuous for ¢ <y<b. This function on the
open interval is precisely f(y). In fact the difference

b *° b
ﬂﬂ—{ ﬂ@%@%@ﬁw+za ﬂ@WA@h®%+MAﬂLAwM%

is a function ¢(y) bounded on (a, b), continuous for a <y <b, and such that

b
f o(y)wi(y)dy = 0 foralll.

This latter property is readily drawn from the fact that the series involved
may be integrated term by term, while the set wn(y), 2.(y) is normalized
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biorthogonal. But the set wn(y), 2.(y) is closed by hypothesis. Hence we
infer that ¢(y)=0, a<y<b, and that the right hand member of the pre-
ceding equation has the value f(y). That equation may now be written

f H(z,y)f(x)dz = f(3), 4<y<b.

If the upper bound of | f (x)l on (a, b) is F#0 we obtain from this since
|H(x, y)| <1/2(b—a) the relation

| f() | <3F.

But this is impossible since the left hand member either takes on the value
F or comes arbitrarily near to it. The set w.(x), Z.(x) is therefore closed
also.

39. The integro-differential system with an additional parameter.
We consider now the system

(@  w(x) — M) = n[L(u)so(x) + [ f(x,s)u(sds],
(55) ,, ‘
) Le = m [ VEOuoE.

For n=1 this is simply the system (25) and defines the set of functions
Um(x, 1)=un,(x). For n=0 it is an ordinary differential system and defines
aset #,(x,0). For both these values of 5 there exists an associated or adjoint
system with its corresponding set of solutions v,(x, 1) or v.(x, 0) which is
biorthogonal to the respective set above. It is our purpose to show that for
other suitable values of 7 in the circle C : |7]| <1 of the complex 7 plane the
system (55) also defines a set of functions #..(x, ) and that there exists a
biorthogonal normal set v.(x, 7). Subsequently it will be shown that the
repeated application of Birkhoff’s theorem makes it possible to conclude the
closure of the set #,(x, 1), v..(x, 1) from the known closure of the set #.(x, 0),
Vm(%, 0).

The system (55) will be equivalent to an integral equation of the form
(S) provided the hypotheses of Chapter 4 as applied to system (55) are met.
The extension of the deductions of Chapter 4 to system (55) is made formally
by replacing respectively (), f(x, £), and V (&), by ne(), f(x, £) and 1V &).
This is readily found to result in replacing F(x, £) by nF(x, £), and ®(x) by
®(x, n)=3(1—n)+1®(x). The essential hypothesis to be met is that the
function 9F(x, £) be possessed of a reciprocal function E(x, £, 5). By the
classical theory of integral equations this reciprocal is a meromorphic function
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of n. Hence its poles within the circle C are finite in number and may be
denoted by #;. Then for 5 in any closed sub-region of C, call it C’, which
excludes these points 7, the function E(x, £, 9) is analytic, and by Theo-
rem 4 the system (55) is equivalent to an integral equation

b
(56) w(z,m) = f K(x,&,myu(t, m)dE.

The kernel K(x, £, 7), since it satisfies the relation (31) with the formal
modifications noted above, is readily found to be continuous in x and 7,
and in fact analytic in 9 in the region C'.

Consider now the associated equation

_ b
%) o(z,m) = A f K, %, mo(E,ndE,

and the deductions of Chapter 3 as applied toit. From the analytic character
of K(¢, %, n) and its relation to the kernel of (56), the function E(x, §, 3)
of § 11 is readily found to be analytic in 5. From the classical theory of
integral equations we draw again the fact that E(x, £, n) possesses a recipro-
cal F(x, £, 1) which is meromorphic in n. If we add to the set of points 7,
those poles of F(x, £ ) which lie within C’ and denote by C” any closed
sub-region of C’ which excludes also these values 7;, it follows that F(x, & n)
exists and is analytic in C”’. By Chapter 3 it follows then that the equation
(56) is also equivalent to an integro-differential system which is the asso-
ciated system of (55).

It is essential to observe that in obtaining this result we have not excluded
from C” either =1 or n=0. The case n=1 is covered by the hypotheses of
the preceding chapters. For n=0 the system (55) is equivalent to the integral
equation

(2,0 = [ e, 00,0,
and the associated equation )
o(2,0) =\ [ 6(¢, (e, 0t
is equivalent to the system ’
v’(x,0) + \v(x,0) = 0,
L(v) = 0.

The extension of the deductions of Chapters 5, 6, and 7 to the system
(55) and its associated system may be made now with the formal modifica-
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tions noted. For the deductions of Chapters 8 and 9 the condition (vi),
which in the present case takes the form

b
ka(n) = AV(0) + u[l +of V(i‘)«?(f)df] <0,

) = V@) = o[ 1+ [ "V(:-)«»(e)ds] 0,

must be met. For n=1 this is assured by previous hypotheses. Hence %,
and k; as functions of n are not identically zero, and there are at most four
values of 7 for which either k; or k, will vanish. Let such of these values’as
lie in C”’ be added to the set of points 5; and denote by C’”’ any closed sub-
region of C"” which excludes also these points. This does not exclude 7=1,
and if we suppose, as we may and shall, that p#0, »0, it does not exclude
n=0. For % in the region C’’’, then, the biorthogonal set of functions
#m(x, n), ¥m(x, n) are for |m| sufficiently large, normalized in the form

u,,.(x,'pf) = _\/b — [e'szi:_';: +(z—a) 9(n) {1 + Ql(;:’")}
+ Qz(x,'ﬂ)_l_ H(x,n,m)]
m m2 :
(57)
m(x,m) = \/bl_ - [e—zm-i:%:—(ﬁ),(") {1 _ Ql(:;’ﬂ)}
Qs(z,m) H(x,n,m)
+ =2 = ]
where .
1 1\
0(n) = P )

and the functions Qi(x, 1), Q:(%, 7), Qs(x, 1), H(x, 7, m) are found from
formulas (53), (39), and an analysis of the deductions of Chapters 7, 8 and 9
to be continuous in x and 7 for 7 in the region C'".

It remains to consider the functions of the set %m(%, 1), ¥m(%, ) for small
index m. Let us denote by D(n, \) the Fredholm determinant for the kernel
of equation (56). By the classical theory of integral equations this determin-
ant is analytic in X and 7 for 7 in the region C'”, and the characteristic values
of equation (56) are the roots A =\(n) of the equation

(58) D(n,\) = 0.
For n=1 the roots of this equation are all simple by the hypothesis (viii),
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and for n=0 they may be explicitly determined from system (55) and are
also found to be simple. It follows* that the equations

D(ﬂ,)\) = 0)
aD(n,\
(n Z= 0
)N

admit of common roots, which will of course be multiple roots of (58), only
for isolated values of . If we add such of these values as lie in C’”’ to the
set 7;, then for 9 in any closed sub-region of C'”’, call it C™, which excludes
also these values, the roots of (58) are all simple and are analytic in 7.
We observe that by the remarks above =0 and n=1 are not excluded from
C™. We shall designate by \..(7) that root of (58) which joins analytically
with A,(0). It is easily seen that for large values of |m| this agrees with
the notation previously adopted in Chapter 8. It follows from the simplicity
of the values N\ .(7) that the entire biorthogonal set % .(x, 7), v (%, n) may be
considered normalized. Likewise it is readily found that the functions
un(x, 1), ¥m(x, ) are continuous in x and 7.

40. A change of variable. The set #.(x, 1), vx(x, 5) is not directly
adaptable to the application of Birkhoff’s theorem. For this reason we
introduce the set w.(x, 1), 2a(%, ) defined by the relations

Wn(x,m) = Um(x,n)e" =200,
zﬂ(x;ﬂ) = vm(x,n)e(z-a)O(q).

The points #; in the circle C form a finite set which includes neither =0
nor 7=1. The constant >0 may be so chosen, therefore, that of the circles
drawn with radii r and centers 7; no two have a point in common and none
includes the point =0 or n=1. We shall suppose such circles drawn and
their interiors removed from the circle C. The remaining region is of the
type denoted by C'V and in this region we may draw a curve I" of finite length
connecting 7 =0 with p=1. For 7 on the curve I', then, 6(z) is analytic and
therefore bounded. Inasmuch as w.(x, 1) z,(%, 1) =ua(x, 1) v, (z, ), it
follows that the set wa(x, 1), zm(x, ) is also biorthogonal and normal.
From formulas (57) we obtain readily

wn(z,7) = 1 [ez'"":%:{l + Ql(x,ﬂ)} n Q4 (x,m) + H(x,n,m)]

(572) Vb —a m m m?
3 ——— Qi(x,m)\ . Qd(x,m) H(x,n,m)
wn(xym) = vb—a [e v—“{l m }+ m + m? ]’

* Forsyth, A. R., Theory of Functions of two Complex Variables, Cambridge University Press,
1914, pp. 206-209.
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in which the functions Q,, Q., Qs and H are continuous in x and 7, and
therefore uniformly continuous for » on I' and x on the interval (a, ).

41. The application of Birkhoff’s theorem. From formulas (57a) we
obtain now

2mti;%z 5Q1(x) + 6Q2(x) + 5H(x,m)]

1
wn(%,1) — walx,7) = —[e
b m m m?

where

8Q0(x) = Q(x,m) — Q(x,7), etc.
It follows then that

(59) [wO(x’n) - wo(x,ﬁ)]zo(}’,’?) + Z [wm(x)n) - wm(xyﬁ)]zﬂl(y’")

m=1

+ [w—m(xyn) - w—m(x);’)]z—m(y)n)
= E [wm(x7"7) - wm(x:ﬁ)]zm(y,ﬂ)

m=—M+1

x—

I — Xy
+ BQI(x) © esz.bTa — e 2mrthd

b—a mon m

.y—-o y—o
6Q2'(x) © 8—2’""!;_—[1 _ ezmnb:-a
+ >

b—a mnm m

1 s 6H(xym) * H(y)ﬂ"n)

+ >

b—a m=M "n2

Let us consider separately each of the series occurring on the right of this
expression. The first series is a finite sum which is small in numerical value
for nand yonT and In -7 l small. Also since H(x, 5, m) is uniformly bounded
in m, and is uniformly continuous in x and 7 for 5 on I and x on (a, b), it
follows that the last series converges uniformly in x and y to a value which
is numerically small for |17—7"7| small.

The second and third series may be written respectively in the forms

2i5Q1(x) i sin 2m1r§ : )’)

b—a m-m

. 504 (2) i sin me(z: a)
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Now series of the type Z[(sin mz)/m] are known to converge uniformly save
in the immediate neighborhood of z2=0, +2m, +4m, - .., where, however,
the sum of any number of terms remains uniformly bounded.* It follows
that each of the series in question here converges to a value numerically
small because of the uniform smallness of the coefficients 6Q:(x), 3Q.'(x)
for |p—7| small. Moreover when multiplied through by a continuous
function of x the series may be integrated term by term with respect to z,
and will yield in the case of the former a series which converges uniformly
for a<y=<b, and in the case of the latter a series which converges uniformly
on any closed sub-interval of a <y <b, and of which the sum of any number
of terms remains bounded for ¢ <y =<b. It is evident, therefore, that for a
properly chosen constant § >0 and In—ﬁl <9, n, n on I, the convergence of
the series (59) fulfills the hypotheses of Birkhoff’s theorem. We may con-
clude, therefore, that the set of functions wn,(x, ), 2m(x, 7) is closed if
the set wa(x, 7), 2a(x, 7) is closed.
Let the curve I' be divided now by points 7% such that
n®=0, |9 —nd-0|<s,

and let the number of divisions be s, so that y®=1. For 4 we have the
set of functions

(2,0) 1 2mrii= (2,0) 1 ~omrii—o

W\ X = [ b—a Zm\X = e b~a

) -\/b —a 2 ’ \/b —a ’
which is known to be closed. By an application of Birkhoff’s theorem we
may conclude then that the set w.(x, 79), z.(x, 79) is closed for j=1,
and by successively repeated applications for j=2, 3, - - - , s. This last
application proves the closure of the set wa.(x, 1), 2m(x, 1). This, however,
implies that the relation

b b rs o b
f Um(x)f(x)dx = f Wn(x,1)et =0 ki f(x)dx = 0

can be true for all » only if
x—a, k

er=0"h f(2) = 0,

i.e. if f(x)=0. It follows from this, however, that the set #n(x), va(x) is
closed. This is the closure we wished to establish and hence we have the
following theorem:

* Cf., e. g., Jackson, D., Rendiconti del Circolo Matematico di Palermo, vol. 32 (1911),
Pp. 257=262, and Bécher, M., Annals of Mathematics, ser. 2, vol. 7 (1906), pp. 110, 111,
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THEOREM 9. If the kernel of the given integral equation satisfies the condi-
tions (iv)—(viii), and that of the associated integral equation satisfies condition
(v), then the set of characteristic solutions um(x), vm(x) is closed.

CHAPTER 11. THE NON-EXISTENCE OF OTHER CHARACTERISTIC
VALUES OR FUNCTIONS

42. The possibilities of omission. The deduction of a solution of equa-
tion (25a), and hence also the deduction of the characteristic values, was
based on the methods of Chapter 6. It is conceivable that other methods
might yield a different form of solution, from which either different charac-
teristic values or different characteristic functions or both might result.
We shall consider in turn the following questions:

(a) May there exist a characteristic value X and a corresponding solution
#(x) %0 which are not included in the sets A,, and %, (x)?

(b) May there exist a characteristic function #(x) #0 which corresponds,
say, to A;, but is not identical with the #;(x) found?

(c) May the characteristic function #;(x) found correspond also to a
characteristic value \ not identical with A;?

Case (a). Suppose the value X and the function #(x) mentioned under
(a) above to exist. From the biorthogonality of the solutions of associated
integral equations it follows that

b
fﬂ(x)v,,.(x)dx=0 m=0,+1,+2,.--).
Since the set #,(x), v.(x) is closed, however, this demands #(x)=0.

Case (b). Suppose %(x) is a solution which corresponds to the value A;.
Then from the biorthogonality we conclude that

fbﬂ(x)vm(x)dx =0, m#=l.

If for m =1 the integral also vanishes we may conclude as above from the
closure of the set #,(x), v.,(x), that %(x)=0. If this is not the case we may
suppose the solution #%(x) normalized by multiplication with a suitable
constant so that

fbﬁ(x)m(x)dx = 1.

Then, however,

fb{ﬁ(x)—uz(x)}vm(x)dx=0 m=0,+1,.-.),
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and from the closure of the set #,(x), v.,(x) it follows that
a(x)= u(x).

Case (c). Suppose that the function #,(x) corresponds to a characteristic
value A%\;. We have in this case

b
w(x) = N | K(x,H)u(x)dx,

a

wi(x) = )—\f"K(x,E)uz(x)dx,

from which, since A—\;>0,
b
[ K@ o - o.

This, however, is impossible since #;(x) is a solution of the given integral
equation and #;(x)=0.

It is seen, therefore, that there exist no characteristic values or functions
other than those determined in Chapters 8 and 9.

CHAPTER 12. THE EXPANSION OF AN ARBITRARY FUNCTION

43. The related differential system. The method by which the proper-
ties of the solutions %, (x) for the expansion of an arbitrary function are to be
deduced is based on a suitable comparison of the set #,(x) with the set of
solutions yn.(x) of the differential system

y'(x) — py(x) =0,
kiy(a) — kay(b) = 0.

This system is related to the given integral equation in that the constants
ky and k. are those which occur also in the characteristic equation (45).

It is essential, therefore, to have at hand the expansion theorem for a
system of type (60). In a form which may be found by specialization of
results obtained by the author* for more general differential systems this
theorem may be stated as follows:

(60)

* Developments associated with a boundary problem not linear in the parameter, these Trans-
actions, vol. 25 (1923), pp. 155-172. If in the theorem there stated (p. 171) we set n=1, a;(x) =1
and change the dependent variable and the parameter respectively by the substutitions

— 220, 0k 1 1 ks
u(z) = v/b—a kiy(z)eb—o ogk:, p = log —>
)\-—al b—a kl

the system considered takes the form (60) above.
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If f(x) is any function which on the interval (g, b) consists of at most a
finite number of pieces, each real and continuous and having a continuous
derivative, then f(x) may be expanded in a series of the form

f(x) ~ E JOzat)dt - ym(2),

Mm—on &/ G

where the functions y.(x) and z.(x) are respectively the normalized solutions
of system (60) above and its adjoint system. This series will converge to
Hfx+)+f@—)} for a<x<d, to (1/2k:){kif(a+)+kef(0—)} for z=a,
and to (1/2k;){k:if(a+)+kof(0—)} for x=b.

44, The function ¢(x, £, p). We consider now the function ¢(x, &, p)
defined by the relation

(61) o(5,6,8) = 3 [um(£)1m(®) — ym(2)en(®)].

Me==— P

Its explicit form may be obtained from the solution of system (60), which
yields

Ym(%)2m(§) =

ePm (z—8§) ,

and the formulas (54). It is found in this way that for |m| sufficiently large

(%) 0m(E) — Im(2)zm(E) = (=8 S0 g (=)

{Ql(x) - Ql(ﬁ) Qe( x)

m

+ H(x,m)H(E,m) + Qx(x) ePm (z—0) } .

m?2 m
With the use, now, of the notation of Chapter 10, i.e.

2m1ri+0 0 1 k1
e “b—¢ °k

and with the choice of a number M fixed and sufficiently large, we obtain
the formula

(62) (p(x,f,ﬁ) = ‘P(x;E)M) + Z:%(x,%’,?);
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where
x —
2 ) sin 2m1r(b — E)
Vi(38,8) = — {0(#) — Qu(d}er 0 3 ,
2 sin 2m1r(§ — a)
— 1 P —
va(x,§,0) = Qx(x)etG=o 3 )
b—a n=M41 m
63 v H(x,mH(,
( ) 413(2?,5,?) = Z _(iﬁz—;(—s_m_)’
me=M41 m

2 sin 2m1r(: — a)
1 P -—
'Pt(x,E,P) = b___";QS(E)e”s_a) Z

meuM41 m

Now sums of the type Z[(sin mz)/m] as already noted remain uniformly
bounded for all values of z. Since this is obviously true also of a sum
Z[H (z,m)/m?] we may conclude that

(64) l e(x,,p) I < A4 (aconstant),

for all x and £ on (a, b) and all p.
Let « and 8 be chosen now as any two points of the interval (g, b). We
have then from (62) for p>M

[} 8 4 B8
(65) f o(z,£,p)dE = f oot s+ T [ wine e

It is our purpose to consider the convergence of this integral as p—o.
The first term on the right is free from p and is clearly continuous over the
interval (a, b). It is likewise clear that the integral involving ; will con-
verge uniformly to a function which is continuous on (g, ). For the consider-
ation of the remaining terms we recall the fact, also noted previously, that
sums of the type Z[(sin mz)/m] converge for all values of z and do so uni-
formly except in the immediate neighborhood of 2=0, +2m, - - - . It follows
because of the integration involved that the integrals containing ¥, and ¢,
converge uniformly over the entire interval, and hence further because of
the continuity of the individual terms that the limiting functions are con-
tinuous over (a, b).

The integral containing 4 is exceptional. The trigonometric sum in-
volved remains in this case unaffected by the integration, and while this
sum converges for all x it does so uniformly only over an interval which
does not extend to x=a, or x=>. Hence the integral converges uniformly



1926] DISCONTINUOUS KERNELS 635

for a<a;=<x<b,<b, and the limiting function is continuous only on the
open interval a<x¥ <b. We may write, then, upon collecting our results,
uniformly for

8
lim =
(66) o(x,§,p)dE = &(x) a1 = x5 by,

proVa

where ®(x) is continuous for ¢ <x <b.
45. The evaluation of &(x). Let f(x) now be the function defined as

follows:

1fora < x =8,
J(x) =
Ofore < x <aandB <z < b.

This function satisfies the conditions of the theorem in § 43 for expansibility
in terms of the solutions y.(x), whence we have

+0 b
> | f®zn®)dE ym(x) = f(2),

where 7(x) is bounded and differs from f(x) only in the points e, 8, @ and b.
Inasmuch as

b ]
[ 100wt = [ otntprae,
we obtain with the use of (61) and (66) the result

+o b
8(x) = 2, | fOva®)dEt - un(x) — f(2).

Mus—ad a

Multiplying this equality by v;(x) and integrating* it with respect to x
we find, since the set #n.(x), vm(x) is normalized biorthogonal, that

13 1] b
f B(x)ou(a)dz = f F@u()dE — f Hxo@)dz = 0.

Since this result may be derived for all values of /, whereas the set #,(x),
v (%) is closed, it follows that (x) =0, a <x <b. The relation (66) now takes
the form

uniformly for

I}
67 lim ,E,9)dE =0
(67) pmatp(xEP)E S 5% b,

and this relation holds for all choices of the limits « and $ on (a, b).

* From the character of the series as shown by the asymptotic forms of #n(%), om(z) this in-
tegration term by term is seen to be permissible.
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The properties (64) and (67), which have thus been established for the
function ¢(x, £, p), are the hypotheses of a theorem by Lebesgue* in accord-
ance with which it follows that if f(x) is any function which is summable
over the interval (a, b) then

uniformly for

a S x £ b

b
(68) tim [ @)ez,,p)dk = 0
prova
We defer the complete formulation of this result to the end of the chapter.
46. The evaluation of ®(x) at the end points of (¢, b). It was observed
in the derivation of (66) from (65) that the final term of (65) alone fails to
converge to a function which is continuous over the entire closed interval
(a, b). Accordingly we have

T=b B8 z=b
2| = im (e
z=b— psoVa z=b—
x—a z=)
sin 2m7r( ):l
it b—a
=t

21 B
—_e—— dt - 0(b—a)l:
b-(J:, 0a(8)d - ¢ T —

In virtue of the discussion just completed, however, #(b—)=0. On the other
hand the series on the right is, except for a finite number of continuous terms,
the Fourier expansion of the function (3 —(x—a)/(x—b)). The value of
the bracket on the right is, therefore, readily found to be x/2. Substituting,
then, for Q3(£) its value as given by (53b), and for e®—2 its value k1/k., we
obtain the relation

1 B_
#(t) = —= Gk + uks) [ 902,
2kg a
which reduces further because of (47) and (44b) to
g
(692) ®(b) = f o(8)dE.

The function £:(¢) involved here is that which occurs also in the char-
acteristic equation (45). It is found in an entirely similar fashion that

B
(69b) (o) = f Q,()dt.

* Annales de la Faculté des Sciences de Toulouse, ser. 3, vol. 1 (1909), p. 52 and p. 68.
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Let the functions ¢:(¢, p), i=1, 2, be defined now by the relations

¢l(£)?) = ¢(0,$»1’) - 2,
‘Pa(f;?) = ¢(b,$:1’) - 92(£)°

It follows immediately from the bounded character of Q,(¢) and Q.(¢), and
from the relations (64), (66) and (69) that

| ik, 0) | < 4: (1=1,2)

for all £ on (@, b) and all p, and further that

]
lim | @i(¢,p)dt =0
P Va
for all choices of @ and 8 on (a, b). By Lebesgue’s theorem, then, we may
conclude that

b
(10) tim [ @0, Pt = 0,
P+ a
for every function f(x) which is summable over (g, b).
47. The expansion theorems. If we observe now that

b P b P b
f f@e(x,8,08 = 2 | JOm®dE - un@ = X | (Om®)dk - yu(a),
[ Mm=—p < a m=—pJa
we may formulate of the results embodied in the relations (67) and (69)
as follows.

TrEOREM 10. If f(x) is any function which is summable over the interval
(@, b), and if F1,(x) and F1p(x) are the corresponding sums

Fu®) = 3 [ f®um(®dt - uns),

Ma=—p a

b b
Fip(z) = 2 | SO - yu(x),
m=—pea
where ux (%), vm(x) are respectively the normalized solutions of the given integral
equation and ils associaled equation, and yn(x), zm(%) are respectively the
normalized solutions of the related differential system (given by (60) above) and
its adjoint system, then
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uniformly for

lim |F — F. =0
pm[ 19(%) 2p(x)] 6<a Sz b <b,

1
lim [F1,(6) — Fap(a)] = f OB,

P+ a

lim [F1,(5) — Fap(®)] = f SO,

The functions (&) and Q:(£) are determined by the integral equation and are
independent of the function f(x).

A more explicit but less general formulation becomes possible if we
utilize the known expansion theorem for the related differential system as
given in § 43. Thus we may state

THEOREM 11. If f(x) is any function which on the interval (a, b) consists
of at most a finite number of pieces, each real and continuous and having a con-
tinuous derivative, then f(x) may be expanded in a series of the form

+0 b
f@)~ 2 | fOvm@)dt - un(z).

This series converges to

F{fx+)+ fx =)} fora<x<b;
to

2ik1 {kif(e +) + Raf(d — )} + j; ls1’(&)01(2)d£ forx=ua;
to

l 1]
o (e +) + ko =)} + f fOBEdE  forz=b.

APPENDIX. AN EXAMPLE

It is of interest to apply the preceding theory to a specific example par-
ticularly because of the fact that the theory demands in Chapters 8 and 11
that the ratio k,/k, and the functions Q,(x) and Q,(x) be independent of the
parameters p and ». We consider therefore the integral equation

13
u(z) =\ f K(=,Du(®)dt,

where
x%2 4 2 forx = ¢,

K =
(=, {xzeﬂ +1 for x < &.
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The equation is in normal form, and computing the various functions by the
respective formulas we find readily

A= p+ (b + u + 22,
W(x) = 2v + u(b2x2 4+ 1),
V() =p+v (0% +2),

2 2v
E(z,8) = —("——"AL——l [(e + »)22 — wb2g,
po @ —bu+ @+ 2]
= 2A )
F(x,f) = D )
— 8(u + 2v)at
1D = T ar o’
(@) = 8b2x
A T 2t a+ 2v)
b 264[2u + (4 + b4)»]
V dt = ’
fo ©ed = o— T
b= QC+ )+
1 ———D 1]
2 = 9 + )
hg=vn-—"— .
2D

The ratio k1/k. is thus free from u, v, having the value
ki 2(2+ b)

P
Further we find . -
V(5 + f V(t)f(z,x)dt=:—x1-)(“—+"2,
0
whence
b2x
=) = 2 4 bt
— 2b%x
(=) =5

These values are thus also free from u and » as they should be.

DarTMOUTH COLLEGE,
HaNOVER, N. H.



