THE MUTUAL INDUCTANCE OF TWO SQUARE COILS*

BY
T. H. GRONWALL

In the design of apparatus for the absolute measurement of radio field
intensity, it is necessary to compute the mutual inductance of two square
coils in the following position: In a vertical plane, place two squares of
sides ! and L, where [ < L, so that their centers coincide and a pair of
sides in each square are vertical. Rotate the square of side ! through an
angle « about a vertical axis passing through the midpoints of the horizontal
sides, and move the square of side L through a distance % perpendicularly
to the original plane. We thus arrive at the arrangement presented in top
and side views in the figure (p. 519).

The mutual inductance I of two coils is given by the Neumann integral

IZJICO:O ds ds,

where ds and ds’ are the line elements of the first and second coil, respect-
ively, 8 being the angle and r the distance between ds and ds'.

In our case, the coils are made up from straight segments, and the
integral may be expressed explicitly in terms of the elementary functions
by means of formulas due to G. A. Campbell.t While these formulas are
very interesting from a theoretical point of view, they do not work well
in the present problem. In fact, L and [ being given, the design of the
apparatus requires the numerical values of I for several values of % and
a large number of values of «, and the formulas referred to would con-
sequently have to be evaluated separately and independently for each
combination of values of 2 and «. Even with the aid of the graphical
method proposed by Campbell, this numerical work becomes rather formidable.

It is the purpose of the present paper to give a series expansion which
solves the problem of numerical computation in what appears to be the
simplest manner possible under the circumstances. The number of terms
written out in the formula is sufficient to give Z/L with an error less than
two units in the third decimal place under the condition < 0.35 L occurring
in practice (for I = 0.35 L and A = « = 0, this error is less than 0.15 %o).

* Presented to the Society, April 28, 1923. This investigation was undertaken at the
request of the American Telephone and Telegraph Company, and is published with their
permission.

T G. A. Campbell, Mutual inductances of circuits composed of straight wires, Physical
Review, new ser., vol. 5, pp. 452-458; June, 1915.
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MUTUAL INDUCTANCE OF TWO SQUARE COILS D17

The mutual inductance I of two square coils in the position shown in the
Sigure is given by

= = D 2 Smn () cos@m —1) e,
n=1 m=1

where

2h l
Z—'—i‘, l_f’

the series being convergent for 2A*<1--x®. Retaining only terms up to
n = 3 inclusive, we obtain the approximate formula

L a2 £ w0d 4 fis ] cos

+ [fos ®) 2*+ fos (x) 2%] cos B
~+ [fss(x)A%]) cosb

with an error less than 0.002 for 2 <0.35. Writing
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fas(x) = 63ad [( —lgl— 1—6 9) (b-——bs—l——b" ?bq_{_ )
Tty (gr-grtir—gv)
o )

Proor

1. The Neumann integral. Consider first the vertical segments;
letting AC be the horizontal distance between the two segments 2 and 6,
it is seen from the top view in the figure that

AC® = (AL —3}1lcos @)®+ (h — }1sin )

Measure 2’ and ¢’ along segments 2 and 6, respectively, from their mid-
points and positive in the direction of the arrow; then the distance between
the two corresponding points is given by

12 = GL—4lcos )+ (h— }isine)®+ (' —y')%
Similarly
= (A L+ Ylcose)*+ (h + }isine)’+ (2’ + y')?,
72, = B L+3leosa)+(h—3lsing)+ (2’ + '),
12, = (3 L—3%lcos )+ (h + }lsine)’+ (2’ —y')".
Since § =0 for the segments 2,6 and 4,8, but § = = for the segments

2,8 and 4,6, while § = /2 for a vertical and a horizontal segment, it
follows that the contribution of the vertical segments to the Neumann

integral is
1 1 1
-J f 11
f oc l 7’26 7's8 P Ta8 T4
2

Introducing the notatmns
0)) # = 2h/L, A=1/L,

and substituting «' = Lx/2, y = ly/2 = LAy/2 in the integral, we obtain

(2) I'= %L[F(a' “y }')'lLF(“) —x, l)+F(“) * _l)"I_F(ay %, —l)],
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where
1 1 l

&) res = [ [ gy
—1Ja ¥

and

@ V2 = (1—Zcosaf+ (x—Asina) 4 (z—Ay)?.
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Turning our attention to the horizontal segments, let us measure 2’
and y' along segments 1 and 5, respectively, from their midpoints and
positive in the direction of the arrow; it is then seen from the figure that
the distance r;; between the two corresponding points is given by

1, = GL—10*+ @ —y cosa)’+ (h — ¢ sine)?,
and similarly
2, = G L+ 3D*+ @ + ¢ cosa)*+(h + ¢ sine)?,

2 _ 2 2 .2
T3s = T11» o1 = Ti5e
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Since § = « for the segments 1,5 and 3,7, but § = 7w+ « for the seg-
ments 1,7 and 3,5, it follows that the contribution of the horizontal segments
to the Neumann integral is

f J 2 cose  2cosa )
== dac — .
15 717

By the same substitution as before, we obtain

I" = L[G(«, %, )+ G (e, x, —D)],

where
6)) G (e, x, ) —f f i(l)it—‘—d dy
—1J-1
and
(6) H?> = (1—22+(x—Aycosa)+ (x— Ay sine)?.

We have G(a, —=x,1) = G(«, x,1), as is seen from (5) and (6) upon
changing =, y and # into —a, —y and — x respectively. Thus the formula
for 7” may be written in a form exactly similar to (2):

(1) I"=3}L[G(a,%,)+ G(e,—x, V) +G(e, 2, — A+ F(ec, —x,—])].
2. Expansion in powers of 4. From (4) and (6), we have

V2= 14x*+4+22—2(cose+ xsina+ zy) 2+ (1 + y*) 22,
H2 = 14+2+22—2(1+zycose+xysine)d 4 (14 y»)A?,
and consequently

7 = AF Rt —25 42,
®) .
T = (14 #24-2H)" 12 (1 —292 42512,
where
E cose 4 xsine + zy
(s L (e
) 14 =zycose- xysine
R R T Il

=
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We now note the relations
1+ #2421+ y») — (cose + xsine + zy)®

= (sine —xcose)®+ (xcosae — y)* 4 (zsine — xy)* > 0,
Q+#2+2914+y) — A+ zycose+ xysine)?

= (zysine — zycosa)® 4 (x —ysina)®* 4 (x —ycosa)® > 0,
from which it follows that & <1, * <1, or
(10) e B S —1< 9 <1,

From the last of (9), it is seen that, for —1 < 2 <1, —1 <y <1,

and for
11) 2221422
we have

(12) |2

) 2 1/2
<l '(ﬂ—_) <1,
and in consequence of (10), (11) and (12), the expansions
[oe]
(1 —28z+22)712 = 2 Pa())2",
n=0
o0
(L= 29z+2)7" = 2 Pa(g)s"
n=

where P, are the Legendre polynomials, converge uniformly for —1<x <1,
—1 < y £1. Consequently, we may introduce these expansions in the
formulas for F(e, x, 1) and G (e, %, 2) and integrate term by term, thus

obtaining
S, 1 1 2: Pn (_E) Zn
F(ay x, }v) — 1.;0 J:I 4,['—1 (1 +_x"2?_ x2)1/2_ dx dy,

& (T AcosaPu(g)e”
G(a’ ”7 }-) —ngoj—:l 1 (1+x2+x2)1/§ d.’l:dy.

Changing 2 into — 4, it is seen from (9) that z changes into — 2, while &
and 5 remain the same, being independent of A. Consequently

T L (= ) A P (B)
—1Jer (=2

o0
F(a,%,2)+ F(a,», —1) =7§) dady

38
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with a similar formula for G, or

S l_Pn E 2n+1
Fla, 2, )+ Fa,z, —2) = 2 2 f_l (1:;1,(1322)1,2 dxdy,

RS A cos & Poyiq () 227 H1
G(ay x,l)—l_G(ay xy_l) == z,n;oj: j_l (l—l—z:—;xﬂg)lm dxdy.

Consequently, by (2) and (5),

I . I/ II! . <) 9
(13) S + I —nzl?n (e, z) A%,

where
(14)  ¢n (e, 2)

___fl ! [P2n—1(§)+P2n—1(§1)+COSaP2n—1(ﬂ)+cosaPzn—l(ﬂl)](l+y2)”’1/2dxd
—Jada A+ 2+ y

and & and g, are obtained from & and 7 in (9) by changing x into — =,
the series (13) being convergent under the condition (11).

3. Upper bound for the absolute value of the remainder in
the series. Before evaluating the expression (14), it is appropriate to form
an estimate of the error R, committed by retaining in (13) only the first
p terms, that is, only terms containing powers of 4 up to the 2 pth inclusive.
This error is evidently the series remainder

(15) Ry = 2 gns (e, z)Amt2,
n=py

so that -

(16) |Ry| < 2lonta (e, z)|Aznte,
n=pum

Now &, &, 9 and 4, all lie in the interval from —1 to 41 by (10), and
consequently every Legendre polynomial in one of these four arguments
does not exceed unity in absolute value, so that (14) gives

2\n+1/!
A7) |entr(e,2)| < 2(1+lcosxx|)f fl(l(ﬂrtﬁr) 2),:1 dz dy.

To get an upper bound for the expression to the right in (17), we observe that

1
j;l(l‘l"‘a“i‘xs)"“ <f 1 —l—x’—i—x”)"‘“
_1.3.5...(2n—1) n
T 2.4.6..-2n (14 23nt2?
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the last integral being obtained by differentiating the integral

| e = [ wetn | = e
—o 1224 2® (1 4 %)z A4x)12] o (14222
n times in respect to x®. Consequently we have

1.35.(2p——1) 7T
(]8) f (l—l"# +.’)32)”+1 < 2-4-6'“21) '(1+x2)n+1/2

1
We also need a sufficiently close upper bound for J:l(l + ¥ t12dy; the
identity

dly(1 —Z:’)nﬂ/?] = @2n+2) QA+ yz)n+1/2 —@2n+1) 1+ yy—1

yields the reduction formula

for n > p.

1 nl/'
a9 [ atyroeay =2V 2L ey,

from which we readily obtain

f (1+ R 1y 46%1(‘)/2 + 25 —log (14 1/2) = 10.397.

It will now be shown that

" _
ont1.31°2
2\n+1/2 =

(20) 'f_l(l‘{‘y) dy < = i for n > 4.

In fact, for n = 4 the expression to the right equals 10.443, so that (20)
holds in this case, and further numerical computation by means of (19)
shows that the inequality is verified also for » = 5, 6 and 7. Now
assume (20) to be true for the exponent n—1; then (19) gives

! . V2 | 2nt1 20.3V2
Ll(l+y2)+1/2dy< i1 T onte Bn—g

and consequently
1 nt1,
£1(1+yn)n+1/2 dy———2 3nj_lf2
15| 2 32n+1) 12
<2 1V2['n—l—1 +(n-i—l)(3n——2) 3n+1]
_ 2v11'2(23—3m)
- (e+1)(Bn—2)Bn+1)

so that (20) is true for all » = 8, which completes the proof.
88*

< 0 for n = 8,
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Introducing (18) and (20) in (17), it follows from (16) that

3.5...2p—1).-37V'2 i, 1 ont+1 pan+2

-~ 1.
By <2 Hfeose) =556 o i Inf1 QFPIE

or replacing 3%+ 1 by 3p-+ 1, which increases each term in the series
except the first, and summing the resulting geometric series,

242 \ptl

. _ 1.3.5...2p—1) 6aV2(1+2) (1+x2)
(21) |Rpl&\(1+|cosf¢|) 2'4‘6"'21) * 3p+l ° 1——2& ’
1+4x2

which is valid for p >> 4 and constitutes the desired upper bound for the
absolute value cf the error committed in neglecting all powers of 4 higher
than the 2pth.

It is evident from (21) that the right hand member increases with |cos e/,
but decreases as x increases. Making « = 0, * =0 and p =4, we
therefore have

6 b2 (24%)° (24%°

('
22) |RJ<2- g 13 e — MM22-15m

1.3.5.
92.4.6.-
for all values of « and =x.

For purposes of comparison, the exact values of iI/L and R, were

computed from (65) for « =0, =0 and 4 =— 0.30, 0.35 and 0.40, as
well as the upper bound of |R,| from (22), with the following results:

y! I/L R, (exact) |R,|by(22)

0.30 1.05870 -+ 0.00001 <0.00026
0.35 1.46258 -+ 0.00005 < 0.00131
0.40 1.94440 -+ 0.00021 < 0.00553

4. Expansion in cosines of the odd multiples of «. We shall
now expand each g¢u(x, ) as given by (14) in a finite Fourier series of
the form

(23) n(a, x) = mglfm (%) cos(@m—1)c.

To this purpose, we introduce the associated Legendre polynomials

ﬁlm B; (Z)

mn J— — ym/2
(24) Pr) = (1—gyme. S
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with their representation by an integral of the Laplace type

(25) Pr(z) = Mfﬂ 4+ V1i—22)cosmy dey,

n! 2mm

and finally the addition theorem for the Legendre polynomials

P, (cosfcos®’ +sinfsin@ cosw) = Pn(cos8) Pn(cosd’)
(26) )t
’
+2m21 CESY P (cos 6) Pr(cosd’) cosmo,

where 0 < 0<nmand 06" <n.*

Defining # by the equations

1 . d
(27) cosB = '(IT—"Q)I—/Z', sing = 1+ 2)1/2 ’
and making
_ o (e
. cosf = m.)llz, sinf = W)
. 1
OOSOI=(1+_2{1/2)1/77 sin @ =(_1+—y’)1’_2’

we find from (9) that

= ¢0s 0 cos 6’} sin 6 sin 6’ cos (e — B),
L = €080 cos 6’4 sin b sin 6’ cos (« + B);

A

using also the formula cos(« — 8) + cos(«+ 8) = 2 cosa cosB, we obtain
from (26)

Pon—1(8)+ Pon—1(%)) = 2 Pap—1(cos 8) Pz,—1(cos8’)

2n—1
+4 2 [%t—l—i—-; i Pon—1(cos 6) Pzs—1(cos 6') cosm B cosm a]

Changing y into — y, it is seen that

1 1
J P cose) (9 ay = [ PR (— cose) (4,

*For these formulas, see for instance Whittaker and Watson, Modern Analysis, 2d
edition, pp. 317-322. It should be noted that in establishing (25) and (26), these authors
use a function P™ which is the one in (24) multiplied by ™.
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and by (24), Pm-1(—2) = (—1)" ™ Pi_1(2), so that the integral
vanishes when m is even; consequently

Y [Pone1 (8) 4+ Pon1 ()] (1 4 A2
(29) 'J:I -1 (14 2+ 2" 4z dy

n
= mzlg,,m(x) cos@m—1)a,

where
4.2n—2m)!
Gmn (%) = (2n(+n2m_m2)! cos(2m—1)8
1 2m—1( T ) dx
(30) > _ngn—l A+2Fa)2) A F2Fz)"

1
XJ;P%'SI ((l—+yy—*)ﬁ) (1 +y)Pdy.
Before proceeding further, we shall evaluate the integral

J:z (cosg)? cosby de,

where a and b are positive integers or zero. Since the corresponding
integral with sinbg instead of cosby vanishes, the integrand being odd,
our integral is equal to

fﬂ(c"s 9)* P dg = J:(e(pi—;e_ﬁ)aeb% dy

. a! :
= pgo [@3 p!(a—p)! fne(zp_”b)w dq)] ’

and in the last expression, every integral vanishes for which 2p —a--b # 0.
Consequently

T
. _ T a!
f_n(""sq’) c0sbe 4y = o = H2)! (@ T 5)2)!
(31) for b< a and a—b even,

= 0 in all other cases.

The last factor in (30) is now readily evaluated by means of (25),
which gives
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1
A = f e e ,)1,2)(1+y2)”—1’2 dy

(32)
20+ 2m — 2)! .
= (énn_—l_l)gn;n)»—l J:ld?/J:”(y-l'icOSSD)z”’l cos@m —1) g dg.

Expanding (y -+ ¢ cos¢)®~! by the binomial theorem and using (31), we
readily find

(33) Am,n =

f (— 1) (204 2m — 2)!
S 2222 (p—m)! (p+m—1! 2n—2p+1)!"

Incidentally it may be noted that, if we integrate first with respect to y
in the double integral in (32), and then apply (25), we obtain

2n+1 2m—1 1
2n+2m—1 <V§ )

In the remaining integral in (30), we introduce the 6 given by (28) as
integration variable and obtain by (25)

Amn =

f sz—1 x ) dx
n—t (1 + 2 4 2] (12 4 2

(34 = Péz'le (cos 8)(cos B)>"1(sin 6)**—2d 9
r

_ @nt2m—2)!(cos B (T (i pims g
T @n—D!2aimt J,

> ﬁ (cos 0+isinfcosg)1eos@m—1)pdey
-7

where y is determined by

1 L
(35) cosS y = W’ sin y = —(2—‘|:T)1/{’
so that
(36) tan y = sec 8.

Expanding by the binomial theorem under the last integration sign in (34)
and using (31), it is seen that

f sz—l Z ) dz
o (1+x + &) (142 + 2

B e (—1rmP@n+2m—2)!
= (cos 8)? 1p2=,‘0 (22n—2p-2(2 P! (n—m—p)lnt+m—p—

@7

! 'Pnp()’))r
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where

|

38) el %Jj 7 (cos 0@ (sin o3

= —;— J; i (cos 8)** (1 —cos? 0)»—P—2d cos b,

or expanding by the binomial theorem and integrating

g ((—1F@2rn—p—2)! (cosy)Ptis+l
(39) Ymr) = é (s!(2n———p-—s—2)! ) 2p+2s+1) )

8$=0

From (30), (32), (37) and (38) it now follows that

gmn () = 16 Amncos(2m—1)B(cos B)***

(40) & (=12 (2n—2m)!
P (2“’”""(211)! (n—m—p)!(n+m—p—1)! ‘/’"P(")) :

p=0

To deal in a similar manner with the terms in (14) which contain 7
and 74,, we make

cost = F’—f;c_’jﬁz_’ sinte = —(—,‘T-_i_im’
41) cos 0, = aF le T sing; = a -(:z;i_ f)fs)uz ’
cos ] = (T—Flg—ﬁi’?’ sin§; = %—ﬁ;
It now follows from (9) that for y >0
n = C0S 6; cos 61 -+ sin 8 sin 4] cos (¢ —7),

71 = COS 6; cos 61 -} sin 6, sin 61 cos (e |- 7),
while for y <0
n = €08 6;¢os 01+ sin 6, sin 6] cos (e —z + ),

71 = c0s 6, cos 6] + sin 0, sin 61 cos (& + 7+ 7).

From (26), it is now seen that
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1 1
S P4y ay = P teos0) [ Prucs(cos o)1+

g @2n—1—m)!
+ 2 21{ @n— 1 Tom)! Poy—1 (cos 8,) cos m (e—7)
1
< U; Py (cos 61) (L4 3212 qy
)
+ (e Pay Geos 0) (1 ay),

and since the integrand in the last two integrals is even,

1
f_lpzn—l () 1+ y*» 2 dy = Bon Pon—1 (cos 6,)

(42) n—1 . .
+ 2m§l [ 834- ;Z__B: Boun Pon'1 (cos 6,) cos2m (e — r)],
where
Bun f Pty wiz) 1+ 92 dy
(43) (1 + ) )

2n + 2m—1)! .
- ((Qni_l;!n2ni2)m J:ldy [n(l + ¢y cos 9)*™~! cos 2my dy,

or expanding by the binomial theorem and applying (31),

= (— )7 2n + 2m—1)!
(44) Bua —p;m( (219 +1) 221 (p_"m)! (p-|-m)! (27),—2])—1)! )

By the aid of the formula cos («—28) 4 cos («+ 8) = 2cos « cos 8, (42) gives

1 1
[P:m—l (7}) + Pop_ (’h)] (1 + ys)n—uz
Jil -1 1§ _f. ,,il_l_ 2y dzdy

(45) n—1
= Jion () + 2 2 homn (%) cOS 2mice,
m=1
where
_ @rn—2m—1)! fl om cos 2mz
(46) kmn(”) (2n+2m ])' an _12P2n—1 (COS 61) (l"l" xg_l_xz)n

From (14), (29) and (45) it now follows that (23) is true, the value of
Jmn (%) being
(47) fmn (") = Gmn (") -+ hm—l,n(") + hmn ("),

where, for m = n, we make %, (%) = 0.
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To evaluate (46), we use (25) and the formula 2cos2me¢ cos 2mre
= cos 2m (¢p—7) -+ cos 2m (¢ + ), and obtain

2 PE" 1 (cos 6,) cos 2mr

—1)m —1) 7T
= ( l)(2 ;2f-1i; '22mn 1! Uin (cos 0,+ i sin §; cos )~ cos 2m(p + v)dy

7T
—|—f_n (cos 8, + 7 sin 6, cos 9)*~1cos 2m(p —'t)dq)] .

Since the integrand has the period 27, we may replace ¢ by 9y —z-+3in
in the first and by ¢+ 74 37 in the second of these integrals without
changing the limits of integration, and consequently

2 P2, (cos ;) cos 2mz

_ (@n+2m—1)!
T @2n—1)!2n

7T
[f_n(cos 6,—1 sin 6, sin (p —7))*"1 cos 2mo dg
7T
-+ I_n(cos 6,—1 sin 6, sin (¢ +7))**~1 cos 2me drp] .

But from (41) and (28) we find

1—<dzsing 4 ixcosg
(1 +#+a2)P

== (cos B+ isinBcosyp)sind — ising cos4,

cos §; —zsin 6, sin(p — ) =

c0s 8, —12sin @, sin(p + z) = (cosB—sinBcosy)sin § — ¢sing cos 9,

so that, applying the binomial theorem,

2 P2 | (cos6y) cos2me

_ @rt2m—DIG @n—DI(—)P
T o@n—D127 ;S 1 p!(2n—1—))!

xfu [(cos B+ isin Bcosg)?r—1-P

(cos 0)? (sin g)*—1—»

+ (cos 8 — isin Bcos 9)?*~1—P] (sing)? cos2m ¢ d gp} .

The integral vanishes when p is odd, as is seen upon replacing ¢ by — ¢,
and consequently
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2 Pin 1 (cos 8;) cos2me

__ @n+2m—1)! ”“{ (—1)

2m =0 l2p)!'(2n —2p —1)! (cos 6)%° (sin §)2r—2p—1

> J:, [(cos & + isin B cos g)n—2p—1

+ (cos 8 — isin B cos )21 (sing)? cos2meod gp} .

Introducing this in (46), and taking 6 as integration variable instead of x
we find with the aid of (38)

n—1
(48) hmn (£) = B (cos /3)2”—1?;0 Xonnp (B) Ynp (7),
where
— —om—1)!
(49) oo () = 2(2;);!((227; —222 - B' S leos -+ isin geos gym-os

-+ (cos 8 — isin Bcos )21 (sing)?P cos2me d¢.

We note some special cases of (49). When p = 0, we have

ano (,8) ==

J— ] 7T
(2:;(2,", 71 1)|1)‘ [f_n (cos 8+ isinBcosg) 1 cos2medey

+fn (COS B — isinﬂcos 9,)216—1 cos2 me d?] ’
and by (25)

. e (_1) 27‘[(2”‘_1)! om
2n—1 — g

which remains unchanged if we change the sign of ;. Hence

(—Dm™42n—2m —1)!
2n+2m—1)!

(50) ano (:8) = P. 22;" -1 (COS ,3) .

Next, let p = n —1; then (49) gives

(=11 (2n—2m —
n(2n—2)!

!
Xonnn-1(B) = D! J:2 cos B(sing)*—2cos2mydy,

and since the integrand has the period 27z, we may replace ¢ by 9+ 3=
without changing the limits of integration, so that
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7T 7T
(1) f_n (sing)2cos2mede — (—1)™ f_n (cosg)®2cos2medy,

whence, applying (31),

(—=1)r"12n—2m —1)!
27—4n—m—1)! (n+m—1)!

(52) )im n, n—l(ﬂ) - cos 8 forOgmg —1.

Finally, for 8 = 0, (49) becomes

— 1y @n—2m—1)! .
Xounp (0) = (5:(213;2((22;—22—1;) 2 f,,(sm 9y cos2Zmy dg,

or by (561) and (31),

B (—1)prmQ2n—2m—1)!
&) Xonnp (0) = 22— 2(p—m)! (p+m)! 2n—2p—1)!

= 0 for p<<m.

for p = m,

In the general case, we may evaluate (49) by means of the well known
formula

. 1 @2y — 1) 2p)!
(sin ) = % 1(),1;, +2 ﬁ ((p(__ s)), ((pﬁ)- Py cos 239'),
whence
(sin ¢)?? cos 2mey = —212—1,[%’%,1 cos2me
(=1 2p)!
(b4) —+ ﬁ: ((p—s)' o+l cos 2(m—|—s)q>)

+ ﬁ( 1)(:81))'8((12)]_)‘2' 5 cos 2(m—s)q>)].

Introducing this in (49) and using (25), it is seen that Xomap(8) is expressible
linearly in the various functions P22:——2p_1 (cos B), where s takes all the
values from O to » —p — 1, the coefficients having a very simple form.
For the small values of m, n and p which we need in the next paragraph,
it is, however, quite as expedient to evaluate (49) directly, by expanding
the binomials and applying (31), in the cases not covered by (50) and (52).

5. Evaluation of the coefficients up to n = 3 inclusive. From (15)
it follows that |Rs| < |94(e, )|A%+|R,|. Evaluating ¢,(e, x) by the
method of the preceding paragraph, and computing its numerical value
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for A =0.35 and various values of « and x, as well as estimating |R,|
by means of (21), it is found that for 2 < 0.35, we have |Rs| < 0.002.

To obtain I/L with an error less than two units in the third decimal
place, it is therefore sufficient to retain terms containing powers of 4 not
higher than the sixth, so that we only need to calculate f,(x) forn =1,

MUTUAL INDUCTANCE OF TWO SQUARE COILS

2 and 3. Writing

(55)

we obtain from (39)

cosy = b,
Yo(y) = b,
() = b—a b 1,
Y (y) = ; bs—% b,
Pso (r) = b—% bs—l—% b5_-%1. b7—|-% b,
Pa (r) = -;—bs——g- b"’-l—%bt——;— »,
Yae (7) = %bb—% b“—l-%bs,

The values of A,..

From (49)-(54)

we

and B,, computed from (33) and (44) are

2,

17 Ay = 30’

"—21/4, Agg = 175, Ags - 1890,
2,

1, Blg == 10,

'—7/12, Bls = 49, Bgs = 378.
obtain the following values of Xyuup(8):

Xo10(8) = 4 cosB,
Xoso(B) = — 6 cos B+ 10 cos®8,
Xos1(8) = —6cosB,

Xlzo (ﬂ) ==

— % cosB(1— cos®A),
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Xis1 (ﬂ) =

Xoso (:3 =
Xos1 (,3) -
Xos2(B) =

Xiso(8) =
X3 (8) =
X132 (B) =
Xss0 (8) =
Xss1 () =

Xsss (,8) =

T. H. GRONWALL

%cosﬂ,
1253 cos 8 — 35 cos®8 -+ -62—3 cos® B,
15 cos 8 — 35 cos® 8,
% cos B,
1 3 s R
vy cos B — 2 cos 8| (1— cos? B),
%cossﬂ,
—% cos g,
—2:—3 cos 8(1— cos? B)2,
— —21—400sﬂ(1— cos®p),
1
55—3‘COS,3.

[October

The calculation is now readily completed by means of (40), (48) and (47),

and writing

(56)

cos?8 = a,

we obtain the results stated in the introductory paragraph.
6. The special case « = 0, x = 0. The result of this paragraph is
needed for the computation of the table at the end of paragraph 3, and,
since it is derived by an independent method, it will also serve as a partial
check on the numerical values of the coefficient in the general case.
When & = 0, it is obvious that 7' = I"”, so that = 2I’, and making
also # = 0, it follows from (2), (3) and (4) that

(67
where
(58)

and -
(59)

I ,
+ = F)+F(—D),

1 1
F(}.)—_—f f ﬁdxdy,
—1J-—-1 0

4

P= (10— (@ — Ayt
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To evalute (58), we follow Campbell (loc. cit.) in introducing the identity

A9 Az o Ay
9_8x9+3yg+8x8y

from which it is seen that

B 1 B 22 dy 21 dy
FO = ) = Ta—igT= +f [C—2"F A +2yT"
! 24 da 24 dx

—1 [(1 =2 4 (z— )] +f [(A—2)* + (z+ 22
+4V2(1—0)—4V2(1+ 2%,

_l_.

or evaluating the integrals,

1+A+V2(1+T’)) 5
FG) = 41+2) 1o ((V§+1)(1—x) +-8alog(V'2+41)

+4V2(1—2)—4V2(1 +13).

(60)

To expand I/L in powers of 4, we note that

= A di
F() = 4V2(1+A)J: (e +82log(V2+1)

+4V2(01—2)—4V'2(1 + 29,

(61)

as is readily seen by differentiating the logarithm occurring in (60). It
now also follows that

R 4 ai _
r—ai = —-4V2(1 — )»)J; ) (1+12)1/2—8110g(l/2+1)
+4V2(1+0)—aV2(1 4+,

and adding the two expressions,

I . 2 AdA
= SWU A=) 1 F "

42 [y g +1— 0407

(62)
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Introducing the binomial expansions of (1 — 2%~ (1 4 4*~'2 and
(1 + 292, we obtain the desired expansion

(63) L= 3,
where
o = 8V§,
o 1 2 ST (—1)$.1.8.5... (25— 1)
-~ c"_4'/§[(2+2n—1) (H'gl 95 5! )

(—1*.1.3.5.-.2n—3)
+ 9n—1, pl

], for n>1.

Computing a few of these coefficients, we find

I_ —(, 10,,, 31 ., 8 .. 859 ., T .,
@) p= V2R gt g Pt gy P g st e
65

10851 ,,, , 3249 ... 150065 )
togast T g tamg g AT

New York, N. Y.



