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ON WEIGHTED INTEGRABILITY OF TRIGONOMETRIC SERIES
AND L'-CONVERGENCE OF FOURIER SERIES

WILLIAM O. BRAY AND CASLAV V. STANOJEVIC

ABSTRACT. A result concerning integrability of f(x)L(1/x)(g(x)L(1/x)), where
f(x)(g(x)) is the pointwise limit of certain cosine (sine) series and L(-) is slowly
vary in the sense of Karamata [5] is proved. Our result is an excluded case in more
classical results (see [4]) and also generalizes a result of G. A. Fomin [1]. Also a
result of Fomin and Telyakovskii [6] concerning L'-convergence of Fourier series is
generalized. Both theorems make use of a generalized notion of quasi-monotone
sequences.

1. Introduction. A classical problem in the theory of trigonometric series concerns
sufficient conditions in terms of the coefficients {a(n)} for the Fourier character of
cosine series

(1.1) "(0)

+ Z a(n) cos nx

n=1

and the conjugate or sine series

[oe]

(1.2) Y a(n)sin nx.
n=1

All known results employ conditions which imply that the null sequence {a(n)} is of
bounded variation (XF_, |Aa(n)| < oo, Aa(n) = a(n) — a(n + 1), and a(n) = o(1)
(n — o0)). This further implies that the pointwise limit of (1.1) and (1.2) exist on
(0, 7]; these are denoted f(x) and g(x), respectively. Consequently, for the Fourier
character of (1.1) or (1.2) it is necessary and sufficient that f or g be Lebesgue
integrable on (0, 7]. A recent result in this direction is the following, due to Fomin
(see also [2, 3)).

THEOREM 1.1. Let a(n) = o(1) (n — o0), and for some p > 1 let

§ (EEdteOry

n=1 n

Then
(i) f € LY(0, 7], and
(i) g € LY0, 7] if and only if £2_, |a(n)|/n < oo.
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Many authors have varied the point of view of the above problem by considering
weighted integrability of the sum functions (see the monograph of Boas [4] for a
survey). These results give criteria for the integrability of x~Yf(x)L(1/x) and
x"Yg(x)L(1/x), where y > 0 and L(-) is a slowly varying function in the sense of
Karamata [5]. In §3 an integrability result for f(x)L(1/x) and g(x)L(1/x) is
proved, generalizing Theorem 1.1 in the case of cosine series and giving a restricted
generalization in the case of sine series.

In the final section a generalization of the following theorem due to Fomin and
Telyakovskii [6] (see also [7]) is proved. For succinct formulation the nth partial
sums of the Fourier series of f € L'(0, 7] are denoted S,(f) = S,(f, x). Also recall
(Szasz [8]) that a null sequence {a(n)} is said to be quasi-monotone if, for some
a > 0,a(n)/n*] forn = ny(a).

THEOREM 1.2. Let (1.1) be the Fourier series of f € L'(0, m] with quasi-monotone
coefficients. Then ||S,(f) — f|| = o(1) (n = ) if and only if a(n)lgn = o(1) (n —
00).

An analogous result holds for sine series. Both our results make use of a
generalization of quasi-monotone sequence developed in §2.

2. Preliminaries. A positive measurable function L(u) is said to be slowly varying
in the sense of Karamata 5] if, for A > 0,

(2.1) im 2 _

1.
u— + o0 L(u)

Karamata [5] proved that (2.1) holds uniformly for A contained in a bounded closed
interval. Slowly varying sequences are defined analogously: a positive sequence
{/(n)} is said to be slowly varying if, for A > 0,

. I([An])
22 1 ——==1.
( ) n —»1 l:I&—]oo / ( n )
The class of slowly varying functions (sequences) is denoted by SV(R) (SV(N)).
In [9] Karamata introduced regularly varying sequences: a positive sequence
{r(n)} is said to be regularly varying if, for A > 0 and some a > 0,

tim 22D _

n— oo r(n)

The class of such is denoted by RV(N). Regularly varying sequences are char-
acterized [9] in form as follows: {r(n)} € RV(N) if and only if r(n) = n®l(n), for
some a > 0 and some {/(n)} € SV(N).

A null sequence {a(n)} is said to be regularly varying quasi-monotone if for some
{r(n)} € RV(N), a(n)/r(n)| for n > n,. The class of such sequences is denoted
RQM and properly contains quasi-monotone sequences. We can now give the
following generalization of the Cauchy condensation test.

LEMMA 2.1. Let {a(n)} € RQM. Then the series L_,a(n)l(n) and the series
®_,2"a(2")I(2") are equiconvergent for every {I(n)} € SV(N).
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ProoF. For sufficiently large k, a(k)/k*,(k)|, where a > 0 and {/,(k)} €
SV(N). Consequently, for sufficiently large n,

—“&ZZ k() < X a(k)I(k)
2a(n+1)l (2n+1) 1 Pt
a(2") 2n+l l .
< 2anll(2n kzz" k l (k)l(k)
and so,
1 a(2”“)2 11 2n+lq
2 L2 kZ L(k)I(k) < Ez" a(k)I(k)

a (2") gn+l_q
— L(k)I(k).

L(2 ,Ez" 1(k)

Since {/,(k)I{(k)} € SV(N), the aforementioned uniform nature of (2.1) or (2.2)
gives

<2°

gn+l_q

Y L(k)I(k) ~2,2")12")  (n > o),

k=2"

from which the conclusion follows.
Another basic property of slowly varying functions is the asymptotic relation [5]

u® max s °L(s)~ L(u) (u—> ),
uss<oo

for any a > 0. The following lemma resembles a classical Abelian theorem [10].

LEMMA 2.2. Let {I(n)} € SV(N) and let {m,}¥ be a positive sequence such that,
for some 0 < a < 1,

k=n m}(—a n
Then
o0
l
(2.3) y (m) _
k=0 Mk
and

 lm)_pftmd) ()

k=n my

PROOF. For N > n,

N i 0
> 10 (upmptm)) & L
k=n Mk k>n k=n M
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Consequently (2.3) holds, and
i I( Hm,) )

o A(m supmk“I(mk)) !

k=n k>=n m,

where A is an absolute constant. This completes the proof.
3. Weighted integrability theorem. We prove the following theorem.

THEOREM 3.1. Let L € SV(R) such that L(u) > oo (u — o0), let a(n) = o(1)
(n = o0), and for some p > 1, let

(3.1) ¥ L(n)

n=1
Then (i) f(x)L(1/x) € LX0, 7}, and
(i) if {|a(n)|} € RQM, then g(x)L(1/x) € LX0, =] if and only if

(3.2) y 1l () < .

n=1

( k=nlAa(k)|P)W .

PROOF. Applying Lemma 2.1 and the methods of [2], the series in (3.1) is
equiconvergent with

2n+1_1

1 P e
5L watof]

k=2"

(3.3) Z 2"L(2")

n=0

By Jensen’s inequality, (3.1) implies £_,|Aa(n)|L(n) < oo, so that {a(n)} is of
bounded variation. Also, we may suppose 1 < p < 2, a necessary technicality. We
prove (ii); (i) is similar. Summation by parts yields the pointwise limit

oo
g(x)= X Aa(n)D,(x), x€(0,7],
n=1
where
D, (x) = cos(x/2) - cos(n +1/2)x
2sin(x/2)
is the conjugate Dirichlet kernel. Letting a(0) = 0 and

= _cos(n+1/2)x
D,(x) = - 2sin(x/2)

we may write
g(x) = ioAa(n)B,,(x), x €(0,7].

The result will be obtained by means of the following estimate: for N = 1,2,...,

(3.4) fﬂ; lg(x )IL( )dx— 10(2")|f2w1, ( )d;

+o( Y 27L(2") (2,, Y |Aa(k)] )l/p)’

n=0 n=0
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the O-term being uniform with respect to N. It follows that g(x)L(1/x) € L0, =]
if and only if

(3.5) g O A I

A change of variables gives

(3.6) f"z"" L(l)éx’i=f2"1,(2"u)d7“~(1g2)L(2") (n > ).

2—(n+l) X

Thus, the series in (3.5) is equiconvergent with ¥% 0 |a(2”)|L(2”), completing the
proof by Lemma 2.1, provided we verify (3.4). For N = 1,2,...

L 18O ( = X 2 [

s%f

n=0 727D

2"—1

): Aa(k)Dy(x)|L

()

Denote the right side by 71,; applymg Holder’s inequality (1/p + 1/q = 1), followed
by the Riesz [11] extension of the Hausdorff-Young theorem, one obtains

1 X [ fm2n 1 dx el 1
(3.8) Iy< 3 Y (fzﬂm) LP(;)W) Y Aa(k)cos(k + E)x

(3.7)

Z Aa(k)Dy(x)|L

k=2"

nmo T k=2"
w2~ 1\ dx \\7?( & » 1/p
LP| =] —
A nz=:0 (,/;rz—(n-n) (x) xp) (k=22” |Aa(k)| ) s

where || - ||, is the L9(0, 7]-norm, and 4, is a constant dependent only on p. As in
(3.6),

f‘llz_” Lp( ) dx an(P I)LP(Z")
x) xP

,”2—(n+l)
where B is an absolute constant. From (3.8),
1 © > 1/p
<4, Z 2'L(2")| 5 X lAa(K)[)
n==0 2 k=2"

where B has been absorbed into 4,,. Returning to (3.7), we have

2"-1

o0 [ w2 L7 T sewmf (2
00 1/p
L 263 & e | )

uniformly in N. Denote the first term on the right side by J,. Applying the uniform
estimate

|D,(x) +1/x|< A(n+1), x€(0,7],
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A being an absolute constant, we have

N oo |2-1
= X7 T satle ()
n=0 g2 (n+D _
(3.10) N
727" - /1
<aX [T, ,Eo [Ba(i)I(k + DL ) ax.
Again similar to (3.6),
m2" 1 L") _(L(2")
’/;2_("“)L(x)dx s —0( > ) (n - ).

Consequently, denoting the right side of (3.10) by J5 and absorbing all absolute
constants into 4, we get

<a T E5T atil(k+ )
<A2il pat)ik+ ¥ @D
k=0 n=[lgy(k+1)]

[lg,(k + 1)] denoting the greatest integer in the base two logarithm of k + 1.
Appealing to Lemma 2.2 one obtains

Ji<A Y Baik+1) ¥ E@)
k=0

n=[lgy(k+1)] 2’
V-1
L(k+1
<A T Pa(o)(k+ nEEED
k=0

<A Y L") ( L 1aa(k)| )W.

n=0

Returning to (3.10), we get

- T @[ 2(2) E o

n=0

PEIE |Aa(k)|”)w),

k=2n
which concludes the proof of (3.4).

4. L'-convergence of Fourier series. In this section we prove the following theorem
concerning L'-convergence of Fourier cosine series, an analogous result holds for
Fourier sine series.

THEOREM 4.1. Let (1.1) be the Fourier series of some f € L'(0, w] with {a(n)} €
RQM. Then ||S,(f) — fll = o(1) (n = o0) if and only if a(n)lg n = o(1) (n = ).
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PROOF. Let 0,(f) = 0,(f, x) denote the (C,1) means of the Fourier cosine series
of f. Summation by parts yields

Sn(f’x)_on(f’x)=n+l

n—1
=L EIA(ka(k))[Dk(x) -7]

Ta(n)|2,() -3,

where
1 u sin(n + 1/2)x
D, ==+ kx = ———————
W(x) =3+ X coske = D)
is the Dirichlet kernel. Rearranging terms gives the following useful identity:
1 n—1
Sn(f9 X) - on(f’ x) = n+1 Z kAa(k)Dk(x)
n—1
- Y a(k+1)D,(x) +a(n)D,(x).
n+1 /=,

Applying the L'-norm and using the well-known estimate
1Dl = (2/7)ign + 0(1)  (n - ),

we get
(4.1)
2 1 n—1 ) 1 n—1
I/ =aDl< 7751 E 7T I lalk+ ik

+ %a(n)lgn +0(1)  (n— ).

For sufficiency, the hypothesis a(n)lg n = o(1) (n — o0) implies that the second and
third terms on the right side are o(1) (n = ). Hence, we must show that

" _}_ 1 k'z;lklAa(k)llgn =0(1) (n- o).

Since {a(n)} € RQM, for some a >0 and some {/(n)} € SV(N), we have
a(n)/n®l(n)| . This implies that

aln+1) < (1+ /)(

(4.2)

+1)
1) a(n),

without loss of generality, for all n. Consequently,

1 +%)f(—'1—+—l)— 1]a(n) >0

Aa(n) + 0

and, finally,

(1+ )l(n+1)

(4.3) |Aa(n)| < Aa(n) +2 1)

a(n).
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We apply (4.3) to estimate the expression in (4.2); i.e.,

1 n
1 ,ElkIAa(k)Hgn <

2 I(k+1)
P El(l + k) 1(k)

The second term is o(1) (n — oo) since {I/(n)} € SV(N) and a(n)lgn = o(1)
(n = o0). For the first we apply summation by parts:

+

a(k)lgk.

" }_ 7 Z kAa(k)lgk = —1— E klg(l + = )a(k +1)
1 n—1
7 kgla(k + 1ig(k +1) - la(n + 1)lgn.

The first term'is o(1) (n = o) since Ig(1 + 1/n) = 1/n (n = o0); the second and
third terms are o(1) (n — o0) since a(n)lgn = o(1) (n = o0). This concludes the
proof of sufficiency. For necessity we use the known estimate [6]

Is,(r) =115 & A,

From the fact that {a(n)} € RQM we obtam the inequality
L oa(n+k = a(n+ k (n+ k) l(n+k)
y abth) 5 etrrk)
i1k k=1 (n+k)U(n+k) k
a(2n) Lo(n+k)l(n+ k)
" (2n)"1(2n) &2y k
n+1\*a(2n) l(n+k)
g ( 2n ) I(2n) kEI k

The asymptotic relation /(k) ~ kB[supD " Bl(n)] (k = o0), gives for large n,
2 I(k) _ 2 kPsup,,,m Pl(m)

r )

(4.4)

k=n+1 % T pnin k—n
> [ sup m Bl(m)] >(n+1) [ sup m_ﬂl(m)] Yy 1
m>2n k=n+1 m>2n k=1
n+ 1
( (2n) [ sup m- B/(m)] y 1 = Lianyign.
m>2n =1 2

Returning to (4.4) concludes the proof.
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