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Abstract

We consider unitary simple vertex operator algebras whose vertex oper-
ators satisfy certain energy bounds and a strong form of locality and call
them strongly local. We present a general procedure which associates to ev-
ery strongly local vertex operator algebra V' a conformal net Ay acting on the
Hilbert space completion of V' and prove that the isomorphism class of Ay does
not depend on the choice of the scalar product on V. We show that the class
of strongly local vertex operator algebras is closed under taking tensor prod-
ucts and unitary subalgebras and that, for every strongly local vertex operator
algebra V', the map W — Ay gives a one-to-one correspondence between the
unitary subalgebras W of V' and the covariant subnets of Ay . Many known ex-
amples of vertex operator algebras such as the unitary Virasoro vertex operator
algebras, the unitary affine Lie algebras vertex operator algebras, the known
c = 1 unitary vertex operator algebras, the moonshine vertex operator algebra,
together with their coset and orbifold subalgebras, turn out to be strongly lo-
cal. We give various applications of our results. In particular we show that the
even shorter Moonshine vertex operator algebra is strongly local and that the
automorphism group of the corresponding conformal net is the Baby Monster
group. We prove that a construction of Fredenhagen and Jorfl gives back the
strongly local vertex operator algebra V' from the conformal net Ay and give
conditions on a conformal net A implying that A = Ay for some strongly local
vertex operator algebra V.
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1 Introduction

We have two major mathematical formulations of chiral conformal field theory. A chi-
ral conformal field theory is described with a conformal net in one and with a vertex
operator algebra in the other. The former is based on operator algebras and a part of
algebraic quantum field theory, and the latter is based on algebraic axiomatization of
vertex operators on the circle S*. The two formulations are expected to be equivalent
at least under some natural extra assumptions, but the exact relations of the two have
been poorly understood yet. In this paper, we present a construction of a conformal
net from a vertex operator algebra satisfying some nice analytic properties. More-
over, we show that the vertex operator algebra can be recovered from the associated
conformal net.

Algebraic quantum field theory is a general theory to study quantum field theory
based on operator algebras and has a history of more than 50 years, see [50]. The basic
idea is that we assign an operator algebra generated by observables to each spacetime
region. In this way, we have a family of operator algebras called a net of operator
algebras. Such a net is subject to a set of mathematical axioms such as locality (Haag-
Kastler axioms). We study nets of operator algebras satisfying the axioms, and their
mathematical studies consist of constructing examples, classifying them and studying
their various properties. We need to fix a spacetime and its symmetry group for
a quantum field theory, and the 4-dimensional Minkowski space with the Poincaré
symmetry has been studied by many authors. In a chiral conformal field theory,
space and time are mixed into the one-dimensional circle S' and the symmetry group
is its orientation preserving diffeomorphism group.

A quantum field ® on S! is a certain operator-valued distribution assumed to
satisfy the chiral analogue of Wightman axioms [95], see also [25], [43] and [59, Chapter
1].

For an interval I C S!, take a test function supported in I. Then the pairing
(P, f) = ®(f) produces a (possibly unbounded) operator (smeared field) which cor-
responds to an observable on I (if the operator is self-adjoint). We consider a von
Neumann algebra A(I) generated by such operators for a fixed I. More generally we
can consider this construction for a family ®;, i € .# of (Bose) quantum fields, where
& is an index set, not necessarily finite.

Based on this idea, we axiomatize a family {A(])} as follows and call it a (local)
conformal net.

Let J be the family of open, connected, non-empty and non-dense subsets (inter-
vals) of ST. A (local) Mébius covariant net A of von Neumann algebras on S' is a
map

I 1w A(I) C B(X)

from J to the set of von Neumann algebras on a fixed Hilbert space H satisfying the
following properties.

e [sotony. If I C Iy belong to J, then we have A(I) C A(l3).



e Locality. If I, I, € J and I; N I, = &, then we have [A(Iy), A(l3)] = {0}, where
brackets denote the commutator.

e Mobius covariance There exists a strongly continuous unitary representation U
of the group Méb ~ PSL(2,R) of Mobius transformations of S' on H such that
we have U(y)A(I)U(~)* = A(~I), v € Mob, I € 7.

e Positivity of the energy. The generator of the one-parameter rotation subgroup
of U (conformal Hamiltonian) is positive.

e Fuxistence of the vacuum. There exists a unit U-invariant vector {2 € H called
the vacuum vector, and €2 is cyclic for the von Neumann algebra \/,_, A(I),
where the lattice symbol \/ denotes the von Neumann algebra generated.

These axioms imply the Haag duality, A(l) = A(I'), I € I, where I’ is the
interior of S*\ I.

We say that a Mdbius covariant net A is rreducible if \/, ., A(I) = B(3). The net
A is irreducible if and only if €2 is the unique U-invariant vector up to scalar multiple,
and if and only if the local von Neumann algebras A(I) are factors. In this case they
are automatically type I1I; factors (except for the trivial case A(l) = C).

Let Diff(S1) be the group of orientation-preserving diffeomorphisms of S'. By a
conformal net A, we mean a Mobius covariant net with the following property called
conformal covariance (or diffeomorphism covariance).

There exists a strongly continuous projective unitary representation U of Diff ¥ (S?)
on H extending the unitary representation of Mob such that for all I € J we have

UNAMU(y)* = A(yl), ~eDifft(sh),
U)AU(y)* = A, AeA(l), v e Diff(I'),

where Diff(7) denotes the group of orientation preserving diffeomorphisms + of S?
such that y(z) = z for all z € I,

It should be pointed out that it is not known whether or not the map J > I
A(I) defined from a family {®;},c, of chiral conformal covariant quantum fields
on S! will satisfy in general the axioms of conformal nets described above. The
main difficulty is given by locality. The problem is due to the fact that the smeared
fields are typically unbounded operators and the von Neumann algebras generated
by two unbounded operators commuting on a common invariant domain need not to
commute as shown by a well known example by Nelson [86]. This difficulty is part of
the more general problem of the mathematical equivalence of Wightman and Haag-
Kastler axioms for quantum field theory a problem which has been studied rather
extensively in the literature but which has not yet been completely solved, see e.g.
18, 51 6], [7, B2 B3], 37, 38, [45]. As it will become clear in this paper we deal with some
special but mathematically very interesting aspect of this general problem.

A vertex operator is an algebraic formalization of a quantum field on S, see
[39, 59]. A certainly family of vertex operators is called a vertex operator algebra.
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This first appeared in the study of Monstrous Moonshine, where one constructs a
special vertex operator algebra called the Moonshine vertex operator algebra whose
automorphism group is the Monster group, see [40]. Extensive studies have been made
on vertex operator algebras in the last 30 years.

Since a conformal net and a vertex operator algebra (with a unitary structure)
both give mathematical axiomatization of a (unitary) chiral conformal field theory,
one expects that these two objects are in a bijective correspondence, at least under
some nice conditions, but no such correspondence has been known so far. Actually,
the axioms of vertex operator algebras are deeply related to Wightman axioms for
quantum fields, see [59, Chapter 1]. Hence, the problem of the correspondence between
vertex operator algebras and conformal nets can bee seen as a variant of the problem
of the correspondence between Wightman field theories and algebraic quantum field
theories discussed above.

We would like to stress here an important difference between the Wightman ap-
proach and the vertex operator algebra approach to conformal field theory. In the
Wightman approach the emphasis is on a family of fields {®;};c» which generate the
theory. For this point of view it is natural to start from this family in order do define
an associated conformal net, see e.g. [14]. Many models of conformal nets are more
or less directly defined in this way from a suitable family of generating fields. On the
other hand, in the vertex operator algebra approach one considers, in a certain sense,
all possible fields (the vertex operators) compatible to a given theory and correspond-
ing to the Borchers class of the generating family {®; };c.», cf. [50, I1.5.5]. In this sense
the vertex operator algebras approach is closer in spirit to the algebraic approach, see
[50, II1.1] and in this paper we will take this fact quite seriously. Another important
similarity between the vertex operator approach and the conformal nets approach is
the emphasis on representation theory. The latter will play only a marginal role in
this paper but we believe that our work gives a solid basis for further investigations
in this direction and we plan to come back to the representation theory aspects in the
future.

In this paper we present for the first time a correspondence between unitary vertex
operator algebras and conformal nets. The basic idea is the following. We start
with a simple unitary vertex operator algebra V' and we assume that the vertex
operators satisfy certain (polynomial) energy bounds. This assumption guarantees a
nice analytic behaviour of the vertex operators. It is rather standard in axiomatic
quantum field theory and does not appear to be restrictive but it is presently not
known if it guarantees the existence of an associated conformal net. Then, on the
Hilbert space completion Hy of V' we can consider the smeared vertex operators
Y(a, f), f € C®(S'), a € V corresponding to the vertex operators Y (a,z) of V.
We then define a family of von Neumann algebras {Ay (I)};e5 as described at the
beginning of this introduction by using all the vertex operators. We say that V is
strongly local if the map J 5 I — Ay (1) satisfies locality. In this case we prove Ay is
an irreducible conformal net. The idea of using all the vertex operators instead of a
suitable chosen generating family of well behaved generators has the great advantage



to make the construction more intrinsic and functorial. In particular every unitary
subalgebra W C V of a strongly local vertex operator algebra turns out to be strongly
local and the map W — Ay gives rise to a one-to-one correspondence between the
unitary vertex subalgebras W of V' and the covariant subnets of Ay. Moreover, we
prove that the automorphism group of Ay coincides with the unitary automorphism
group of V' and that, if the latter is finite, it coincides with the full automorphism
group of V.

Although the strong locality condition appears a priori to be rather restrictive
and difficult to prove we show, inspired by the work of Driessler, Summers and Wich-
mann [33] that if a generating family .# of quasi-primary (i.e. Mobius covariant)
Hermitian vertex operators, generates a conformal net Az then V is strongly local
and Ay = A #. This result heavily relies on the deep connection between the Tomita-
Takesaki modular theory of von Neumann algebras and the space-time symmetries of
quantum field theories first discovered by Bisognano and Wichmann [2]. As a con-
sequence, standard arguments (see e.g. [I4]) shows that if V' is generated by fields
of conformal dimension one and by Virasoro fields then it is strongly local. This
gives many examples of strongly local vertex operator algebras, e.g. the affine vertex
operator algebras and their subalgebras, orbifold vertex operator algebras and coset
vertex operator algebras. Moreover, the Moonshine vertex operator algebra V! turns
out to be strongly local and the automorphism group of the net Ay~ is the monster,
a result previously proved in [66]. As a consequence we can construct an irreducible

conformal net A,, ,: associated with the the even shorter Moonshine vertex operator

)

algebra VB?O) constructed by Hohn. Moreover, we show that the automorphism group
VB

of A is the Baby Monster group. As far as we can see there is no known example
©

of simple unitary vertex operator algebra which can be shown to be not strongly local
and we conjecture that such an example does not exist.

We also show that one can reconstruct the strongly local vertex operator algebra
V' from the corresponding conformal net Ay by using the work of Fredenhagen and
JorB [38]. Actually we consider a variant of the construction in [38] which is directly
obtained from the Tomita-Takesaki modular theory of von Neumann algebras. We
also find a set of natural conditions on a irreducible conformal net A, including energy
bounds for the Fredenhagen-Jor3 fields, which are equivalent to the requirement that
A coincides with the net Ay associated with a simple unitary strongly local vertex
operator algebra V. The existence of irreducible conformal nets not satisfying these
condition appears to be an open problem.

In order to keep this paper reasonably self-contained, the first four sections are
devoted to various preliminaries on operator algebras, conformal nets and vertex op-
erator algebras. In Sect. Bl we define and study the notion of unitary vertex operator
algebra. The definition has previously appeared more or less explicitly in the lit-
erature e.g. [8I] where unitary vertex operator algebras appear as vertex operator
algebras having a real form with a positive definite invariant bilinear form, see also
[40, Sect.12.5]. Here we prefer an alternative definition which is easily seen to be
equivalent and we replace the real forms by the corresponding antilinear automor-
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phisms (PCT operators). The same definition, with a slightly different language,
has also been recently used by Dong and Lin [2§]. In this paper we give a further
equivalent definition of unitarity based on the requirement of locality for the adjoint
(with respect to the scalar product) vertex operators. Our proof of the equivalence of
the two definitions gives a vertex algebra version of the PCT theorem in Wightman
quantum field theory [05]. Moreover, we study the question of the uniqueness of the
unitary structure, i.e. of the invariant scalar product, in relation to the properties of
the automorphism group of the underlying vertex operator algebra. We show that the
scalar product is unique if and only if the automorphism group is compact, that in
this case the automorphism group coincides with the unitary automorphism group and
that it must also be totally disconnected. This happens in the special but important
examples in which the automorphism group is finite as in the case of the Moonshine
vertex operator algebra.

2 Preliminaries on von Neumann algebras

In this section we introduce some of the basic concepts of the theory of von Neumann
algebras and related facts on Hilbert space operators which will be frequently used
in the following. Most of the topics discussed in this subsection can be found in any
standard introductory book on operator algebras in Hilbert spaces, see e.g. [3 9] 63|
64]. We refer the reader to these books for more details and for the proofs of the
results described in this section.

2.1 Von Neumann algebras

Let H be a (complex) Hilbert space with scalar product (-|-), let B(H) denote the

algebra of bounded linear operators H — H and denote by 15 € B(H) the identity

operator. Moreover, we denote by U(H) the group of unitary operators on H.
Recall that B(H) equipped with the usual operator norm is a Banach space (in fact

it is a Banach algebra). For every A € B(H) we denote by A* € B(H) its (Hilbert

space) adjoint so that (b|Aa) = (A*bla) for all a,b € H. The map A — A* is an

antilinear involution B(H) — B(H) satisfying (AB)* = B*A* for all A, B € B(H).
For a given subset 8 € B(H) we denote by 8* the subset of B(H) defined by

8*={A e B(H): A" € 8). (1)

We say that 8 is self-adjoint if & = §*.
Given 8 C B(H) we denote by 8’ the commutant of 8, namely the subset of B(H)
defined by
§'={A e B(H):[A B]=0forall Be S}, (2)

where, for any A, B € B(H), [A, B] denotes the commutator AB — BA. The com-
mutant 8” of 8 is called the bicommutant of 8. We denote by 8” the commutant
of 8” and so on. It turns out that 8" = 8§ for every subset 8 C B(H). Moreover,



if § € B(H) is self-adjoint then 8 is a self-adjoint subalgebra of B(H) which is also
unital, i.e. 15 € 8.

A self-adjoint subalgebra M C B(H) is called a von Neumann algebra if M =
M". Accordingly, (8 U8*)" is a von Neumann algebra for all subsets § C B(H) and
W*(8) = (8U8*)” is the smallest von Neumann algebra containing 8.

A von Neumann algebra M is said to be a factor if M’ "M = Clyg, i.e. M has a
trivial center. B(H) is a factor for any Hilbert space H. Its isomorphism class as an
abstract complex x-algebra only depends on the Hilbertian dimension of H. A von
Neumann algebra M isomorphic to some B(H) (here H is not necessarily the same
Hilbert space on which M acts) is called a type I factor. If I has dimension n € Z
then M is called a type I,, factor while if HH is infinite-dimensional then M is called a
type I, factor.

There exist factors which are not of type I. They are divided in two families: the
type II factors (type II; or type Il,) and type III factors (type III,, A € [0, 1],
cf. [23]).

If M and N are von Neumann algebras and N C M then N is called a von
Neumann subalgebra of M. If M is a factor then a von Neumann subalgebra
N C M which is also a factor is called a subfactor. The theory of subfactors is a
central topic in the theory of operator algebras and in its applications to quantum
field theory. Subfactor theory was initiated in the seminal work [56] where V. Jones
introduced and studied an index [M : N] for type II; factors. Subfactor theory and
the notion of Jones index was later generalized to type III subfactors and also to
more general inclusions of von Neumann algebras, see [36, 68 [74] [78], [87].

A central result in the theory of von Neumann algebras is von Neumann bicom-
mutant theorem which states that a self-adjoint unital subalgebra M C B(H) is a von
Neumann algebra if and only if it is closed with respect to strong operator topology
of B(H). In fact the statement remains true if one replace the strong topology on
B(H) with one of the following: the weak topology, the o-weak topology (also called
ultra-weak topology) and the o-strong topology (also called ultra-strong topology).
In particular, every von Neumann algebra is also a (concrete) C*-algebra, namely it
is a norm closed self-adjoint subalgebra of B(H). Moreover, if H is separable, as it
will typically be the case in this paper, a self-adjoint unital subalgebra M C B(XH) is
a von Neumann algebra if and only if for any A € B(H), the existence of a sequence
A, € M, n € Z~g, such that A,a — Aa for all a € H, implies that A € M. Note
also that von Neumann bicommutant theorem implies that, for any subset 8 C B(H),
W*(8) coincides with the strong closure of the unital self-adjoint subalgebra of B(H)
generated by 8. If, for every a € ., with .# any index set, M, C B(H) is a von
Neumann algebra then (.. , M, is a von Neumann algebra. Moreover,

\/ Mo = (| M@:(ﬂ M;> (3)

aed aE S aE S

is the von Neumann algebra generated by the von Neumann algebras M,, a € .Z.



If M is a von Neumann algebra on the Hilbert space H and e € M’ is an (or-
thogonal) projection commuting with M then the closed subspace e is M-invariant
and

MeEMreG{:{Areﬂf:AEM} (4)

is a von Neumann algebra on eH, the von Neumann algebra induced by e.

Now let Hy and Hsy be two Hilbert spaces and let H; ® Hy be their algebraic tensor
product. Then, H; ® Hsy has a natural scalar product and we denote by H;®@H, the
corresponding Hilbert space completion, the Hilbert space tensor product. If M,
(resp. M) is a von Neumann algebra on H; (resp. Hs) then the algebraic tensor
product My ® My is a *-subalgebra of B(H;®H,) and the von Neumann tensor
product M;®@M, is defined by

M1®M2 = (M1®M2)” .

It can be shown that
(M, @My) = M, @M.
Moreover,
B(H,)®@B(Hsy) = B(H1®Hs,).

2.2 Unbounded operators affiliated with von Neumann alge-
bras

By a linear operator (or simply an operator) on a Hilbert space H we always mean a
linear map A : D — H, where the domain D is a linear subspace of H. If the domain
D(A) = D of A is dense in H we say that A is densely defined. Recall that A is
said to be closed if its graph is a closed subset of H x H with respect to the product
topology and that A is said to be closable if the closure of its graph is the graph of
an operator A called the closure of A.

The adjoint A* of a densely defined operator A on H is always a closed operator
on H. A densely defined operator A on H is closable if and only if its adjoint A* is
densely defined. If this is the case then A = A**. A bounded densely defined operator
A on H is always closable and it belongs to B(H) if and only if it is closed. If the
graph of A is a subset of the graph of B then B is said to be an extension of A and
as usual we will write A C B. Let A be closed operator with domain D(A), let Dy
be a linear subspace of D(A) and let Ay be the restriction of A to Dy. Then, A,
is closable and it closure obviously satisfies Ay C A. One says that D is a core
for A if Ay = A. If Ais a closed densely defined operator then A*A is self-adjoint
(in particular densely defined and closed) with non-negative spectrum. The absolute
value of |A| of A is defined through the spectral theorem by |A| = (A*A)Y/2. Then
there is a unique C' € B(H) such that Ker(C) = Ker(A) and C|A] = A. Cis a
partial isometry, i.e. C*C and CC* are (orthogonal) projections. The decomposition
A = C|A] is called the polar decomposition of A. A is injective with dense range if
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and only if C' is a unitary operator. Similar definitions, with analogous results, can
be given for antilinear operators on H.

An operator A on H with domain D(A) is said to commute with a bounded
operator B € B(H) (and wiceversa) if AB C BA, namely if BD(A) C D(A) and
ABa = BAa for all a € D(A). If A is densely defined and closable and if A commutes
with B € B(H) then A* commutes with B*. The following fact is very useful: if the
densely defined operator A is closed and Dy is a core for A then A commute with
B € B(H) if and only if BDy C D(A) and ABa = BAa for all a € D,.

A closed densely defined operator A on H is said to be affiliated with a von
Neumann algebra M C B(H) if A commutes with all operators in M. It turns out
that a closed densely defined operator A is affiliated with M if and only if there is a
sequence A, € M, n € Z-q such that A,a — Aa and A’b — A*D for all a € D(A)
and all b € D(A*).

For any closed densely defined operator A on H the set

{B€ B(H): ABC BA, AB* C B*A} (5)
is a von Neumann algebra and
W*(A)={B e B(X): AB C BA, AB* C B*A} (6)

is the smallest von Neumann algebra to which A is affiliated called the von Neumann
algebra generated by A.

If A is a self-adjoint operator on a separable Hilbert space then, as a consequence
of the spectral theorem,

WH(A) = {f(A): f € Z(R)} (7)

where %,(R) is the set of bounded Borel functions on R.

More generally, if A is densely defined and closed with polar decomposition A =
C|A|, then W*(A) = W*(C)vW*(|A|) and hence B € B(H) commutes with A if and
only if it commutes with C' and with the spectral projections of |A|.

If .7 is an index set and {A, : @ € F} is a family of closed densely defined
operators on H then we put

W ({Aa:ae s} =\ W (AL), (8)

aed

and we say that W* ({A, : a € #}) is the von Neumann algebra generated by { A, :
ae S}

If D C H is a linear subspace and A,, a € . are operators on H then D is
called a common invariant domain for the operators A,, o € ., if D C D(A,) and
A,D CDforall v € 7.

The following proposition is well known and will be frequently used in this paper.
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Proposition 2.1. Let A, B be closed densely defined operators on a Hilbert space
H and let D be a common invariant domain for A and B. Assume that W*(A) C
W*(B)'. Then ABa = BAa for alla € D.

Proof. Let B,, € W*(B), n € Z~ be a sequence such that B,a — Ba for alla € D(B).
Since B,, commutes with A for all n € Z-( then, for any a € D, B,a is in the domain
of A, Aa is in the domain of B and AB,a = B,Aa — BAa. Since A is closed it
follows that ABa = BAa. O

The converse is known to be false thanks to examples due to Nelson [86] Sect.10],
see also [90, Sect.VIIL.5]. We summarize this fact in the following proposition.

Proposition 2.2. Let H be a separable infinite-dimensional Hilbert space. Then there

exists two self-adjoint operators A and B on H and a common invariant core D for
A and B such that ABc = BAc for all ¢ € D but W*(A) is not a subset of W*(B)'.

2.3 Tomita-Takesaki modular theory

Let H be a Hilbert space and let M C B(H) a von Neumann algebra. A vector € is
said to be cyclic for M if the linear subspace MX2 is dense in H. A vector € is said
to be separating for M if, for every A € M, AQ2 = 0 implies that A = 0. It can be
shown that a vector 2 € H is cyclic for M if and only if it is separating for M’ and
symmetrically that Q € H is separating for M if and only if it is cyclic for M.

Let M C B(H) be a von Neumann algebra and let {2 € H be cyclic and separating
for M. Then the map A2 — A*Q) is well defined and injective and give rise to an
antilinear operator Sy on H with domain M2 and range MS2. Hence Sj is densely
defined and has dense range. Moreover, Sg = lygq. If in the definition of Sy we
replace M with M’ we obtain another antilinear operator Fy on H with domain M'Q2
and range M'Q. It is easy to see that Fy C S§ and, symmetrically that Sy C Fj.
Accordingly, Sy and Fy are closable and we denote by S and F' respectively their
closures and by D(S) and D(F') the domain of S and the domain of F' respectively.
It turns out that S and F' are injective with dense range. Moreover, F' = S5*. Now,
let A = S*S and let JA'/? be the polar decomposition of S. S is called the Tomita
operator, A is called the modular operator and J the modular conjugation.

Since S is injective with dense range then the self-adjoint operator A2 is injective
and J is antiunitary i.e. it is antilinear and satisfies J*J = JJ* = 14. Moreover,
S? = 1p(g). It follows that JAY2J = A=1/2 that J* = 1y and hence that J = J*.
Note also that since SQ2 = FQ = Q, then Q € D(A) and AQ = Q. Thus, JQ = Q.
Since A is self-adjoint with non-negative spectrum and injective then log A is densely
defined and self-adjoint. Accordingly the map R 3 ¢ — A® = 162 defines a strongly
continuous one-parameter group of unitary operators on H leaving () invariant. Note
that JA®J = A%,

Now let g : H — H be a unitary operator and assume that gMg—! = M and
g = Q. Then, for every A € M, AQ is in the domain of gS¢g~! and gSg~1AQ = SAQ.
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It follows that gSg~! = S and hence that gAg~' = A and gJg~! = J. More
generally, if My C B(H;) and My C B(H,) are two von Neumann algebras on
the Hilbert spaces H;, H, with cyclic and separating vectors ; € Hy, €y € Ho
respectively and if ¢ : H; — FH, is a unitary operator satisfying ¢M;¢~t = M, and
& = Qy then ¢pS107! = S, where S| = J1A1/2 (resp. Sy = J2A§/2) is the Tomita
operator associated with the pair (M, Q1) (resp. (M, 22)). Accordingly we also have
PA1¢™" = Ay and ¢Sy~ = .

The following theorem is the central result of the Tomita-Takesaki theory.

Theorem 2.3. (Tomita- Takesaki theorem) Let M C B(3H) be a von Neumann algebra,
let Q € K be cyclic and separating for M and let S = JAY? be the polar decomposition
of the Tomita operator S associated with M and 2. Then,

JMJ =M, and A"MA™* =M,
for all t € R.

As a consequence for every t € R the map M > A — A®AA™ defines an (x-)
automorphism of M depending only on ¢ and on the state (i.e. normalized positive
linear functional) w defined by w(A) = W(QMQ) This automorphism is denoted
by o, t € R and the corresponding one-parameter automorphism group R > ¢ — oy’
is called the modular group of M associated with the state w.

3 Preliminaries on conformal nets

We gave the definition of Md&bius covariant net and of conformal net in the in-
troduction. In this section we discuss some of the main properties of conformal
nets that will be used in the next sections for more details and proofs see e.g.
[10, 18, [38, 44l 49, [65, [75], see also the lecture notes in preparation [77] and the
PhD thesis [I0I]. Note that in the literature, in some cases, Mobius covariant nets
are called conformal nets and conformal nets are called diffeomorphism covariant nets.

3.1 Diff 7(S!) and its subgroup Mab

In this subsection we recall some notions about the “spacetime” symmetry group of
conformal nets.

Let S = {z € C : |z| = 1} be the unite circle. Moreover, let St = {z € S*:
3z > 0} be the (open) upper semicircle and let S = {z € S : 3z < 0} be the lower
semicircle. Note that S, S € Jand ST = (S1)".

The group Diff " (S1) is an infinite dimensional Lie group modeled on the real
topological vector space Vect(S!) of smooth real vectors fields on S! with the usual
C™> Fréchet topology [83, Sect.6]. Its Lie algebra coincides with Vect(S') with the
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bracket given by the negative of the usual brackets of vector fields. Hence if g(z), f(2),
z = e are functions in C*°(S1,R) then

9 ) 2501 351 = (oD = o r@ate)) 5. ©)

Diff *(S') is connected but not simply connected, see [83] Sect.10] and [51, Example
4.2.6] and we will denote by ]51\ff/+(5 1) its universal covering group. The corresponding
covering map will be denoted by ﬁi\fﬁ(Sl) >y — 4 € Diff (9h).

For every f € C*°(S',R) we denote by R > ¢ Exp(tfdﬁ) the one-parameter
subgroup of Diff*(S!) generated by the vector field f-3 dg and we denote by R > ¢

Exp(tf L) the corresponding one-parameter group in D1ﬁ+(S .

Remark 3.1. By a result of Epstein, Herman and Thurston [34, 53] 96] Diff ™ (S) is a
simple group (algebraically). It follows that Diff (S?) is generated by exponentials i.e.
by the subset {Exp(f<%): f € C=(S*,R)}. In fact, by the same reason, Diff *(S') is
generated by exponentials with non-dense support i.e. by the subset | J;,{Exp(f;) :
feCx(I,R)}, cf. [83] Remark 1.7]

Recall from the introduction that, for every I € J, Diff(/) denotes the subgroup
of Diff " (S*) whose elements act as the identity on I’. Note that accordingly Diff(I)
does not coincide with the group of diffeomorphisms of the open interval I, as the
notation might suggest, but it only corresponds to proper subgroup of the latter. If
f€CX(I,R), I €7, namely f € C*(S',R) and suppf C I, then Exp(f-%) € Diff(I).
Note that by Remark Bl Diff *(S) is generated by J;, Diff(1).

For any I € J let Diff.(I) be the dense subgroup of Diff (/) whose elements are the
orientation preserving diffeomorphisms with support in [ i.e.

Diff.()= | J Diff(1y). (10)
Led, il

By [34], B3], see also [80], Diff.(I) is a simple group and hence it is generated by

{Bxp(f-): f € C2(LR)}.

Now, let VectC(S ) be the complexification of Vect(S') and let I, € Vectc(S') be
defined by 1, e’ 4 Then

Ly ] = (n = m) Ly, (11)

for all n,m € Z, i.e. the the complex valued vector fields [,,, n € Z, span a complex
Lie subalgebra 2itt C Vectc(S!), the (complex) Witt algebra. As it is well known
2itt admits a nontrivial central extension Uit defined by the relations

nd—n

[lnv lm] = (n - m)ln+m + 5n+m,0Tk (12)
(., k] =0,
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called the Virasoro algebra, see [62, Lecture 1].
For any f € C*(S') = C>=(SY,C) let

~ 1 ™ . .
fo= o / FE)e a9 n ez (13)

be its Fourier coefficients. Then the Fourier series

> fuln

ne’l

is convergent in Vectc(S') to the vector field f-3-. Thus 20itt is dense in Vecte(S?).

The vector fields [,, n = —1,0,1 generated a Lie subalgebra of 20itt isomorphic
to s[(2,C). Moreover, the real vector fields ily, £(I; +1_) and $(I; — I_1) generate
a Lie subalgebra of Vect(S!) isomorphic to sl(2,R) ~ PSU(1, 1) which correspond to
the three-dimensional Lie subgroup Mob C Diff™(S') of Mébius transformations
of S*. Tt turns out that Madb is isomorphic to PSL(2,R) ~ PSU(1,1). Moreover, the

—_~—

inverse image of Méb in Diff*(S) under the covering map : Diff +(S1) — Diff*(S?) is

—

the universal covering group Mob of Mob.
A generic element of Mob is given by a map
az+f
Bz +a’

Z (14)
where «, 3 are complex numbers satisfying |a|* — |3]* = 1.

The one-parameter subgroup of rotations r(t) € Méb is given by r(t)(z) = ez,
z € S'so that r(t) = Exp(itly) Le §(t) be the one-parameter subgroup of Mob defined
by
zcosht/2 —sinht/2

o0)(z) = —zsinh¢/2 4 cosht/2’

(“dilations”) corresponding to the vector field sin - so that

§(t) = Exp (tll ;l—l) : (16)

We have §(t)ST = S for all t € R. Moreover, if v € Mob and S} = S} then
v = () for some a € R. As a consequence, if I € J and 7,72 € Mob satisfy
viSL =1, i =1,2 then 75 'v18(t)y; "2 = d(t) for all t € R. For every I € J there
exists 7 € Mob such that vSL = I. Then, the one-parameter group vd(t)y~' does
not depend on the choice of ~ satisfying 7S} = I and it will be denoted by d,(¢) . In
particular dg1 (t) = d(t), ¢ € R. Note also that Y07 (t)y~t = 6,4(t) for all v € Méb and
all £ € R. Moreover, Mob is generated by {d,;(¢): [ € J, t € R}.

We will also consider the orientation reversing diffeomorphism j : S* — St defined
by j(z) =z, 2 € S'. Given any I € J we put j; = yojo~y~! where v € Mob is
such that vS} = I (again j; only depends on I and not on the particular choice of
7). Clearly, js = jand jiI = I' for all I € 7.

(15)
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3.2 Positive-energy projective unitary representations of Diff "(S1!)
and of Diff *(S!) and positive-energy representations of Uit

By a strongly continuous projective unitary representation U of a topological group
¢ on a Hilbert space we shall always mean a strongly continuous homomorphism of
¢ into the quotient U(H)/T of the unitary group of H by the circle subgroup T.

Note that although for v € ¢4, U(7) is defined only up to a phase as an operator
on H, expressions like U(v)TV (y)* for any T' € B(H) or U(y) € £ for a (complex)
linear subspace £ C B(H) are unambiguous for all v € ¢4 and are frequently used in
this paper.

If9 = D1ff+(S 1) then, by [1], the restriction of a f a strongly continuous projective
unitary representation U to the subgroup Méb D1ff+(S 1) always lifts to a unique
strongly continuous unitary representation U of MGb. We then say that U extends U
and that U is a positive-energy representation if U is a positive-energy represen-
tation of Mob, namely if the self-adjoint generator Ly (the “conformal Hamiltonian”),
of the strongly continuous one parameter group e*“0 = U(Exp(itly)), has non-negative
spectrum o(Lgy) C [0, +00), namely, it is a positive operator.

By a positive-energy unitary representation 7 of the Virasoro algebra Uir we shall
always mean a Lie algebra representation of Uit, on a complex vector space V' endowed
with a (positive definite) scalar product (-|-), such that the representing operators
L,=mn(l,) € End(V),n € Zand K = n(k) € End(V) satisfy the following conditions:

(1) Unitarity: (a|L,b) = (L_,a|b) for all n € Z an all a,b € V;

(ii) Positivity of the energy: Ly is diagonalizable on V' with non-negative eigenvalues
i.e. we have the algebraic direct sum

V:@Va

OJERZO
where V,, = Ker(Ly — aly) for all & € R>;
(17i) Central charge: K = cly for some ¢ € C.

By a well known result of Friedan, Qiu and Shenker [41] 42], see also [62], unitarity
implies that the possible values of the central charge c are restricted to ¢ > 1 or
c=cp=1-— m, m € Z>o. In the case ¢ = 0 the representation is trivial, i.e.
L, = 0 for all n € Z. An irreducible unitary positive-energy representation of Uit
is completely determined by the central charge ¢ and the lowest elgenvalue h of Ly.

— ((m+3)p—(m+2)q)>— o
Then h satisfies h > 0if ¢ > 1 and h = hy, 4,(m) = 4(nf+2)(m+3) Lp=1...m+1,
q=1,...p, if ¢ = ¢, m € Zs( (discrete series representations) and all such pairs
(¢, h) are realized for an irreducible positive-energy representation, [46, 62]. For every
allowed pair (c, h) the corresponding irreducible module is denoted L(c, h). Note that

(c,0) is an allowed pair for every allowed value ¢ of the central charge.
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We now discuss the correspondence between unitary positive-energy represen-
tations of the Virasoro algebra Uir and the strongly-continuous projective unitary

positive-energy representations of 6;&1(5 D). An important tool here is given by the
following estimates due to Goodman and Wallach [48, Prop.2.1], see also [98, Sect.6].
Similar estimates are also given in [14].

Proposition 3.2. Let m be a positive-energy unitary representation of the Virasoro
algebra Viv with central charge ¢ € R>o on a complex inner product space V. Let
L, = n(l,) and let ||a|| = (ala)'/?, for alla € V. Then,

3
[ Lnall < v/¢/2(In] + 1)2[|(Lo + 1v)al], (17)
for allm € Z and all a € V.

Remark 3.3. Starting from Prop. it is easy to prove the following estimates
(Lo + 1v)* Loall < V/e/2(|n| + 1) 2| (Lo + 1v)*+al, (18)
forall k € Z>p,n € Z and alla € V.

Now let 7 be a positive-energy unitary representation of the Virasoro algebra on
a complex inner product space V and let H be the Hilbert space completion of V.
The operators L,, n € Z can be considered as densely defined operators with domain
V. As a consequence of Prop. and of the unitarity of m one can define operators
LO(f), f € C°(S') on H with domain V| by

L(f)a = fuLna, (19)
ne’l
for all a € V', where
fo= [ peems (20)
A 2m

is the n-th Fourier coefficient of the smooth function f. It follows from the unitarity
of m that, L°(f) c L°(f)*, and hence that L°(f) is closable for every f € C°°(S')
and we will denote by L(f) the corresponding closure. Let > the intersection of the
domains of the self-adjoint operators (Lo + 14)*, k € Z>o. Then, H> is a common
core for the operators L(f), f € C=(S') and

IL(f)all < v/e/2l flls I (Lo + Ls)al (21)

for all f € C*°(S') and all a € H>, where, for every s >0

1£1ls = (Il + 1)°| ful. (22)
nez
It follows H is a common invariant core for the operators L(f), f € C*(S'), see [08,

Sect.6] and [48]. Moreover, the map Vect(S') — End(H*>) defined by f-& — iL(f),
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defines a projective representation, again denoted by 7, of Vect(S?) by skew-symmetric
operators, namely —W(f%) C W(f%)* and

gy magg)| =7 (g fogy)) + B gl (23)

on H*>, with real valued two-cocycle B(-,-) given by

Blia i) = 5 [ (S he) + £ RN (2

Now, as a consequence of Prop. and Remark together with the fact that
[Lo, L(f)] = iL(f’), where f'(e”) = & f(e'’), it can be shown that one can apply
[98, Thm. 5.2.1], see also [98 Sect.6], so that the the projective representation 7 of
Vect(S!) integrates to a unique strongly-continuous projective unitary representation
U, of ISEF/JF(SI). More precisely, for every f € C*°(S',R) the operator m(f3) =
iL(f) is skew-adjoint and U, is the unique strongly-continuous projective unitary

representation of Diff(S') on H satisfying

U <Exp(fd(i9)) AU’]T (EXp(de;)) = eﬂ—(fdﬁ)Ae_ﬂ—(f%)’ (25)

for all f € C*(S',R) and all A € B(H). Moreover, U (y)H> = H™ for all v €
ﬁi\f_fjr(Sl). For any I € Jle f; € C°(I) and fo € C2°(I'), then fi, fgdég generates
a two-dimensional abelian Lie subalgebra of Vect(S'). Since B(fi4;, f255) = 0, the
cocycle B(-,-) vanishes on this Lie subalgebra and hence 7 give rise to an ordinary
(i.e. non-projective) Lie algebra representation to the latter which, by (the proof
in 08, page 497] of) [08, Thm. 5.2.1], integrates to a strongly continuous unitary
representation of the abelian Lie group R?. Hence,

[ewm%)’ )| — o, (26)

see [14] for a proof of this fact based on [32], see also [45], Sect.19.4].

In fact U, factors through a strongly-continuous projective unitary representation
of Diff *(S'), which we will again denote Uy, if and only if 7L is a multiple of the
identity operator 14. In the latter case, as a consequence of Eq. (26]), recalling that
the the simple group Diff. () is generated by exponentials and it is dense in Diff(7),
we see that the representation U, of Diff *(S?) satisfies

U, (Diff(I)) € U,(Diff(I')) (27)

for all I € 7, see also [72], Sect.V.2].
With some abuse of language we simply say that the representation 7 of Uit

integrates to a strongly-continuous projective unitary positive-energy of ]SEJF/JF(S b,
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Conversely, let U be a strongly-continuous projective unitary positive-energy rep-

resentation of ]5Ef/+(5 ) on a Hilbert space H and assume that the algebraic direct
sum '
HIm = @ Ker(Lo — aly) (28)

CEGREO

is dense in H. Then, using the arguments in [72, Chapter 1], se also [I8, Appendix
AJ, one can prove that there is a unique positive-energy unitary representation 7 of
the Virasoro algebra on 3/ such that U = Uy, see also [85] for related results. We
collect the results discussed above in the following theorem.

Theorem 3.4. Fvery positive-energy projective unitary representation m of the Vi-
rasoro algebra on a complex inner product space V' integrates to a unique strongly-
continuous projective unitary positive-energy representation U, of Diff+(SY) on the
Hilbert space completion H of V. More/o\iﬁr, every strongly-continuous projective uni-
tary positive-enerqgy representation of Diff+(SY) on a Hilbert space H containing 3/
as a dense subspace arises in this way. The map m — U, becomes one-to-one after
restricting to representations ™ on inner product spaces V. whose Hilbert space com-
pletion H satisfies H/™ = V. These are exactly those inner product spaces such that
Vo = Ker(Ly — aly) C V is complete (i.e. a Hilbert space) for all o € Rsqg. Uy is ir-
reducible if and only if © is irreducible i.e. if and only if the corresponding Uit-module

is L(c,0) for somec>1orc=1-— m, m =€ Z>y.

3.3 Modbius covariant nets and conformal nets on S!

We now discuss some properties of Mobius covariant and conformal nets on S* together
with some related notions and definitions.

Here below we describe some of the consequences of the axioms of M6bis covariant
and conformal nets on S' and give some comments on these referring the reader to
the literature [10, [38, [44] [49] for more details and the proofs. Here A is a Mdbius
covariant net on S! acting on its vacuum Hilbert space J.

(1) Reeh-Schlieder property. The vacuum vector € is cyclic and separating for every
A(I), I €7.

(2) Bisognano-Wichmann Property. Let I € J and let Ay, J; be the modular
operator and the modular conjugation of (A(I),€2). Then we have

U(0;(=2mt)) = AY, (29)
JIA()Jr = A(irh), (30)
JiU(v)Jr = U(jr oo ji), (31)

for all t € R, all I; € J and all v € Mob. Hence the unitary representation
U : Mob — B(H) extends to an (anti-) unitary representation of Mob x Zs

Uljr) = Jr (32)
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and acting covariantly on A.
(3) Haag duality. A(I") = A(I), for all I €J.

(4) Outer regularity.
Ally)= () A), Led (33)

Ied, oy
(5) Additivity. If I = \J, L, where I, 1, € 9, then A(I) = \/, A(L,).
(6) Uniqueness of the vacuum. A is irreducible if and only if Ker(Lj) = CS2

(7) Factoriality. A is irreducible if and only if either A(T) is a type III; factor for
all I € Jor A(I) =C for all I €.

Note that Haag duality follows directly from the Bisognano-Wichmann property
since

A = JiA(D) I = A(jil) = A(I').

Note also that if Ker(Lg) = CQ then, for every I € I, C2 coincides with the subspace
of 3 of U(0;(t))-invariant vectors, see [49, Corollary B.2]. Hence, by the Bisognano-
Wichmann property, the modular group of the von Neumann algebra A(I) with re-
spect to €1 is ergodic i.e. the centralizer

{Ae A(I): APAAT™ = AVt € R} (34)

is trivial (i.e. equal to Clg). It then follows from [23] that either A([) is type III;
factor or A(I) = C, see e.g. the proof of |73, Thm.3], see also [77].

Since Mob is generated by {d;(t) : I € I, t € R}, it follows from the the Bisognano-
Wichmann property that, for a given Mobius covariant net A on S* the representation
U of Mob is completely determined by the vacuum vector . In fact, if A is a
conformal net, then, by [10I, Thm. 6.1.9] (see also [20]), the strongly-continuous
projective unitary representation U of Diff"(S!) making A covariant is completely
determined by its restriction to Méb and hence by the vacuum vector {2 (uniqueness
of diffeomorphism symmetry). We will give an alternative proof of this result in
this paper, see Thm. IO See also [102] for related uniqueness results.

For a given Mobius covariant net A on S* and any subset £/ C S* with non-empty
interior we define a von Neumann algebra A(FE) by

AE) = \/ AW (35)

ICE,I€]

Accordingly, A is irreducible if and only if A(S') = B(H).

Given two Mobius covariant nets A; and A, on S!, acting on the vacuum Hilbert
spaces Hy, Hsy, vacuum vectors wq, €25 and representations Uy, Us of Mob, one can
consider the tensor product net A; ® A, acting on H;®H, with local algebras
given by

(A1 @A) (1) = A1(1)RAL(I), I €7, (36)
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vacuum vector

Q=0 ®Q (37)

and representation of the Mdbius group given by
U(v) = Ui(y) ® Ua(7), v € Mob. (38)

It is easy to see that , A; ® A, is a Mobius covariant net on S*. In fact, if both A,
and A, are conformal nets also A; ® A, is a conformal net. One can define also the
infinite tensor product (with respect to the vacuum vectors) of an infinite sequence
of Mobius covariant nets. However it is not necessarily true that if the nets in the
sequence are all conformal nets then their infinite tensor product is also conformal
but it will be in general only Mébius covariant, [20, Sect.6].

We say that the Mobius covariant nets A; and A, are unitarily equivalent or
isomorphic if there is a unitary operator ¢ : H; — Hy such that ¢€2; = €y and
dAL (1)~ = Aq(I) for all I € J. In this case we say that ¢ is an isomorphism of
Mobius covariant nets. Since the Mobius symmetry is completely determined by
the vacuum vectors it follows that

oUL (7)o~ = Ua(y) (39)

for all v € Mob. Actually, if A; and Ay are conformal nets then the uniqueness of
diffeomorphism symmetry implies that

oUL (7)o~ = Ua(7) (40)

for all v € Diff 7 (S1).

An automorphism of a Mobius covariant net A is an isomorphism ¢ of A onto
itself. Accordingly the automorphism group Aut(A) of a Mébius covariant net A
on St is given by

Aut(A) = {g e UH) : gA(I)g ' = A(I), gQ=Q forall I € J}. (41)

By the above discussion every g € Aut(A) commutes with the representation U of
Mob (resp. Diff"(S!) if A is a conformal net). Aut(A) with the topology induced by
the strong topology of B(H) is a topological group.

A Mobius covariant net A on S! satisfies the split property if, given I, I, € J
such that I; C I, there is a type I factor M such that

A(l) € M C A(I). (42)

A Mobius covariant net A on S! satisfies strong additivity if, given two intervals
I, I, € J obtained by removing a point from an interval I € J then

A(L) V A(Lz) = A(I). (43)

By [24, Thm. 3.2] if a Mdbius covariant net A on S! satisfies the trace class
condition, i.e. if Tr(¢"*) < +oo for all ¢ € (0,1) then A also satisfies the split
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property. One can construct many examples Mobius covariant nets without the split
property by infinite tensor product construction, see [20, Sect.6]. These infinite tensor
product nets does not admit diffeomorphism symmetry, see [20, Thm. 6.2]. Actually,
we don’t know examples of irreducible conformal nets without the split property.

By [31, Thm. 3.1], the automorphism group Aut(A) of a Mobius covariant net A
on S with the split property is compact and metrizable.

Let A be an irreducible Mobius covariant net on S* with the split property and let
I, I, I3, I, € J be four intervals, in anti-clockwise order, obtained by removing four
points from S*. Let £ = I, U I3. Then I, U I is the interior £’ of S\ E.

Then,

A(E) C A(E") (44)
is inclusion of type III; factors (a subfactor). If either A is strongly additive or if A is
a conformal net then the Jones index [A(E’)" : A(E)] does not depend on the choice
of the intervals Iy, I5, I3, I, € J, [67, Prop.5]. This index is called the p-index of A
and it is denoted by 4.

An irreducible Mobius covariant net A is called completely rational [67] if it
satisfies the split property and strong additivity and if the p-index 4 is finite. If A
is an irreducible conformal net with the split property and finite p-index then it is
strongly additive and thus completely rational, see [79, Thm. 5.3].

We will give various examples of irreducible conformal nets on S! starting from
vertex operator algebra models in Sect. In this section we consider the minimal
examples namely the Virasoro nets, see also [18], [65], [72], T01].

Letc>0orc=c¢, =1— m, m =€ Zso and let L(c, 0) be the correspond-
ing irreducible unitary module L(c, 0) with lowest eigenvalue of Ly equal to 0. Let H
be the Hilbert space completion of L(c,0). Then the positive-energy unitary repre-
sentation of the Virasoro algebra on L(c, 0) integrates to a unique strongly continuous
projective unitary positive-energy representation U of Diff *(S!) which together with
the map

I €I Agi(I) C B(H) (45)

defined by
Agice(I) ={U(y) : v € Diff(1), I € I}", (46)

defines an irreducible conformal net Ag;. . on S 1 Note that locality follows from Eq.
(7). The uniqueness of diffeomorphism symmetry implies that two Virasoro nets are
unitary equivalent if and only if they have the same central charge. For every allowed
value of ¢ the Virasoro net Agy;, . satisfies the trace class condition and hence the split
property. For ¢ <1 Ay, satisfies strong additivity [65], [104], while for ¢ > 1 it does
not [14] Sect.4]. A is completely rational for all ¢ < 1 while it has infinite p-index
for all ¢ > 1.

3.4 Covariant subnets

A Moébius covariant subnet of a Mobius covariant net A on S* is a map I + B(I)
from J in to the set of von Neumann algebras acting on H 4 satisfying the following
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properties:

B(I) Cc A(l) forall I €7, (47)
B(l) CB(lp) ifLch, LI,el. (48)
U)B(U(y)* =B(yI) forall I €7, and all v € Mob; (49)

We shall use the notation B C A. If B(I) = Cly for one, and hence for all, I € J
we say that B is the trivial subnet.
Let £ C S* be any subset of the circle with non-empty interior and let

B(E)= \/ B(U) (50)
ICE,I€9
so that B(E) C A(E). Then we define Hy C H to be the closure of B(S!)Q.
Then Hgy = H if and only if B(I) = A([) for all I € J. Hence, typically Q is
not cyclic for B(S') so that B is not a Mobius covariant net on S! in the precise
sense of the definition. However one gets a Mobius covariant net by restricting the
algebras B(I), I € J, and the representation U to the common invariant subspace
Hp. More precisely, let eg be the orthogonal projection of H onto Hg. Then eg €
B(ST) NU(Méb). Then the map J > I — B(I)., together with the representation
M6b > v = U(7)l4, defines a Mobius covariant net B, on S' acting on Hg. Note
that the map b € B(I) = bly, € B(I)., is an isomorphism for every I € J, because
of the Reeh-Schlieder property, so that, in particular, if A is irreducible and B is
nontrivial then B([) is a type III; factor on H for all I € J. As usual, wen no
confusion can arise, we will use the symbol B also to denote the Mobius covariant
net B., on Hg specifying, if necessary, when B acts on H = Hy or on Hg. If A is
irreducible then B is irreducible on Hg.
If A is an irreducible conformal net and B is a Mobius covariant subnet of A then,
by [101, Thm. 6.2.29], B is also diffeomorphism covariant, i.e.

UMBIU ()" (51)
for all 4 € Diff"(S*). Moreover, as a consequence of [I0I, Thm. 6.2.31], there is a
strongly-continuous projective positive-energy representation Ug of ﬂ\ﬁjf(S 1) on H
such that U(4)Us(y)* € B(SY) for all 4 € Diff+(S!). Tt follows that the subnet B

gives rise to an irreducible conformal net on Hg. Accordingly in this case we will
simply say that B is a covariant subnet of A.

Example 3.5. Every irreducible conformal net A we can define a covariant subnet
B C A by

B(I)={U(y) : v € Diff(1), I € 3}". (52)
It is clear that the corresponding irreducible conformal net B on Hg is unitarily
equivalent to the Virasoro net Agy;, ., where c is the central charge of the representation

U. Accordingly, B is called the Virasoro subnet of A and the inclusion B C A is
often denoted by Agyi. C A. We say that c is the central charge of A.
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Example 3.6. Let A be a Mdobius covariant net and G be a compact subgroup of
Aut(A). The fixed point subnet A“ C A is the Mobius covariant subnet of A
defined by

A =AY ={AcA(I): gAg = A forallge G} T€7. (53)
If G is finite then A¢ is called an orbifold subnet.

Example 3.7. Let A be a Mobius covariant net on S* and let B C A be a Mobius
covariant subnet. The corresponding coset subnet B¢ C A is the Mobius covariant
subnet of A defined by

Be(I) = B(SHY NnA(I), 1€7, (54)

see [69, [75], [103]. If A is an irreducible conformal net and B is a covariant subnet
then, by the results in [69], we have B(I) = B(I) NA(I), for all I € J, see also [101],
Corollary 6.3.6].

If A is an irreducible Mdbius covariant net and B C A is a Mobius covariant
subnet then the Jones index [A(I) : B(I)] of the subfactor B(I) C A(I) does not
depend on the choice of I € J. The index [A : B] of the subnet B C A is then defined
by [A: B] = [A(I) : B(I)], I € J. Assuming that [A : B] < +o0o then, by [75, Thm
24], A is completely rational if and only if B is completely rational. Moreover, the set
of subnets € C A such that B C C (intermediate subnets) is finite as a consequence

of [75, Thm 3].

4 Preliminaries on vertex algebras

4.1 Vertex algebras

In this paper, unless otherwise stated, vector spaces and vertex algebras are assumed
to be over the field C of complex numbers. We shall use the formulation of the book
[59] with the emphasis on locality. For other standard references on the subject see
[39], [40, [70, 82]. We will mainly consider local (i.e. not super-local) vertex algebras.
Thus, differently from [59], we will use the term vertex algebra only for the local case.

Let V be a vector space. A formal series a(z) = >, , a2~ """ with coefficients
am) € End(V) is called a field, if for every b € V' we have a(,)b = 0 for n sufficiently
large. A vertex algebra is a (complex) vector space V' together with a given vector
2 € V called the vacuum vector, an operator 7' € End(V') called the infinitesimal
translation operator, and a linear map from V' to the space of fields on V' (the
state-field correspondence)

a—Y(a,z)= Z amyz """ (55)

ne’l

satisfying:
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(i) Translation covariance: [T,Y (a,z)] = LY (a, 2).

(it) Vacuum: TQ =0, Y (€, 2) = 1y, a-)Q = a.

(iii) Locality: For all a,b € V, (z — w)N[Y(a,2), Y (b,w)] = 0 for a sufficiently
large non-negative integer N.
The fields Y'(a, z), a € V, are called vertex operators.

Remark 4.1. Translation covariance is equivalent to
T, amy] = —nap-1), a€V,necZ. (56)

If a is a given vector in V' it follows from the field property that there is a smallest
non-negative integer N such that a2 = 0 for all n > N. It follows that 0 =
Tan)Q = [T, a2 = —Napn-1)Q? and hence N = 0. As a consequence, in the
definition of vertex algebras, the condition a(_1){2 = a can be replaced by the stronger
one Y(a, z)Q|.,—o = a.

Remark 4.2. In every vertex algebra one always have
.Y (a,2)] = Y(Ta, 2), (57)
see [59 Corollary 4.4 c|.

With the above definition of vertex algebras, the so-called Borcherds identity
(or Jacobi identity), i.e. the equality

>, (7?) (T P Z () ntn—)Dihr)C

Jj=0 Jj=

— ) (=1)itn <7;) Dintk—j)Amtj)C;  a,b,c€V,m,nk €Z, (58)
0

Jj=

is not an axiom, but a consequence, see [59, Sect. 4.8].
For future use we recall here the following useful identity known as Borcherds
commutator formula which follows directly from Eq. (B8]) after setting n = 0 (see also

59, Eq. (4.6.3))).
SEDY < ) )minyy s Mok €L (59)

Jj=0

We shall call a linear subspace W C V a vertex subalgebra, if {2 € W and
amyb € W for all a,b € W,n € Z. Since T'a = —a(_9)(2, a vertex subalgebra is always
T-invariant and thus W inherits the structure of a vertex algebra. The intersection
of a family of vertex subalgebras is again a vertex subalgebra. Accoringly for every
subset .# C V there is a smallest vertex subalgebra W (%) containing %, the vertex
subalgebra generated by .. If W(.%) =V we say that V is generated by .%#

25



We shall call a subspace # C V an ideal if it is T-invariant and a(,)b € _# for
acV,be Z,necZ If ¢ isan ideal then we also have b,ya € /foraeV
be 7, n e Z, see 59, Eq. (4.3.1)]. Conversely if a subspace # C V satisfies
amyb € J and bpya € f fora €V, b€ #, n € Z then it is T-invariant and hence
an ideal. A vertex algebra V' is simple if every ideal # C V is either {0} or V.

A homomorphism, resp. antilinear homomorphism, from a vertex algebra
V to a vertex algebra W is a linear, resp. antilinear, map ¢ : V — W such that
d(amyb) = ¢(a)myo(b) for all a,b € V and n € Z. Sometimes we shall simply write ¢a
instead of ¢(a).

Accordingly, one defines the notions of automorphisms and antilinear auto-
morphisms. Note that if g is an automorphism or an antilinear automorphism, then

9(2) = g() Q= g(Q1ng ' (Q)) = g(g7'Q) = Q. (60)

Moreover,
9(T'a) = g(a2%?) = g(a)—2 = Tg(a), (61)
for all @ € V, i.e. g commutes with 7.
Let M be a vector space, and suppose that for each a € V' there is a field on M

2)=> aihz""', ally € End(M) (62)

ne”L

that the map a — Y™ (a, z) is linear. We shall say that M (with this action) is a
module over the vertex algebra V, if YM (2, 2) = 1), and the Borcherds identity
holds on M i.e.

o m o0
Z <]) (Cl(n—i-] (m+k ) Z ( ) a(m+n —5) b(k—l—j)

j=0 j=

Z 1)7tn ( ) ]‘g%_]—)a%ﬂ)c, a,beV,ce Mm,n, k €Z. (63)
=

Accordingly, one defines the notions of module-homomorphism, submodules and
irreducibility.

Every vertex algebra V becomes itself a V-module by setting YV (a, 2) = Y (a, 2).
This module is called the adjoint module. If the adjoint module is irreducible then
V' is clearly a simple vertex algebra but the converse is not true in general since the
submodules of the adjoint module V' need not to be T-invariant.

4.2 Conformal vertex algebras
Let V be a vector space and let L(z) = Y, L,z "% be a field on V. If the

endomorphisms {L,, : n € Z} satisfy Virasoro algebra relations

(L, L] = (0 — 1) Lysn + ~— (1% — 0)6_pmly (64)

12
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with central charge ¢ € C, then L(z) is called a Virasoro field.

If V is a vertex algebra we shall call v € V' a Virasoro vector if the corresponding
vertex operator Y (v,z) = > _, L,z"""2, L, = V(nt1), is a Virasoro field.

As in [59] we shall call a Virasoro vector v € V' a conformal vector if L_; =T
and Ly is diagonalizable on V. The corresponding vertex operator Y (v, z) is called
an energy-momentum field and L, a conformal Hamiltonian for the vertex
algebra V. A vertex algebra V together with a fixed conformal vector v € V' is called
a conformal vertex algebra, see [59, Sect.4.10]. If ¢ is the central charge of the
representation of the Virasoro algebra given by the operators L, = v(,41), n € Z we
say that V' has central charge c.

Remark 4.3. Every submodule of the adjoint module of a conformal vertex algebra
V' is T-invariant and hence it is an ideal of V. Accordingly V' is simple if and only if
its adjoint module is irreducible.

Let V be a conformal vertex algebra and let Y(v,z) = > _, L,z"""2 be the

nez —n
corresponding energy-momentum field. Set V,, = Ker(Ly — aly), a € C. The fact

that Lo is diagonalizable means that V' is the (algebraic) direct sum of the subspaces

V, ie.
V= @ Va (65)

aeC
is graded by L.
A non-zero element a € V, is called a homogeneous element of conformal
weight (or dimension) d, = «. For such an element we shall set

n = Qptd,—1), N € 7 —d,. (66)
With this convention,

Y(a,z) = Z Az " (67)

We have the following commutation relations ([59, Sect.4.9 and Sect.4.10])

(Lo, a,) = —nay, (68)
[L_y,a,) = (—n —dy + 1)a,— (69)
[Ll, CLn] = —(n - da + 1)an+1 + (Lla)nH (70)

for all homogeneous a € V', n € Z.
Note that it follows from Eq. (68]) that

Mg et = g, a € C. (71)

A homogeneous vector a in a conformal vertex algebra V and the corresponding
field Y (a, z) are called quasi-primary if Lia = 0 and primary if L,a = 0 for every
integer n > 0. Since L, = 1,412 = 0 for every integer n > —1, the vacuum vector
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) is a primary vector in V. Moreover, it follows by the Virasoro algebra relations
that the conformal vector v is a quasi-primary vector in V5 which cannnot be primary
if ¢ # 0.

We have the following commutation relations:

[Lin, an] = ((do — 1)m — n) apppn, (72)

for all primary (resp. quasi-primary) a € V, for all n € Z and all m € Z (resp.
m € {—1,0,1}), see e.g. [59, Cor.4.10].

We shall say that a conformal vertex algebra V' and the corresponding conformal
vector are of CFT type if V,, = {0} for a ¢ Z>( and Vj; = CQ. If V is of CFT type,
or more generally if V,, = {0} for @ ¢ Z we can define the operators a,, n € Z, for all
a € V, by linearity. In this way Eq. (G8) still holds for any a € V. Moreover, we have

(loa, 2) Zan " (73)

neL

for all a € Z, cf. [39, Eq. (5.3.13)]. It is obvious that if @ € V' is homogeneous then
a, = 0 for all n € Z implies a« = 0 and it is not hard to see that this is true also for
arbitrary a € V.

In general a vertex algebra V' can have more then one conformal vector and hence
more then one structure of conformal vertex algebra even after fixing the grading.
When V' has a conformal vector v of CFT type the conformal vectors of V' giving the
same grading as v are described by the following proposition.

Proposition 4.4. Let V' be a vertex algebra and let v € V' be a conformal vector of
CF'T type with corresponding energy-momentum field Y (v, z) =%, L,z"""2. Then
a vector v € V' such that vy = Lg is a conformal vector if and only if

v=v+Ta (74)

where a € V' is such that Loa = a and agy = 0. In this case we have a = %Llﬁ.

Proof. Let V,, = Ker(Lg —nly), n € Z>q. Since by assumption v is of CFT type we
have
V= v, w=ca

TLGZEO

If 7 is a conformal vector satisfying (1) = Lo then v € V5.
From Borcherds identity (B8) with m = —1, n =1 and k£ = 0 we get:

= [-1
Z<j)(V(1+J> ) ap = Z ()Vm()Q
=0

—Z DA ( ) Vg0 = Py = 2v.
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Since v € V3 we have v ;v = 0 for j > 2 and since vzv € Vo = C§ we have
(l/(g)l;)(_g) = 0. It follows that 2v = (l/(l)I;)(_l)Q - (l/(g)l;)(_g)Q = I/(l)ﬁ - Tl/(g)l; =
20— TLv.

Now with a = %Llﬁ we have Loa = a and 7 = v 4 T'a. Hence agy = (Ta)q) =
ﬂ(l) — V(l) =0.
Conversely let us assume that a € V; and agy = 0. Let 7 = v + Ta and let

Y(#,2) = 3, .cz Lnz"""? be the corresponding vertex operator. Then we have L_; =
L, =T and Ly = Ly. Moreover, v € V. Now L, € Vs_, and hence, using the
fact that v is of CFT type we find L,7 = 0 for n > 2 and Lo = &Q. Thus 7 is
a conformal vector by [59, Thm.4.10 (b)]. Finally recalling that Vj = C2 and that
Liv =0 we find Liv = L1Ta = [Ly, L_1]a = 2a, because Lia € Vy = CQ and hence
L_lLlCL =0. ]

4.3 Vertex operator algebras and invariant bilinear forms

A vertex operator algebra (VOA) is a conformal vertex algebra such that the
corresponding energy-momentum field Y(v,z) = > 27" 'L, and homogeneous
subspaces Ker(Lg — aly) satisfy the following additional conditions:

(i) V =B,z Vo, 1e. Ker(Ly — aly) = {0} for a ¢ Z.

(1) Vi, = {0} for n sufficiently small.

(73) dim(V},) < oo.

Remark 4.5. If 1 = CQ, then condition (ii) is in fact equivalent to the stronger
condition V,, = {0} for all n < 0. Indeed, by [92] Prop. 1], for n < 0 we have that
V., = L™V, C L7V, and hence if Vj = CQ, then V,, = {0}. Hence in this case V is
of CFT type.

To introduce the notion of invariant bilinear forms, first we shall talk about the
restricted dual V' of V. As a graded vector space it is defined as

V=V (75)

nez

i.e. it is the direct sum of the duals V¥ of the finite-dimensional vector spaces V/,,
n € Z. The point is that V' can be naturally endowed with a V-module structure.
Denote by (-,-) the pairing between V' and V. For each a € V| the condition

(Y'(a,2)V,c) = (1, Y (e (=27 0a, 27 Ne) ce Vi eV’ (76)

determines a field Y’ (a, z) on V'’ and one has that the map a — Y’(a, z) makes V' a V-
module, see [39, Sect.5.2]. The module V’ is called the contragradient module and
the fields Y’(a, z) adjoint vertex operators. Note however that the endomorphisms
ag,y € End(V) in the formal series Y (ay,), 2) = -,z a’(n)z‘”_1 are not the adjoint of
the endomorphisms a(,) in the usual sense. Note also that we have

(L'a',c)=(d,L_,b) d €V beV, nel, (77)

29



where L}, = v, ). It follows that V' is a Z-graded V' module in the sense that
Lyd' =nad fora' € V) =V7.

It should be clear from the definition that the V-module structure on V'’ depends
on the conformal vector v (more precisely on L;) and not only on the vertex algebra
structure of V.

An invariant bilinear form on V' is a bilinear form (-, -) on V satisfying
(Y(a,2)b,c) = (b, Y (e*" (=2 a,27Ye) a,b,ce V. (78)

As the module structure on V', whether a bilinear form is invariant on V' depends on
the choice of the conformal vector giving to the vertex algebra V' the structure of a
VOA. By straightforward calculation one finds that a bilinear form (-,-) on a vertex
operator algebra V' is invariant if and only if

(anbrc) = (=1 37 (b, (Ea) 0 (79)

IEZZO

for all b,c¢ € V and all homogeneous a € V. In particular, in case of invariance, it
follows that
(Lpa,b) =(a,L_,b) a,beV,neZ (80)

and hence, by considering n = 0, that (Vi,V;) = 0 whenever k£ # [. Thus the linear
functional (a, -) is in the restricted dual for every a € V' and one can see that the map
a +— (a,-) is a module homomorphisms from V' to V’. Conversely, if ¢ : V — V' is a
module homomorphism, then the bilinear form defined by the formula

(a,0) = {(¢(a),b) (81)

is invariant. Since the homogeneous subspaces V,, (n € Z) are finite-dimensional,
every V-module homomorphism from V' to V', being grading preserving, is injective
if and only if it is surjective. In particular, there exists a non-degenerate invariant
bilinear form on V' if and only if V" is isomorphic to V' as a V-module. In the following
proposition we list some useful facts concerning invariant bilinear forms for later use.

Proposition 4.6. Let V be a VOA. Then:
(i) Every invariant bilinear form on V is symmetric.

(ii) The map (-,-) = (2, -) Iy, gives a linear isomorphism from the space of invariant
bilinear forms onto (Vo/LyV1)*.

(iii) If V' is a simple VOA then every non-zero invariant bilinear form on V is
non-degenerate. Moreover, if V' has a non-zero invariant bilinear form (-,-)
then every invariant bilinear form on V is of the form «(-,-) for some complex
number o.

(i) If V has a non-degenerate invariant bilinear form and Vo = CQ then V is a
simple VOA.
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Proof. For (i) and (i7) see [71], Prop. 2.6] and [71, Thm.3.1], respectively.
(7i1). Let (+,-) a non-zero invariant bilinear form on V. As a consequence of Eq.
([79), the subspace
N ={aeV:(a,b)=0Y0eV}

is an ideal of V', which by assumption is not equal to V. Hence if V' is simple, then
A = {0}, ie. () is non-degenerate. Now let {-,-} be another invariant bilinear
form on V. If it is zero there is nothing to prove and hence we can assume that it
is non-degenerate. Then there exists a V-module isomorphism ¢ : V — V such that
{a,b} = (¢(a),b) for all a,b € V. Since ¢ commutes with every a,, a € V, n € Z,
V is a simple VOA and hence an irreducible V-module, ¢ must be a multiple of the
identity by Schur’s lemma because every VOA has countable dimension, see e.g. [22]
Lemma 2.1.3]. Hence there is a complex number « such that {a,b} = «(a,b) and the
claim follows.

(i) If ¢ is an ideal of V', then Ly ¢ C _# and hence ¢ =@, ,(V,N 7). If
€ 7 then of course # = V. On the other hand, if @ ¢ ¢ and V, = CQ we have
that Vo 7 ={0}andso Qe Z°={aecV :(a,b)=0Vbe #}. However, #°is
clearly an ideal, and hence it coincides with V. Thus ¢ = {0} by the non-degeneracy
of (+,-). O

Note that by (i), if Vj = C{2, then a non-zero invariant bilinear form exists if and
only if L;V; = {0}. In this case, again by (ii7), there is exactly one invariant bilinear
form (-,-) which is normalized i.e. such that (Q2,Q) = 1. Similarly, if we assume
that V' is simple, then we see from (iii) that there is at most one normalized invariant
bilinear form on V.

Remark 4.7. One can define invariant bilinear forms with similar properties for con-
formal vertex algebras such that Ly has only integer eigenvalues but without assuming
that the corresponding eigenspaces V,,, n € Z have finite dimension, see [92].

Proposition 4.8. Let V' be a vertex algebra with a conformal vector v and assume
that the corresponding conformal vertex algebra is a VOA such that Vo = CQ and
having a non-degenerate invariant bilinear form. Moreover, let v € V be another
conformal vector such that vqy = vq)y and assume that there is still a non-degenerate
invariant bilinear form on V' for the corresponding VOA structure. Then v = v.

Proof. Let (-,-) be the unique normalized invariant bilinear form on V' with respect
to the conformal vector v and let 7 be another conformal vector with the properties
in the proposition. By Remark v is a conformal vector of CFT type and hence,
by Prop. B4 v = v + T%Llﬂ, where L; = v(y). Hence L, = Doy = L — (La0) )
Let us assume that L;7 # 0. Since (-,-) is non-degenerate, there is b € V; such that
(Llﬁ(l), b) 7& 0. Thus

(Q, L1b) = (2, (L1 — (L17)(1))b) = (L7, b) # 0. (82)

Hence L,V; # {0} and by Prop. (17) there is no non-zero invariant bilinear form
on V' corresponding to v. O
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Remark 4.9. It follows from the results in [92] that Prop. still holds true if V/
with the conformal vector v is a conformal vertex algebra of CFT type, namely the
assumption that the L, eigenspaces V,,, n € Z have finite dimension is not really
needed.

Remark 4.10. Prop. [4.§ can be considered as a VOA analogue of the uniqueness
results for diffecomorphism symmetry proved in [20] and [I01]. At the end of Sect.
it will be shown that the uniqueness results in [20, [I01] can be proved starting from
Prop.

Corollary 4.11. Let V be a VOA with energy-momentum fieldY (v,z) = 3", Lpz""72.
Assume that Vo = CQ and that V' has a non-degenerate invariant bilinear form (-,-).
Then for a vertex algebra automorphism or antilinear automorphism g of V', the fol-
lowing are equivalent.

(i) g is grading preserving i.e. g(V,) =V, for alln € Z.

(ii) g preserves (-,) i.e. either (g(a),g(b)) = (a,b) for all a,b € V if g is linear, or
(g(a),qg(b)) = (a,b) for all a,b € V if g is antilinear.

(iii) g(v) =v.

Proof. (i) = (iii). If ¢ is grading preserving, then g(v) is a conformal vector such that
9(v)ay = vay and (g(-), g(-)) (or (g(-), g(+)), in the antilinear case) is a non-degenerate
invariant bilinear form for the corresponding VOA structure. Hence by Prop.
g(v) =v.

(iii) = (ii). If g(v) = v then (g(-),9(-)) (or (g(-),g(-)), in the antilinear case) is
an invariant bilinear form on V' and hence by Prop. it must coincide with (-,-)
because ¢(2) = Q and (2, Q) # 0 by non-degeneracy.

(ii) = (i). Every vertex algebra automorphism or antilinear automorphism g
commutes with 7= L_;. If g preserves (-,-) then also its inverse does so, and as ¢!
also commutes with T'= L_;, we have

(a, L1g(b)) = (Ta,g(b)) = (Tg~*(a),b) = (97 '(a), L1b) = (a,g(L1b))  (83)

for all a,b € V. Thus by the non-degeneracy of (-,-) it follows that Lig(b) = g(L1b);
i.e. that ¢ commutes with L;. But then it also commutes with Ly = %[Ll, L_4] and
hence it is grading preserving. O

In the following we shall say that a vertex algebra automorphism, resp. antilinear
automorphism, g of a vertex operator algebra V with conformal vector v is a VOA
automorphism, resp. VOA antilinear automorphism, if g(v) = v and we shall
denote by Aut(V') the group of VOA automorphisms of V.

The group Aut(V') has a natural topology making it into a metrizable topological
group. First note that the group [], ., GL(V,) of grading preserving vector space
automorphisms of V' is the direct product of the finite-dimensional Lie groups GL(V},),
n € Z. Hence [], ., GL(V;,) with the product topology is a metrizable topological
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group. Now, Aut(V') is a subgroup of [ [, ., GL(V;,) and hence it becomes a topological
group when endowed with the relative topology.

A sequence g, € [[,,c, GL(V,) converges to g € [],,., GL(V;,) if and only if for all
a € V and all ¥ € V' the sequence of complex numbers (¥, g,a) converges to (V, ga).
Now let g, be a sequence in Aut(V') converging to an element g of J] ., GL(V},).
Then for all a,b € V, ¢ € V' and m € Z we have (¢, g(a(m)b)) = lim, o (', gn(a(m)b))
= limy 00 (C’, gn (@) m)gn (b)) = (¢, g(@)(m)g(b)). It follows that g(am)b) = g(a)mg(b)
and g € Aut(V). Thus Aut(V) is a closed subgroup of [, GL(V},).

5 Unitary vertex operator algebras

In this section we define and study the notion of unitary VOA. For closely related
material cf. [2§].

5.1 Definition of unitarity

Now let V' be a VOA with conformal vector v, and let (-|-) be a scalar product on V/,
namely a positive-definite sesquilinear form (linear in the second variable). We say
that the scalar product is normalized if (©2|Q2) = 1 and we say that (-|-) is invariant
if there is a VOA antilinear automorphism 6 of V' such that (# - |-) is an invariant
bilinear form on V. In this case we will say that 6 is a PCT operator associated
with (-]-).

Now let v be the conformal vector of V and let Y (v,2z) = >, L,z "2 be the
corresponding energy-momentum field. Moreover, let (-|-) be a normalized invariant
scalar product on V' with an associated PCT operator . Since 6(v) = v, § commutes
with all L,,, n € Z. It follows from Eq. (79) that, for all a,b,c € V and n € Z, we
have

(anblc) = (0(07 a),07 b|c) = (b|(0~ e (—1) 0a)_,c). (84)

In particular if a is quasi-primary we have
(anble) = (=1)™ (b|(6~ a)-nc), (85)
for all b,c € V and n € Z. In particular
(Lyalb) = (a|L_,b), (86)

for all a,b € V and n € Z, i.e. the corresponding representations of the Virasoro
algebra and of its Mobius subalgebra C{L_y, Ly, L, } (isomorphic to sly(C)) are unitary
and hence completely reducible. In particular we have V,, = 0 for n < 0.

Proposition 5.1. Let (-|) be a normalized invariant scalar product on the vertex
operator algebra V. Then there ezists a unique PCT operator 6 associated with (-|-).
Moreover, 0 is an involution i.e. 8> = 1y and it is is antiunitary i.e. (fa|0b) = (bla)
for all a,b e V.
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Proof. Assume that 6 is another PCT operator associated with (-|-). Then it follows
from Eq. (B4) that (0~'e*(—1)"a), = (07"’ (=1)"a), for all a € V and all
n € Z. Hence (see Subsect. @2) 0~ 'el1 (—1)"0a = 0~ 'e™ (—1)"a for all a € V. Since
el1(—1)Lo is surjective, it follows that § = #. Now, from Eq. (84) it also follows that
a = (el (=1))2072q for all a € V. Tt follows from Eq. (1)) that (—1)0eft(—1)k =
e 11 and hence (ef1(—1)%)? = 1. Thus 6? = 1. Finally, given a,b € V, the symmetry
of the invariant bilinear form (6 - |-) implies that (6a|0b) = (6%b|a) = (b|a) and hence
f is antiunitary. O

Note that if (-|-) is an invariant normalized scalar product on the VOA V' and 6 is
the corresponding PCT operator then the invariant bilinear form (6 - |-) is obviously
normalized and non-degenerate. Hence as a V-module V' is equivalent to the contra-
gradient module V’. Note also that as a consequence of Prop. B.1] 6 is determined
by (:|-). Conversely, if V' is simple, we have (-|-) = (6-,-) where (-,-) is the unique
normalized invariant bilinear form on V' and hence (-|-) is determined by 6.

Definition 5.2. A unitary vertex operator algebra is a pair (V,(:|)) where V is
a vertex operator algebra and (-|-) is a normalized invariant scalar product on V.

We have the following:

Proposition 5.3. Let (V,(:|-)) be a unitary VOA. Then V is simple if and only if
Vo = CQ. In particular every simple unitary VOA is of CFT type.

Proof. Let a € V. Then
(L_ya|L_1a) = (a|L1L_1a) = 2(a|Loa) = 0.

Hence L_ja = 0 and by [59, Remark 4.4b], Y(a,2) = a(_1y. Thus, by locality a(_
commutes with every b,, n € Z, b € V. Accordingly if V' is simple a(_) is a multiple
of the identity by Schur’s lemma because every VOA has countable dimension, see
e.g. [22 Lemma 2.1.3]. Thus a € CQ. Conversely if 1 = C2 then V' is simple by
Prop. (1v). O

Remark 5.4. Let (V,(:|)) be a unitary VOA unitary with PCT operator §. Then
the real subspace
Ve={aeV:ba=ua} (87)

contains the conformal vector v and the vacuum vector €2 and inherits from V' the
structure of a real vertex operator algebra. Moreover, V' = Vg+iVk and VgNiVg = {0},
i.e. V is the complexification of V. Such a real subspace is called a real form [81]. The
restriction of (+]-) to Vg is positive definite real valued invariant R-bilinear form on Vg
and hence (-]-) is a positive definite invariant Hermitian form on V' in the sense of [81],
Sect.1.2]. Conversely let V be vertex operator algebra over R with a positive definite
normalized real valued invariant R-bilinear form (-, ) (see [84] for an interesting class
of examples) and let V' be the complexification of V. Then, (+,-) extends uniquely to
an invariant scalar product (-|-) on the complex vertex operator algebra. Moreover,
V coincide with the corresponding real form Vi defined in Eq. &7).
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Remark 5.5. It is straightforward to show that if 1} and V5, are unitary vertex
operator algebras then then also V; ® V5 is unitary.

We conclude this section with some examples of unitary VOAs.

Example 5.6. The vertex algebra L(c, 0) associated with the unitary representation
of the Virasoro algebra with central charge ¢ and lowest conformal energy 0 is a simple
unitary VOA. We call it the unitary Virasoro VOA with central charge c¢. The possible
value of ¢ are restricted by unitarity, see Subsect.

Example 5.7. Let g be a simple complex Lie algebra and let V5, be the conformal
vertex algebra associated with the unitary representation of the affine Lie algebra g
corresponding to g, having level k£ and lowest conformal energy 0. Then V;, is the
simple unitary VOA corresponding to the level k chiral current algebra CFT model
associated g.

Example 5.8. Let Vi be the Heisenberg vertex operator algebra associated with the
unitary representation of the (rank one) Heisenberg Lie algebra with lowest conformal
energy 0. Then Vj is a simple unitary VOA corresponding to the U(1) chiral current
algebra CFT model (free boson).

Example 5.9. Let L be an even positive definite lattice. Then the corresponding
lattice VOA V, is unitary, cf. [84, Prop.2.7] and [28, Thm.4.12].

Example 5.10. Let V% be the moonshine VOA constructed by Frenkel, Lepowsky
and Meurman [40], see also [84]. Then V* is a simple unitary VOA. Aut(V) is the
Monster group M, the largest among the 26 sporadic finite simple groups, cf. [40].

5.2 An equivalent approach to unitarity

The definition of unitarity given in the previous section appears to be very natural
from the point of view of vertex operator algebras theory. In this subsection we will
show that it is natural also from the point of view of quantum field theory (QFT).
To simplify the exposition we shall consider in detail only the case of vertex operator
algebras V' with Vy = CQ.

From the QFT point of view, in agreement with Wightman axioms [95] the basic
requirements for unitarity should reflect the following properties:
(1) The spacetime symmetries act unitarily.
(2) The adjoints of local fields are local.

To give a precise formulation of these requirements we need some preliminaries. Let
V be a vertex operator algebra with energy-momentum field Y (v,2) = >, L,z "?
and let (-]-) be a normalized scalar product on V. We say that the pair (V, (-|-)) has
unitary Mobius symmetry if for all a,b € V

(Lnald) = (a|L_,b), n=-1,0,1. (88)
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Now let A € End(V). We say that A have an adjoint on V' (with respect to (-|-)) if
there exists AT € End(V') such that

(alAb) = (AT alb), (89)

for all a,b € V. Clearly if A" exists then it is unique and we say that A™" is the
adjoint of A on V. If Hy denotes the Hilbert space completion of (V, (+|-)) then each
A € End(V) may be considered as a densely defined operator on Hy. Then AT exists
if and only if the domain of Hilbert space adjoint A* of A contains V' and in this case
we have AT C A* ie. AT = A*],,.

It is easy to see that the set of elements in EndV having an adjoint on V is
a subalgebra of EndV containing the identity 1y, and closed under the operation
A~ AT. In fact if A,B € EndV admit an adjoint on V then, for all o, € C,
(A + BB)T =aAt + BBT, (AB)" = BTA* and AT = (A")* = A

Lemma 5.11. Let (V,(:])) have unitary Mdébius symmetry. Then, for any a € V
and n € Z, the adjoint af of a, onV exists. Moreover, for any b € V there exists an
N € Zsq such that if n > N then at,b=0

Proof. From unitary Mobius symmetry it follows that the finite-dimensional subspaces
V,, = Ker(Lg —nly) of V are pairwise orthogonal. Since a,(V}) C Vi_,, we may view
anly, as an operator between two finite-dimensional scalar product spaces, and so it
has a well-defined adjoint (a, [y, )* € Hom(Vi_p, Vi) It is easy to check that

a; =P, () (90)

is indeed the adjoint of a, on V' (and so it exists). From its actual form we also see
that a®,(Vi) C Vi_, which shows that indeed for any b € V there exists an N € Z
such that if n > N then a®,b = 0. O

Now let (V,(:]-)) have unitary Mobius symmetry. From the previous lemma it
follows that for every a € V' the formal series

V(0.2 = X = St o

nez nez

is well defined and gives a field on V i.e., for every b € V, azr_n_Q)b = 0if n is
sufficiently large.

For a € V' we say that the vertex operator Y (a, z) has a local adjoint if for every
b € V the fields Y(a, 2)*, Y (b, z) are mutually local i.e.

(z = w)" [Y(a,2)", Y (b,w)] =0, (92)

for sufficiently large N € Zs( and we denote by V() the subset of V' whose elements
are the vectors a € V' such that Y (a, z) has a local adjoint.
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Remark 5.12. The adjoint vertex operator Y (a, z)* should not be confused with the
adjoint vertex operator Y'(a, z) in the definition of the contragradient module V' in

Subsect. 431

Lemma 5.13. For a,b € V, Y(a,2)" and Y (b, z) are mutually local if and only if
Y(a,z) and Y (b, 2)* are mutually local.

Proof. Let N € Z>(. Then

(z—w)¥ [Y(a,2)",Y(bw)] =0 <

Jj=0 J
> N
Vm,n c Z, (Z |:a?;n+]_N),b(n+j):| (]) (—1)9> =0 &
§=0
N
‘v’m,nEZ,Z[a(mﬂ N)s nﬂ (]) &
§=0
N
N
‘v’m,nEZ,Z[ (m+5)» n+]N ( ) &
§=0
(z —w)V [Y( )Y )] 0.

Proposition 5.14. V) is a vertex subalgebra of V.

Proof. Tt is clear that V() is a subspace of V containing Q. Now let a,b € VI,
ceVandn € Z. By LemmaBI3Y (a, z), Y (b, z) and Y(c, 2)* are pairwise mutually
local fields on V. Hence by [59, Prop. 4.4.] and Dong’s Lemma [59, Lemma 3.2.]
Y (amb, z) and Y(c, 2)* are mutually local. Since ¢ € V' was arbitrary Lemma
then shows that Y (a(,b, z) has a local adjoint, i.e. ag,)b € V' O

Lemma 5.15. Let a € V1) be a quasi-primary vector. Then there is a quasi-primary
vector a € V1) with dz = d, and such that z=*%Y (a,2)" = Y (@, z), equivalently
at =a_, for alln € Z.

Proof. The field z7**Y (a, z)* coincides with Y, _, at, z7""%. Since

[L—1>atn] = _[Ltl’a—nr_ = _[Ll’a— ]+
= —((dg =14+ n)a_pi1)" = —(dy — 1+ n)at, ., (93)

37



it is translation covariant and hence, cf. [59, Remark 1.3.] z272%Y (a, 2)TQ = e*-1a Q.
By assumption Y (a,z)" is mutually local with all fields Y (b,2), b € V. Hence
27 2aY (g, 2)* is also mutually local with all fields Y'(b, 2), b € V. From the uniqueness
theorem [59, Thm.4.4] it then follows that z=>*Y (a, z)* = Y(a, z) where @ = a; Q.

Since Y (@, z)" = 2**Y (a, z) we have @ € V1) Moreover, Loaj Q = —[Lg, aq,|™Q =
doag, Q and Lyaj Q = —[L_y1,aq,]"Q = (=2d, + 1)a; _,Q = 0 and hence @ is quasi-
primary of dimension d,,. O

The following theorem is a vertex algebra formulation of the PCT theorem [95].

Theorem 5.16. Let V' be a vertex operator algebra with a normalized scalar product
(). Assume that that Vo = CSQ). Then the following are equivalent

(i) (V,(:]")) is a unitary VOA.

(ii) (V, (-|)) has unitary Mobius symmetry and V1) =V i.e. every vertex operator
has a local adjoint.

Proof. Let Y (v,z) = 3,z Lnz"""? be the energy-momentum field of V. That (i) =
(i) is rather trivial. Indeed, suppose that (V,(:|-)) is a unitary VOA and let 6 be
the corresponding PCT operator. From Eq. (86) it follows that the pair has unitary
Mo6bius symmetry. If a € V' is a homogeneous vector, then by Eq. (84) and the
properties of 6 we have o, = (=1)% Y, 5(Li6a), for all n € Z. Hence

1
Y(a,2)" = (-1 Y Y(Lifa,z)* (94)

IEZZO

is mutually local with all fields Y (b,z), b € V and since the homogeneous vector a
was arbitrary it follows that V() = V.

Let us now prove (ii) = (). Assume that (V, (:|-)) has unitary Mobius symmetry
and that V(1) = V. We first show that V is simple.

Since Vp = CQ, by Remark .5, V' is of CFT type. Let # C V be a non-zero
ideal. Since Ly_# C _# we have

s =@ snv,

n>m

for some m € Zs( such that _# NV, # {0}. Let a be a non-zero vector in _# NV,,.
Then a is quasi-primary of dimension m and by Lemma there exists @ € V,,, such
that @,, = a*,,. Then @,,a = @,,a_,,Q) is a non-zero vector in Z N Vy. Accordingly
Qe # and ¢ =V. Hence V is simple.

Now let a € V. Since Vy = CQ2 and Lya € Vi we have L_; Lia = 0 and from unitary
Mébius symmetry it follows that (Lja|Lia) = 0 and hence Lia = 0. Accordingly
LVi = {0} and by Prop. it follows that there is a unique normalized invariant
bilinear form (-,-) on V which is non-degenerate being V' simple.
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The finite-dimensional subspaces V,,, n € Zsy, satisty (V,,|Vi,) = 0 and (V,,, V;,,) =
0 for n # m. Thus there exists a unique 6 : V' — V antilinear, grading preserving
map such that (-,-) = (6 |).

By Corollary . 11] and Prop. B all we have to show is that the above introduced
conjugate linear map 6 is actually a vertex algebra antilinear automorphism.

First of all from the non-degeneracy of (-, -) it follows that € is injective and since
0V, C V,, and V,, is finite-dimensional for all n € Z~ then 6 is invertible. Note also
that by unitary Mobius symmetry it follows that # commutes with L,,, n = —1,0, 1.

Now let @ € V = V) be a quasi-primary vector. By Lemma there exists a
quasi-primary vector a € V,, such that af =a_,, n € Z. We have

(Banblc) = (anb, ) = (=1)% (b, a_,c) = (=1)%(Obla_,c) = (—1)%(a@,0b|c),

for all b,c € V, showing that fa, = (—1)%a,0. Since Vj, = CQ and (Q|Q) = (Q,Q) =
1, we have that Q) = Q. Therefore, fa = fa_4,Q = (—1)%a_u,0Q = (—1)%a. Hence,
for every quasi-primary vector a we have fa(,)0~' = (0a)(,) for all n € Z. Since 6
commutes with L_; and since by unitary Mobius symmetry the vectors of the form
L*  a with k € Zs( and a quasi-primary span V, then, recalling Remark F2] it follows
that 0,0~ = (6b)(,) for all b € V, n € Z and hence 0 is a vertex algebra antilinear
automorphism. O

Now let V' be a vertex operator algebra with a normalized scalar product (-|-) and
let @ € V be a quasi-primary vector. Then we shall call the corresponding quasi-
primary field Y (a, z) Hermitian (with respect to (-|-)) if (a,b|c) = (bla_,c) for all
b,c € V and all n € Z. This means that for all n € Z the adjoint ;" of a, on V
exists and coincides with a_,,. The following consequence of Thm. gives a useful
characterization of simple unitary vertex operator algebras.

Proposition 5.17. Let V' be a vertex operator algebra with conformal vector v and let
(:|-) be a normalized scalar product on V. Assume that Vo = CQ. Then the following
are equivalent

(7) (V,(:|")) is a unitary vertex operator algebra.

(i) Y (v, z) is Hermitian and V is generated by a family of Hermitian quasi-primary
fields.

Proof. (i) = (ii). If (V,(+]-)) is a unitary vertex operator algebra and € is the corre-
sponding PCT operator then Y (v, z) is Hermitian by Eq. (8@). Moreover, if a is a
quasi-primary vector then, by Eq. ®8) af = (—=1)%(fa)_,, for all n. Accordingly if
b= 3(a+(—1)%0a) and c = F(a—(—1)%0fa) then Y (b, z) are and Y'(c, z) are Hermi-
tian quasi-primary fields such that Y (a, z) = Y (b, z) +iY (¢, z). Since V' is generated
by its quasi-primary fields then it follows that it is also generated by its Hermitian
quasi-primary fields.

(i) = (i) If Y(v,2) is Hermitian then the normalized scalar product (-|-) has
clearly unitary Mobius symmetry. Now let .% C V be the generating family of quasi-

primary vectors corresponding to a generating family of Hermitian quasi-primary
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fields. Then for a € % the hermiticity condition gives Y (a, 2)" = 2%%Y(a,2) and
hence Y (a,z) has a local adjoint i.e. a € V. Hence .# c V(I and since .7
generates V and V(1) is vertex subalgebra of V by Prop. B.14lit follows that V = V(1)
and hence, by Thm. 516, (V,(-|-)) is a unitary vertex operator algebra. O

5.3 Unitary automorphisms and essential uniqueness of the
unitary structure

Now, let (V,(:])) be a unitary vertex operator algebra. We denote by Aut(. (V)
the subgroup of the elements of Aut(V) which are unitary with respect to (-|-). In
other words an element g of Aut()(V) is a VOA automorphism of V' such that
(galgb) = (al|b) for all a,b € V. We will say that Aut(.,(V) is the automorphism
group of the unitary VOA (V, (-|-)).

Remark 5.18. It follows from Prop. (7i7) that if V' is simple and g € Aut(V)
then g € Aut(y(V) if and only if g7'0g = 0. Accordingly, if Ve = {a € V : fa = a}
is the real form as in Remark 5.4], then g € Aut(.) (V) if and only if g restricts to a
VOA automorphism of the real vertex operator algebra Vg. Conversely, every VOA

automorphism of Vi give rise to a VOA automorphism of V' and hence we have the
identification Aut (V) = Aut(Vg).

In general Aut()(V) is properly contained in Aut(V). If g € Aut(V) is VOA
automorphism of V' which does not belong to Aut()(V) then {-|-} = (g-[g-) is a
normalized invariant scalar product on V' different from (-|-). In fact § = g~'0g is an
antilinear VOA automorphism of V and {6 - |-} = (fg - |g-) is an invariant bilinear
form on V. In the case of a simple unitary VOA every normalized invariant scalar
product arises in this way. In fact we have the following

Proposition 5.19. Let (V,(:|-)) be a simple unitary VOA with PCT operator 6 and
let {-|-} be another normalized invariant scalar product on V with corresponding PCT
operator 0. Then there exists a unique h € Aut(V') such that:

(i) {alb} = (halhb) for all a,b € V;

(i) 0 = h='0h;

(iii) OhO = h~';

(iv) (alha) > 0 for every non-zero a € V.

Proof. Let g = #0. Then g is an automorphism of V. Moreover, since 6 and 0 are
involutions we have 6gflg = 1y and hence 0gf = g~ '. From Prop. (7i1) we have
{0g-|-} =4{0-]-} =(0-]) and hence

(galb) = (00galb) = {0gOgalb}
{alb},
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for all a,b € V. It follows that for every integer n the restriction of g to V,, is a strictly
positive Hermitian operator (with respect to (+|-) ) end hence that g is diagonalizable
on V' with positive eigenvalues. Hence we can take the square root of g and define
h = ¢g'/2. With this & (i) - (iv) hold and we have to show that h € Aut(V). It is clear
that h leaves €2 and v invariant. Now if a, b are eigenvectors of g with eigenvalues A,
and A\, respectively and n € Z then

glamb) = g(a)m)g(b) = AaApa(m)b.

Hence
h(a(n)b) = ()\a)\b)l/za(n)b = h(a)(n)h(b),

and by linearity, since g is diagonalizable, it follows that h € Aut(V'). The uniqueness
of h can be easily shown using (i) and (7). O

As a consequence of the above proposition a simple VOA has, up to unitary iso-
morphisms, at most one structure of unitary VOA. We know from the same Prop.
that this structure is really unique (i.e. not up unitary isomorphisms) iff every au-
tomorphism of V' is unitary. Using [59, Remark 4.9¢c] one can easily give examples
of non-unitary automorphism. However there are VOA for which the the normalized
invariant scalar product is unique and we will give a characterization of this class
using the topological properties of Aut(V).

Let (V,(+]-)) be a unitary VOA. Then V' is a normed space with the norm ||a| =
(ala)'/?, a € V. Using the norm on V we can topologize End(V) with the strong
operator topology. The corresponding topology on Aut(V') coincides with the topology
discussed at the end of Subsect. Being a subgroup of Aut(V'), Aut. (V) is also
a topological group. We have the following

Lemma 5.20. Let (V, (:|)) be a unitary VOA. Then Aut(y(V') is a compact subgroup
of Aut(V).

Proof. Let U(V,,), n € Z be the compact subgroup of GL(V},) whose elements are the
unitary endomorphisms with respect to the restriction of (-|-) to V;,. Then [T, ., U(V;)
is the subgroup of unitary elements the group [, ., GL(V;) of grading preserving vec-
tor space automorphisms of V. Since [, ., U(V},) is compact by Tychonoff’s theorem

Aut( (V) = Aut(V)n [T U(V,)

ne”L

is also compact because Aut(V) is closed in [], ., GL(V,), see the end of Subsect.
4.5 ]

Theorem 5.21. Let (V, (-|-)) be a simple unitary VOA and let 0 be the corresponding
PCT operator. Then the following are equivalent:

(i) (-|-) is the unique normalized invariant scalar product on V.
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(ii) Aut(y (V) = Aut(V).
(i1i) Every g € Aut(V') commutes with 6.
(iv) Aut(V) is compact.

(v) Aut( (V) is totally disconnected.

Proof. The implication (i) = (i) is clear from the comments before Prop. £.19 Now,
let g be a VOA automorphism of V. Then g € Aut. (V) iff (gfa|gb) = (0alb) for
all a,b € V. By Corollary .11l we have (fgalgb) = (fa|b) for all a,b € V. Hence
g € Auty (V) if and only if # and g commute proving (i) < (i4i). The implication
(it) = (iv) follows from Lemma

Now let {:|-} be a normalized invariant scalar product on V. By Prop. there
is a VOA automorphism h of V' which is diagonalizable with positive eigenvalues and
such that {a|b} = (ha|hb) for all a,b € V. Moreover, by the same proposition A is an
eigenvalue of h if only if A\=! is. Hence if A is not the trivial automorphism then it has
an eigenvalue A > 1 and since h preserves the grading we can find a corresponding
eigenvector a € V,, for some positive integer n. But then the sequence h™(a) = \"v
is unbounded in V;, and (iv) cannot hold proving that (iv) — (i). Similarly if a
nontrivial A € Aut(V') has the properties given in Prop. then R > t +— A is
a nontrivial continuous one-parameter group in Aut(.y(V') so that (v) cannot hold.
Hence (v) = (4).

To conclude the proof of the theorem we now show that (i) = (v). Let us assume
that Aut(..)(V) is not totally disconnected and denote by G its component of the iden-
tity. Then G is a closed connected subgroup of Aut(..y(V') which is not just the iden-
tity subgroup {1y }. For every N € Z>( we denote 7y the projection of [, ., GL(V;)
onto [T\, CL(V,). The maps 7y, N € Zs( separate points in [1,e7 GL(V,) (re-
call that V,, = {0} if n < 0). Moreover, if Ni, Ny are non-negative integers and
Ny, > N; we denote by mp, n, the projection of Hgio GL(V,) onto Hg;o GL(V,)
so that 7y, n, © Ty, = 7n,. For every N € Zso Gy = 7wy(G) is a compact (and
thus closed) connected subgroup of the finite-dimensional Lie group [[\%, GL(V;,)
and for sufficiently large N, Gy is not the identity subgroup. Moreover, if Ny, Ny
are non-negative integers and Ny > N 7y, n, Testricts to a group homomorphism
of Gy, onto Gn,. As a consequence, for every N, we can choose a continuous one-
parameter group t — ¢y (t) in Gy so that ¢y (t) is nontrivial for sufficiently large N
and 7wy, N, (On, (1)) = ¢n, (t) for Ny > Ni. Now it is not hard to show that there is a
group homomorphism R 3 ¢ — ¢(t) in G such that my(4(t)) = ¢n(t) for all N € Zs,.
Clearly R 5 t +— ¢(t) is continuous and nontrivial. Now let ¢ be the endomorphism
of V defined by 6(a) = L¢(t)ali—o, a € V. Then § is a derivation of V ( i.e. 6(amb)
= 6(a)(mb + awm)d(b) for a,b € V, n € Z) commuting with Ly. Moreover, ¢(t) = e’
so that § is non-zero and the VOA automorphism e®® cannot be unitary for every
aeC. O
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5.4 Unitary subalgebras

Let (V,(-,-)) be a unitary VOA, with PCT operator § and energy-momentum field
Y(v,2) = > ,cp Lnz""7? and let W C V be a vertex subalgebra. Recall that the
invariant scalar product allows to consider the adjoints of vertex operators. Obviously,
if W is a vertex subalgebra of V and a,b € W, then the product a(,)b belongs to W
for every n € Z, but there is no guarantee that a b is in W, too. ThlS fact motivates
the following definition.

Definition 5.22. A unitary subalgebra W of a unitary vertex operator algebra
(V,(-,+)) is a vertex subalgebra of V' satisfying the following two additional properties:

(i) W compatible with the grading, namely W = @, ., (W N V,) (equivalently
LoWw Cc W).

(i1) ajyb € W for all a,b € W and n € Z.

Note that if (i) is satisfied then (i7) is equivalent to a;fb € W for all a,b € W and
n € Z.

The following proposition gives a useful characterization of unitary subalgebras of
the unitary vertex operator algebra V.

Proposition 5.23. A vertex subalgebra W of a unitary vertex operator algebra V is
unitary if and only if OW C W and LYW C W.

Proof. Let W be a unitary subalgebra of V. If a € W is homogeneous, by Eq. (84])

we have
o0

1
= Z —(Lfa)_ (95)
=0
for all n € Z. Hence >, ﬁ(L]lé’a)_nQ € W for all n € Z. For n = 0 we find that

Li*“0a € W. For n = 1 that also L{*'0a € W and so on. Hence, L}fa € W for all
J € Z>p. Since the homogeneous vector a € W was arbitrary it follows that 6W C W
and LW C W.

Conversely let us assume that W is a vertex subalgebra of V' such that W C W
and LW C W. Since every vertex subalgebra is L_; invariant we also have

M

1
LoW = 3[L, La]W C W,

Moreover, Property (i7) in the definition of unitary subalgebras is an easy consequence

of Eq. (84). O

Using the definition and the above proposition one can give various examples of
unitary subalgebras of a unitary vertex operator algebra V.
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Example 5.24. The vertex subalgebra L(c,0) C V generated by the conformal vector
v of the unitary VOA V having central charge ¢ is a unitary subalgebra. We call it
the Virasoro subalgebra of V.

Example 5.25. For a closed subgroup G C Aut(..y(V'), the the fixed point subalgebra
V& (i.e. the set of fixed elements of V under the action of elements of G) is unitary.
In fact every g € G commutes with § and L; and hence V¢ C V¢ and L, VY C VY.
When G is finite V¢ is called orbifold subalgebra.

Example 5.26. A vertex subalgebra W C V generated by a 6 invariant family of
quasi-primary vectors, is clearly invariant for ¢ and from Eq. (Z0) it easily follows
that it is also invariant for L;. Hence W is unitary.

Example 5.27. Let W be a vertex subalgebra of a unitary vertex operator algebra
V. Then We={beV :[Y(a,z2),Y(byw)] =0 forall a € W} is a vertex subalgebra
of V, and we call it coset subalgebra (see [59, Remark 4.6b] where W€ is called
centralizer). By the Borcherds commutator formula Eq. ([B9) b € V' belongs to W€
if and only if a(;yb = 0 for all a € W and j € Zxo, cf. [59, Cor.4.6. (b)]. Now if W
is a unitary subalgebra and a,b € W€ then, for all ¢ € W and all n,m € Z, we have
[ady com)] = [y am]t = 0, as a consequence of Eq. (@3). Hence for all ¢ € W,
J € Zsp, n € Z we have c(j)az;)b = az;)c(j)b = 0 so that az;)b € We. Moreover, if
a € W is homogeneous and b € W then a¢)Lob = aj_q4,4+1Lob = Lo@;—q,+10 + (j —
do + 1)aj_q,+1b = Loajyb+ (j — do + 1)a)b = 0 for all j € Zsq. Hence LyW*e C W¢.
It follows that if W C V is an unitary subalgebra then the corresponding coset
subalgebra W¢ C V is also unitary.

Now, suppose that W C V is a unitary subalgebra. Then W, is a vertex algebra
and it inherits from V' the normalized scalar product (-|-). We want to show that
when V' is simple can we find a conformal vector for the vertex algebra W making
the pair (W, (+|-)) into a simple unitary VOA. In order to do so, let us first note that
the orthogonal projection ey onto W, is a well-defined element in End(V'). This is
an easy consequence of the fact that W is compatible with the grading, and that the
subspaces V,, (n € Z) are finite-dimensional. Note also that ej}, = ey .

Lemma 5.28. Let W C V' be a unitary subalgebra. Then [Y (a, z),ew| = 0 for all
a € W, [Lyew| =0 forn=—1,0,1 and [0, ewy] = 0. Moreover, for every a € V,
ewY (a,z)ew =Y (ewa, z)ew.

Proof. Let a € W. Since, for every n € Z, W is invariant for a(,) and az;) we have

ewam) = ewam)ew = (ewotz;)eW)Jr = (otz;)ew)Jr = ewagy, for integer n. Hence
Y(a,z),ew] = 0. By Prop. B23] W is also invariant for L,, n = —1,0,1 and for
6. Since L = L.y, L§ = Ly and 0 is an antiunitary involution it follows that

(L, ew] =0forn=—1,0,1and [0, ew]| =0.

Now let @ € V. Then ewY(a,2)ew [y is a field on W which is mutually local
with all vertex operators Y (b, 2) [y, , b € W. Moreover, eyY (a, 2)ewQ = eye*t-ta =
e*I=1eyya. By the uniqueness theorem [59, Thm.4.4], we have ey Y (a,z)ew |y =
Y(ewa, z)y. Thus ey Y (a, 2)ew = Y(ewa, 2)ew. O
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Proposition 5.29. Let (V,(:|-)) be a simple unitary VOA with conformal vector v,
W be a unitary subalgebra of V. and vV = ewv. Then 0V = vV and Y (VW 2) =
Sz LY 2772 is a Hermitian Virasoro field on V- such that L) |y, = Lyly, for
n=—1,0,1. In particular vV is a conformal vector for the vertex algebra W and W
endowed with vV is a vertex operator algebra. Moreover, (W, (+|-)) with the conformal
vector vV is a simple unitary VOA with PCT operator 0]y, .

Proof. By Lemma vw is a quasi-primary vector in V5 and the coefficients in
the expansion Y ("', 2) = > LIV z"""2 satisfy L) ew = ew Lyew. Moreover, for
n = —1,0,1 we also have LV ey, = L,eyw and hence LY [, = L, |y

From Borcherds commutator formula Eq. (B9) and the fact that L}/VI/W = 0 for
Jj > 2 we have (m,n € Z)

[anv,/’ Lrvzv] = (LKvll/W)(m+n+2) + (m + 1)(L(I)/VVW)(m+n+1)

m(m + 1) m(m? — 1)
#(L%W)(mm + ?(Ly ") mtm—1).

Now, LKVIVW =L W, LXVVW = LoV = 2uyy and L}’VyW = L,V = 0. Moreover,
since V' is simple, we have Vy = C by Prop. so that L' = Q) for some
cw € C. Hence

Ly LY = —(m+n+2) (") pminsry + 20m + D) gngnta)
C
+ 1—V2V(m3 — M) —nly
= (m - n)LE@/—l—n + Cl_‘;/(m?» - m)(sm,—nl\h

i.e. Y (v, 2) is a Virasoro field with central charge cy,. That (W, () is a unitary
VOA with PCT operator 6]y, now follows directly from the fact that W is invariant
for #, and L,, n = —1,0,1. Moreover, W is simple by Prop. because Wy =
W nVv,=CQ. O

Remark 5.30. Let W be a unitary subalgebra of a simple unitary vertex operator
algebra. Then the following are equivalent:

(1) W =CQ.
(17) vw = 0, where vy = ey v.
(7ii) cw = 0, where ¢y is the central charge of vy .
Proposition 5.31. Let (V,(:]-)) be a simple unitary VOA with conformal vector v,

let W be a unitary subalgebra of V' and le W€ be the corresponding coset subalgebra.

Then we have v = vV + """ Moreover, the operators Ly = v)) and Ly = v} are

simultaneously diagonalizable on V' with non-negative eigenvalues.
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Proof. Let v/ = v—v" and let a € W. By Prop. B.229we have y(a=0forj=0,1,2
Hence by the Borcherds commutator formula Eq. (B9) we have [l/ém),a(n)] = 0, for
m =0,1,2 and all n € Z. Note also that since " is quasi-primary then [Lo, L{’'] = 0

Ly U
and hence 2,0 = !¢Vl is well defined on V. As a consequence we find

2P0V (a,2)27 10 = zngVY(a, z)zl_LgV (96)
and w .
A0V, D) =Y (V). (97)
Hence if a € W is homogeneous then
AV, 2), Y w) = YV, 2), 20V (0, w) e )
= whY(V,2),Y(a, zyw)). (98)

Hence, by locality, [Y (¢, 2),Y (a,w)] = 0 for all homogeneous a € W so that
V' € W¢. The same argument also shows that v — " € We. Accordingly, for every
b € W€ we have

YV, 2),Y(b,w)] =[Y(v,2),Y(bw)]=[Y@E",2),Ybw) (99)

and thus /=" € WenWwee, Tt follows that Y (v/ =", 2) commutes with the energy-
momentum field Y (v, z) and hence with all vertex operators Y (a, z), a € V. Since V
is simple we have Y (¢/ — v 2) € C1 and hence v/ = v"* so that v = " + ",
Now, LYY and L} coincide with their adjoints on V' and commute. Moreover,
they commute with Ly which is diagonalizable with finite-dimensional eigenspaces.
Hence LYY and LYY are simultaneously diagonalizable on V with real eigenvalues.
It remains to show that these eigenvalues are in fact non-negative. Let a € V be
a non-zero vector such that Ly a = sa and L{/ a = ta, s,t € R. Assume that
s < 0. Then as a consequence of unitarity and of the fact that Y (v, 2) is a Virasoro
field it easy to show that (L}")"a is non-zero for every positive integer n. Moreover,
Lo(L¥V)"a = (s+t—n)(L})"a in contradiction with the fact that Ly has non-negative
eigenvalues. Hence s > 0 and similarly ¢t > 0. O

Corollary 5.32. Let W be a unitary subalgebra of the unitary Virasoro VOA L(c,0).
Then, either W = CQ or W = L(c,0).

Proof. Since L(c,0)y = CL_2Q = Cv, see e.g. [62], then either W5 = {0} and hence
vy = 0 so that W = 0 by Remark or Wy = Cr and hence W = L(c,0), because
L(c,0) is generated by v. O

We conclude this section with the following example.

Example 5.33. Let V% be the moonshine VOA. Then, V% is a framed VOA of rank 24
namely it is an extension of L(1/2,0)%*8 [84]. In fact , V¥ contains the corresponding
copy of L(1/2,0)®%® as a unitary subalgebra. Now, let W C V% be the unitary
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subalgebra of V% isomorphic to L(1/2,0) corresponding to the embedding L(1/2,0) ®
Q4T C L(1/2,0)%% C VA Then W€ is a simple unitary framed VOA of rank 47/2,
namely, the even shorter Moonshine vertex operator algebra VB(hO) constructed by
Hohn, see [54] Sect. 1]. It has been proved by Héhn that the atomorphism group
Aut(VB(uO)) of VBEO) is the Baby Monster group B, the second largest sporadic simple

finite group, see [54, Thm.1].

6 Emnergy bounds and strongly local vertex opera-
tor algebras

Let (V. (+])) be a unitary VOA. We say that a € V' (or equivalently the corresponding
field Y'(a, z)) satisfies (polynomial) energy bounds if there exist positive integers
s,k and a constant M > 0 such that, for alln € Z and all b e V

land]l < M(In] +1)*[|(Lo + 1v)*d]. (100)

If every a € V satisfies energy bounds we say that V' is energy-bounded. Note
that if V' is energy-bounded then, obviously, every unitary subalgebra W C V is
energy-bounded.

The following proposition will be useful.

Proposition 6.1. If V is generated by a family of homogeneous elements satisfying
energy bounds then V is energy-bounded.

Proof. A linear combination of elements satisfying energy bounds also satisfies energy
bounds. Moreover, if a € V{4, then (Ta), = —(n+d)a, and hence if a satisfies energy
bounds, then so does T'a. However, starting from a generating set, any element of
V' can be obtained by a repeated use of: derivatives (multiplication by 7' = L_;),
(n)-products with n > 0, (n)-product with n = —1 (which correspond to normally
ordered product of vertex operators [59, Sect.3.1]), and linear combinations. This
follows from Eqgs. (B6) and (57), see also [59, Sect.3.1 and Prop.4.4].

Derivatives or (n)-products of homogeneous elements are homogeneous, and tak-
ing linear combinations “commutes” with taking derivatives and with forming (n)-
products. Thus it is enough to show, that if a and b are homogeneous elements
satisfying energy bounds, then a, b satisfies energy bounds for all n > 0 and for
n=—1.

So suppose that a,b € V are homogeneous elements of conformal weight d, and
dy, respectively, and that there exist some positive M,,s, and r, (where x = a,b)
such that for all ¢ € V and m € Z, we have

[emell < Me(1 4 [m)™[|(1y + Lo)™c[| (= a,b). (101)

As [Lo, Y] = —mym, we have that (1y + Lo)ym = ym (1 —m)1ly + Ly)"™ and so

47



from the assumed energy bounds it follows that for every ¢ € V/

[y ymscll < Mo (L4 |ma])*[|(1v + Lo)™ ym, ]|

= Mo (1+[ma)™ [ym, (1=m2) 1y + Lo)"™c]|

< M My (1 fma ) (1 [ma])* [|(Tv + Lo)™ (1 =m2) Ly + Lo)™¢|

< MMy (1 ]ma])* (1 ma]) [ (Ly + Lo)™ el (102)
To have a bound for (a,,,b),,, rather than for a,, b,,,, we use the special case of the
Borcherds identity obtained by substituting m = 0 into (G8):

(amb)p = > _(—1) ( ) (@n-bue+5) = (=1)"brr—jag))- (103)

j=0 /

When n > 0, there are at most n + 1 possibly non-zero terms in the sum appearing
on the right-hand side, since if j > n > 0 then (?) = 0. So using (I02), it is

straightforward to show that in this case a(,)b satisfies energy bounds.
If n = —1, then in general : ab:,,= (a(-1)b), cannot be reduced to a finite sum.
As :ab: is of conformal weight d, + dp, by (I03]) we have

:ab:m: Z a_jbm+j + Z bm+ja_j. (104)

j>da j<da

Nevertheless, to estimate || :ab:y, c|| for a ¢ € Vi), we only have to deal with a finite
sum, since a_jc = 0 for j < k and by, jc = 0 for j > k—m. This, together with (102,
gives a k-depending bound for || :ab:,, ¢||. But as k¢ = Lyc, the k-dependence can be
easily “integrated” into the degree of (1y + Ly).

Finally, if ¢ is not homogeneous, then it is a sum ¢ = Y ¢ of homogeneous
elements. Correspondingly, we may try to “sum up” our already obtained inequality
for the homogeneous vectors appearing in the sum.

Of course, in general the norm inequalities vy || < [|wk|| (k = 0,1, ...) do not imply
that || >, vkl| < || >°, wkl|. They do however, if one has some extra conditions; for
example that both {v, : & = 0,1,...} and {wy : & = 0,1,...} are sets of pairwise
orthogonal vectors.

This is exactly our case, since by the corresponding eigenvalues of L, one has that
both {:ab:, ¢® 1k =0,1,..} and {(1y + Lo)"c™ : k = 0,1,...} are sets of pairwise
orthogonal vectors. Hence the obtained bound is applicable to every c € V. O

Corollary 6.2. If V® and VP are energy-bounded VOAs then V¢ @ VP is energy-
bounded.

Proposition 6.3. If Vis a simple unitary VOA generated by Vi, U.% , where # C V;
1s a family of quasi-primary 0-invariant Virasoro vectors, then V' is energy-bounded.

48



Proof. From the commutator formula in Eq. (B9) it follows that V; is a Lie algebra
with brackets [a, b] = agh. Again from Eq. (B9) we have that for a,b € Vi, m, k € Z,

[, O] = [, O] (i) + m(0alb)bpm i1y,

i.e. the operators ap, a € Vi, k € Z satisty affine Lie algebra commutator relations.
As a consequence the vectors a € Vi U.Z satisfy the energy bounds in Eq. (I00) with
k = 1 (linear energy bounds), see e.g. [14], Sect.2], and the conclusion follows from
Prop. O

The first step in the construction of a conformal net associated with the unitary
VOA (V,(+]-)) is the definition of the complex Hilbert space H = Hy, () as the
completion of V' with respect to (-|-). For every a € V and n € Z we can consider
a(ny has an operator on H with dense domain V' C H. Due to the invariance of the
scalar product a(,) has densely defined adjoint and hence it is closable. Now let V' be
energy-bounded and let f(z) be a smooth function on S* = {z € C : |z| = 1} with
Fourier coefficients

. ™ . - od dz
— iy ,—ind —7 _ -n 1
Fom [ pene St = e (105)
For every a € V' we define the operator Ygy(a, f) with domain V' by
Yola, )b =Y faanb forb eV (106)
nez

The sum converges in H due to the energy bounds and hence Yy(a, f) is a densely
defined operator on H . From the invariance of the scalar product it follows that
Yo(a, f) has densely defined adjoint and hence it is closable. We denote Y (a, f) the
closure of Yy(a, f) and call it smeared vertex operator. Note also that if the vector
a satisfies the energy bounds

lanbll < M(In| +1)*[|(Lo + 1v)*0ll, b€V, (107)
then the operator Y (a, f) satisfies
1Y (a, £)bll < MIIFISII(Zo + 150)"0]l, eV (108)
where R
1£ls =D _(Inl +1)°1 (109)
neL

In particular the domain H* of (Lo + 14¢)* is contained in the domain of Y (a, f) and
every core for the first operator is a core for the second. It follows that

He = (] H* (110)

kEZzO
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is a common core for the operators Y(a, f), f € C®(S'), a € V. Moreover, the
map f ~— Y(a, f)b, b € H> is continuous and linear from C*°(S') to H namely
f = Y(a, f) is an operator valued distribution. Moreover, using the straightforward
equality

oy (a, fleT™o =Y (a, f,), tER, (111)

where f; is defined by f;(2) = f(e "z), and the energy bounds it is rather easy to
show that, if b € H> then Y (a, f)b € H* and
LOY(a'> .f)b - _Z.Y(aa f/)b + Z.Y(aa f)L0b>

where f/(e") = L f(e"). It follows that Y(a, f)b € H> so that the common core
He is invariant for all the smeared vertex operators.
If a € V is homogeneous we can use the formal notation

. dz
o2miz

V(e )= § Y2 (12)
S1
Note that if a € V' is homogeneous and Li;a = 0 we have the usual relation for the
quasi-primary field Y (a, 2):

(=)%Y (fa, f) C Y(a, f)*. (113)

If a € V is arbitrary Y (a, f)* still contains H> in its domain as a consequence of

Eq. ([@4).
Now we can associate with every interval I € J a von Neumann algebra Ay, (.. (1)
by
Aoy =W {Y(a, f) 1 a € V. f € C¥(SY), suppf C 1}).  (114)

The map I — Ay, (I) is obviously inclusion preserving. Moreover, it is not hard
to show that 2 is cyclic for the von Neumann algebra

Awn(8h) =\ Aw (D). (115)

1e7

We now discuss covariance. The crucial fact here is that the unitary representation
of the Virasoro algebra on V associated with the conformal vector v € V' gives rise to
a strongly continuous unitary projective positive-energy representation of the covering
group Diff *(S1) of Diff " (S*) on H by [48,08] which factors through Diff " (S1) because
e?7lo — 1, see Subsect.

Hence there is a strongly continuous projective unitary representation U of Diff " (S1)
on H such that, for all f € C>°(S',R) and all A € B(H),

d d * ) v —1Y (v
U(Exp(tf ) AU (Exp(tf )" = e A 040, (116)

Moreover, for all v € Diff " (S1) we have U (y)H> = FH>.
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For any v € Diff " (S?) consider the function X, : S; — R defined by

. d .
X, (%) = —i— log(y(e™). (117)
dv
Since 7 is a diffeomorphism of S! preserving the orientation then X, (z) > 0 for
all z € S'. Moreover, X, € C*°(S'). Another straightforward consequence of the
definition is that

X'Yl'Y2 (Z) = X'Yl (72(2))X’Y2 (Z) (118)

It follows that, for any d € Z-.o the family of continuous linear operators (),
v € Diff*(S') on the Fréchet space C*°(S1) defined by

(Ba () = (X,(71(2)) " F(7 (=) (119)

gives a strongly continuous representation of Diff *(S?) leaving the real subspace of
real functions invariant.

Proposition 6.4. IfV is a simple energy-bounded unitary VOA and a € V' is a quasi-
primary vector then U(v)Y (a, fYU(y)* = Y (a, Ba,(v)[f) for all v € Mob. Ifa € V is
a primary vector then U(Y)Y (a, /YU(y)* =Y (a, Ba,(7)f) for all v € Diff 7 (S1).

Proof. Let Y (v,2z) = >, c, Lnz7""? be the Virasoro field associated to the conformal
vector v. The case in which a is quasi-primary follows by a straightforward adaptation
of the argument in pages 1100-1001 of [2I] and recalling the commutation relations
between a,, and L,,, n € Z, m = —1,0,1 given in Eq. (72).

The case in which a is primary can be treated in a similar but taking into account
the commutation relations a,, and L,,, n,m € Z given again in Eq. (72)). Note that for
expository reasons in the proof in [21] complete argument is given only for v € Mob
but the proof can be adapted to cover the case v € Diff"(S') by noticing that as a
consequence of the results in [08] we have e’ /)3 C H> for all f € C>®(S',R)
and that Diff"(S?) is generated by exponentials of vector fields because it is a simple

group [&3]. O

We now discuss locality. It follows from Prop. [Adlin Appendix [A] that for any
a,b €V the fields Y'(a,2) and Y (b, z) are mutually local in the Wightman sense, i.e.
for any f, f € C>(S') with suppf C I, suppf C I’, I € J we have

Y (a, f),Y (b, f)le=0 (120)

for all ¢ € H*>. As discussed in the Introduction and in Subsect[2.2] this is a prior:
not enough to ensure the the locality condition for the map I — A, (.))(1).

Lemma 6.5. Let A be a bounded operator on H, a € V, and I € J. Then AY (a, ) C
Y (a, f)A forall f € C(S) withsuppf C I if and only if (A*b|Y (a, f)c) = (Y (a, f)*b|Ac)
for allb,c € V', and all real f € C*(S*) with suppf C I.
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Proof. The only if part is obvious. The proof of if part is based on a rather
straightforward adaptation of the proof of [33, Lemma 5.4]. Let us assume that
(A*D|Y (a, f)c) = (Y (a, f)*b|Ac) for all b,c € V, and all real valued f € C*°(S') with
suppf C I. Then the same relation holds also for all complex valued f € C°°(S?!)
with suppf C I. Now let f be a given function in C*°(S') with suppf C I. Then
there is a 6 > 0 such that the support of the function f;(2) = f(e "2) is again
contained in the open interval I for all real numbers ¢ such that [t| < §. From the
relation e20Y (a, f)e~#o = Y(a, f;) for all + € R and the fact that e®*loV =V for
all ¢ € R it then follows that, for all b,c € V' and every smooth function ¢ on R with
support in the open interval (—4,4), (A(p)*b|Y (a, f)c) = (Y(a, f)*b|A(¢)c), where
Ap) = [ "0 Aem"op(t)dt. Now, a standard argument shows that A(p)c € H™ for
every ¢ € V and from the fact that 3> is contained in the domain of Y (a, f) we can
conclude that A(¢)Y (a, f)c = Y(a, f)A(p)c for every smooth function ¢ on R with
support in (—9,9) and every c € V.

For any real number s € (0,9) we fix a smooth positive function s on R with
support in (—s,s) and such that [, ¢,(t)dt = 1. For every ¢ € V we then have
A(ps)Y(a, f)e=Y(a, f)A(ps)c. Now, a standard argument shows that if s tends to 0
A(ps) tends to A in the strong operator topology. Accordingly lim, o Y (a, f)A(ps)c =
AY (a, f)c and limg_,q A(ps)c = Ac for every ¢ € V. Since Y (a, f) is closed it follows
that Ac is in domain of Y (a, f) and Y (a, f)Ac = AY (a, f)c for every ¢ € V and since
V is a core for the closed operator Y (a, f) it follows that AY (a, f) C Y(a, f)A. O

The following proposition shows that the algebras Ay, (/) are generated by
quasi-primary fields.

Proposition 6.6. Let A be a bounded operator on H and let I € J. Then A €
Aw,c1pI) if and only if (A*b|Y (a, f)c) = (Y(a, f)*b|Ac) for all quasi-primary a € V,
allb,c € V and all real f € C°°(S*) with suppf C I. In particular

A D) =W*{Y(a, f):a €| JVi, Lia=0, f € C*(S"R), suppf C I}).
keZ
(121)
Proof. Given I € J we denote by Q(I) the set of bounded operators A such that
(AD[Y (a, f)e) = (Y (a, [)*b|Ac)

for all quasi-primary a € V, all b,c € V and all f € C(S') with suppf C I.
Then the same equalities hold also for all complex valued functions f € Cg°(S!)
with suppf C 1. It is evident that Ay, (1) C Q(I) and hence we have to show
that Q1) C Aw,.y()". Now, if A € Q(I), a € V is quasi primary, b,c € V and
f € C>(8') has support in I we have, for all quasi-primary a € V, all b,c € V and
all f e C>(S") with suppf C I.

(AblY (a, fle) = (=1)*(Ab]Y (8a, f)*c) = (=1)*(Y (Ba, f)*c|Ab)
= (1) (A%c|Y (0a, /)b) = (=1)"(A*c|Y (0a, f)b)
= (=)™ (Y(0a, /)blA%c) = (Y(a, )| A%c).
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It follows that A* € Q(I).

Now let a € V' be homogeneous. An elementary calculation shows that (L_ja), =
—(n + d,)a, and hence that Y (L_qa, f) = Y(a,if" — d,f) for every smooth func-
tion on S*, where f'(e’) = Lf(e"). It follows that, for a non-negative integer k,
Y((L-1)*a, f) = Y(a, f(a), Where fu q) is a linear combination of f, f/, f”,..., f®).

If suppf C I also supp fx,q) C I and hence if a is quasi-primary we have

(ADY (Lr)*a, fle) = (AVY (a, fira)e) = (Y (a, fira) bl Ac)
(Y((L-1)*a, £)"bAc).

Since the Lie algebra representation determined by L_1, Lo, Ly is completely reducible,
V is spanned by elements of the form (L_;)¥a with k a non-negative integer and a
quasi-primary. Hence, for all a,b,c € V' we have (A*0|Y (a, f)c) = (Y (a, f)*b, Ac). It
follows from Lemma 65 that AY (a, f) C Y(a, f)A for all a € V and all f € C>(S)
with suppf C I. Since also A* € Q(I) we also have A*Y (a, f) C Y (a, f)A* and hence
AY (a, f)* C Y(a, f)*A for all a € V and all f € C(S') with suppf C I. It follows
that A € -A(V,(-I-))([), ]

From the covariance properties of quasi-primary fields it follows that the net is
Mobius covariant.

Definition 6.7. We say that a unitary VOA (V (-|-)) is strongly local if it is energy-
bounded and A(V,(-|-))(I) C A(V,(-|-))(I/)/ forall I € J.

Theorem 6.8. Let (V,(-|-)) be a simple strongly local unitary VOA. Then the map
I — Aw, (1) defines an irreducible conformal net A,y on S*. If {-|-} is another
normalized invariant scalar product on V' then (V,{:|-}) is again strongly local and
Aw, .y and A gy are isomorphic conformal nets.

Proof. We only discuss covariance. The Mo6bius covariance of the net follows from
Prop. and Prop. Then conformal (i.e. diffeomorphism) covariance follows
from [18, Prop.3.7].

U

Due to the above theorem, when no confusion arises, we shall denote the conformal
net A, simply by Ay. We shall say that Ay is the irreducible conformal net
associated with the strongly local unitary simple vertex operator algebra V.

Using the strategy in [66, Sect.5] we can now prove the following theorem.

Theorem 6.9. Let V' be a strongly local simple unitary VOA and let Ay be the
corresponding irreducible conformal net. Then Aut(Ay) = Aut) (V). If Aut(V) is
finite then Aut(Ay) = Aut(V).

Proof. Let H be the Hilbert space completion of V. Then any g € Aut.) (V) uniquely
extends to a unitary operator on H again denoted by g. We have gQ2 = ). Moreover,

since gY(a, f)g~" = Y(ga, f) for all @ € V and all f € C>(S') we also have that
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gA(I)g™" = A(I) and hence g € Aut(Ay). Conversely let g € Aut(Ay). Then
gL,g~t = L, for n = —1,0,1. It follows that g restricts to a linear invertible map
V' — V preserving the invariant scalar product (-|-). For any a € V' the formal series
gY (a,2)g™! is a field on V and, since A is local then, by Prop. 2] and Prop. [AT],
gY (a,2)g™! is mutually local (in the vertex algebra sense) with all Y (b,2), b € V.
Moreover, gY (a,2)g7 Q0 = gY (a, 2)Q2 = ge*L—1a = e*I-1ga, where for the last equality
we used [59, Remark 1.3]. Hence, by the uniqueness theorem for vertex algebras [59,
Thm.4.4] we find that gY'(a,2)g~! = Y (ga, 2) and hence ¢ is a (linear) vertex algebra
automorphism of V. Since g commutes with Ly we have ¢V,, =V, for all n € Z and
hence gv = v by Corollary LIl so that g € Aut(.)(V'). Now, if Aut(V') is finite then
Aut(V') = Aut()(V) by Thm. 52T and hence Aut(Ay) = Aut(V).

]

We end this section with a new proof of the uniqueness result for diffeomorphism
symmetry for irreducible conformal nets given in [I0I, Thm.6.1.9]. The theorem was
first proved in [20] using the additional assumption of 4-regularity.

Theorem 6.10. Let A be an irreducible Mébius covariant net on S' and let U be
the corresponding unitary representation of Mob. If U, and Ug are two strongly-
continuous projective unitary representations of Diff*(S') eatending U and making
into A an irreducible conformal net. Then U, = Us.

Proof. Let H be the vacuum Hilbert space of A and let /™ be the algebraic direct
sum of the eigenspaces Ker(Lg — nly), n € Z>o. Then, by Thm. B4 then one can
differentiate the representations U, and Uz in order to define two unitary represen-
tations of the Virasoro algebra on H/™ by operators L%, n € Z and L?, n € Z, see
also [I8, 20} [72]. By assumption we have L = L for n = —1,0, 1. The formal series
L*(2) =3 ,cp Loz 2 and LP(2) = 3, , LEz7""2 are fields on H/™ that are local
and mutually local in the Wightman sense as a consequence of the locality of A and
of Prop. 21l Hence they are local and mutually local (in the vertex algebra sense) by
Prop. [AJl Let V be the cyclic subspace generated from the action of the operators
LY L, n € Z on the vacuum vector 2. By the existence theorem for vertex alge-
bras, cf. [59, Thm.4.5], V is a Vertex algebra of CFT type and it has two conformal
vectors, v® = L*,Q and v° = LgQQ. It satisfies Vj = CS2 and L;V; = 0. Hence by
[92) Thm.1] there exists a unique normalized invariant bilinear form (-,-) on V' and
this form satisfy (2, a) = (Q]a) for all a € V. By the invariance property of (-, -) and
the unitarity of the Virasoro algebra representations it follows that for any b € V' we
have (a,b) = 0 for all @ € V' if and only if (a|b) = 0 for all @ € V i.e. if and only if
b = 0. Therefore, (-,-) is non-degenerate. Accordingly, by Prop. and Remark
we have that v* = /¥ and hence U® = U”. U

7 Covariant subnets and unitary subalgebras

Let W C V be a unitary subalgebra of the simple unitary vertex operator algebra V.
Then, by Prop. B.29] W is simple unitary vertex operator algebra.
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Theorem 7.1. Let W be a unitary subalgebra of a strongly local simple unitary VOA
(V,(-|")). Then the simple unitary VOA (W, (-|-)) is strongly local and Ay embeds
canonically as a covariant subnet of Ay .

Proof. Let H be the Hilbert space completion of V' and let ey be the orthogonal
projection of H onto the closure Hy, of W. Then we have

W:eWV:fHWﬂV.

The vertex operator Y (a,z), a € W of W coincides with the restriction to W of
Y (a,z) and therefore it is obvious that W satisfies energy bounds. Moreover, for

beV, feC>®(S) we have
Y(a, f)ewb € Hy, Y(CL, f)*ewb e Hy.
Hence for a € W, b,c € V we have

(OlewY(a, f)c) = (Y(a, f) ewbd|c) = (Y(a, f) ewblewc)
= (ewb|Y(a, f)ewc) = (b]Y (a, f)ewc)

and being V' a core for Y (a, f) it follows that Y'(a, f) commutes (strongly) with ey .
Now, define a covariant subnet By, C Ay by

Bw(I) = .Av(I) N {EW}/ el

It follows from the previous discussion that Y (a, f) is affiliated with By, (1) if a € W
and suppf C I. As a consequence Hgz,, = Hy and hence the subnet net By, is
irreducible when restricted to Hy,. In particular, for all 7 € J we have

(Bw (Dew ) = Bw(I)eyy -

~ Note also that, since for a € W, Y(a, f) commutes with ey and Y(a, f)b =
Y (a, f)b for all b € W, then

D(Y(a, f)) = ewD(Y(a, f)) = D(Y(a, f)) N Hw.

Hence, if suppf C I, Y(a, f) is affiliated with (By (I')e,,) = Bw (I).
that the von Neumann algebras Ay (I), I € J on Hyy defined by

It follows

we

Aw () = W*({}}(a, f):a € W,suppf C I})

satisty Aw (1) C By (1), for all I € J proving that (W, (+|-) is strongly local. Finally
from Thm. and Haag duality for conformal nets we find Ay (1) = By (1), for
all I €J. O

We now want to prove a converse of Thm. [ZI We begin with the following
lemma.
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Lemma 7.2. Let A be a self-adjoint operator on a Hilbert space 3 and let U(t) = 4,

t € R be the corresponding strongly-continuous one-parameter group of unitary opera-
tors on H. For any k € Z>q let H* denote the domain of A* and let H>® = Nyez., HE.
Assume that there exists a real number § > 0 and two dense linear subspaces Dy and
D of H*® such that U(t)Ds C D if [t| < 6. Then, for every positive integer k, D is a
core for AF.

Proof. Let k any positive integer and let B denote the restriction of A¥ to D. We
have to show that (A¥)* = B* and since (A¥)* C B* it is enough to prove that
B* C (AF)* = Ak,
Let D(B*) denote the domain of B* and let b € D(B*). Then, by assumption we
have
(U(t)A%alb) = (A*U (t)alb) = (U(t)a| B*D),

for all @ € Ds and all t € (—=4,0). Now let ¢ : R — R be a smooth non-negative
function whose support is a subset of the interval (—d,0). We can assume that

/_+00 p(r)dz = 1.

o0

For any positive integer n let ¢, : R — R be defined by ¢,(x) = np(nz), z € R so
that suppy, C (—4,9) and

G = [ e - pd),

[e.e]

for all p € R. From equality (U(t)A*a|b) = (U(t)a|B*b), t € R and the spectral
theorem from self-adjoint operators it follows that

(A*Pn(A)alb) = (@a(A)al B'D),

for all n € Z~¢ and all a € Ds and since A*p,,(A), and p,(A) belong to B(H) for for
every positive integer n we also have that

(A*Pn(A)alb) = (Za(A)al B'D),

for all n € Z-o and all a € H. Now, it follows from the spectral theorem for self-
adjoint operators that ©,(A)a — a and A*p,(A)a — A*a for n — +oo, for all
a € H*. Hence (A*a|b) = (a|B*b), for all n € Z~, and all a € H* so that b € H* and
AFb = B*b. Thus, since b € D(B*) was arbitrary we can conclude that B* C A*. 0O

We will need the following proposition, cf. the appendix of [16] and [I01, Thm.2.1.3]

Proposition 7.3. Let A be an irreducible Mobius covariant net on S* ant let H be
its vacuum Hilbert space. Then A(IQNH™ is a core for (Lo + 1350)* for all T € I and
all k € ZZO'
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Proof. We first show that A ()2 N H> is dense in H for all / € J. The argument is
rather standard. For any I € J, let I; € J be such that I; C I. Then there is a real
number § > 0 such that eI} C I for all t € (=6,d). Now now let @,, n € Z~g, as
in the proof of Lemma Then, for any A € A(l;) we consider the operators A, ,
n € Z~q defined by

+oo
(alA,,b) = / on(t)(ale™o Ae™ " 0g)dt, a,b € H.

[e.e]

Then A,, € A(I) for all n € Z-o. Moreover,
Aan = @(Lo)AQ S J’(OO, n e Z>0.

Since @, (Lo)AQ — AQ for n — +oo and A € A([;) was arbitrary we can conclude
that the closure of A(1)QNH> contains A(11)$2 and hence it coincides with H by the
Reeh-Schlieder property. Hence, since I was arbitrary we have shown that A(1)QNH>
is dense in H for all I € J.

Now, let I; and I and ¢ as above. We know that A(I;) N H> is dense in K.
Moreover,

Lot (A(INANH®) = A1) N H™
C AN K=,

for all t € (—4,0). Hence, the conclusion follows from Lemma [7.2] O

Theorem 7.4. Let (V, () be a simple strongly local unitary VOA and let B a Mébius
covariant subnet of Ay. Then W = Hg NV is a unitary subalgebra of V' such that
and Aw = B.

Proof. Since Hg is globally invariant for the unitary representation of the Mobius
group on H we have Q € W and L,W C W for n = —1,0,1. In particular W is
compatible with the grading of V' i.e it is spanned by the subspaces W NV,,, n € Z>.
Now let a € W and assume that, for a given positive integer n, a(—,)2 € W. Then

1 1
a(_n_l)Q = E[L_l, a(_n)]Q = EL_la(_n)Q ew.

Since a(—1)Q2 = a € W it follows that a(,)2 € W for all n € Z and all a € W. Hence
Y(a, f)Q2 € Hy for every smooth function f on S! and every a € W. Now let eg
be the projection of Hy onto Hg, a € W, f € C°(S?) and, for I € J let ep be the
unique vacuum preserving normal conditional expectation of Ay (I") onto B(I), see
e.g. [70, Lemma 13]. If suppf C I and A € Ay (I') we find

Y(a, flegAQ = Y(a, flep(A)Q =ep(A)Y(a, f)Q
= egAY (a, /)2 =epY (a, f)AQ.

Since Ay (I")2 is a core for Y'(a, f) by Prop. it follows that Y (a, f) commutes
with ez. Hence, Y(a, f) and Y (a, f)* are affiliated with A(/) Nes’ = B(I). Now if
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f is an arbitrary smooth function on S! it is now easy to see that Y (a, f) and es
again commute if a € W. As a consequence we find that a,b € W for all a,b € W
and all n € Z and hence W is a vertex subalgebra. Moreover, using the fact that also
Y (a, f)* and e commute for every smooth function f on S and all a € W, we have
arb e W for all a,b € W and all n € Z. Hence, since we also have LyW C W, W is a
unitary subalgebra of V. Finally that B(I) = Aw () follows easily. O

As a direct consequence of Thm. [.I] and Thm. [7.4] we get the following theorem.

Theorem 7.5. Let V' be a strongly local simple unitary vertex operator algebra. Then
the map W +— Aw gives a one-to-one correspondence between the unitary subalgebras
W C V and the Mébius covariant subnets B C Ay .

Proposition 7.6. Let V' be a simple unitary strongly local VOA and let G be a closed
subgroup of Aut(y(V) = Aut(Ay). Then A = Aye.

Proof. For any g € G we have gY(a, f)g~! = Y(a, f) for all @ € V% and all f €
C>=(S'). Hence g € Aye(l) for all I € J so that Aye C A$. Conversely, by Thm.
[Z4] there is a unitary subalgebra W C V such that AS = Ay, Clearly W C V¢ and
hence AS C Aye. O

We now can prove the following Galois correspondence for compact automorphism
groups of strongly local vertex operator algebras (“Quantum Galois theory”), cf. [29]

52].

Theorem 7.7. Let V' be a simple unitary strongly local VOA and let G be a closed
subgroup of Aut(y(V'). Then the map H VH gives a one-to-one correspondence

between the closed subgroups H C G and the unitary subalgebras W C V' containing
Ve,

Proof. Let W be a unitary subalgebra of V such that W O V¢. Fix an interval I, € J.
By Thm. [Z1] and Prop. we have
Ay (1p)° € Aw (Io) C Av(Iy).

Moreover, by [I7, Prop.2.1], the subfactor Ay (ly) C Ay (Iy) is irreducible, i.e.
(AV(IO)G)/ NAy(ly) = Cl. Since Aut)(V) and G C Aut()(V) is closed then,
G is compact. Hence, by [55, Thm.3.15] there is unique closed subgroup H C G such
that Ay (ly) = Ay (Io)?. Hence, by conformal covariance Ay (I) = A (I) for all
I € J and hence, again by Prop. [[.6) Aw (I) = Ayu(I) and thus W = V. O

The following proposition shows that in the strongly local case the coset construc-
tion for VOAs corresponds exactly to the coset construction for conformal nets.

Proposition 7.8. Let V' be a strongly local unitary simple VOA and let W C V be a
unitary subalgebra. Then Aj, = Aype.
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Proof. Let Uy be the projective unitary representation of Diff " (S) on 3 obtained
from the representation of the Virasoro algebra on V' given by the operators LY, n € Z

defined in Prop. B3Il For an element 7 € Diff " (S1) we denote by v € Diff *(S?) its

image under the covering map Diff"(S!) — Diff*(S!). Then for any 5 € Diff"(S?)
and any I € J we have Uy (3)AUw ()" = U(y)AU(y)* for all A € Aw(I) and
Uw (7)AUw (7)* = A for all A € Aw(I). Tt follows that A € Ay(I) commute with
Aw (1) for every I; € J and thus Aw.(I) C A$, () so that Ay C A§,. On the other
hand, by Thm. [74] there is a unitary subalgebra W C V such that Afy = Ayyr. Let
a € W. Then Y (a, f) is affiliated with Ay (S) for all I € J and all f € C*°(S1) with
suppf C I. It follows that Y (a, f) is affiliated with Ay (S') for all f € C>(S). As
a consequence [Y(a, z),Y (b,w)] = 0 for all b € W and hence a € W°. Since a € W
was arbitrary we can conclude that W C W¢ and hence that A$, C Aype.

O

We conclude this section with a result on finiteness of intermediate subalgebras
for inclusions of strongly local vertex operator algebras, cf. [61], T05].

Theorem 7.9. Let V' be a simple unitary strongly local vertex operator algebra and
let W C V be a unitary subalgebra. Assume that [Ay : Aw] < +00. Then the set of

unitary subalgebras W C V' such that W C W s finite.

Proof. The claim follows directly from Thm. and the fact that that, since the
index [Ay : Aw] is finite, the set of intermediate covariant subnets for the inclusion
Ay C Ay is also finite, see Subsect. 3.4l O

8 Ciriteria for strong locality and examples

In this section we consider some useful criteria which imply strong locality. We then
apply them in order to give various examples of strongly local vertex operator algebras.

Let V' be a simple unitary VOA satisfying energy bounds. If .% is a subset of V'
and I € J we define a von Neumann subalgebra A (1) of Ay (1)

Az(I) =W*({Y(a, f) :a € F suppf C I}). (122)
The following theorem is inspired by [33, Thm.6.1].

Theorem 8.1. Let % C V be a subset of the simple unitary energy-bounded VOA
V. Assume that F contains only quasi-primary elements. Assume moreover that %
generates V' and that, for a given I € I, Az(I") C Az(I)'. Then, V is strongly local
and Az(I) = Ay(I) for all I € 7.

Proof. As a consequence of Lemma we have Az(I) = Azugz(1), for all I € J.
Accordingly we can assume that .# = 0.%. We first observe that the map I — Az([)
is obviously isotonous and since every element of .Z is quasi-primary it is also Mobius
covariant as a consequence of Prop. 6.4l Hence Az (I") C Az(I) for all I € J.
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Now, let P4 be the algebra generated by the operators Y (a, f) with a € .%, and
f € C°°(S'). Moreover, for I € J, let P#(I) be the subalgebra of Pz corresponding
to functions f € C*(S') with suppf C I. Both algebras have H> as invariant
domain and are x-algebras because .% is 0 invariant. Moreover, since .% is generating
V C P20 and hence the latter subspace is dense in H. With a slight modification
of the argument in [38, page 544] it can be shown that, for every I € 3, P4 (I)S2 is
invariant for the action of the Mobius group and hence it is independent from the
choice of I and we denote it by H . Then, it can be shown that Hz N H>® is left
invariant by the algebras Pz (1) for all I € J. As a consequence Pz{) C Hz and
hence Pz (1) is dense in H for all I € I (Reeh-Schlieder property for fields). Now,
let f € C*(S') have support in a given I € J and a € .#. Since Y (a, f) is affiliated
with Az (I) there is a sequence A,, € Az(I) such that lim,,_,. A,0 = Y (a, f)b for all
b € H>. It follows that Az (1)2 N H> is left invariant by the action of Pz (/) and
hence Pz ()2 C A#(I)Q2 which implies that also A #(1)S2 is dense in H. Accordingly
the map I — Ax(I) also satisfies the cyclicity of the vacuum conditions and it thus
define a local irreducible Mobius covariant net on S* acting on K.

We have to show that Ay (I) C Az(I) for all I € J. By Mdébius covariance it
is enough to prove the inclusion when I is the upper semicircle Si. Let A and J
be the Tomita’s modular operator and modular conjugation associated with A #(S?)
and Q and let S = JAz. It follows from [49, Prop.1.1] that JAz(1)J = Az(j(I))
and JU(y)J = U(j o~y o j) for every I € J and every Mébius transformation vy of
St where j : S' — S is defined by j(z) = Z (|z| = 1). It follows that JL,J = L,
for n = —1,0,1. In particular JV = V and for every a € V the formal series
Du(2) =3, cp JamyJz""" is a well defined field on V such that [Ly, ®,(z)] = LD, (z)
and ®,(2)Q|.—o = Ja so that ®,(2)Q2 = e*IJa. From the properties of the action of
J on the net Az one can show that, for a,b,c € F, ®,(z), Y(b,2z) and Y (c, z) are
pairwise mutually local fields (in the vertex algebra sense) as a consequence of the
locality of A of Prop. 21 and Prop. [AJl Hence, since .# generates V, ®,(z) and
Y (b, z) are mutually local for every a € . and every b € V as a consequence on
Dong’s lemma [59, Lemma 3.2]. It then easily follows that for all a« € .# and all
b € V also Y(a,z) and ®,(z) are mutually local. Using again Dong’s lemma and
the fact that .# generate V' we obtain that ®,(z) and Y (b, z) are mutually local for
all a,b € V. Hence it follows from the uniqueness theorem for vertex algebras [50]
Thm.4.4] that ®,(z) = Y (Ja, z) for every a € V and thus that J defines an antilinear
automorphism of V.

Now let a € .Z and let f € C*(S*) with suppf C Si. Since Y(a, f) is affiliated
with Az(S}) we have JAY (a, f)Q =Y (a, f)*Q. On the other hand since a is quasi-
primary using the Bisognano-Wichmann property for Az and Thm. [B.4lin Appendix
we find

OAZY (a, ) = 0e25Y (a, /) = Y (a, f)*Q.

By the Bisognano-Wichmann property of Mobius covariant nets on S* and the fact
that 9919 =JL,J =L, forn=—1,0,1 we see that both JA3J and 0A20 are equal
to A72. Hence we find that JY (a, f)Q2 = 6Y (a, ). Since 6 and J commute with
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Ly we find that JY (a, f;)Q = 0Y (a, f;)S2 for all t € R. By partition of unity it follows
that JY (a, f)Q = 0Y(a, £)Q for all f € C>(S') and hence that Ja = fa. Since
a € % was arbitrary, § and J are antilinear automorphisms and .# generates V' it
follows that @ = J. Hence, again by Thm. [B.4]in Appendix [Bl we find that, for every
quasi-primary element a € V and every f € C*(S") with suppf C Si, Y (a, f)2is in
the domain of S and SY (a, f)Q =Y (a, f)*Q2

Now, let I be an open interval containing the closure of Si and let A € Az#(I').
Then there is a § > 0 such that el Ae~#lo € A 7(S1) for all t € R such that [¢t| < .
Hence if s, s € (0,60) and A(ps) are defined as in the proof of Lemma [6.5] we have
that A(ps) € Az(SL) for all s € (0,6). Let X1,X, € P#(S1) and B € Az(SY).
Then we have

(XTA() XoQ[SBQ) = (X] A(%)X2Q|B )
(X7 A(%)XQBQIQ)
(

BQ|X3A(ps)" X192).
As a consequence X7 A(ps) X2 is in the domain of S* and
S XTA(ps) X202 = XTA(ps)" X102

Using this fact we find that, for every quasi-primary a € V every f € C°°(S!) with
suppf C St and all Xy, X, € P#(SL),

(X1 A(p)Y (a, [) X)) = (X5A(0s)" XaQY (a, f)Q)
S* X7 A(ps) X2Q|Y (a, )2)
SY (a, f)QXTA(ps) X>9)
Y(a, ) Q| XT A(ps) X0)
Y(a, f)" X102/ A(ps) X202)
XiQJY (a, f)A(ps) X200),

o~ o~ o~ o~ o~

s € (0,8). Hence, since Pz(S1)Q is dense we find that A(yp,)Y (a, f)XQ
=Y (a, f)A(ps) XQforall X € Pz(S') and all s € (0,6). Now, we have lim,_,o A(ps)c
= Acfor all ¢ € H and hence, for every X € P#(S!), AXQ is in the domain of Y (a, f)
and Y (a, f)AXQ = AY (a, f)X. Since V is energy-bounded by assumption, there
exists a positive integer k such that any core for (Lo + 1¢)* is a core for Y (a, f).
We want to show that Pz(S1)Q) is a core for (Ly + 1)*. To this end let [ € J
whose closure is contained in S'. Then there exists a real number § > 0 such that
eI St forall t € (—6,5). Hence, by the Mdbius covariance of the vertex operators
we see that U(t)P#(1)Q2 C P#(SL)Q for all t € (—4,d) and hence, by Lemma [7.2],
P#(S1)Q is a a core for (Lg + 15)* and consequently a core for Y (a, f). It follows
that AY (a, f) C Y(a, f)A and since the latter relation holds for every A € Az(I') it
follows that Y(a, f) is affiliated with Az(I) = Az(I") for all quasi-primary a € V
and all f € C*(S") with suppf C S} . Hence using Prop. we can conclude that
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Ay (SL) € Az(I) whenever the interval I € J contains the closure of St. Now, it
follows easily from Mobius covariance that

Az(Sh) = ) Az(D).

1>8%
Hence we can conclude that Ay (S7) C Az(SL). O

Corollary 8.2. Let V* and V? be strongly local simple unitary VOAs. Then V@ VP
is strongly local and Ayagys = Aye @ Ays.

Proof. By Corollary the simple unitary VOA V* ® V*? is energy-bounded. Now
let .#, be the family of all quasi-primary vectors in V' and let .#3 be the fam-
ily of all quasi-primary vectors in V?. Then, V¢ ® V? is generated by the fam-
ily .Z of quasi-primary vectors in V* @ V# defined by .# = (£, ®Q) U (Q® Fp)
and Az(I) = Aya(I)@Ays(I) for all T € J so that Az(I') = Aye(I")@Ays(I') C
(Ave(I)®@Ays(I))". Then the conclusion follows from Thm. O

The following consequence of Thm. is more directly applies to many interesting
models.

Theorem 8.3. If V is a simple unitary VOA generated by Vi U.%#, where F C V5 is
a family of quasi-primary 0-invariant Virasoro vectors, then V' is strongly local.

Proof. By Prop. (and its proof) V' is energy-bounded and the vectors a € V; U.Z#
satisfy the energy bounds in Eq. (I00) with £ = 1 (linear energy bounds). Then,
the argument in [14] Sect.2] based on [32], see also [45, Sect.19.4], can be used to
show that the von Neumann algebras Ay, #([), I € J, satisfy the locality condition
in Thm. so that Ay,uz(I) = Ay (1) for all I € J and thus V is strongly local. [

We now give various examples of VOAs that can be easily shown to be strongly
local as a consequence of Thm.

Example 8.4. The simple unitary vertex algebra L(c, 0) is strongly local. The corre-
sponding irreducible conformal net Ay, ) is the Virasoro net Ag;. . defined in Subsect.
5.0l

We use the above example to give an application of Thm. [.4] by giving a a new
proof of the main result in [15].

Theorem 8.5. Let B be a Mobius covariant subnet of the Virasoro net Agic.. Then,
either B = Cly; or B = Agice.

Proof. By Thorem [[4] there is a unitary subalgebra W C L(c,0) such that B = Ay.
The conclusion then follows from Corollary O
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Example 8.6. Let V; be the (rank one) Heisenberg conformal vertex operator algebra
[59]. Then Vy is generated by the one-dimensional subspace (Vi); = Ker(Lo — 1v,)
and hence it is strongly local. The central charge is given by ¢ = 1. The corresponding
conformal net Ay, coincides with free Bose chiral field net Ay) considered in [13].

Example 8.7. Let g be a complex simple Lie algebra and let V;, be the corresponding
level k simple unitary VOA, see [58, 59, [70]. Then Vj, is generated by (V)1 ~ g and
hence it is strongly local. The real Lie subalgebra gg = {a € g : fa = a} is a compact
real form for g. Let G be the compact connected simply connected real Lie group
with simple Lie algebra gr. Then Ay, coincides with the loop group conformal net
Ag, associated to the level k positive-energy projective unitary representations of the

loop group LG [47, 88, O8], see [44] 57, 07, @9, 100] (see also [60, Sect.5]).

Example 8.8. Let n be a positive integer and let L, = Z+v/2n be the rank-one
positive definite even lattice equipped with the Z-bilinear form (m;v/2n, myv/2n) =
2nmymsy. Moreover, let Vi, be the simple unitary lattice VOA with central charge
¢ = 1 associated with Lo, see e.g. [27, Sect.2]. Then V7, contains the the Heisenberg
vertex operator algebra Vj as a unitary subalgebra. Moreover, V7, describes the same
CFT model as the irreducible conformal net Ay),, D Auvn) with ¢ = 1 and p-index
equal to 2n considered in [I04]. The net Ayqy,, is denoted by Ay, N = n in [13].
We have V;, >~ V;, for g =sl(2,C) = A;. For n > 1V, can be realized, by a coset
construction, as a unitary subalgebra of V;, for g = Ds,, see [13] Sect.5B]. It follows
that Vp,, is strongly local for every n € Z-, and using the classification results in [13]
and [104] it is not difficult to show that Avy, = Au()sn-

Example 8.9. The known ¢ = 1 simple unitary vertex operator algebras are
Vids Viaws Vi2, (123)

where G is a closed subgroup of SO(3) and n is not the square of an integer, see [26],
Sect.7] and [104), Sect.4]. It follows from Example that all these vertex operator
algebras are strongly local. The corresponding ¢ = 1 irreducible conformal nets are the
¢ = 1 irreducible conformal nets classified in [I04] by assuming a certain “spectrum
condition”.

We now show another application of our general results by giving a new proof of
[17, Thm.3.2]. Let us consider the case g = s[(2,C) and level £ = 1. Then Vy,c),
has central charge ¢ = 1 and hence we have the embedding L(1,0) C Vai2,0): -

Lemma 8.10. Let W be a unitary subalgebra of Vyo,c),. Then either W = C2 or
W D L(1,¢).

Proof. Assume first that W, # {0}. Then we can find a vector a € W such that
Loa = a, fa = a and ||a|| = 1. By the proof of Prop. we see that the operators a,
satisfies the Heisenberg Lie algebra commutation relations

[CLm, an] = mém,—nlu

63



for all m,n € Z and hence a generate a copy of the Heisenberg vertex operator algebra
Vi inside W, cf. Example[5.8 Since the central charge of Vi is 1, Vi have to contain
the Virasoro subalgebra L(1,0) of V. Accordingly, L(1,0) C W.

Assume now that W; = {0}. The characters formulae in [58] gives for ¢ € (0,1),

2
Terl(z,(C)l qLO - Z ¢’ p(q),
j€z
where p(q) =[]z, (1 —¢")~". Hence,
Trv, 0, " = 1+ 3¢ +4¢° + - (124)

so that the dimension of (%[(27C)1)2 is 4.
Since Wy = {0}, then

(alb_s) = (a|L_1b) = (Lralb) = 0,

foralla € W and all b € (‘/5[(2,@)1)1. Hence W5 is orthogonal to the three-dimensional
subspace {a_o{ : a € (‘/5[(2,@)1)1}. But also the conformal vector v is orthogonal to
the latter subspace since for any a € (‘/5[(27((3)1>1 we have

(v|a_sQ) = (Q[La, as]) = (Q]2a002) = 0.

Hence W, C Crv. Now, by Remark if v = 0 then W = CQ. Hence if
W # CQ then Wy = Cr and hence L(1,0) C W. O

Now, let a € (1/5[(2@1))1. Then, by [59, Remark 4.9¢c] e converges on Viac),
and defines an element in Aut (‘/;[(2’((:)1). In fact, if a = a then e® is unitary i.e.
e® € Aut, (‘/;[(2@1), and the group generated by such unitaries is isomorphic to
SO(3). The following proposition was first proved in [27], see also [91].

Proposition 8.11. The fized point subalgebra Vj((;’(égl coincides with the Virasoro
subalgebra L(1,0).

Proof. By characters formulae for the unitary representations of affine Lie algebras,
see e.g. [58], and for the unitary representations of the Virasoro algebra, see e.g. [62],
one finds

Trsoe ¢ = (1 - q)p(g) = Trra0q"™,
‘/5[(2,C)1
see [27, [O1]. Since L(1,0) C Vj((;’(é;l the conclusion follows. O

Corollary 8.12. Aut(., (‘/;[(27((;)1) = S0O(3).

Theorem 8.13. The map H — V;f{z,@l gives a one-to-one correspondence between

the closed subgroups H C SO(3) and the unitary subalgebras W C Vya,c), such that
W #£ CA.
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Proof. Let W C Vy2,c), be a unitary subalgebra such that W # C(). By Lemma B.10

and by Prop. BIIl W contains the fixed point subalgebra ng(é;l and the conclusion

follows from Thm. [[7] O
The following theorem is [I7, Thm.3.2]

Theorem 8.14. The map H — ‘Aé{U(2)1 gives a one-to-one correspondence between

the closed subgroups H C SO(3) and the subnets B C Aguy(e), of the loop group net
-ASU(2)1 such that B §£ C1.

Proof. 1t follows from Example that Agy(g), is the irreducible conformal net as-
sociated with the strongly local simple unitary vertex operator algebra Vg2 c),. The
claim then follows from Thm. and Thm. RT3 O

The next example is given by the moonshine vertex operator algebra V% As
explained in Example B.101 V* is a simple unitary VOA. We now show that it is
strongly local. Note that the following theorem also gives a a new proof of [66],
Thm.5.4].

Theorem 8.15. The moonshine vertex operator algebra V? is a simple unitary strongly
local VOA. If Ay denotes the corresponding irreducible conformal net then Aut(Ay:)
is the Monster group M. Moreover, up to unitary equivalence, Ay = A" where A is
the moonshine conformal net constructed in [606].

Proof. By [66, Lemma 5.1] the moonshine vertex operator algebra V? is generated
by a family .#! of Hermitian quasi-primary Virasoro vectors in V2h and hence , it is
strongly local by Thm. R.3l Moreover, by Thm. Bl A+ = A #4, where A #; is defined
as in Eq. ([I22). Since Aut(V*) = M is finite then, by Thm. 6.9 Aut(Ay:) = M.
Moreover, by [66, Corollary 5.3], A* = Az; and hence A" = Ayx. O

As a consequence of Thm. [[T]also the unitary subalgebras of the above examples,
such as orbifolds, cosets, etc., are strongly local. Further examples of strongly local
VOAs are obtained by taking tensor products. All these examples give a rather large
and interesting class of strongly local VOAs. Moreover, they show that our results
gives a uniform procedure to construct conformal nets associated to the corresponding
CFT models. As an example we consider here the case of the even shorter moonshine
vertex operator algebra VB(hO), cf. Example

Theorem 8.16. The even shorter moonshine vertex operator algebra VBEO) s a
a simple unitary strongly local VOA. If ‘AVBE) denotes the corresponding net then
0

Aut(A s the Baby Monst B.
ut( BV(“O))ZS e Baby Monster group

Proof. As explained in Example VBEO) is a unitary subalgebra of the moonshine
vertex operator algebra V% and hence VB?O) is a simple unitary VOA. Since V7 is
strongly local by Thm. then, also VB?O) is strongly local as a consequence of
Thm. [Tl Since Aut(VB(uO)) = B is finite then, by Thm. 9] Aut(AVBEO)) =B. O
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We conclude this section with two conjectures.

Conjecture 8.17. Let L be an even positive definite lattice. Then the corresponding
sumple unitary lattice VOA Vi, is strongly local and the corresponding conformal net

Ay, coincides with the lattice conformal net Ay, constructed in [30].

Conjecture 8.18. Fvery simple unitary vertex operator algebra is strongly local and
hence generates an irreducible conformal net Ay .

9 Back to vertex operators

In this section we discuss problem of (re-) constructing vertex operator algebras start-
ing from a given irreducible conformal net A. This problem is related to the problem
of constructing quantum fields from local net of von Neumann algebras. In partic-
ular we will prove that for any strongly local vertex unitary operator algebra V it
is possible to recover all the vertex operators, and hence V together with its VOA
structure, from the conformal net Ay,. To this end we will crucially rely on the ideas
developed by Fredenhagen and Jorf in [38] where pointlike-localized fields where de-
fined starting from irreducible Mobius covariant nets. In fact we will give a variant
of the construction in [3§] which avoids the scaling limit procedure considered there
and completely relies on Tomita-Takesaki modular theory together with the results
in Appendix [Bl of this article.

We first need to recall some facts by the Tomitata-Takesaki theory, see e.g. [94]
Sect.1.2] for details and proofs. Let M be a von Neumann algebra on a Hilbert space
H and let ©2 € H be cyclic and separating for M. As usual we denote by S the Tomita
operator associated with the pair (M, Q) and by A and J the corresponding modular
operator and modular conjugation respectively. Hence S = JA'2. For a € H consider
the operator £ with dense domain M'Q2 and defined by £°AQ = Aa, A€ M. If a
is in the domain D(S) it is straightforward to see that £, C (£°)* and hence .£2,
and £ are closable and their closures Zs, and %, satisfy Zs, C Z*. Moreover,
Zsa and 7, are affiliated with M. As pointed out in [19] that in certain situations
the operators .Z,, a € D(S) can be considered as abstract analogue of the smeared
vertex operators, see also [4]. Our variant of the Fredenhagen and Jorf construction
will clarify this point of view.

Let A be an irreducible Mébius covariant net on S! acting on its vacuum Hilbert
space H. For any I we can consider the Tomita operator Sy = J IA}/ ?. The covariance
of the net implies that for any v € Mob we have U(y)S;U(y)* = Sy, U(y)J1U(v)" =
Jyr and U(y)A;U(y)* = A,;. Moreover, by the Bisognano-Wichmann property we
have Aisti = ¢t t € R. where K = in(L; — L_;). Hence A;/f = e:K. We will
denote Jg1 by ¢ (PCT operator). Then 6 commutes with L_, Lo and L;.

Now, let @ € H be a quasi-primary vector of conformal weight d, € Z>o. Then,
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for every f € C*°(S") we can consider the vector a(f) defined in Appendix Bl namely

a(f) =) f_n_da%L’ila. (125)

TLGZEO

In the following for unexplained notations and terminology we refer the reader to
Appendix [Bl
By Thm. B4 if suppf C S} then a(f) is in the domain of Sg1 and

Ss1a(f) = (=1)*(0a)(f). (126)

Hence the operator AQ — Aa(f), A € A(SL), is closable and its closure fji)
is affiliated with A(S}). By the above stated covariance property of the modular
operators A, I € J and Prop. [B. we see that we can define in a similar way an
operator .;Sfal(f) for any I € J and any f € C*°(S') with suppf C I. Then by the
discussion above and Prop. [B.1] we have

1 * 1
UMZunU )" = Loisa, o) (127)

for all I €7, all f € C*(S') with suppf C I and all v € Mob. Moreover,
da ol I\«
(_1) D%(ga)(f) - (ga(f)) (128)

for all I € J, and all f € C°°(S') with suppf C I. Note also that also that for any
I € J and any b € A(I)'SQ2 the linear map : C*(/) — H given by f — o?al(f)b is
continuous, namely f > fal( p) is an operator valued distribution on Cg°(1;). Note
also that if I, C I, Iy, I; € J, and f € C(I;) then fffﬁ C .,s,ﬂ;(lf).

All the above properties justify the following notation and terminology. For every
quasi-primary vector a € H and all f € C°(I) we define Y;(a, f) by Yi(a, f) = iﬂal(f).
We call the operators Yi(a, f), I € J, f € C°(I) Fredenhagen-Jor (shortly FJ)
smeared vertex operators or FJ fields.

The FJ smeared vertex operators have many properties in common with the
smeared vertex operators. These are obtained simply by a change of notations for
the corresponding properties of the operators faf(f), I €, feC=(Sh). First of all,
forany I € J, f +— Yi(a, f) is an operator valued distribution on C2°(I;) in the sense
that the map : C2°(I) — H given by f — Yi(a, f)b is linear and continuous for every
b € A(I)'Q2. Moreover, the following compatibility condition holds

Yi,(a, f) C Y (a, f) (129)

if I C I, 1,1 € J, and f € CX(I;) so that if b € A(ly)'Q) the vector valued
distribution C°(1y) > f — Y1, (a, f)b extends C°(I1) > f + Y7, (a, f)b. Finally, from
Eq. (I27) and Eq. ([I28) we get the following covariance and hermiticity relations

U)Yi(a, HUM)" = Yyi(a, Ba, (7)), (130)
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for all I € J, all f € C°°(S') with suppf C I and all v € Mob. Moreover,
(—=1)%*Y1(ba, f) C Yi(a, f)* (131)

for all I € J, and all f € C>(S') with suppf C I.
As usual for distributions we can use the formal notation

Yi(a, f) = / Yi(a, 2)f(2) 2% -2

I 2miz

(132)

Then we say that the family {Y;(a,z2) : I € J} is an FJ vertex operator or an FJ
field. Unfortunately there it is not known if the FJ smeared vertex operators admit
a common invariant domain. Hence we cannot extend the family of distributions
{Yi(a,2),z € I : I €I} to a unique distribution Y (a,z). In particular the F.J fields
cannot in general be considered as quantum fields in the sense of Wightman [95].

The following proposition is a slightly weaker form of the result vi) stated in [38]
Sect.2] and proved in 38, Sect.4].

Proposition 9.1. The F.J smeared vertex operators generate the irreducible Mobius
covariant net A, namely

.A([) = W*({Y}l(&, f) a e U KeI‘(LO—k’lg{), Lia=0, f € Cgo(ll), el I, C I})

k‘EZZo
forall I €7.
Proof. For any I € J we define B(I) by

B(I) =W ({Yr,(a, f):ae | J Ker(Lo—kly), Lia=0, f € C=(L), L €9, I; C I}).

k€Z20

Clearly the family {B(7) : I € J} is a MObius covariant subnet of A. Let Hg = B(S1)Q2
be the corresponding vacuum Hilbert space. Then a(f) € Hg for every quasi-primary
vector a € H and every f € C*(S!). Since the representation U of Mob is completely
reducible the linear span of the vectors a(f) with a quasi-primary and f € C*(S!) is
dense in H so that Hy = H and thus B = A. O

Our next goal in this section is to prove that the FJ smeared vertex operators of
a conformal net Ay associated with a strongly local simple unitary VOA V' coincide
with the ordinary smeared vertex operator of V.

Theorem 9.2. Let V' be a simple unitary strongly local VOA and let Ay be the
corresponding irreducible conformal net. Then, for any quasi-primary vector a € V
we have Yi(a, f) = Y(a, f) for all I € J and all f € CX(I), i.e. the smeared vertex
operator of V' coincide with the FJ smeared vertex operator of Ay. In particular one
can recover the VOA structure on V. = H/™ from the conformal net Ay .

68



Proof. We first observe that, for any f € C>(I), Y(a, f) is affiliated with A() and
hence its domain contains A(7)'Q D A(I")NH>. Since the latter is a core for Y (a, f),
by Prop. then also A(I)'Q2 is a core for the same operator. On the other hand
A(I)'S2 is a core for Yi(a, f) by definition. Using Prop. [B.Alin Appendix [Bl for any
A e A(I) we find

Y(a, f)AQ = AY (a, £)Q = Aa(f) = Yi(a, f)AQ.

Accordingly the closed operators Y (a, f) and Yj(a, f) coincides on a common core
and hence they must be equal. O

We now consider a general irreducible conformal net A. We want to find conditions
on A which allow to prove that A = Ay for some simple unitary strongly local VOA
V. As a consequence of Thm. a necessary condition is that for every primary
vector a € H the corresponding FJ vertex operator {Y;(a, z) : I € J} satisfies energy
bounds i.e. there exist a real number M > 0 and positive integers k and s such that

1Yi(a, £)bI] < M FIIsN(Lo + Lsc)" ] (133)

forall I €J,all f € CX(I)and all b € A(I)QNH>. We will see that the condition is
also sufficient and that actually it can be replaced by an apparently weaker condition.

We say that a family .#% C H of quasi-primary vectors generates A if the corre-
sponding FJ smeared vertex operators generates the local algebras i.e. if

A =W {(Yi(a.f):a€ Z, feCX(), [, €9, I, C I}). (134)

Theorem 9.3. Let A be an irreducible conformal net that is generated by a family
of quasi-primary vectors F. Assume 0.F = % and that for every a € % the FJ
vertex operator {Yr(a,z) : I € I} satisfies energy bounds. Moreover, assume that
Ker(Lo—nly) is finite-dimensional for alln € Zsq. Then, the vector space V = HS™"
admits a VOA structure making V' into a simple unitary strongly local VOA such that
Ay = A.

Proof. By the same argument used for the ordinary smeared vertex operator in Sect.
it can be shown that the energy bounds imply that H> is a common invariant core
for the operators Yi(a, f), I €3, f € CX(I), a € .Z. Let {11, 5}, I, I> € J be a cover
of ST and let {p1, ¢}, @1, 02 € C(S1,R) be a partition of unity on S* subordinate
to {11, I}, namely suppyy C Iy, k = 1,2, and Z§=1 or(z) =1 for all z € S*. For any

a € .7 and any f € C*(S") we define an operator Y (a, f) on I with domain 3> by

V(o )b =3 Vi (o 0if)b be 3
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Let {I,,1,}, I,,I, € J be another cover of St and @y, ¢y € C(S,R) be a partition
of unity on S! subordinate to {I;, Is}. Then, using the compatibility conditions in
Eq. (I29) for the FJ smeared vertex operator we find that

2 2
> Yi(a0ifb = > Yi(a, Gmpif)b
j=1

jml

= Z Y: Qomgpj )b

jym=1
2

= ) Y (a,Gnf)b

m=1

for all b € H>°. Hence, Y (a, f) does not depend on the choice of the partition of unity
{1, ¢2} nor on the choice of the cover {I;, I}. It follows that for any I € J and
any f € C(I) we have Y (a, f)b = Yi(a, f)b for all b € H>. Moreover, we have the

covariance property . .
UMY (a, HU()" =Y (a, Ba, (7)),
the adjoint relation B
(~1)*Y (ba f) Y(a, f)'
Y

and the state field correspondence Y (a, a(f) for all f € C=(S') and all vy €

Mob.
By assumption the FJ vertex operator {Y;(a,z) : I € J} satisfies energy bounds
with a real number M > 0 and positive integers s, k. Given ¢, f € C*(S!) we have

(In] + 1°l(e /)l < S (nl + 1°1f5] - [Gnms]
JEZ
hence

lefls = 3 (nl+1°1(2f),]

ne”L

< S (nl+ D1 By

n,jEZ

= D (m+il+ 115 - |éml

JmeEZ
< lellsll f1ls-
It follows that

1Y (a, ol = | Z Y, (a, ;)0

< (Z 5l ) IF11s1(Zo + Lsc)B]
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for all f € C*°(S') and all b € H>®, i.e. the operators Y (a, f), f € C>(S") satisfy
energy bounds with the same positive integers s,k and the positive constant M =

M (S5 lleill).
Now, let e, € C*°(S"), n € Z, be defined by e,(z) = 2", z € S*. For every a € .
we define a, = Y (a,e,), n € Z. We have

land]| < 2°M(Jn] + 1)°[|(ZLo + Lsc)"bll,

for all n € Z and all b € H>®. By the covariance property we have e’f0q, e~ =
e~"a, for all t € R. Tt follows that [Lg, a,]b = —na,b for all n € Z and all b € H>
and hence that a,H/™ c H/™ for all n € Z. The covariance properties also implies
that [L_1,a,]b = (—n —da+ 1)a,—1b and [Ly,a,]b = —(n —da+ 1)a, b for all n € Z
and all b € H>*. Moreover, we have a_g,Q = a(e_4,) = a for all a € . Now let,
V C H/™ be the linear span of the vector of the form

with a',a?,--- ,a* € Z and ni,ng,--- ,ny € Z. We want to show that V = /™",
Let Hy C H be the closure of V' and ey be the orthogonal projection onto Hy . First
note that since the series ) _, fnen converges to f in C°>°(S1) and thus

Z fnanb = Y/(C% f)

ne”L

for all a € .7, all b € H>® and all f € C°°(S). It follows that Y (a, )b and Y (a, f)*b
belong to Hy for all @ € .Z, all b € H/™ and all f € C°(S!).

From the fact that = Ker(Ly —nlg) is finite-dimensional for all n € Zx it follows
that ey H/™ = V. As consequence we have [ey,Y (a, f)]b = 0 for all a € .Z, all
beV and all f € C°°(S!). Recalling that H/™" is a core for every FJ smeared vertex
operator we can conclude that eyY;(a, f) C Yi(a, fley for all a € %, all I € J and
all f € C(I). Hence, since the family .# generates the net A, we see that ey = 1y
by the irreducibility of A so that V = F/™.

The above properties imply that the formal series

Ou(2) =) anz "™, acF

are fields on V' that are local and mutually local (in the vertex algebra sense) as
a consequence of the locality of the conformal net A and Prop. [AIl In fact they
satisfy all the assumption of the existence theorem for vertex algebras [59, Thm.4.5].
Accordingly V' is a vertex algebra whose vertex operators satisfy Y (a,z) = ®,(2)
for all @ € .%#. A unitary representation of the Virasoro algebra on V' by operators
L,, n € Z is obtained by differentiating the representation U of Diff*(S!) making
A covariant, see Thm. B4l and [I8] 20, [72]. Then, L(z) = Y, ., L,z "% is a local
field on V', which, as a consequence of the locality of A, is mutually local with all
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Y(a,z),a € V. Moreover, L(z)Q = e*l=1L_,Q. By the uniqueness theorem for vertex
algebras [59, 4.4] we have L(z) = Y (v, z) where v = L_5{). Hence v is a conformal
vector and hence V' is a VOA.

Now, the scalar product on JH restrict to a normalized scalar product on V' having
unitary Mobius symmetry in the sense of Subsect. B2l For every a € .# the adjoint
vertex operator Y (a, z)T defined in Eq. (@1) satisfies

Y(a,2)* = (—=1)%Y (da, 2)

and hence it is local and mutually local with respect to all the vertex operators Y (b, z),

b e V. Now, let
(—1)%fa

er:{a—l— 5 ta € F}

and let Led
F_ = {_iw

Then, {Y(a,z) : a € F, U.Z_} is a family of Hermitian quasi-primary fields which
generates V. Hence, V is unitary by Prop. [B.I71 Moreover, by Prop. V is
simple because Vj, = C). By Prop. 61 V, being generated by the family .# of
elements satisfying energy bounds, is energy-bounded. Since the net Az, cf. Eq.
([I22)), coincides, by assumption, with A, we can apply Thm. to conclude that V'
is strongly local and Ay, = A. O

ta € F}.

We end this section with the following conjecture.

Conjecture 9.4. For every conformal net A there exists a simple unitary strongly
local vertex operator algebra V' such that A = Ay .

A Vertex algebra locality and Wightman locality

The axiom of locality for vertex algebras is a purely algebraic formulation of the
locality axiom for Wightman fields, see [59, Chapter 1]. In this work we use in
various occasions some consequences of the correspondence of these two formulations
of the axiom of locality. In the this appendix, using the simplifying assumption of
the existence of polynomial energy bounds, we give a proof of the equivalence of these
two formulations in a framework which is sufficiently general for all the applications
in this paper.

Let H be a Hilbert space and let Ly be self-adjoint operator on H with spectrum
contained in Z>,. We denote by V the algebraic direct sum

Hm = P Ker(Lo — nlg). (135)

TLEZE()
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Then V is dense in H. Moreover, we denote by H>* C H, the dense subspace of C'*>
vectors for Ly namely
H* = m D ((Lo + 130)¥) . (136)
kJEZ>0

Let a,, b,, n € Z be operators on H with common domain V' and assume that

etho ane—tho — e—zntan’ etho bne—tho — 6—2ntbn

for all ¢ € R and all n € Z. It follows that
a,Ker(Ly — klg) C Ker(Ly — (k —n)lg)

and
bnKer(Lo — klg) C Ker(Lo — (k —n)ly)

for all n € Z and all k € Z>( so that the operators a,, b, restrict to endomorphisms
of V and for every ¢ € V we have a,c = b,c = 0 for n sufficiently large. As a
consequence the formal series ®,(2) = >, a,27" and ®y(2) = > _, b,z " are
fields on V' in the sense of Subsect 1] see also [59, Sect.3.1]. We assume that the
fields ®,(z) and ®(2) satisfy (polynomial) energy bounds in the sense of Sect[d i.e.
there exist positive integers s, k and a constant M > 0 such that, for all n € Z and
allce V

lancll < M(In| +1)*[[(Lo + Lse)"ell, Ibacll < M(In| +1)°[[(Lo + Lsc)"e]l.  (137)

Accordingly we can define the smeared fields

(I)a(f) = Zanfna éb(f) = Z bnfm (138)

nez ne”L

f € C>(81), having H> as common invariant domain.

According to SubsectlT] we say that the fields ®,(z) and ®,(z) are mutually
local in the vertex algebra sense if there exists a non-negative integer N such
that

(z —w)N[®,(2), Py(w)]c =0 (139)

for all ¢ € V. Moreover, we say that the fields ®,(z) and ®,(z) are mutually local
in the Wightman sense if

[(I)a(f>7 (I)b(f)]c =0 (140)

for all ¢ € H>® if suppf C I and suppf C I', [ € 7, cf. [95]. We now show that under
our assumptions these two locality conditions are equivalent.

Proposition A.1. The fields ®,(z) and ®y(z) are mutually local in the vertex algebra
sense if and only if they are mutually local in the Wightman sense.
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Proof. For every c¢,d € V the two variable formal series

(dl[®a(2), ®y(w)]e) = D (dl[an, b]e)z " w ™™

n,meZ

can be considered as a formal distribution ¢, 4(z,w) on S* x S i.e. a linear functional
on the complex vector space of the two variable trigonometric polynomials, see [59]
Sect.2.1]. Because of the energy bounds this formal distribution extends by continuity
to a unique ordinary distribution, again denoted by ¢.q(z,w), on S* x S, ie. a
continuous linear functional on C*(S'x S1). If the fields ®,(z) and ®;(z) are mutually
local in the vertex algebra sense then, by [59, Thm.2.3 (i)], the distribution ¢ q(z, w)
has support in the diagonal z = w of S* x S' and hence (d|[®.(f), ®y(f)]c) = 0 if
suppf C I and suppf C I', I € J. Since ¢,d € V where arbitrary it follows that
[q)a(f),q)b(f)]c = 0forallc e Vifsuppf C I and suppf C I’, I € J. Now, as a
consequence of the energy bounds, the same equalities also hold for for any ¢ € H*>
and hence the fields ®,(z) and ®,(z) are mutually local in the Wightman sense.

Conversely let us assume that the fields ®,(z) and ®,(z) are mutually local in the
Wightman sense. Then, the distribution ¢, 4(z,w) has support in the diagonal z = w
of St x S'. Moreover, as a consequence of the energy bounds, there is an integer
N > 0 such that, for all ¢,d € V', ¢.4(z,w) is a distribution of order less then N — 1,
i.e. for every c,d € V there is a constant M, 4 > 0 such that

(eds )] < Mg max{‘@o‘f(eml,em)‘ e g2 e ST o] < N — 1}

for all f € C>=(S! x S1), where, as usual, for a multi-index o = (o, a9), a1, ay € Z>y,
|a| denotes the sum a1 + ay and 0“ denotes the partial differential operator of order

|a| defined by
0 o\ 0 \*
0 Z(a—m) (a—m) ’

see [93, Chapter 6]. Then, it follows by a rather straightforward adaptation of [93]
Thm.6.25] and by [59, Thm.2.3], that (z —w)N . q(z,w) = 0 for all ¢,d € V and hence
that the fields ®,(z) and ®,(z) are mutually local in the vertex algebra sense. O

B On the Bisognano-Wichmann property for rep-
resentations of the Mobius group

Let U be a strongly continuous unitary positive-energy representation of the Mdbius
group Mob ~ PSL(2,R) on a Hilbert space H. Let Ly be the self-adjoint generator
of the one parameter subgroup of U of (anti-clockwise) rotations. Then the spectrum
of Ly is a subset Zq. Accordingly, the (algebraic) direct sum H'™ of the subspaces
Ker(Lo — nlg), n € Zsg is dense in H. As it is well known the vectors in H/™ are
smooth vectors for the representation U and it is invariant for the representation of
sl(2,R) obtained by differentiating U, see [76], [89] and [18, Prop.A.1]. Accordingly
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there is a representation of s/(2, R) on H/™ by essentially skew-adjoint operators and
hence a unitary representation of its complexification s/(2, C). The latter Lie algebra
representation is spanned by Ly together with operators L, L_; satisfying L; C L*,
and the commutation relations [Ly, L_;| = 2Ly, [L1, Lo] = Ly and [L_y, Lo) = —L_;.

We say that a vector a € H/™ is quasi-primary if Lia = 0 and Loa = d,a for some
d, € Z>o. We say that d, is the conformal wight of a. If a is quasi-primary we consider
the vectors a™ € H/™, n € Zsq defined by a” = L L™ a. The linear span H*/™ of {a™ :
n € Zso} is invariant for the action of the operators L_y, Lo, L, and the corresponding
representation of s/(2, C) on H%/™ is the irreducible unitary representation of sl(2, C)
with lowest conformal energy d,. Note that Loa™ = (n + d,)a™ for all n € Zs.
Moreover, the closure H® of H%/™ is an irreducible U-invariant subspace of H carrying
the unique (up to unitary equivalence) strongly continuous unitary positive-energy
representation of Mob with lowest conformal energy d, € Z>,.

If d, = 0 then a™ = 0 for all n > 0 and the corresponding representation of Mob
is the trivial one. For d, > 0 it is rather straightforward to prove by induction that
Lia™ = (2d, + n)a™ ! for all n € Z-, and that, as a consequence,

|a™|* = 2da +n —1 |al?, for all n € Zs. (141)
n >

The above computation shows that for every f € C*°(S!) the series

2 fona”

nEZzO

converges to an element a(f) € H* C H. Moreover, f — a(f) is a linear continuous
map : C®°(S1) — H Now, for any v € Diff"(S?) let By, (7) : C=(ST) — C=(S!)
be the map defined in Eq. (I19). Following the strategy for the proof of Prop.
one can prove the following proposition which in fact can also be easily proved to be
a consequence of Prop. together with Prop. [B.5] here below.

Proposition B.1. Let a € H be a quasi-primary vector of of conformal weight d, > 0.
Then U(y)a(f) = a(Ba, (7)f) for all v € Mdb and all f € C>(S").

Now, for every I € J we define the closed real linear subspace H*(I) C H® to be
the closure of the real linear subspace subspace

{a(f): f € C=(S*,R),suppf C I}.

Then, as a consequence of Prop. [B.l the family { H*(I) : I € J} is Mdbius covariant,
namely U(~y)H*(I) = H*%(~I) for all I € J and all ¥ € Moéb. Moreover, the family
obviously satisfies isotony, namely H*(Iy) C H%(Iy) if Iy C Iy, I, I, € J.

We now want to show that the family is a local Mobius covariant net of real linear
subspaces of H® in the sense of [70, Def. 4.1], see also [77] and [II]. To this end we
need to show that the family satisfies locality. Let fi, fo € C*(S',R). Then
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1 & — =
S(ath)lalfe)) = 55 2 (sl n_da—<f2>n+da<f1>_n_da) o

oo

Z ( ) n+deg f2 —n—dq (f n—l—da —n— da> <2d e ) HaH2
=0
= o S (- G- () el

n=dg,

Now let py, (z) be the polynomial defined by

(dy+2x—1)(dy+2—2)--(dy +x —2d, + 1)

= 142
Pa. () 2d, — 1 (142)
Then
de+n—1
put = ()
for every integer n > d,. Moreover, pg,(n) = 0 for n = 0,1,---,d, — 1. Note also
that pg, () = x for d, = 1 while for d, > 1 we have
p dad
_ 2 2
pae) = gy L1 =) (143
so that pg, (x) is an odd polynomial. Hence
o la]l® TN T T
Salfla(R) = Y- ((.F) = (), ) o ()
nes
a 2 27 ) » d )
= B e i a0

As a consequence, if suppf; C I and suppfy C I’, I € J then (a(f1)|a(fz)) = 0 and
hence the Mobius covariant isotonous family { H*(I) : I € J} satisfies locality so that

it is a local Mdbius covariant net of real linear subspaces of H® in the sense of [76],
Def. 4.1].

Lemma B.2. Let a € H be a quasi-primary vector of conformal weight d, > 0 and
let K =im(Ly — L_1). Then, there exists a, € C with |a,| = 1 such that a(f) is in
the domain of €zX and ex¥a(f) = aza(f o j) for all f € C(S') with suppf C S*.,
where j(z) =z~ for all z € S.

Proof. Let H = H*(S',). Then by [76, Thm.4.2] H is a standard subspace of H?,
see [76], Sect.3]. Hence one can define on H® the antilinear closed operator Sy having
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polar decomposition J HA}f as in [76], Sect.3]. Le 6(¢) be the one-parameter subgroup
of Mob defined by
zcosht/2 —sinht/2

20)(z) = —zsinht/2 4 cosht/2’

(“dilations”) corresponding to the vector field sind& on S', z = ™. We have
6(t)SL = St for all t € R.

Since et = U(§(—2nt)) for all t € R, it follows from [76, Thm.4.2] that A}f
coincides with the restriction to Ha of e2X. Accordingly, if f : S — C is a smooth
function with suppf C S*; then a(f) is in the domain of e2X and JHe%Ka(f) =
Sua(f) = a(f) and thus ez¥a(f) = Jya(f). Now, again by [76, Thm.4.2], Jy
commutes with the restrictions of L_1, Lo, L1 to H, and hence there exists o, € C with
lag| = 1 such that Jya™ = a,a™ for all n € Zsq. It follows that Jya(f) = aua (m)
for all f € C*(S"). Hence, if suppf C S' then ezXa(f) = aza(f o j). O

Our next goal is to compute the constant a, in Lemma[B.2l for every quasi-primary
a € H with conformal weight d, > 0.

Proposition B.3. o, = (=1)% for every quasi-primary vector a € H of conformal
weight d, > 0.

Proof. Let f be a smooth real function on S! whose support is a subset of S', and
let fdot = B, (6(—2mt))f, t € R.
Consider the function ¢ : R — C defined by

]

PO = (ala(r) = [P (FRT)_, =5 [ ft(eetan

Recalling the explicit form of f%!(¢’) and Eq. ([II9) we find

]

olt) = 5 /_ (Xs(zmn (5(27t) (€)™ " £(5(2mt)(¢7))i .

We now change the variable in the integral by setting e = §(—27t)(¢'®), a € [, 7]
with the following result

IIaII2

HaH / f za ( zdilog(c?( 271-15)( w‘))) - (5(—27Tt)(6ia))dad04

||aH2

17 e (<t ostaamen) (a-2n(e)* da
= [ k(e se)aa

77



where we used the fact that f(e’*) = 0 for a € [—7,0] by assumption. Now, using
the explicit expression

' cosh(7t) + sinh(7t)

9 oy —
d(—=2mt)(e') e sinh(rt) + cosh(rt)’

it is straightforward to check that, for any a € [0,7]|. t — kq,(¢,«) extends to a
continuos function z — kg, (2, ) on the closed strip & = {z € C : Sz € [-1/2,0]},
which is holomorphic in the interior of &. Moreover, the function of two variables
(z, ) — kg, (2, «) is continuous on & x [0, 7]. Accordingly

di(2) = /07r ka, (2, ) f(e*)da

is continuous on the strip & and holomorphic in its interior. Clearly ®,(¢) = ¢(t) for
all t € R. Moreover, one finds that

2
( Z/2 ) ||;LH ( 1)da€—idaa
T
and thus
2
@1(-7/2) _ daHaH / f za —zdaada

_ da ||0l||2 / —za pidac
= f(e do
= (-1 (a\a( 7))-

On the other hand, since p(t) = (ale®ta(f)) for all t € R and a(f) is in the domain
of €% there is a function ®y(z) which is continuous on the strip & and holomorphic
in its interior, such that ®9(t) = ¢(t). Moreover, by Lemma [B.2] we have ®5(—i/2) =
ag(ala(foj)). Now, ®(t) = Po(t) for all t € R and hence, by the Schwarz reflection
principle we have ®;(z) = ®,(z) for all 2 € & and hence (—1)% (ala(foj)) = aq(ala(fo
7). The conclusion then follows from the fact that we can take f € C*°(S', R) with
support in S*, and such that (a|a(f o j)) # 0 O

The following theorem is a straightforward consequence of Lemma together
with Prop. B.3l

Theorem B.4. Let K =in(L; — L_y) and let f € C°°(S') with suppf C S*,. Then
a(f) is in the domain of €2 and e2Xa(f) = (—1)%a(f o j), where j(z) =z~ for all
ze St

Proposition B.5. Let V' be a simple unitary energy-bounded VOA and let a € Vg,
be quasi-primary. Then Y (a, f)Q = a(f).
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Proof. Tt follows directly from Eq. ([J) that a_,—4,Q = SLTQ for all n € Zs,.
Moreover, a,{) = 0 for all integers n > —d,. Hence the conclusion follows from the
definition of a(f). O

The following theorem plays a crucial role in the proof of Thm.

Theorem B.6. Let V be a simple unitary energy-bounded VOA and let a € Vg,
be quasi-primary. Let K = in(Ly — L_y) and let f € C°°(S') with suppf C S',.
Then Y (a, f)S2 is in the domain of e2X and e2XY (a, f)Q = (=1)%Y (a, f o j), where
j(z) =271 forall z € S*.

Proof. The theorem follows directly from Thm. [B.4land Prop. [B.8lin the case d, > 0.
In the case d, = 0 it holds true trivially. O

Acknowledgements. We thank V. Kac and F. Xu for useful discussions and com-
ments. S. C. would like to thank Y. Tanimoto for pointing him references [35] and

I80).

References

[1] V. Bargmann: On unitary ray representations of continuous groups. Ann. of
Math 59 (1954), no. 1, 1-46.

[2] J. Bisognano, E. Wichmann: On the duality condition for a Hermitian scalar
field. J. Math. Phys. 16 (1975), 985-1007.

[3] B. Blackadar: Operator algebras. Springer-Verlag, Berlin-Heidelberg-New York,
2006.

[4] H.J. Borchers, D. Buchholz and S. J. Summers: Polarization free generators and
the S-matrix. Commun. Math. Phys. 219 (2001), no. 1, 125-140.

[5] H.J. Borchers and J. Yngvason: Positivity of Wightman functionals and the
existence of local nets. Commun. Math. Phys. 127 (1990), no. 3, 607-615.

[6] H.J. Borchers and J. Yngvason: From quantum fields to local von Neumann
algebras. Rev. Math. Phys. Special Issue (1992), 15-47.

[7] H.J. Borchers and W. Zimmermann: On the self-adjointness of field operators.
Nuovo Cimento XXXI (1963), 1047-1059.

[8] H. Bostelmann: Phase space properties and the short distance structure in quan-
tum field theory. J. Math. Phys. 46 (2005), no. 5, 052301, 17 pp.

[9] O. Bratteli and D.W. Robinson: Operator algebras and quantum statistical me-
chanics 1. Springer-Verlag, Berlin-Heidelberg-New York, 1987.

79



[10]

[11]

[12]

[13]

[14]

[15]

R. Brunetti, D. Guido and R. Longo: Modular structure and duality in conformal
quantum field theory. Commun. Math. Phys. 156 (1993), no. 1, 201-219.

R. Brunetti, D. Guido and R. Longo: Modular localization and Wigner particles.
Rev. Math. Phys. 14 (2002), Nos. 7, 8, 759-785.

D. Buchholz: On quantum fields that generate local algebras. J. Math. Phys. 31
(1990), no. 8,1839 -1846.

D. Buchholz, G. Mack and I.T. Todorov: The current algebra on the circle as a
germ of local field theories. Nucl. Phys. B (Proc. Suppl.) 5B (1988) , 20-56.

D. Buchholz and H. Schulz-Mirbach: Haag duality in conformal quantum field
theory. Rev. Math. Phys. 2, no. 1, (1990), 105-125.

S. Carpi: Absence of subsystems for the Haag-Kastler net generated by the
energy-momentum tensor in two-dimensional conformal field theory. Lett. Math.
Phys 45 (1998), no. 3, 259-267.

S. Carpi: Quantum Noether’s theorem and conformal field theory: a study of
some models. Rev. Math. Phys. 11 (1999), no. 5, 519-532.

S. Carpi: Classification of subsystems for the Haag-Kastler nets generated by
¢ =1 chiral current algebras. Lett. Math. Phys. 47 (1999), no. 4, 353-364.

S. Carpi: On the representation theory of Virasoro nets. Commun. Math. Phys.
244 (2004), no. 2, 261-284.

S. Carpi: Intersecting Jones projections. Int. J. Math. 16 (2005), no. 6, 687-691.

S. Carpi and M. Weiner: On the uniqueness of diffeomorphism symmetry in
conformal field theory. Commun. Math. Phys. 258 (2005), no.1, 203-221.

S. Carpi, Y. Kawahigashi and R. Longo: Structure and classification of super-
conformal nets. Ann. H. Poincaré 9 (2008), no. 6, 1069 -1121.

N. Chriss and V. Ginzburg: Representation theory and complex geometry. Boston-
Basel-Berlin: Birckhaiiser, 1997.

A. Connes: Une classification des facteurs de type III. Ann. Scient. Ec. Norm.
Sup., 4¢ série 6 (1973), 133-252.

C. D’Antoni, R. Longo and F. Radulescu: Conformal nets, maximal temperature
and models from free probability. J. Operator Theory 45 (2001), no.1, 195-208.

Ph. Di Francesco, P. Mathieu and D. Sénéchal: Conformal Field Theory.
Springer-Verlag, Berlin-Heidelberg-New York: Springer Verlag 1996.

80



[20]

[27]

28]

[29]

[30]

[31]

[32]

[33]

R. Dijkgraaf, C. Vafa, E. Verlinde and H. Verlinde: The operator algebra of
orbifold models. Commun. Math. Phys. 123 (1989), no. 3, 485-526.

C. Dong and R.L. Griess Jr.: Rank one lattice type vertex operator algebras and
their automorphism groups. J. Algebra 208, no. 1 , 262-275.

C. Dong and X. Lin: Unitary vertex operator algebras. J. Algebra 397 (2014),
252-277.

C. Dong and G. Mason: Quantum Galois theory for compact Lie groups. J.
Algebra 214 (1999), no. 1, 92-102.

C. Dong and F. Xu: Conformal nets associated with lattices and their orbifolds.
Adv. Math. 206 (2006), no. 1, 279-306.

S. Doplicher and R. Longo: Standard and split inclusions of von Neumann alge-
bras. Invent. Math. 75 (1984), no. 3, 493-536.

W. Driessler and J. Frohlich: The reconstruction of local observables from the
Euclidean Green’s functions of relativistic quantum field theory. Ann. Inst. H.
Poincaré, Section A 27 (1977), 221-236.

W. Driessler, S.J. Summers and E.H. Wichmann: On the connection between
quantum fields and von Neumann algebras of local operators. Commun. Math.
Phys. 105 (1986), no. 1, 49-84.

D.B.A. Epstein: The simplicity of certain groups of homeomorphisms. Compositio
Math. 22, (1970), 165-173.

D.B.A. Epstein: Commutators of C*°-diffeomorphisms. Appendix to “A curious
remark concerning the geometric transfer map” by John N. Mather. Comment.
Math. Helvetici 59 (1984), no. 1, 111-122.

D.E. Evans and Y. Kawahigashi: Quantum symmetries on operator algebras.
Oxford University Press, New York, 1998.

K. Fredenhagen and J. Hertel: Local algebras of observables and pointlike local-
ized fields. Commun. Math. Phys. 80 (1981), no. 4, 555-561.

K. Fredenhagen and M. Jor: Conformal Haag-Kastler nets, pointlike localized
fields and the existence of operator product expansions. Commun. Math. Phys.
176 (1996), no. 3, 541-554.

[.B. Frenkel, Y.-Z. Huang and J. Lepowsky: On axiomatic approaches to vertex
operator algebras and modules. Mem. Amer. Math. Soc. 104 (1993), no. 494, viii
+ 64 pp.

[.B. Frenkel, J. Lepowsky and A. Meurman: Vertex operator algebras and the
monster. Academic Press, Boston, 1989.

81



[41]

[42]

[43]

[44]

[45]

[46]

D. Friedan, Z. Qiu and S. Shenker: Conformal invariance, unitarity and two
dimensional critical exponents. Phys. Rev. Lett. 52 (1984), no. 18, 1575-1578.

D. Friedan, Z. Qiu and S. Shenker: Details of the non-unitarity proof for high-
est weight representations of the Virasoro algebra. Commun. Math. Phys. 107
(1986), no. 4, 535-542.

P. Furlan, G. M. Sotkov and I.T. Todorov: Two-dimensional conformal quantum
field theory. Riv. Nuovo Cimento 12, no. 6 (1989) 1-202.

F. Gabbiani and J. Frohlich: Operator algebras and conformal field theory. Com-
mun. Math. Phys. 155 (1993), no. 3, 569-640.

J. Glimm and A. Jaffe: Quantum physics. 2nd ed. Springer-Verlag, Berlin-
Heidelberg-New York, 1987.

P. Goddard, A. Kent and D. Olive: Unitary representations of the Virasoro and
super-Virasoro algebra. Commun. Math. Phys. 103 (1986), no. 1, 105-119.

R. Goodman and N.R. Wallach: Structure and unitary cocycle representations
of loop groups and the group od diffeomorphisms of the circle. J. Reine Angew.
Math. 347, (1984) 69-133.

R. Goodman and N.R. Wallach: Projective unitary positive-energy representa-
tions of Diff(S). J. Funct. Anal. 63, (1985), no. 3, 299-321.

D. Guido and R. Longo: The conformal spin and statistic theorem. Commun.
Math. Phys. 181 (1996), no. 1, 11-35.

R. Haag: Local quantum physics. 2nd ed. Springer-Verlag, Berlin-Heidelberg-New
York, 1996.

R.S. Hamilton: The inverse function theorem of Nash and Moser. Bull. Amer.
Math. Soc. 7 (1982), no. 1, 65-222.

A. Hanaki, M. Miyamoto and D. Tambara: Quantum Galois theory for finite
groups. Duke Math. J. 97 (1999), no. 3, 541-544.

M. Herman: Simplicité du groupe des difféomorphismes de classe C'*°, isotopes
a l'identité, du tore de dimension n. C.R. Acad. Sci. Paris Sér. A-B 273 (1971),
A232-A234.

G. Hohn: The group of symmetries of the shorter Moonshine module. Abh. Math.
Semin. Univ. Hambg. 80 (2010), no. 2, 275-283.

M. Izumi, R. Longo and S. Popa: A Galois correspondence for compact groups of

automorphisms of von Neumann algebras with a generalization to Kac algebras.
J. Funct. Anal. 155 (1998), no. 1, 25-63.

82



[56] V.F.R. Jones: Index of subfactors. Invent. Math. 72 (1983), 1-25.

[57] V.F.R. Jones: Fusion on algebres de von Neumann et groupe de lacets [d’apre A.
Wassermann|. Séminaire Bourbaki, 47éme année, 1994-95, n. 800, Juin 1995.

(58] V.G. Kac: Infinite dimensional Lie algebras. 3rd ed. Cambridge University Press
1990.

[59] V.G. Kac: Vertez algebras for beginners. 2nd ed. Providence, RI: AMS 1998.

[60] V.G. Kac, R. Longo and F. Xu: Solitons in affine and permutation orbifold.
Commun. Math. Phys. 253 (2005), no. 3, 723-764.

[61] V.G. Kac, P. Moseneder Frajria, P. Papi and F. Xu: Conformal embeddings and
simple current extensions. Int. Math. Res. Notices. doi: 10.1093/imrn/rnu092

[62] V.G. Kac and A. K. Raina: Bombay lectures on highest weight representations of
infinite dimensional Lie algebras. World Scientific, Singapore, 1987.

[63] R.V.Kadison and J.R. Ringrose: Fundamentals of the theory of operator algebras.
Volume I: Elementary theory American Mathematical Society, 1997.

[64] R.V. Kadison and J.R. Ringrose: Fundamentals of the theory of operator algebras.
Volume II: Advanced theory American Mathematical Society, 1997.

[65] Y. Kawahigashi and R. Longo: Classification of local conformal nets. Case ¢ < 1.
Ann of Math. 160 (2004), no. 2, 493-522.

[66] Y. Kawahigashi and R. Longo: Local conformal nets arising from framed vertex
operator algebras. Adv. Math. 206 (2006), no. 2, 729-751.

[67] Y. Kawahigashi, R. Longo and M. Miiger: Multi-interval subfactors and mod-

ularity of representations in conformal field theory. Commun. Math. Phys. 219
(2001), no. 3, 631-669.

[68] H. Kosaki: Type III factors and index theory. Research Institute of Mathematics,
Global Analysis Research Center, Seoul National University, 43, 1998.

[69] S. Koster: Local nature of cosets models. Rev. Math. Phys. 16, no. 3, 353-382.

[70] J. Lepowsky and H. Li: Introduction to vertex operator algebras and their repre-
sentations. Birkauser, Boston, 2004.

[71] H. Li: Symmetric invariant bilinear forms on vertex operator algebras. J. Pure
Appl. Algebra 109 (1994), no. 3, 279-297.

[72] T. Loke: Operator algebras and conformal field theory of the discrete series rep-
resentation of Diff " (S1). PhD Thesis, University of Cambridge, 1994.

83



[73]

[74]

[75]

[76]

[77]

[78]

[80]

[81]

[82]

[83]

[84]

[85]

[36]
[87]

[38]

R. Longo: Notes on algebraic invariants for non-commutative dynamical systems.
Commun. Math. Phys. 69 (1979), no. 3, 195-207.

R. Longo: Index of subfactors and statistics of quantum fields. I. Commun. Math.
Phys. 126 (1989), no. 2, 217-247.

R. Longo: Conformal subnets and intermediate subfactors. Commun. Math.
Phys. 237 (2003), no. 1-2, 7-30.

R. Longo: Real Hilbert subspaces, modular theory, SL(2, R) and CFT. In: Von
Neumann algebras in Sibiu, 33-91, Theta Ser. Adv. Math., 10, Theta, Bucharest,
2008.

R. Longo: Lecture notes on conformal nets (in preparation).
http://www.mat.uniroma2.it/longo/Lecture_Notes.html

R. Longo, K.-H. Rehren: Nets of subfactors. Rev. Math. Phys. 7 (1995), no. 4,
567-597.

R. Longo and F. Xu: Topological sectors and a dichotomy in conformal field
theory. Commun. Math. Phys. 251 (2005), no. 2, 321-364.

J.N. Mather: Simplicity of certain groups of diffeomorphisms. Bull. Amer. Math.
Soc. 80 (1974), no. 2, 271-273.

A. Matsuo: 3-transposition groups of symplectic type and vertex operator alge-
bras. J. Math. Soc. Japan 57 (2005), no. 3, 639-649.

A. Matsuo and K. Nagatomo: On azioms for a vertex algebra and the locality of
quantum fields. MSJ Memoirs, 4. Mathematical Society of Japan, Tokyo, 1999.
x+110 pp.

J. Milnor: Remarks on infinite-dimensional Lie groups. In B.S. De Witt and R.
Stora Eds.: Relativity, groups and topology II. Les Houches, Session XL, 1983,
Elsevier, Amsterdam, New York, 1984, pp. 1007-1057.

M. Miyamoto: A new construction of the moonshine vertex operator algebra over
the real number field. Ann. of Math. 159 (2004), no. 2, 535-596.

K.-H. Neeb and H. Salmasian: Classification of positive energy representations
of the Virasoro group. Int. Math. Res. Notices. doi: 10.1093 /imrn/rnul97

E. Nelson: Analytic vectors. Ann. of Math. 70 (1959), no. 3, 572-615.

S. Popa: Classification of subfactors and their endomorphisms. CBMS Regional
Conference Series in Mathematics 86, American Mathematical Society, 1995.

A. Pressley and G. Segal: Loop groups. Oxford University Press 1986.

84


http://www.mat.uniroma2.it/longo/Lecture_Notes.html

[89]

[90]

[91]

[92]

L. Pukanzsky: The Plancherel formula for the universal covering group of
SL(2,R). Math. Annalen 156 (1964), 96-143.

M. Reed and B. Simon: Methods of modern mathematical physics 1. Functional
analysis. Revised enlarged ed. Academic Press, New York, San Francisco, Lon-
don, 1980.

K.-H. Rehren: A new view of the Virasoro algebra, Lett. Math. Phys. 30 (1994),
no. 2, 125-130.

M. Roitman: Invariant bilinear forms on a vertex algebra. J. Pure Appl. Algebra
194 (2004), no. 3, 329-345.

W. Rudin: Functional analysis. 2nd ed. McGraw-Hill, Singapore, 1991.

S. Stratila : Modular theory in operator algebras. Abacus Press, Tunbridge Wells,
Kent (1981).

R.F. Streater and A.S. Wightman: PCT, spin and statistics and all that. Addison-
Wesley, 1989.

W. Thurston: Foliations and groups of diffeomorphisms. Bull. Amer. Math. Soc.
80 (1974), no. 2, 304-307.

V. Toledano Laredo: Fusion of positive energy representations of LSpins,, PhD
Thesis, University of Cambridge, 1997.

V. Toledano Laredo: Integrating unitary representations of infinite-dimensional
Lie groups, J. Funct. Anal. 161 (1999), no. 2, 478-508.

A. Wassermann: Operator algebras and conformal field theory. In Proceed-
ings of the International Congress of Mathematicians, Zirich, Switzerland 1994,
Birkhauser Verlag, Basel, Switzerland 1995.

[100] A. Wassermann: Operator algebras and conformal field theory III: Fusion of

positive energy representations of SU(N) using bounded operators. Invent. Math.
133 (1998), no. 3, 467-538.

[101] M. Weiner: Conformal covariance and related properties of chiral QFT. Tesi

di dottorato. Universita di Roma “Tor Vergata”, 2005, arXiv:math/0703336
[math.OA]

[102] M. Weiner: An algebraic version of Haag’s theorem. Commun. Math. Phys. 305

(2011), no. 2, 469-485.

[103] F. Xu: Algebraic coset conformal field theory. Commun. Math. Phys. 211

(2000), no. 1, 1-43.

85


http://arxiv.org/abs/math/0703336

[104] F. Xu: Strong additivity and conformal nets. Pacific J. Math. 221 (2005), no.
1, 167-199.

[105] F. Xu: On examples of intermediate subfactors from conformal field theory.
Commun. Math. Phys. 320 (2013), no. 3, 761-781.

86



	1 Introduction
	2 Preliminaries on von Neumann algebras
	3 Preliminaries on conformal nets
	4 Preliminaries on vertex algebras
	5 Unitary vertex operator algebras
	6 Energy bounds and strongly local vertex operator algebras
	7 Covariant subnets and unitary subalgebras
	8 Criteria for strong locality and examples
	9 Back to vertex operators
	A Vertex algebra locality and Wightman locality
	B On the Bisognano-Wichmann property for representations of the Mö group

