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Abstract

We prove the existence of scattering solutions for multidimensional mag-
netic Schrodinger equation such that the scattered field belongs to the weighted
Lebesgue space L2 ;(R™) (n > 2) with some § > 5. As a consequence of this we
provide the mathematical foundation of the direct Born approximation for the
magnetic Schrodinger operator. Connection to the inverse Born approximation
is discussed with numerical examples illustrating the applicability of the method.
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1 Introduction

We develop a time harmonic scattering theory for the magnetic Schrodinger operator,
analogous to the well-known theory for the Schrodinger operator. For this purpose we
consider a Lippmann-Schwinger equation and prove that it is a Fredholm equation on
the weighted Lebesgue space L2. We then establish the asymptotic behavior of the
scattering operator and its Born, or linear, approximation and an explicit formula for
the first nonlinear term in the Born series.

The direct Born approximation is known as the most applicable approximate
method in the numerous practical problems. It is also known that the inverse scatter-
ing Born approximation is well-defined and perfectly works (as a mathematical tool)
in the case of linear and nonlinear Schrodinger operators and for all types of scattering
data: full scattering, backscattering, fixed angle scattering and fixed energy scatter-
ing. For some scattering data it is possible to get the uniqueness and reconstruction
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procedure while for some data we are able to reconstruct singularities and jumps of
unknowns even when there is no uniqueness. We mention here the results of Péivarinta
and Somersalo [1], Nachman [2], [3], Sun and Uhlmann [4], Isakov and Sylvester [5],
Péivarinta, Serov and Somersalo [6], Péivéarinta and Serov [7], [8], [9], Ola, Paivarinta
and Serov [10], Ruiz [11], Ruiz and Vargas [12], Péivérinta and Serov [13], Reyes [14],
Serov [15], Serov and Harju [16], [17], Serov and Sandhu [18], Lechleiter [19], Reyes
and Ruiz [20]. The main point of all these results is the precise calculation of the first
(quadratic) nonlinear term in the Born series.

For the magnetic Schrodinger operator the direct scattering problem (i.e., existence
of the scattering solutions) as well as the inverse scattering Born approximation are
much less familiar. We are only aware of [21, 22, 23|. Indeed, in [21] the authors
assumed that magnetic and electric potentials with derivatives up to orders 4 and
5, respectively, decay exponentially. They were able to prove that the scattering
amplitude at fixed energy determine uniquely the electric potential. In [22] the authors
relaxed these assumptions to one derivative of magnetic potential and just electric
potential decaying exponentially while proving the same main result. The inverse
backscattering problem for magnetic Schrodinger was considered in [23] in the two-
dimensional case under the assumptions that the magnetic potential, its gradient and
electric potential have some polynomial decay at infinity.

In this work we continue to study the inverse backscattering problem in the mul-
tidimensional case. The big interest to this problem is connected to the fact that the
knowledge of the scattering amplitude with backscattering data allows us to obtain
essential information about the unknowns. The main goal of the present work is to
justify the direct and inverse Born approximation for the magnetic Schrodinger oper-
ator. What is more, we will give the first (to the best of our knowledge) numerical
examples illustrating this in two dimensions using backscattering data.

We consider the magnetic Schrodinger operator

H=—(V+iW()?+V(z), =zeR"

in dimensions n > 2 where the coefficients W (z) and V(z) are assumed to be real-
valued. We assume generally that

We W, R, Ve LR, M)

U>max(1;n<1—%)>, p>n. @)

Here L2 (R™) denotes usual weighted Lebesgue space defined by finiteness of the norm

where

1/p
1fll e mny = (/Rn(l + IxI)pU|f(:B)|pd93) .
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The Sobolev space W, ,(R") is understood so that f belongs to W, ,(R") if and only if f
and V f belong to L2(R™). It is the same (up to equivalent norms) that (1+|z|?)?/2f €
W, (R™). For the case p = 2 instead of the symbol W5, (R") we use the symbol HJ(R").

It is known, see [24], that under these conditions for the coefficients of the magnetic
Schrodinger operator the following Garding’s inequality holds:

(Hu, u) 2@y 2 v VullZa@ny = CllullZz@n),

where 0 < v < 1 and C' > 0. This inequality allows us to define symmetric operator
H by the method of quadratic forms. Then H has a self-adjoint Friedrichs extension
with the domain (in general)

D(H) ={f € W,(R") : Hf € L*(R")}.
In our particular case it is possible to prove that actually
D(H) = W3 (R"), (3)

see Appendix.
In the scattering theory the main role are played by the special solutions (scattering
solutions) of the equation

which are of the form
u(z) = up(z) + use (),

where ug(x) = e*®9 is incident plane wave with direction # € S"~! and the scattered

wave ug. () satisfies the Sommerfeld radiation condition at the infinity, i.e.

lim "7 (M — ikusc(a:)) =0, r=]lz|

r—+400 87“

In this case the total field u satisfies the so-called Lippmann-Schwinger equation
ule) =uwle) + [ Gilo = o) (AVOT@uw) - @) ds. ()

where ¢ := iVW +|W |24V and Gy is the kernel of integral operator (—A — k2 —i0)~".
Since W W, (R") C L>*(R"),p > n then
q € L5(R")

with the same p and o as in (2)
In Section 2, we show that, for every incident wave ug(x), there exists a unique
scattering solution to the equation Hu = k?u such that the scattered field ug. belongs
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to the weighted Lebesgue space L? s(R") with some § > % We do this by showing

that the Lippmann-Schwinger integral equation (4) is Fredholm on this Hilbert space.
In Section 3, (in order to define the scattering amplitude) we prove the asymptotic

ikr

Use < c——A(k,0',0)

r2

as r = |x| — oo, where ¢’ = fay- The function A(k,0',0) here is the scattering ampli-
tude, the kernel of the relative scattering operator (also called the far field operator),
which summarizes all the data that can be obtained from scattering experiments.
The dependence of the scattering operator on the potentials V" and W is not linear.
The Born, or single scattering approximation, provides insight into the full non-linear
problem, and is often a good enough approximation to provide meaningful results in
many applied inverse problems. In Section 3, we compute the Born approximation of
the scattering operator for the magnetic Schrodinger operator. Even more, we go one
step further and compute the second term in the Born series. In Section 4 we discuss

connection to inverse Born approximation and give numerical examples of it in Section

D.

2 Existence of the scattering solutions

Using the representation u = wug + us. we rewrite the integral equation (4) only for
scattered field ug. as

) = (o) + [ GL(le = o) (V07 Wely) = o)) dy (9

n

where g is equal to

io(2) = | GE(lw = y)) (2907 (9)uo(v) — aly)uo(y) ) dy.

Rn

We use the following results of Agmon [25, Remark 2, Appendix A]: for any g €
H?(R") it is true that

1
WHQHHEE(R") + gl @y + klllgllez @) < (A +E)glliz@ny, |kl > 1,

where 6 > % and H°;(R"),s = 0,1,2, denotes the weighted Sobolev spaces. As a

consequence we have uniformly in |k| > 1 the crucial estimates
A—k*—i0)"! < b
(A = k* —i0) f||L36(Rn) = m”fHLg(Rn),
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I(=A = k* = 10) " fll g ) < BIlF Il zzrny- (6)

The constant 8 will be used below precisely.

The operator (—A — k? —i0)~! is the integral operator of convolution type. Then
using duality we can conclude that uniformly in |k| > 1 it maps continuously H; '(R")
to L? ;(R") with the same norm estimate 3 as above, i.e.

(=2 = &% =10) "' fll 22 @n) < Bl Nl i1y (7)

where H;'(R") denotes the dual of the Sobolev space H!;(R").
We rewrite (5) as the operator equation

Use = Uo + Lg(use), o = Lg(uo),

where the integral operator Ly is defined as

Lf(e) = [ Gl = ol) (V07 F0) - a) )y 0

The mapping properties and asymptotic expansion of the operator L are studied
in the following lemmas which have also independent interest.

Lemma 2.1. Let us assume that conditions (1) and (2) are fulfilled. Then ty €
Lz_a/z(R") and the integral operator Ly maps LZ_U/Q(R”) into itself, where o is the
same as in (2). Moreover, uniformly in |k| > 1 the following estimates hold

liollzz e < B (21 52 ) + Nl 22, ) (9)

and
|Eef ez, ey < B (207 lagen + Collallzgn ) Ifllz2 s (10)

where the constant C’p 15 equal to

“r = (wlfrw Fﬁ)) '

Proof. Conditions (2) for p and o imply that § > 5 and

LP(R™) C LU/2(R ).

It is therefore true that under the conditions (1) and (2) the functions V/, W, VW
and [IW|? belong to L2/2( ™). Since ug is bounded then using Agmon’s result (6) we
obtain

< B

liollzz, e < 1 (I s, o + sz ) -
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Hence, the estimate (9) is proved. Next, applying (7) we obtain for any f € L2_U/2(]R")
that

IZaf e ey < B (AT OV )l oy + ol o)
< 8 (27 ey + 107 D o)
<ﬁ(2||W||LmRn>||f||L2 o+ 1l o)

since the conditions (1) and (2) guarantee that W belongs to L=(R™). In order to
estimate the second term ||qf]| 1 (k) WE proceed as follows. First, we rewrite and

estimate this norm (using Holder s and Hausdorff-Young inequalities) as

laf -2, ey = = |G Fllm-2ny = 1F(GF) ]2, n) <Co||F(Qf)|| e

Q(Rn
< Co<277)_n/p||§f||L%(Rn) < Co(QW)_"/pIIQIILMR”)||f||L2(Rn)a p>n,

where F is the Fourier transform, G(z) = (1 + |z[>)7/%q(x), f(z) = (1 + |z|>)~7/*f(z)
and the constant Cj is equal to

1 1/117 \/7_1_” o0 - 1/10
Cy = ——d = — = (1 —p/24 ) )
0 (/ AT PP ) (r<g>/o rE (L)

Combining this constant Cy with the latter inequality we obtain the value for the
constant C, from lemma and the inequality (10). Thus, lemma is proved. O

Corollary 2.1. The integral operator Ly for fixzed k > 0 maps L>®(R™) into itself with
the norm estimate depending on the norms ||W{| e @ny and [/q|| 1z mn).-

Lemma 2.2. Under the same assumptions as in Lemma 2.1, for any fized k > 0 and
for any f € C§°(R™) the following asymptotical representation holds:

ikl 5 . 3}
Lef(e) = C5 [ o0 (2000 () () + ) £(0))

|;L‘|T
1

where §' = % and constant C' > 0 depends only on n.

Proof. Since f € C§°(R™) then integration by parts in (8) leads to

Lif(@) = =21 | V,Gi(la - Y)W (y) f(y)dy — | Gi(le = yDal)f (y)dy.



In view of this version of (8) one must study the behavior for |x| — oo of the functions
G} and VGY{, ie.

n—2 n—2
i k T r—y i k T
) T Y, ke — ),k .
1 (%\x—y\) S A P (27r!93 —y|

respectively, where H, l(,l) denotes the Hankel function of first kind and of order v. Since
k > 0 is fixed and y is bounded then k|x —y| — oo as |x| — oco. Thus we may use the

D (kle =),

M\j/‘\

behavior of the Hankel functions H" for large argument (see, for example, [26]), i.e

W e” 1 P 1
HnT_Q(z) —cn\/_—i-O (23/2), Hg (2) = _lcn\/—+0 (23/2>’

where z — 400 and the constant ¢, (which is the same for both asymptotic) is equal
to (see, for example, [26])

Hence, we obtain

' iklz—y| J. %= 1
Gilr—yl) = ——= 5" 10—, 2>+
k

42m)"5 |z — gl

=]
and (using E y| ot O(%')) we have also
1]€|£L‘ y|]€n 3 1
G$(|l‘—y|): Cnn_z Qlk +O —n+1 , |ZL” — +00
42m) T e -yl |2
with ' = ‘ In addition to these asymptotics, for bounded y and |z| — 400 we have
o=y = 27T+ O, e = ) O,

and therefore

Lif(z) = Cn% / e M) (2WW( )f(y) + q(y)f(y)> dy + O (#) ,

x| 2

1cn

. Thus, lemma is proved. O
4(27r)

where ¢, = —

These lemmas allow us to achieve the main goal of this section in the form of the
first main result of this work. Let us denote by a and ~ the following norms:

=2 Wie@n + Collalligen, 7= 20Wllez o) + lallsz @ (12)



Theorem 2.1. Assume that the conditions (1) and (2) for the coefficients of H are
satisfied and assume that oS < 1. Then for any |k| > 1 the integral equation (5) has
a unique solution us. from the space L%U/z(R"). Moreover, uniformly in |k| > 1 the
following estimate holds

[l

HUSCHL /2(R S 1 /BOC

(13)

Proof. Lemma 2.1 and the conditions of this theorem say that the integral operator
Lj maps in L%U/Q(R”) with the norm estimate

el @myr2 ,mn) < B < 1. (14)

In particular,

||LkHHi/gz/z(R")HLQ_G/Q(R") < BO‘-

Since g also belongs to L? /2(R") (see Lemma 2.1) with the norm estimate 37 then
the integral equation has a unique solution ug. that can be obtained by the iterations

as
]

= (I = L)\ (f0) = Y _ Lj(do)-
§=0
The norm estimate follows now from Lemma 2.1 and the latter representation. It
proves the theorem. O

Corollary 2.2. Under the conditions of Theorem 2.1, us.(x,k,0) belongs to L=(R"™)
in x for any fized k > 0 and uniformly in 6 € S*1.

3 Scattering amplitude and direct backscattering
Born approximation

In this section we will consider the direct backscattering Born approximation for the
magnetic Schrodinger operator H with conditions (1)-(2) but with o > n —n/p there.
The motivation for this problem is connected to the fact that the knowledge of the
scattering amplitude with the backscattering data gives essential information about
the unknown functions V and W.

Theorem 2.1, Lemma 2.2 (see representation (11)) and Corollary 2.1 yield the
following asymptotical representation (we may integrate by parts in (5) with these
new conditions (1)-(2) for the coefficients of H since u is bounded for fixed k& > 0) for
the scattering solutions u(z, k, 0) with fixed & > 0 as |z| — +oo:

ik|z|g. 253 1
u(z, k,0) = e x9)+0%14(k,9’,0)+0( ) (15)

|| ||
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where the function A is called the scattering amplitude and defined by
A ,0) = [ O (2001 (uly) + awuly)) (16)

Here (as above) ¢ = iVW + |W|2+ V, the constant C > 0 depends only on n and the
latter equality is understood in the sense of tempered distributions.
Substituting u = wug + use into (16) gives that

A .0) = [0 (200 (o) + a(w)uo(w) dy
+ /n e kOw) (2k9 W (y)use () + q(y)usc(y)) dy =: Ag(k,0',0) + R(k,6',0). (17)

The function Ag is called the direct Born approximation. It can be easily checked that
Ag is actually equal to

Ag(k,0',0) = 2k0'F(W) (k(0 — 0)) + F(q)(k(0 — 0"))
— k(O +0)FW) (k0 —0))+ F(W|* + V) (k6 —0'), (18)

where I denotes the n—dimensional Fourier transform
F()E&) = [ flz)e™da
Rn

Next we establish a connection between the direct Born approximation and the
coefficients of the magnetic Schrodinger operator. In the future, this might give insight
into the inverse scattering problem with full scattering data.

Proposition 3.1. Let € # 0 be an arbitrary vector from R" and let él be the unit
vector that is orthogonal to &. Let also k > 0 be such that £ < 4k*. Let us choose 0
and 0" as follows:

_5 é-J_ 2 2 / 6 &-J_ 2 2
_2k+2kz 4k?2 - &2, 0 = 2k+2k: 4k? — £2.

Then 0,0 € S*™1, £ = k(0 —0'), and

F(WP +V)(E) = 5 (An(k,0,6) + Ap(k, ~0, ") o
19
VAR Z (6, FW)())pn = % (A(k, @,0) — A(k, —0, —0'))
Proof. Follows straightforwardly from (18) O
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Our next main interest (with respect to inverse problems) concerns to the par-
ticular case #' = —6. This case leads to the so-called direct backscattering Born
approximation, i.e.

Ab (K, —0,0) = F(|[W[* + V)(2k0). (20)

Formulae (17)-(20) show that in the frame of the backscattering Born approxima-
tion

Ak, —0,0) =~ F(IW|* + V)(2k0).
But we want to write precisely more terms in the Born series. This is presented in the
following theorems which constitute the second main result of this work.

Theorem 3.1. The backscattering amplitude A(k,—0,0) admits the following repre-
sentation

Ak, —0,0) = F(|[W|? 4 V) (2k0) + 2k0hy (k0) + ho(k0), (21)
where the functions hi(n), ho(n) both belong to L*°(R™) with the norm estimates
By

1Pl oeny, Rl poon) < (22)

1—pBa’
Proof. The formula (17) shows that

-

R(k,—0,60) = =2k [ * VW (y)us(y, k, 6)dy +/ O (1) use(y, k, 6)dy.

R’!’L

Since

use(x, k,0) = ZL uy), uo(x,k,0)= (0,2)

then the representation (21) follows from the latter formulas. The estimates (22) can
be easily obtained from (10) and (13) by using the Hélder’s inequality since W, g
belong to Lz/z(Rn) and u,. belongs to L%U/Q(R"). Thus, theorem is proved. O

Concerning the latter terms in the Born series (21) we have the following result.

Theorem 3.2. The sum of the functions 2k6h, and ho admits the following represen-
tation:

2k0hy (k0) + ho(k#) = — (271T)n / F(G)(/ff7 ;_ngg(_q)léke —n) 0
(247113 i / 0r (W )(k:f] j_nZF_(ivp(k@ —n) G b (k6), (23)

where q denotes the complex conjugate of q, and where the function h.s has the fol-
lowing estimate for |k| > 1

Bay’
1—fBa’

[[Pavest || Lo @) < 3 (24)
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Proof. The formulas (17) and (21) imply that the R(k, —0,0) = 2k0hy +ho = Ry + Ra,

where

Ry = —2k:9/ eik(e’y)W(y)Lkug(y,k‘,@)dy+/ e*OY) g (y) Lyuo(y, k, 6)dy,

n

R2:—2k9/ Gl ZLkUO y, k, «9)dy+/ kO

with Liug equal to (see (8))

Luayo ) = =280 [ TG (y — =)z — [ e

n

Rn
Using integration by parts, Ry can be written as

Ry = i/ R v W ZLkUO y, k,0) dy—|—21/ ek (0y) W

n

—/ KOV (W2 + V)(y ZLkuoy,kQ

Then we can easily obtain the representation

Ry = 4k:2/ / ROV G|y — 2 OW ()W (2)dyd =

Z kuO ya

2(2)Gi (ly — 2))dz

(Z Lito(y, k, 0)

7j=1

+ Qk/n /n eik(e,y-i-Z)G;_(‘y — zl)@[/f/(y>(q<z) _ q(Z))dydz

- / / SOV G |y — 2)g(y)a(x)dydz = I + L+ I5 (25)

in the sense of tempered distributions. Let us consider [;. Using the facts F'(G})(n) =

k=10 —— and F(¢- 1) = (2m) " F(¢) * F(¢)) we have

I = 4K? GVT/(z)eik(e’zz)/ O G (|u))OW (u + 2)dudz

n

Rn

- [ [ e OO0 g,
_ (;lijn / QF(MQ@QQ;%%(EM 0,
_ (;l:jn / 9F(W)(/fi;r_n3€92F_(W)(k9 —n) .

11
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Proceeding similarly for I, and I3 yields

[, _ ik / OF (W)(k6 + n)F(VW)(ke —7) an

(2m)" n? — k? —i0
__1 F(@)(k0 +n)F(q) (k0 —n)
I3 = @n) / T dn. (26)

Since I, is actually equal to

_ dik OF (W) (k6 + n)(—ik0 + in) F(W)(k6 — 1)
I =~ (27" / % — k% —i0 d
B 4k OF (W) (k6 + n)nF (W) (k6 — n)
_[1—|— (271')"/R nQ—k2—iO d?]

then the main part in the representation (23) is proved. It remains now to estimate
hyest (or Ry). Indeed (see, (12)-(14)),

|Rg|g/ V- W(y Tao(y, k, 0) dy+2 VZLuoy,kH

[ TR+ V) |3 a0

< lallzz, Rn>||ZLkuo||L2 (2T lp @l V3 Lol o

j=1

v Pay _, oy

< (llallzz ey + 20 13 e <3 .

< (Malzz ye + 207y ) 7= 5 < 37— 5
The latter inequality together with (24)-(26) show that Theorem 3.2 is completely
proved. []

Summarizing our considerations (see (20)-(26)) we may conclude that neglect-
ing h. the following direct backscattering Born approximation for the magnetic
Schrédinger operator holds

Ak, —0,0) ~ Ak, —0,0) :== F(JW|* + V) (2k0)
1 / F@)(k0 +n)F()(k0 —n) 4k / GF(W)<k0+n)nF(W)(k9—n)dn

T @2 72— k2 —10 NPT 7 — k2 — 10
(27)
. eikm‘kT ~
uP(, k,0) = @0 4 CTA(/?” —6,9). (28)
x| 2



These formulas give very good approximation for the backscattering amplitude A and
for the scattering solutions v uniformly in § € S"~!. It is important that for this
approximation we need to have only the magnetic potential W and electric potential
V', but we do not need to have the exact solution u(x, k, ) of the differential equation

Hu(z) = K*u(x).
4 Inverse Born approximation

The direct approximation (28) can be used for the inverse backscattering Born ap-
proximation as well. Theorems 3.1 and 3.2 give us the key to define the inverse
backscattering Born approximation as

b . n—1 —ik(0,x) v
qp(x) : @n) /0 k" dk /Sn1 e A (2, «9,9) de. (29)

Due to this definition and formula (20) (see also (28)) we conclude that

aB(@) = (W +V)(2) + dauad (%) + Grest (),

where the quadratic form gqu.q can easily be calculated precisely from (27) as

L o (/ F(G)(S—n)F(q)(n)dn>

q(luad(x) = - (2m)n t—a

n? —(&n) —1i0
1, EF(W)(n)(2n — ) F(W)(€ —n)
* (27)" 5%( R n* —(&mn) —1i0 dn>' 30)

This equality must be understood in the sense of tempered distributions. The precise
form (30) of the quadratic term gquaq allows us to estimate its smoothness in the two
dimensional case. Indeed, we have the following result from [23, Theorem 2.2].

Proposition 4.1 (n = 2). Let us assume that conditions (1) and (2) are fulfilled. Let

us also assume that F(q), F(W) € L*(R?) for some 1 < s < 2. Then qqua belongs to
the space

1. H(R?*),t <4/s—2 for4/3 < s<2;
2. H'(R?) for s =4/3;
3. C(R*) N L>(R?) for 1 < s <4/3.

The latter proposition means that the term ¢quaq is smoother than the original

potential V' (note that W is continuous and bounded). It means that we can recover
the main singularities of V' (such as jumps over smooth curves) using the inverse Born
backscattering approximation.
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Remark 4.1. If we assume that V € H*(R") and W € H*"(R") with compact
supports and with

n—1 n
<a< — =2,3
2 a 27 n )

then qquaa € C(R™) N L>®(R™). This further simplifies the recovery of singularities
of V. More precisely, using the inverse Born backscattering approximation we can
reconstruct all jumps and singularities of V.

5 Numerical examples

In this section we study numerically in two dimensions how well ¢} approximates
|W|?>+ V. To this end, we employ the following scheme proposed in [27, 28]. For given
V, W we compute an approximation to the scattered field ug. as

J
Use(T) = E wj,  uj = Lyuj_q,
Jj=1

(see the proof of Theorem 3.1) by performing numerical integration over the supports
of W,V see [27, 28] for details.
Then (synthetic) backscattering data is obtained from the approximation

A(k, —0,0) ~ 4—”1ﬁweikRuS€(—Re, k,0)
—1—1

after putting z = R§’ = —R6 in (15). We use J = 2, R = 10° in our examples and we

add 1% of Gaussian noise to scattering data.
In order to compute ¢} we invert (29) to read

/ k@O b (VA = A(k/2, —6, ). (31)
R2

We represent ¢3 in the discrete form

ap(r) = Z Fixer, (@),

where 7; is a subdivision of unit cube, our area of interest, and xq is the characteristic
function of Q C R2. If we substitute this representation into (31) and evaluate it
at several points k,# we obtain a linear system Ef = g for the solution of unknown
coefficients f = (f;)7;.
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We use N = 802, 12 values for k& and 40 values for 6 uniformly from the unit
circle. Hence our linear system is of size 480 x 6400. The regularized solution of our
underdetermined and ill-conditioned linear system is obtained by truncated singular
value decomposition (T'SVD) as follows. If £ = USV* with S = diag(sy,...,sy) is
the singular value decomposition of £ then we compute

f=VLU"g,

where L = diag(1/s1,...,1/5,,0,...,0) and s, is the last singular value exceeding a
prescribed tolerance s, = 0.02.

Next we describe our sample scatterers. Since W is actually bounded and continu-
ous we concentrate our attention to recovering jumps of V. We put V(z) = 0.5xq(z),
where the domain () is an ellipse in Example 1 and a rectangle in Example 2, see
Figures 1-2. For W = (Wy, Ws) we use the (infinitely smooth) bump function

Wi(x) = w; exp(1) Xy 2<,2 (z) exp(r7/(|z — 5" = 75)), j=1,2
supported in the ball of radius 7; centered at c; with scaled height w;. The following

table summarizes the parameters of magnetic potentials for both examples.

J W Cj Tj
1 V04 (03,05 02
2 V03 (0.5,—05) 0.2

In Figures 1-2, the left panel shows the unknown combination \W\Q + V. The right
panel shows the reconstruction of ¢3. In both figures white line indicates the true
geometry of the support of the scatterers. We see that the inverse Born approximation
is able to locate quite accurately the shape and location of these supports from noisy
data, even in the case of non-smooth support of V.
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Appendix: Proof of (3)
We rewrite first the magnetic Schrodinger operator in the form
H=—-A-2iW-V+7,

where ¢ = iVIV + |2 +V. Ifnow f € W3 (R") then for inclusion W3(R™) C D(H) it
is enough to show that W-v f and gf belong to L*(R™), since obviously Af € L?(R").
We have W € W, ,(R*) C W, (R") C L>*(R") for ¢ > 0 and p > n. This fact implies

that W -V f € L2(R") and g € LP(R™). Further, since W2(R") C L®(R") for n = 2,3
then

g1 Pdz = / g1 Pdz + / g Pda
R lg|<1 [g/>1

< Az @y + I 1o 01 o ey < 00
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for p > n. If n > 5 then using the imbedding W3(R") C L%(R") we obtain analo-
gously that

—_ —ndp/n
/R TP 1F2d < 117 2agmy + 1o [T 2y < 005 2> 1

The same result is valid for n = 4 due to the imbedding W2(R*) c L*(R*) for any
s < oo. Thus
WZ(R™) c D(H), n>2.

For the opposite inclusion we need to show that if ¢ = H f belongs to L*(R") with
f € WHR™) then actually f € WZ(R"). To this end, we use the identity

F=(=A+D)"Yg+2W - -Vf—qf+f)

Using now the imbedding W}(R") ¢ L==2(R") for n > 3 and W1(R?) C L*(R?) for

any s < oo we may easily obtain that

g+ 2AW -Vf—qf + f € L*R"), n>2.
Thus, f € W3 (R") since

(-A+ D)7 LARY) — WZRY), n>2.

This proves the needed opposite imbedding.
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