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3. In a recent paper? it was shown that the factors in the numerator of expres-
sion (1.1) do not represent hooks in [A], and, dividing them out, we have

!
h=1% (3.1)
where H is the product of the lengths of all the hooks in [A]. This formula is of
general interest, since it gives a simple interpretation for the quotient n!/f,. Note
that expression (2.2) is the special case of expression (3.1) appropriate to the skew
diagram [A;]< [A2]e. ..« [Aa]

It should be remarked in conclusion that an operator approach to the reduction
of the skew diagram [A\] — [u]is also available. Indeed, Feit’s formula was devised
to yield

fr—w = nl|2g], (3.2)

where z; = 1/(\; — j — u; + ©)!, with the same conditions as before. Setting
p = 0 when r and r + 1 appear in disjoint constituents of a standard skew diagram
yields the matrices of the induced representation corresponding to any [A\] — [u].
It is interesting to compare these ideas with the corresponding theory of Schur
functions {A} as developed by D. E. Littlewood.* One might add that this operator
approach does yield the enumeration of standard tableaux without the intervention
of any other machinery. Moreover, the relation (2.3) provides an immediate
proof that the character of a cycle of length nin [n — r, 1"] is (— 1)"; thus the
motion of a hook derives its significance directly from the raising operator which
has proved so important in the modular theory.®
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In the following, I shall introduce a notion of V-manifold, which is a generaliza-
tion of the notion of manifold as well as of that of quotient space of a manifold with
respect to a properly discontinuous group of transformations. I shall also indicate
how de Rham’s theorem and Poincaré’s duality theorem can be generalized to the
case of V-manifolds.

1. Let B be a Hausdorff space. A local uniformizing system (Lu.s.) {U , G, go}
for an open set U € 9B is by definition a collection of the following objects:

U: a connected open subset of R".
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G: a finite group of linear transformations of U onto itself. We assume that
the set of all fixed points of G is of dimension <n — 2.
¢: a continuous map U — U such that ¢ o ¢ = ¢ for all ¢ ¢ G. Then ¢ induces
a map from the quotient space @\ U onto U, which we assume to be a homeo-
morphism.
Let {U, @, ¢}, {U’, G*, ¢’} be Lus. for U, U’, respectively, and let U ¢ U’. By
an injection \: {U, G, o} = }0’, G’, ¢’} we mean a C-isomorphism A from U
onto a subdomain of U’ such that for any ¢ € G there exists o’ ¢ G’ satisfying the
relation A o ¢ = o’ o A and such that ¢ = ¢’ o A\. Then ¢’ is uniquely determined
by o, and the correspondence ¢ — ¢’ defines an isomorphism from @ into G’. If
U = U’, then the C*-isomorphism A\: U — U’ and the associated isomorphism
G- G become onto, and A~ is also an injection { U, G’, ¢’} = {U, @, ¢}. In
this case {U, G, ¢}, {U G, ¢'} are said to be equivalent.

By the definition above we can prove the following:

Lemma 1. Let \, p be two injections {U, G, ¢} — {U’, @, ¢'}. Then there
exists a uniquely determined o' € G’ such that p = ¢’ o \.

Ifx: {U, G, o} = {U, 6, o'}, \: {U, &, o'} = {U”", G", ¢"} are injections,
then A’ o A becomes an injection { U, G, ¢} — {U”, G”, ¢"}

2. DeriniTiION. A C® V-manifold is a composite concept formed of a connected
Hausdorff space B and a family § of lu.s. for open sets in B satisfying the following
conditions:

(1) Lei{U, G, <p}, (U, &', ¢'} ¢ § be Lus. for U, U’, respectively, and let
U c U'. Then there exists an injection \: {U, G, o} = {U’, @, ¢'}.

(2) The F-uniformized open sets, i.e., the open sets U for which there exist lu.s.
{U, @, ¢} €, form a basis of open sets in B.

Two families §, §’ of Lu.s. satisfying conditions 1 and 2 are said to be equivalent
if §F v §’ satisfies condition 1. Equivalent families are regarded as defining one
and the same V-manifold structure on B.

In a similar way, we can also define real or complex analytic V-manifolds. A
V-manifold is called orientable if we can assign an orientation of U for each
{0, G, ¢} € § such that every possible injection \ in condition 1 preserves these
orientations. Thus a complex analytic V-manifold is always orientable.

An ordinary manifold is a special case of V-manifold where every group Gin { U, G,
¢} € § reduces to the unity group. Moreover, it can easily be proved that if §
is an analytic manifold and ® is a properly discontinuous group of analytic auto-
morphisms of B, then the quotient space @\ B possesses canonically an analytic
V-manifold structure.

3. Let B be a C* V-manifold with a defining family § of Lu.s.. For {U, G,
(p} e &, we denote by Dg? the module of all G-invariant C*-forms of degree p on
U. Let {U, G, o}, {U, G, ¢'} €§ be Lus. for U, U’, respectively, U ¢ U’,
and let A be an injection {U, G, ¢} = {U"’, G’, ¢’}. Then it is quite clear that for
any @ e Dy?, we have @ oA e Dg?. Since @ o ¢’ = & for ¢’ ¢ G’ and \ is determined
up to ¢’ ¢ G’ by Lemma 1, the correspondence & — & o A is independent of the
choice of)\ Denotmg this homomorphlsm Dg?— Dg? by \*gi, wehave \* gy = 1,
and M7 0 Mg = Nppe for {0, G, o} — {07, @, ¢’} — {0, @, ¢"}. In
partlcular 1f U U !, then M*g¢': Dy® — Dg? is an isomorphism onto.
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Hence the system {Dg?, \*53} ({U, G, ¢} € $) defines a sheaf D? on B which
we call the sheaf of germs of C“-forms of degree p on 8. For any openset U ¢ B
an element w of the module Dy? of the sections of D? on U is called a C®~form of
degree p on U. A C®-form f of degree 0 on U can be regarded as a (real-valued)
function on U, which we call a C®-function. If U is uniformized by {U, G, ¢} €,
then Dy” is isomorphic to Dg? in a canonical way. We can define the operations
d, A on the graded module Dy = Y Dy? in a natural manner.

P

4. Let W be another C* V-manifold defined by a family & of lLu.s.

DeriNiTION. A map f from B into W s called a C*-map if the following conditions
are satisfied: Let x ¢ B, and let V be a neighborhood of f(x) which is uniformized
by { v, H, 1[/} e 8; then there exists a neighborhood U of x uniformized by {U , G, ¢}
¢ & and a C™-map f from U into V such that fo o = ¢ o f.

Clearly this definition does not depend on the choice of the families §, . More-
over we can prove the following lemma.

LEMMa 2. The notations being as above, let & € Dy?. Then & o f is independent
of the choice of f satisfying the above condition.

It follows, in particular, that & o f ¢ Dg?. Furthermore, suppose that { U,
G/: ¢I} € %’ {V,) H,’ #”} € 'Qy A {U, G) ‘P} - {U,’ G,y ¢,}; 'y {V’ H, 'p} g {V,’
H’, '} and that there exists a C™-map f: U’ — 7’ such that f o ¢’ = ¢’ o f".
Then, for & e Dj"*, we have @0 f oA = @opof.

Hence, if U ¢ B, V c¢ W are any open sets such that f(U) € V and w ¢ D?
we can definewo f e Dy?. It is clear that (dw) of =d(wof), (WA n)of = (wof) A
(1 0 ).

5. A C® singular simplex s = [f; ao, ..., a,] of dimension p in B is defined as
usual by a C”-map f from a neighborhood of a Euclidean simplex [ao, ..., a,]
into B. Then we define the integral f; w of a C®-form w of degree p on s by the
formula

J;w = .r[ao,...,ap] w°f°

If the carrier of s is contained in U uniformized by {U, G, ¢} ¢ § and fis a C®-map
from a neighborhood of [aq, ..., a,] into U such that f = ¢ o f, then

J;"’ = f; @,
where 5 = [f; ao, ..., a,]is a C” singular simplex in ' and = wo ¢ e Dj?. We

can prove Stoke’s formula.
We denote by S = 3 S, the graded module (with boundary operator b) of

¥4
locally finite C® singular chains in 9.

6. Now let 2 be a paracompact C* V-manifold. Then, for any (open) covering
U = {Ug..; of B, we can construct a locally finite C'*-partition of unity {fdeer
such that the support of f; is contained in U.,.

We call a C®-map ®&: U X R — U a C”-retraction if ®(z,t) = zfort = 1, and
zofort £ 0. If {U, G, ¢} €F is such that U is a Euclidean ball, then U hasa
C®-retraction & such that $(a (%), t) = o(&(%, t)) for o ¢ G, and so U = ¢(U) has
a C”-retraction ® defined by ®o0 (¢ X 1) = po®. Hence open sets in B having
a C”-retraction form a basis of open sets in 8. We can prove easily
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Lemma 3. For any covering I = {U},.; of B, there exists a covering
W = {U'};.s such that

(1) Each U; has a C®-retraction.

(2) There exists a map v: J — I such thatif Uy’ n ... n U’ = &, then
U;.' (= U'rh n ... nNn U,.jp.

7. Let H?(11, R) and H,(U, R) be the Cech cohomology and homology group,
respectively, of a covering U of 8 with coefficients in . We can prove by the
method of Weil® that for any covering Ul there exists a canonical homomorphism

H*(U, R) = H*(Dg),

which is an isomorphism onto if U is a simple covering, i.e., if every U, A ... n
Uy, Uy, € U, has a C*-retraction.

Let H?(B, R) be the inductive limit group of H?(U, R). Then, by Lemma 3,
we can prove

TaEOREM 1. H?(Dg) s tsomorphic to H*(B, R) canonically.

Next, let H,(B, R) be the projective limit group of H,(U, R); then we have,
similarly,

TuEOREM 2. H,(8) is isomorphic to H,(%B, R) canonically.

We have quite analogous results, restricting cochains and chains to finite ones
in the construction of H?(B, R) and H,(B, R), respectively, and also restricting
C=-forms and C“-chains to those with compact supports in defining H?(Dg) and
H,(S), respectively.

Since H?(B, R) and H,(B, R), one of which is constructed in the restricted
sense, are mutually dual, the same relation holds between H?(Dg) and H,(S).
Writing this duality explicitly, we can see that the inner product is given by the
integral f; , w being a closed C*-form of degree p and ¢ a C®-cycle of dimension
p. We have thus the first and second theorems of de Rham.

8. Let B be orientable. Then, for w e Dg" with a compact carrier, we can define
the integral fu w as follows: if the carrier of w is contained in U uniformized by
{0, G, ¢} €T, we put

1
Joo = Faff’ &,

where @ = w o ¢ and Ny is the order of G. Let {f.}. . be a locally finite C*-
partition of unity such that the support of f; is contained in an F-uniformized
open set U;. For general w, we put

Joo = ‘;I Js fw.

Then we can prove easily that this definition does not depend on the choice of { f,} .
From what has been proved above, it follows that B is a ‘“homological manifold”
for real coefficients. This means that every x e¢ L has arbitrarily small open
neighborhoods, each one of which has the same cohomology with compact carriers
(over real coefficients) as the space R". Then, assuming for simplicity that V is
compact, we can prove (again by Weil’s method) the following theorem:
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THEOREM 3. H"-?(Dg) s isomorphic to H,(B, R) canonically.

Hence H?(Dg) and H"?(Dg) are mutually dual. We can see that the inner
product is given by the integral = f w A 7, » and 4 being closed C'*-forms of degree
p and n — p, respectively. We have thus the duality theorem of Poincaré on
Betti groups.

1 A. Weil, “Sur les théorémes de de Rham,” Comm. Math. Helv., 26, 119-145, 1952.
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The kinetic energy for a system of N particles is
1
T =_ E mtrt2y (1)
25

where m, is the mass of the ith particle and 7, is its position. Very often it is
desirable to separate off the kinetic energy of the center of mass and express the
relative kinetic energy in terms of a set of relative co-ordinates. There are many
different ways of defining the relative co-ordinates, each having characteristic ad-
vantages for a particular type of physical problem. For the motion of an N-
particle system in configuration space, it is most convenient to define the relative

- —> —
co-ordinates Q2 Qs, ..., @, so that the kinetic energy becomes
1 13 o 3 °
T=§[Q12+Q22+Qs’+ .o+ QN% 2

Here ‘/2(.212 is the kinetic energy of the center of mass, and 61 itself is the square
root of the mass of the system times the co-ordinate of the center of mass. If we let
M, = m+ me+ ms + ... + my, 3)
then
—_ 1/ —_
Q= My)~™ X m, . 4)
1

In order to convert the kinetic energy from the form of equation (1) to that of
equation (2), it is necessary to make the transformation

m) " = % 8@, (5)

where the coefficients S;; form a unitary matrix, so that

E Squt = O (6)



