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KRIEGER’S FINITE GENERATOR THEOREM FOR ACTIONS
OF COUNTABLE GROUPS III

ANDREI ALPEEV AND BRANDON SEWARD

ABSTRACT. We continue the study of Rokhlin entropy, an isomorphism invari-
ant for p.m.p. actions of countable groups introduced in Part I. In this paper
we prove a non-ergodic finite generator theorem and use it to establish sub-
additivity and semi-continuity properties of Rokhlin entropy. We also obtain
formulas for Rokhlin entropy in terms of ergodic decompositions and inverse
limits. Finally, we clarify the relationship between Rokhlin entropy, sofic en-
tropy, and classical Kolmogorov—Sinai entropy. In particular, using Rokhlin
entropy we give a new proof of the fact that ergodic actions with positive sofic
entropy have finite stabilizers.

1. INTRODUCTION

Let (X,u) be a standard probability space, meaning X is a standard Borel
space with Borel o-algebra B(X) and p is a Borel probability measure. Let G
be a countable group and let G ~ (X, u) be a probability-measure-preserving
(p-m.p.) action. For & C B(X) let o-alg(§) be the o-algebra generated by ¢ and let
o-alg-(€) denote the smallest G-invariant o-algebra containing £. A Borel partition
« is generating, or a generator, if o-algs(a) = B(X) (equality is understood to be
modulo g-null sets).

In Part I of this series, Seward defined the Rokhlin entropy of a p.m.p. action
G ~ (X, 1), denoted hE°%(X, 11), to be

inf {H(a | Z¢) : a a countable partition with o-algs () V Sg = B(X)},

where Zg is the o-algebra of G-invariant Borel sets and H(- | -) is conditional
Shannon entropy (for the definition of conditional Shannon entropy see [7, Def.
1.4.2]). More generally, for a G-invariant sub-o-algebra F, the Rokhlin entropy of
G ~ (X, ) relative to F, denoted hEX(X, | F), is

inf {H(a | FV #¢) : « a countable partition with o-algs(a) VF V So = B(X)}.

In the special case of an ergodic action and trivial F = {&, X}, Rokhlin entropy
simplifies to the more natural form

Rk (X, ) = inf {H(a) : v is a countable generating partition}.

The purpose of this three-part series has been to introduce, motivate, and lay
some basic foundations for Rokhlin entropy theory. Part I focused on ergodic
actions and developed a generalization of Krieger’s finite generator theorem for
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actions of arbitrary countable groups. We recall this theorem below as we will need
to use it here.

Theorem 1.1 ([28]). Let G be a countably infinite group acting ergodically, but
not necessarily freely, by measure-preserving bijections on a non-atomic standard
probability space (X, u). Let F be a G-invariant sub-o-algebra of X. If p = (p;)
is any finite or countable probability vector with h2*(X, u | F) < H(p), then there
is a partition o = {A4; : 0 < i < |p|} with u(A;) = p; for every 0 < i < |p| and
o-algs(a) VF = B(X).

The abstract nature of the definition of Rokhlin entropy, specifically an infimum
over an extremely large set of partitions, initially seems to prevent any viable means
of study. A hidden significance of the above theorem is that it changes this situation.
Specifically, it leads to a sub-additive identity which unlocks a path to studying
Rokhlin entropy.

Part II of this series motivated Rokhlin entropy theory through applications
to Bernoulli shifts. The main theorem of Part IT showed that a simple conjec-
tured property of Rokhlin entropy would imply that the Bernoulli 2-shift and the
Bernoulli 3-shift are non-isomorphic for all countably infinite groups, would posi-
tively solve the Gottschalk surjunctivity conjecture for all countable groups, and
would positively solve the Kaplansky direct finiteness conjecture for all groups (all
three of these are currently open problems). It’s also worth noting that Rokhlin
entropy theory has successfully been used to generalize the well known Sinai factor
theorem to all countably infinite groups [31]. Specifically, any free ergodic action of
positive Rokhlin entropy factors onto all Bernoulli shifts of lesser or equal entropy.
Rokhlin entropy has also been studied in [I, [4], [9] 30].

Here in Part III, the final part of the series, we consider non-ergodic actions
for the first time. Having introduced and motivated Rokhlin entropy in the prior
parts, our goal here is to lay some basic foundations for the theory. A critical tool
to doing this, the main theorem of this paper, is a generalization of Theorem [Tl
to non-ergodic actions. Recall that an action G ~ (X, ) is aperiodic if p-almost-
every G-orbit is infinite. Below, for a Borel action G ~ X, we write (X)) for the
set of G-invariant ergodic Borel probability measures on X.

Theorem 1.2. Let G ~ (X, ) be an aperiodic p.m.p. action and let F be a count-
ably generated G-invariant sub-c-algebra. Let p = fé”c(X) v dr(v) be the ergodic
decomposition of u. If v — p¥ is a Borel map associating to each v € &g(X) a
finite or countable probability vector p* = (p¥) satisfying hE°*(X,v | F) < H(p"),
then there is a partition o = {A;} of X such that o-algs(a) VF = B(X) and such
that v(A;) = p¥ for every i and T-almost-every v € g (X).

This theorem is optimal in the sense that if o-alg.(a) V F = B(X) (or if
o-algi (o) V FV Ig = B(X)) then hi¥(X,v | F) < H,(a) for T-almost-every
v € é6(X) and in general there does not exist an « for which equality hE%(X, v |
F) = H,(«) holds.

A nearly immediate consequence of this theorem is that Rokhlin entropy satisfies
an ergodic decomposition formula.

Corollary 1.3. Let G ~ (X, ) be a p.m.p. action, let F be a countably generated
G-invariant sub-o-algebra, and let u = fé”G(X) v dr(v) be the ergodic decomposition
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of w. Then

heM (X, pu | F) = / h& (X, v | F) dr(v).
Eq(X)
Additionally, it follows that the formula for Rokhlin entropy simplifies in the
setting of aperiodic actions.

Corollary 1.4. Let G ~ (X, ) be an aperiodic p.m.p. action and let F be a
G-invariant sub-o-algebra. Then

hEK(X, p|F) = inf {H(a) o is a countable partition with o-alga(a)VF = B(X)}.

As we mentioned before, currently the study of Rokhlin entropy is made possible
by a sub-additive identity. This identity has played a crucial role in nearly all
of the results on Rokhlin entropy appearing in the literature so far. This sub-
additive identity was first proved for ergodic actions in Part I [28], and generalized
to countable sub-additivity in Part IT [29]. To state this property properly we need
a definition. For a p.m.p. action G ~ (X, u), a collection £ C B(X), and a G-
invariant sub-c-algebra F, the outer Rokhlin entropy of € relative to F, denoted
h%"}j({ | F), is defined to be

inf {H(a | FV Zg) : a a countable partition of X with £ C o-algg (o) V F V fg}.

If G ~ (Y,v) is a factor of G ~ (X, ) and ¥ is the G-invariant sub-c-algebra of
X associated to Y, then we define the outer Rokhlin entropy of (Y, v) within (X, u)
to be hg"}j(Y, v)= hgi’ﬁ(E).

Using Theorem we prove countable sub-additivity for non-ergodic actions.

Corollary 1.5 (Countable sub-additivity of Rokhlin entropy). Let G ~ (X, i) be

a p.m.p. action, let F be a G-invariant sub-c-algebra, and let £ C B(X). If (Xn)nen

is an increasing sequence of G-invariant sub-c-algebras with & C \/, .y X, V F then

heSh (€1 F) < BER(S0| F)+ D> heok(Sn [ Snoa V F).
n=2

In particular, if G ~ (Y,v) is a factor of (X,p) and X is the sub-c-algebra of X
associated to'Y then

he? (X, 1) < hE(Y,v) + R (X, | B) < RGP (Y, w) + he™ (X, | 2).

Using sub-additivity, we show that Rokhlin entropy is a continuous function or an
upper-semicontinuous function on a few natural spaces. Our work extends upon a
few limited cases of upper-semicontinuity which were critical to the main theorems
in [29] and [30]. Recall that a function f : X — R on a topological space X is
upper-semicontinuous if for every r € R the set f~*((—oo,r)) is open. Below, for a
Borel action G ~ X we write .#c(X) for the set of G-invariant Borel probability
measures, and we write Z5"” (X) for the set of those measures p € Ag(X) for
which G ~ (X, p) is aperiodic (and as before, &¢(X) is the set of ergodic measures).

Corollary 1.6. Let G be a countable group, let L be a finite set, and let LG have
the product topology. Let F be a G-invariant sub-o-algebra which is generated by
a countable collection of clopen sets. Then the map p € M5 (LY) U &G (L) —
h%"k(LG, w | F) is upper-semicontinuous in the weak®-topology. Furthermore, if G
is finitely generated then this map is upper-semicontinuous on all of Mg(L).
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We also establish upper-semicontinuity results on the space of actions (Corollary
E.8), and we establish upper-semicontinuity and continuity results on the space of
partitions (Corollary 5.7l and Lemma [5.2]).

Again relying upon sub-additivity, we develop a formula for the Rokhlin entropy
of an inverse limit of actions. In the case of ergodic actions, this formula appeared
in Part II and was a key ingredient to the proof of the main theorem there. See
also Corollary for an alternate version of this theorem.

Theorem 1.7. Let G ~ (X, p) be a p.m.p. action and let F be a G-invariant sub-
o-algebra. Suppose that G ~ (X, ) is the inverse limit of actions G ~ (X, tin).
Identify each B(X,) as a sub-o-algebra of X in the natural way. Then

inf sup A2%(B(X,) | B(X,) VF) =0
hBOK(X, 1| F) < 00 <= { n€Nm>n o
and  ¥Ym hg’y (B(Xoy) | F) < oc.

Furthermore, when h2°%(X, | F) < oo we have

h&P (X, ] F) = sup hii (B(Xm) | F) = lim inf h&?yi (B(Xn) | ).

It is unknown if h2°%(X, | F) = sup,, h%‘jf(B(Xm) | F) in all cases.

By using the inverse limit formula, we show that Rokhlin entropy is a Borel
function on the space of G-invariant probability measures (Corollary [6.5) and a
Borel function on the space of p.m.p. G-actions (Corollary [6.6]).

We briefly observe that relative Rokhlin entropy is an invariant for certain re-
stricted orbit equivalences. This generalizes a similar property of Kolmogorov—-
Sinai entropy discovered by Rudolph and Weiss [27]. Unlike the original result by
Rudolph and Weiss, for Rokhlin entropy this property follows quite easily from the
definitions. Nevertheless, it feels worth explicitly mentioning.

Proposition 1.8. Let G ~ (X, p) and T ~ (X, 1) be p.m.p. actions having the
same orbits p-almost-everywhere. Let F be a G-invariant and I'-invariant sub-o-
algebra. Assume that there exist F-measurable maps cr : X x G — ' and cq :
X xT'— G such that g-x = cr(x,g) -« and v-x = cg(z,v) -z for allg € G, vy €T,
and p-almost-every x € X. Then h2°X(X, u | F) = hRK(X, u| F).

The final topic we consider is the relations between Rokhlin entropy, Kolmogorov—
Sinai entropy, sofic entropy, and stabilizers.

In the case of standard (non-relative) entropies, it was Rokhlin who first showed
that for free actions of Z Kolmogorov—Sinai entropy and Rokhlin entropy coincide
[26] (the name ‘Rokhlin entropy’ was chosen for this reason). Later this was ex-
tended to free ergodic actions of amenable groups by Seward and Tucker-Drob [32].
Then in Part I [28] it was shown that relative Kolmogorov—Sinai entropy and rel-
ative Rokhlin entropy coincide for free ergodic actions of amenable groups. Here
we completely settle the relationship by handling the non-ergodic case. This is an
immediate consequence of the ergodic decomposition formula, Corollary[[.3l Below
we write hKS for Kolmogorov-Sinai entropy. See Corollary for a more refined
version of this result involving outer Rokhlin entropy.

Corollary 1.9. If G ~ (X,pu) is a free p.m.p. action of a countably infinite
amenable group and F is a G-invariant sub-o-algebra, then h%Ok(X,,u | F) =
h&S (X, | F).
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For sofic entropy, its precise relationship with Rokhlin entropy is still unclear.
Specifically, it remains an important open problem to determine if Rokhlin entropy
and sofic entropy coincide for free actions when the sofic entropy is not minus
infinity. In any case, it is a fairly quick consequence of the definitions that sofic
entropy is bounded above by Rokhlin entropy for ergodic actions (this follows from
[2, Prop. 5.3] by letting 8 be trivial). Combined with our Corollary [[4] [2] Prop.
5.3] in fact shows that sofic entropy is bounded above by Rokhlin entropy for
aperiodic (not necessarily ergodic) actions. More generally, in [12, Prop. 2.12]
Hayes obtained a similar inequality, showing that for aperiodic actions the quantity
he calls “relative sofic entropy in the presence” is bounded above by outer Rokhlin
entropy. Formally, Hayes did not assume aperiodicity but he took the formula in
our Corollary[[.4 as the definition of Rokhlin entropy, thus leaving open a technical
gap in the case of actions that are not aperiodic. For the sake of having sound
and complete literature, we close this gap. Below, for a sofic group G, a sofic
approximation ¥ to G, a p.m.p. action G ~ (X, u), and G-invariant sub-o-algebras
F1, Fa, we write hy, ,,(Fi | F2: X, G) for the X-sofic entropy of F; relative to Fs in
the presence of X, as defined by Hayes in [12].

Proposition 1.10. Let G be a sofic group with sofic approzimation X, let G ~
(X, p) be a p.m.p. action, and let Fi,Fa be G-invariant sub-o-algebras. Then

hsu(Fu | Fa: X, G) < hiox (Fi | Fa).
In particular, the sofic entropy of G ~ (X, ) is at most hg"k(X, ).

Finally, we consider the effect of non-trivial stabilizers on entropy. It is a theo-
rem of Meyerovitch that ergodic actions of positive sofic entropy must have finite
stabilizers [21I]. For Rokhlin entropy this is certainly not the case. If G ~ (X, u)
is a p.m.p. action and G is a quotient of ', then T acts on (X, u) by factoring
through G, and it is easily checked that hB°%(X, ) = hB°X(X, u). Nevertheless,
outer Rokhlin entropy can detect when new stabilizers appear in a factor action.

Theorem 1.11. Let G ~ (X, u) be an aperiodic p.m.p. action. Consider a factor
f:G(X,u)— G~ (Y,v).
(i) If |Stabg(f(x)) : Stabg(z)| > k for p-almost-every x € X then

o 1
hgﬁ(Y, v) < z thk(Y, v).
(ii) If |Stabg(f(x)) : Stabg(z)| = oo for p-almost-every x € X then
h&oR(Y,v) = 0.

As a consequence of this theorem, we obtain a new relationship between Rokhlin
entropy and sofic entropy for non-free actions. This also provides a new proof
of Meyerovitch’s theorem [2I] which stated that ergodic actions of positive sofic
entropy must have finite stabilizers.

Corollary 1.12. Let G be a sofic group with sofic approximation ¥ and let G ~
(X, p) be a p.m.p. action.

(i) If p-almost-every stabilizer has cardinality at least k € N, then

1 o)
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(ii) If p-almost-every stabilizer is infinite then
h&(X, 1) = 0.
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2. MEASURABLE SELECTION

Our first goal is to prove the main theorem, Theorem [[.2} This task will occupy
the next three sections. Let us briefly outline the proof. Fix an action G ~ (X, p),
a G-invariant sub-g-algebra F, and a Borel map v — p” for v € &¢(X) as described
by the theorem. By the ergodic decomposition theorem (recorded below in Lemma
B2) there is a G-invariant Borel partition {X, : v € &g(X)} of X satisfying
v(X,) =1 for all v € 6(X). By Theorem [[LT] from Part I, for every v there is a
partition o = {AY : i € N} of X, satisfying dist, (o) = p” and c-algg (o) VF =
B(X,) (modulo v-null sets). If we define o = {A; : i € N} where A; =, AY, then
at first it may seem that « has the desired properties. However, a problem is that
« may not be Borel. In order to fix this and complete the proof, we need to ensure
that the map v — a” is (in some sense) Borel.

In this section we digress into pure descriptive set theory. We consider the
problem of choosing Borel maps satisfying certain restrictions. Later this will be
applied for choosing the map v — a”.

Recall that a subset B of a standard Borel space X is analytic if it is the image
of a Borel set under a Borel map. Below, for a set A C X x Y we denote the
cross-section of A above x € X by A, ={y €Y : (z,y) € A}.

Lemma 2.1. Let (X, u) be a standard probability space, let Y be a standard Borel
space, and let A C X XY be an analytic set such that A, is uncountable for every
x € X. Then there is a Borel set A C A such that A, is uncountable for j-almost-
every x € X.

Proof. This is trivial if X is countable, so we may assume X is uncountable. By
our assumptions Y is also uncountable, so without loss of generality we may assume
X = NV and Y = NV are the Baire space. Also let Z = NN be another copy of
the Baire space. For m > 1 let N™ be the set of sequences of natural numbers
of length m, and for m = 0 write N° for set consisting of the empty sequence @.
When m < n and y € N* or y € NV, we let y | m € N™ denote the length m
prefix of y (i.e. the first m terms of y). For each N™ and for NY we write < for
the lexicographic order. For s € N, let Y, be the set of y € Y = N having s as a
prefix. Define Z, C Z similarly.

Since A C X x Y is analytic, it is equal to the projection mx «y (B) of a closed
set B C X xY x Z [14, Prop. 25.2]. For s,t € N let X, be the set of z € X such
that 7y (({} x Ys x Z;) N B) is uncountable. Then X, is analytic [14] Theorem
29.19] and so we may fix Borel sets X , C X, ; € X, such that u(X7,\ X{,) =0
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[14, Theorem 21.10]. Set
x=x\U U &\x

meN s, teNm
and set X&t = X;yt N X. Note that )_(S,t and X are Borel and that X is conull.
Also note that for 2 € X we have that my (({z} x Y, x Z;) N B) is uncountable if
and only if z € XS i

In the remainder of the proof we will build a Borel set B C B with the property
that mx xy is injective on B and B, is uncountable for every x € X. We remark to
the familiar reader that our argument is essentially an explicit description, fibered
over X, of a winning strategy for Player I in the usual unfolded cut-and-choose
game (see [14, Sec. 21.B]).

For m € N let P, be the set of triples (z,s,t) € X x N™ x N™ such that z € X, ¢
but # ¢ X, whenever ' € N™ with ¢ < t. We claim that if (z,s,t) € P,, then
there is n > m, s; # so € N” extending s, and t1,to € N™ extending ¢ such that
(z,si,t;) € P,. By definition € X,, implies that my (({z} x Y5 x Z;) N B) is
uncountable. So there is n > m and s; # s3 € N" extending s such that each
set my ({x} x Ys;, x Z;) N B) is uncountable. Now for i = 1,2 let ¢; € N™ be the
least extension of ¢ with 7y (({z} X Ys, x Z;,) N B) uncountable. If ¢ € N and
t' < t;, then either (¢’ | m) < t or t' extends ¢. In either case we will have that
7y ({x} x Yy, X Z1/)NB) is at most countable and thus = € X, . So (2, 8i,t;) € Py,
completing the claim.

Now define

B={(v,y,2): Yk 3m >k (z,y | m,z | m) € P,}.

If (v,y,2) € B then @ € Xym 21m for infinitely many m. Since B is closed, it
follows that (x,y, z) € B. So B is a Borel subset of B. If (x,y,z) € B and 2’ < z,
then there is m with (z,y | m,z [ m) € P, and 2’ | m < z | m and therefore
the definition of P, gives z ¢ X tm.2/m- This implies that (z,y,2’) € B. So the
restriction of mxxy to B is injective and hence A = mxy(B) is a Borel subset
of A [14] Cor. 15.2]. To complete the proof, we claim that for every € X the
set A, is uncountable. As wxxy : B — A is injective, it suffices to show that
B, is uncountable for € X. Indeed, fixing € X, we can construct a collection
of pairs (sy,ty)yefo,13< indexed by the rooted binary tree {0,1}<N in such a way
that (@, @) is assigned to the root, and the children of each vertex are assigned
according to the claim from the previous paragraph. It is not hard to see that for
any infinite path p in the tree, the intersection ﬂvep(Ysu X Zs,) is one-point and
belongs to B,. So to each infinite path a point from B, is assigned. We also note
that this path-point assignment is one-to-one since if u and v are two children of
the same vertex, then by the construction and the claim, we have s, # s,, so the
sets Y, X Z;, and Y, X Z;, are disjoint. This means that B, contains a copy of
the Cantor space, thus finishing the proof. O

The previous lemma gives an improved version of an injective selection theorem
due to Graf and Mauldin [T1].

Corollary 2.2. Let (X, u) be a standard probability space, let Y be a standard Borel
space, and let A C X xY be an analytic set such that A, is uncountable for every
x € X. Then there is a conull Borel set X' C X and a Borel injection f: X' =Y
whose graph is contained in A.
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Proof. If A is in fact Borel then this is a special case of a theorem of Graf and
Mauldin [11]. By applying Lemma B.I] we obtain a conull Borel set X" C X
and a Borel set A C A with A, uncountable for every € X”. Now apply the
Graf~Mauldin theorem to obtain a conull Borel set X’ C X" and a Borel injection
f: X" =Y whose graph is contained in A C A. O

Finally, we state the descriptive set theory result which we will need for proving
Theorem

Proposition 2.3. Let (X, u) be a standard probability space, let Y and Z be stan-
dard Borel spaces, let f: X xY — Z be Borel, and let A C X xY be Borel with
f{z} x Ay) uncountable for every x € X. Then there is a conull Borel set X'
and a Borel function ¢ : X' — 'Y whose graph is contained in A such that the map
x €X' — f(z,¢(x)) is injective.

Proof. Set B = {(z, f(z,y)) : (z,y) € A} C X x Z. Then B is analytic and B,
is uncountable for every x € X. Apply Corollary to obtain a conull Borel set
X" C X and a Borel injection 9 : X" — Z whose graph is contained in B.

Let A" C A be the set of (z,y) € A with z € X" and f(z,y) = ¢¥(z). Then A’
is Borel and Al # @ for all x € X”. By the Jankov—von Neumann uniformiza-
tion theorem [I4, Theorems 29.9], there is a p-measurable (but possibly not Borel
measurable) function ¢g : X” — Y whose graph is contained in A’. Since ¢ is
p-measurable and Y is standard Borel, there exists a conull Borel set X’ C X" such
that the restriction ¢ = ¢ [ X’ is Borel measurable (take a countable collection
of sets generating the Borel o-algebra of Y, and for each such set we can make its
preimage be Borel by removing a Borel null set from X”). The graph of ¢ is still
contained in A’ C A and the map z € X' — f(z,¢(z)) = ¢(x) is injective. O

3. ERGODIC COMPONENTS AND BOCHNER MEASURABILITY

For a Borel action G ~ X on a standard Borel space X, we write .#(X) for
the set of G-invariant Borel probability measures and &¢(X) C #g(X) for the
ergodic measures. Recall that both .#Zg(X) and & (X) are standard Borel spaces.
Their Borel o-algebras are defined by requiring the map p — u(A) to be Borel
measurable for every Borel set A C X.

For a standard probability space (X, ) we write 0, for the o-ideal of y-null Borel
sets. For Borel sets A, B C X we write A = B mod 9, if AAB € 9,. Similarly
for o-algebras F,% C B(X) we write # C ¥ mod N, if for every A € F there is
B € ¥ with A = B mod ,. When 7 C ¥ mod 9, and ¥ C F mod N, we
write F = ¥ mod MN,. We will only write “mod 9,” to add clarity and emphasis,
but frequently we will omit this notation when it is clear from context.

We say that a sub-c-algebra F is countably generated if there is a countable col-
lection & C B(X) with F = o-alg(§) (a literal equality without discarding any null
sets). It is well known that B(X) is countably generated when X is standard Borel.
Moreover, if u is a Borel probability measure on X and F C B(X) is a o-algebra,
then there is a countably generated o-algebra F’ with F = F' mod 91,. Thus
being countably generated is vacuously true modulo null sets. However, working
with countably generated o-algebras is vital when we consider ergodic decompo-
sitions, for otherwise strange things can happen. For example if y € #(X) has
continuum-many ergodic components and F = o-alg(M,,), then for almost-every
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ergodic component v of u we will have F = B(X) mod 91,. We will also need to
use the following lemma.

Lemma 3.1. Let G ~ (X, p) be a p.m.p. action, let F be a countably generated
sub-c-algebra, and let p = f&;(X) v dr(v) be the ergodic decomposition of u. Then
for every countable Borel partition £ of X we have

(€| F Vs = [ HE]F) dri).
a(X)
Proof. This is likely well known. See [30, Lem. 2.2] for a short proof of a slightly
more general fact. ]

We also need the following uniform ergodic decomposition theorem.

Lemma 3.2 (Farrell [8], Varadarajan [34]). Let X be a standard Borel space, let G
be a countable group, and let G ~ X be a Borel action. Assume that H#c(X) # @.
Then there is a Borel surjection x — v, from X onto 6c(X) such that

(1) if x and y are in the same orbit then v, = vy,

(2) for each v € éq(X) we have v({z € X : v, =v}) =1, and

(3) for each p € Mc(X) we have p = [, ve du(z) = [,cp, )V dT(v),
where T is the push-forward of p under the map = +— v,.

In the proof outline discussed at the beginning of the previous section, we men-
tioned that we wanted a “Borel” map associating to each ergodic measure v a
partition o”. A priori it is not clear how to represent this as a map from &g (X)
to some standard Borel space. In this section we lay down the technical frame-
work which will allow us to do so. We will also use an auxiliary notion of Bochner
measurability and record some useful applications.

Definition 3.3. Let X and Y be standard Borel spaces, let G ~ X be a Borel
action, and let E C &g(X) be Borel. We say that a function f : E xY —
B(X) is Bochner measurable if there exists a sequence of countably-valued Borel
functions (i.e. the pre-image of every point is a Borel set) f, : ExY — B(X) such
that lim, oo v(f (v, y)Afn(v,y)) = 0 for all (v,y) € E x Y. If 7 is a probability
measure on &g (X), wesay [ : 6¢(X)xY — B(X) is Bochner measurable 7-almost-
everywhere if there is a 7-conull set £ C & (X) such that the restriction of f to
E x Y is Bochner measurable.

Lemma 3.4. Let X and Y be standard Borel spaces and let G ~ X be a Borel
action. Then the set of Bochner measurable functions f : 6q(X) xY — B(X) form
a coordinate-wise G-invariant algebra. More specifically, if f,k : Eq(X) XY —
B(X) are Bochner measurable, then so are the functions sending (v,y) to X\ f(v,y),

fry) Uk(v,y), f(v,y) N k(v,y), org- f(vy) (for any fized g € G). Furthermore,
every constant function from &g(X) xY to B(X) is Bochner measurable.

Proof. Let fpn,kn : 6c(X)xY — B(X) be the sequence of functions as described in
the definition of Bochner measurability. Apply the same operations to f,, k,, and
recall that each v is G-invariant. The final claim is immediate from the definition.

O

Lemma 3.5. Let X and Y be standard Borel spaces and let G ~ X be a Borel
action. If f : &a(X) x Y — B(X) is Bochner measurable, then the map (v,y) —
v(f(v,y)) is Borel.
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Proof. Let fn, : 6a(X)xY — B(X) be as in the definition of Bochner measurability.
For each n the function f,, is countably-valued and Borel. Since for fixed A € B(X)
the map v — v(A) is Borel, it follows that (v,y) — v(fn(v,y)) is Borel. Therefore

v(f(v,y)) = lim, 00 ¥(fr(v,y)) is Borel. O
Our interest in Bochner measurable functions comes from the following lemma.

Lemma 3.6. Let X be a standard Borel space, let G ~ X be a Borel action,
let f: &q(X) — B(X) be Bochner measurable, and let ¥ C B(X) be a countably
generated sub-c-algebra. If f(v) € ¥ mod N, for every v € &q(X), then there is
a Borel set B € S V X which satisfies v(BAf(v)) = 0 for every v € 6g(X). In
particular, if A€ ¥ mod N, for every v € £g(X) then A € SgVE mod N, for
every p € Ma(X).

Proof. Fix a countable algebra {Cy,C1,...} which generates 3. Fix ¢ > 0 and
for n € N let D, . be the set of v such that n is least with v(C,,Af(v)) < e.
Then {D,. : n € N} is a Borel partition of &g(X) by Lemmas B4 and
since v — C,Af(v) is Bochner measurable. Let {D;, . : n € N} be the J¢-
measurable partition of X associated to {D, . : n € N} by the ergodic decom-
position. Define B, = |, cn(D;, . N Crn). The Borel-Cantelli lemma implies
that B = UpenNmsi B2-m satisfies v(BAf(v)) = 0 for all v € £g(X). Also,
B € J5 V¥ as claimed. The final claim also follows by using the Bochner measur-
able (constant) function f(v) = A. O

The next lemma introduces a useful o-algebra M C B(X).

Lemma 3.7. Let G ~ (X, p) be an aperiodic p.m.p. action. Let yn = fgc(X) vdr(v)
be the ergodic decomposition of . Then there is a countably generated sub-o-algebra
M C B(X) such that
(i) for T-almost-every v € ég(X) we have M = B(X) mod N,;
(ii) for T-almost-every v € c(X) and for every B € M we have v(B) = u(B);
(iii) SoV M =DB(X) modN,.

Proof. Let ¢ : (X,u) — (€g(X),7) be the ergodic decomposition map given by
Lemma Aperiodicity implies that the fiber measures v € &g(X) are non-
atomic. So the Rokhlin skew-product theorem [10, Theorem 3.18]E| implies that
there is a measure space isomorphism ¢ : (X, u) — (g(X) x [0,1],7 x A), where
A is Lebesgue measure, such that ¢ equals ¢y composed with the projection map.
View B([0,1]) € B(&c(X) x [0,1]) in the natural way and set M = = (B([0, 1])).
Clauses (i) and (ii) are satisfied since ¥, (v) = §, x A for 7-almost-every v, and (iii)
is satisfied since ¥ (B(£¢(X))) = Lz mod N,. O

The o-algebra M allows us to return to discussing Borel measurable functions,
while still being able to use Bochner measurability. Below we write p [ M for the
restriction of ;1 to the o-algebra M, and we let MALG ;o4 denote the corresponding
measure-algebra. Specifically, MALG ;o consists of the classes [A],, where A € M
and [A], = {B € M : u(AAB) = 0}, equipped with the Polish topology induced by
the complete separable metric d([A],,[B].) = p(AAB). In particular, MALG ,;m
is a standard Borel space. The operations of union, intersection, complement and

1The proof of [10, Theorem 3.18] assumes ergodicity, however that assumption is only used
to conclude that all fiber measures have the same number of atoms. Since all fiber measures are
non-atomic in our case, we can apply this result without requiring ergodicity. See also [25].
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the function p clearly descend to MALG ;. Furthermore, by Lemma 371 (ii) 7-
almost-every v € &g (X) descends to MALG ;0 and in fact coincides with p on
this space.

Lemma 3.8. Let G ~ (X, p), 7, and M be as in Lemma [57, and let Y be a
standard Borel space. If f: &q(X) x Y — MALG ;0 is Borel, then any function
f:Ec(X)xY — M satisfying [f(v,y)],. = f(v,y) is Bochner measurable T-almost-
everywhere.

Proof. Let {[Mo],, [Mi]u,...} be a countable dense subset of MALG ;o Define
qn @ MALG jpm — {Mo, Mi,...} by setting ¢,([B],) = My if k is least with
w(BAMy) < 1/n. Then gy o0 f : Ea(X) x Y — {My, My, ...} is a countable-valued
Borel function. Finally, for 7-almost-every v € 85(X) and every y € Y, Lemma

B (ii) gives
Jim v(f(v,y)Agn o f(v,y)) = lim u(F(v,y)Agn © f(v,y))
= lim pu(f(v,y)0qn o f(v,y)) = 0.
Lastly, we consider sufficient conditions for a partition « to satisfy o-alg-(a) D
J. For a partition a = {4; : i € N}, define 6% : X — N by the rule §%(z)(g) =

i< g '-2 € A;. Note that #* is G-equivariant, where the action of G on N is
given by (g-y)(t) = y(g~' - t) for y € N¢ and g,t € G.

O

Lemma 3.9. Let G ~ (X, pu) be a p.m.p. action and let p = f&;(x) v dr(v) be
the ergodic decomposition of p. If a« = {A; : i € N} is a partition and the map
v € éq(X) = 02 (v) is injective on a T-conull set then S C o-algg(a) mod N,,.

Proof. Fix a symmetric probability measure A on G whose support generates G, and
let A*™ denote the n*® convolution power of A. Let 7 : (X, u) — (66(X),7) be the
ergodic decomposition map given by Lemma[3.2l For any finite T C G and function
f:T — Nset Ay = (,ept - Apu) and set By = {y € N9 : Vt € T y(t) = f(t)}.
By the Kakutani ergodic theorem [I3] (see also the work of Oseledets [24]) we have
that for p-almost-every z € X

62 (n(@)(By) = lim » X™"(g) - xa, (g 2),
geG
where ¢ is the indicator function for C C X. It follows that the map = —
0% (m(z)) is o-algg(a) V N,-measurable. By assumption, there is a 7-conull Borel
set B C &¢(X) so that 6% is injective on E. It follows that there exists a Borel
function ¥ : &¢(NY) — &5(X) such that 1 o 2 is the identity map on E. So
m(z) = ¢ o 02 (w(z)) for p-almost-every x € X, and thus 7 is o-algg (o) V MN,,-
measurable. We conclude that #; C o-algg(a) mod . (]

Corollary 3.10. Let G ~ (X, ) be an aperiodic p.m.p. action. Then for every
€ > 0 there is a two-piece partition a of X with H(a)) < € and with I C o-alga(a).

We mention that in the purely Borel context, a result quite similar to the above
corollary was obtained by Tserunyan [33, Thm. 8.12].

Proof. Fix € > 0 and let 0 < § < 1/2 be small enough that — - log(6) — (1 — 9) -
log(1—9) < e. Let M be as in Lemma[B.7 and note that clauses (i) and (ii) of that
lemma together with aperiodicity of the action imply that 1 | M is non-atomic. Fix
a Borel injection ¢ : £g(X) — (0,6) and fix a Borel map ¢ : (0,6) - MALG ,; m
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satisfying p(i(t)) = t for all 0 < t < § (it is easily seen from the construction
of M in Lemma [3.7] that such a Borel map exists). Set f = 1 o:. By Lemmas
and B.8 there is a Borel set A with v(AAf(v)) = 0 for all v € &g(X). Set
a = {A, X\ A}. Note that v(A4) = v(f(v)) = p(f(v)). Therefore u(A) < ¢ and
H(a) < e. Furthermore v — v(A) is injective, so the map v — 6% (v) is injective as
well. Thus S¢ C o-alg;(a) mod 91, by Lemma 3.9 O

4. GENERATING PARTITIONS FOR NON-ERGODIC ACTIONS

In this section we prove the main theorem, Theorem We will need to rely
on the following strong form of the main theorem from Part I.

Theorem 4.1 ([28]). Let G ~ (X, u) be an aperiodic ergodic p.m.p. action, let
& C B(X), and let F be a G-invariant sub-o-algebra. If 0 < r <1 and p = (p;)
is a probability vector satisfying h%‘?}f@ | F) < r-H(p), then there is a collection
o ={Af:0<i<|p|} of pairwise disjoint Borel sets such that u(Af) =r-p; and
such that £ C o-alga(a) V F whenever o = {A; : 0 < i < |p|} is a partition with
A; DAY for every i.

Proof. Combine [28] Theorem 8.1] with [28, Lemma 2.2]. O

Let M be as in Lemma Bl Denote by &xq the set of sequences oo = {[4;], :
i € N} € (MALGm)"N where o = {4; : i € N} is a M-measurable partition of
X (some A; may be empty). Note that P, is a Borel subset of (MALG ;)"
and is thus a standard Borel space. For notational convenience we will treat each
a € P as a M-measurable partition o = {A4; : ¢ € N} of X. This will not cause
problems since any two choices for expressing « in this way will only differ on a
p-null set. Moreover, by Lemma [B7(ii) they will only differ on a v-null set for
T-almost-every v.

For a partition a = {4; : i € N}, define #* : X — N¢ as in the previous section:
6%(x)(g) =i < g~ ' -z € A;. Also write dist,(«) for the probability vector whose
(i + 1) entry is p(A;).

Lemma 4.2. Let G ~ (X, p) and M be as in Lemma [37] Let £ C B(X) be
countable, let F be a countably generated G-invariant sub-o-algebra, and let v — p”
be a Borel map associating to each v € Eg(X) a probability vector p¥ satisfying
heos (& | F) < H(p").
(i) The set Z of pairs (v,a) € Eq(X) x Pam satisfying dist,(a) = p¥ and
¢ Co-algn(a) VF mod N, is Borel.
(ii) The map (v,a) € Eg(X) x Py +— 02(v) is Borel.
(iii) For T-almost-every v € ég(X) the set {65 (v) : (v, ) € Z} is uncountable.

Proof. (i). The set of (v, o) with dist, () = p” is clearly Borel, so it suffices to show
that {(v, @) : £ C o-algg (o) VF mod 9, } is Borel. Let {F; : i € N} be a countable
G-invariant algebra which generates F. Write [G — N]|<>° for the set of functions
f:T —- Nwith T C G finite. Fori € N, f: T - N, and o = {4, : j € N} €
P, define S(; 5)(a) = Fy N[ \,ept - Apy. For finite sets P C N x [G — N|<>
define Sp(a) = Uy yep S, (). Then {Sp(a) : P € N x [G — N|=* finite}
is a countable G-invariant algebra which generates o-algs (o) V F. So we have
& ={Dy, : k € N} is contained in o-alg; () VF mod N, if and only if

Vk € NVn € N 3 finite P C N x [G = N|** v(DpASp(a)) < 1/n.
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For fixed k € N and finite P C N X [G — N|<*°, the map (v,a) — v(DiASp(a))
is Borel by Lemmas B.4] B35 and B.8 This establishes (ii).

(ii). The map (v, ) — 62 (v) is Borel if and only if (v, o) — 0%(v)(B) is Borel
for every Borel set B C N&. The collection of such sets B clearly forms a o-algebra,
so it suffices to check the case where B is clopen. This case is immediately implied
by our argument for (ii).

(iii). Fix v € &g(X) with M = B(X) mod 91, and with v non-atomic. By
assumption hgox (& | F) < H(p"). So we can find 0 < r < 1 with h8°K(¢ | F) <
r - H(p”). By Theorem [L] there is a collection a* = {Af : i € N} of pairwise
disjoint Borel sets with p(Af) = r - p? for every i and with { C c-algs(a) VF
mod N, whenever o = {4; : i € N} is a partition with 4; D A}. Since M = B(X)
mod 9, we may assume that o C M. Since v is ergodic and non-atomic, there
are a non-identity g € G and non-null disjoint M-measurable sets Yy, Y7 C X \ Ua*
with g - Yy = Y1. By replacing Yy, Y; with translates g=% - Yy, 97% - Y1, k € N, and
by shrinking Y; if necessary, we may assume that there is N € N with g7 - Yy C
Ajy. Fix this N € N. Now fix M-measurable partitions § = {B; : i € N} of
X\ YUY U (Ua*)) and v = {C; : i € N} of Yy with v(B;) = v(UB) - p¥ and
v(C;) = v(Yp) - p¥. Fix a continuous path x* = {K! :i € N}, 0 <t < 1, of M-
measurable partitions of Yy such that x° = ~, x! is independent with v on Yj (i.e.
V(K N1C) /u(Yo) = v(KD)-w(Cy) v(Yo)® for every i, € N), and v(K?) = 1(Yp) -pl
foralli € Nand 0 <t < 1. Set o' = {A! : i € N} where

Al=ArUB;UK!Ug-C;.

Then v(A!) = p¥ and € C g-algg(a') VF mod M, since AL O A¥. So (v,at) € Z.
It suffices to show that v(AL, Ng~!- A%;) takes uncountably many values as ¢ varies.
Notice that the measure of the sets (A \ Yo) Ng™' - (A% \ Yo) and

(A \Yo) Ng ' (A NYy) = (A \Yo)Ng ' Ky =Ayng 'Ky =g' - Kj

do not depend on ¢ and that these sets partition (4% \Yy)Ng~!-A%,. The remaining
portion of A%, Ng~!- A%, has measure v(AL, NYyNg~!- AY) = v(K% NCx) which
varies continuously from p%; to (p% ). We cannot have p%, = (p%)? as otherwise
pi =0and Yy C g- Ay is v-null or p%, = 1 and H(p”) = 0, both of which are
contradictions. O

Now we are ready for the main theorem. Note we obtain the weaker Theorem
by choosing a countable collection & C B(X) with o-alg(¢) = B(X).

Theorem 4.3. Let G ~ (X, u) be an aperiodic p.m.p. action, let £ C B(X) be
countable, let F be a countably generated G-invariant sub-o-algebra, and let p =
ng(X)l/ dr(v) be the ergodic decomposition of u. If v — p* = {p¥ : i € N}
is a Borel map associating to each v € &q(X) a probability vector p¥ satisfying
h&ok(€ | F) < H(p”), then there is a Borel partition o = {A; : i € N} of X such
that £ C o-algg(o) VF mod M, and such that v(A;) = pY for every i € N and
T-almost-every v.

Proof. Let M be as given by Lemma B7 Let Z C &5(X) x P be the set of
pairs (v, a) such that { C o-algg (o) V F mod M, and dist, (o) = p”. Note that
for T-almost-every v € &g(X) and every o € Ppq we have dist, () = dist,(a) by
Lemma B.71(ii). Lemma [£.2] shows that Z and the function (v, @) — 0% (v) satisfy
the assumption of Proposition 2.3l So that proposition gives a 7-conull Borel set
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E C 65(X) and a Borel function ¢ : E — &4 whose graph is contained in Z and
with the map v € E — 02" (v) injective.

By Lemmas and there is a Borel partition o of X such that ¢(v) = «
mod N, for every v € E. Then dist,(a) = p” for m-almost-every v € E. Also
¢ C o-algn(a) VF mod M, for every v € E, so Lemma implies that £ C
Fa V o-algg(a) VF mod N,. On the other hand, v € E — 0%(v) is injective
by construction and thus g C c-algg(e) mod N, by Lemma Therefore
¢ Co-algg(a) VF mod N,. O

As a consequence we obtain an ergodic decomposition formula for Rokhlin en-
tropy. First we must note a simple but technical fact.

Lemma 4.4. Let G ~ (X,u) be a p.m.p. aperiodic action, let & C B(X) be
countable, and let F be a countably generated G-invariant sub-o-algebra. Let p =
f&;(x) v dr(v) be the ergodic decomposition of . Then there is a Borel T-conull

set E C &q(X) such that the map v € E — hROk(§ | F) is Borel.

Proof. Let M be as in Lemma B.7 By the proof of Lemma 2 (i) the set W of
(v, @) € a(X) x P satistying € C o-alg(a) VF mod N, is Borel. So for every
r > 0 the set

{vedéa(X): ROk(€|]:)<T}—{I/€gG( ):da € Py (v,a) € WAH (o) <7}

is analytic. Thus the map v — kS (¢ | F) is 7-measurable [14, Thm. 21.10]. It
follows that there is a Borel conull set E C &¢(X) on which this map is Borel (for
details see the proof of Proposition [Z3)). O

Corollary 4.5. Let G ~ (X, 1) be a p.m.p. action, let £ C B(X) be countable, and
let F be a countably generated G-invariant sub-o-algebra. If u = féac(X) v dr(v) is
the ergodic decomposition of u then

WK 1) = [ HgkE | F) driv)
&a(X)

Proof. Let Xoo € X be the set of points having an infinite G-orbit. Also let
Es C 6¢(X) be the set of v for which G ~ (X,v) is aperiodic. Note that the
probability measure pioo = ED Em - f BV dr(v) is G-invariant and supported on
Xoo. Fix € > 0. By Lemma [4.4] we may fix a Borel map v € E,, — p” satisfying
H(p") = h§®s (€| F) + € for 7-almost-every v. By Theorem EL3 there is a partition
ap of X satisfying Hy, (o) = h%"}f(g | F) + € for almost-every v € Ey and £ C
o-algg (o) VF mod N, . Let X, be the set of points © € X \ X, such that
the restriction £ | G - x is not a subset of F [ G - z. Since all orbits in X, are
finite, there is a Borel set B C X, which meets every orbit in X, precisely once.
Set @« = agU{B,X \ (Xe U B)}. Note that « is a partition of X and that
H,(a| F) = h@K(E | F) for all v € 6a(X) \ Ex. By our choice of B and ap, we
have that £ C g-alg;(a) V £ VF mod M,. So by definition of Rokhlin entropy
and Lemma [3.1] we have

BRK(€ | F) < Hy(a| Ja v F) = / H, (o | F) dr(v)
vesa(X)

ge+/ WK (| F) dr(v),
veba(X)
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By letting € tend to 0 we obtain one inequality.

For the reverse inequality, suppose that « is a countable partition satisfying & C
o-algg (o) V Lo VF mod N,. Since £ is countable, for 7-almost-every v € &g(X)
we have £ C o-alg(a) VF mod N,. It follows that T-almost-always H, (a | F) >

hBek °»(§ | F). Therefore applying Lemma 3.1l we get

ol ZovF) = [ fal|F )z [ WEsE|F) ar).
veés(X) ve&e(X)

Now take the infimum over all such a to obtain hg‘f}j (&]F) on the left-hand side. O

Now we can verify the countable sub-additivity property of Rokhlin entropy for
non-ergodic actions. At the moment, countable sub-additivity is arguably the most
useful property for studying Rokhlin entropy. At first glance, this property may
seem like an immediate consequence of the definitions, but this is not so. For
example, this sub-additive property implies that if o-algo(a VvV ) = B(X) then
RER(X, 1) < H(a) + H(B | o-alg(a)). Its proof relies critically upon Theorem F3]
(or Theorem [[Tlin the ergodic case).

Corollary 4.6. Let G ~ (X, u) be a p.m.p. action, let F be a G-invariant sub-
o-algebra, and let £ C B(X). If (X,)nen 18 an increasing sequence of G-invariant
sub-o-algebras with £ C\/, . Xn V F then

hEK(€ | F) < hEok (21 | F) + ZhROk n | Suo1 VF).

Proof. Let ¢ C B(X) be countable with o-alg(§) = o-alg(¢’) mod M,. Also fix
countably generated o-algebras F’ and ¥/, with 7' = F mod 91, and X}, = X,
mod N, Clearly hBK(¢/ | F') = hEK(¢ | F) and hBK(S), |2, v F') = REK(S, |
Ypo1V }') It was recorded in [29] Cor. 2.5] that for ergodic v € é¢(X) we have

ROk(f |]_—/) < hROk(E/ |]_—/ + ZhRok |E;71 \/]:I).
n=2

Now integrate over v € (X)) and apply Corollary O

Corollary 4.7. Let G ~ (X, u) be a p.m.p. action, and let F be a G-invariant sub-
o-algebra. If G ~ (Y,v) is a factor of (X, ) and X is the associated G-invariant
sub-o-algebra, then

hEOK(X, | F) < hER(Y,v) + hBX( X, u| FV D).
Proof. Apply Corollaryd.6lusing £ = B(X) and note that hgf’llf(Z | F) < hBok(Y,v).
O

Using Theorem[Z.3and the ergodic decomposition formula, we obtain a simplified
expression for Rokhlin entropy in the case of aperiodic actions. From the original
definition, the expressions H(a| FV F) and £ C o-algs(a) V F V S are replaced
with H(«) and £ C o-alg,(a) V F below.

Corollary 4.8. Let G ~ (X, ) be a p.m.p. action, let £ C B(X), and let F be a
G-invariant sub-c-algebra. If G ~ (X, p) is aperiodic then

hRok 2§ | F) = inf {H(a) « a countable partition with & C o-algg(a) V f}.
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Proof. 1t is immediate from the definitions that the infimum on the right is greater
than or equal to hgoif(g | ), so it suffices to check the reverse inequality. The
argument we present essentially comes from [26]. Fix ¢ > 0 and pick n € N
with 1/n < €/2. Let p = fé”c(X) v dr(v) be the ergodic decomposition of u. For
v € &(X) define t(v) = L where j € N is least with h?%(¢ | F) < £. By Lemma
[£A4) there is a Borel 7-conull set E C &5 (X) on which the function ¢ is Borel. Set
T = [t(v) dr(v) and note that T < hgoif(é | F) + €/2 by Corollary @5l Now fix
k € N large enough that

T T €
H(1-——\ — )<<
( log(k)’ 1og<k>> )
and for v € &¢(X) set

L, t) ) t(v) t(v)
P= <1 " log(k) klog(k) klog(k) klog(k)) '

Then

Lo ) tw) L tw) (111
H(P)—H<1 log(k)’log(k))+log(k) H(k’k’ ’k)

>0+ t(v) > hiPs (€| F).
We apply Theorem 3] to get a Borel partition @ = {4; : i € N} satisfying £ C
o-algo(a) V F and v(A;) = pY for every i € N and 7-almost-every v. Finally,
observe that H(a) is equal to

T T T 11 1 ¢
H({1- CHlZ=.=..... = e T hROk F '
( 10g(k)’10g(k)>+1og(k) (kk ’k><2+ <heu (€] F) +e

Letting € tend to 0 shows that the infimum is at most hgoif(g | F). O

5. SEMI-CONTINUITY PROPERTIES

In this section we establish some continuity and upper-semicontinuity results for
Rokhlin entropy. Recall that a real-valued function f on a topological space X
is called upper-semicontinuous if for every x € X and € > 0 there is an open set
U containing z with f(y) < f(x) 4+ € for all y € U. When X is first countable,
this is equivalent to saying that f(x) > limsup f(z,) whenever (z,,) is a sequence
converging to x.

For a probability space (X, i), we will work with the space & (u) of countable
Borel partitions having finite Shannon entropy. If F C B(X) is a sub-o-algebra,
we write Z(F, u) for the set of F-measurable partitions in & (u). The set & (u)
becomes a complete separable metric space when equipped with the Rokhlin metric
dR°% defined by di°*(e, 8) = Hyu(a | B) + Hu(B | @) [7, Fact 1.7.15]. We record
some useful inequalities for the Rokhlin metric. Below, if G acts on (X, u), a is a
partition of X, and 7' C G is finite, then we let a” denote the join Viert - a.

Lemma 5.1. Let G ~ (X, p) be a p.m.p. action, let F be a G-invariant sub-o-
algebra, and let o, B, € P(u). Then:
(i) df}ok(ﬂT,gT) <IT|- df}‘)k(ﬂ,{) for every finite T C G;
(i) [H(8|F) —H(E | F)| < di°s(8,€);
(i) [H(e| BV F) —H(a[ £V F)| <2 di(B,€).
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Proof. This is a simple exercise. Alternatively, see the appendix to [29]. O

We begin with a few simple cases in which Rokhlin entropy is actually continuous,
not just semicontinuous. Below for a sub-c-algebra F of (X, u) and partitions «
and 8 with H(a | F),H(8 | F) < oo, we define

Rok —
d;"(a,8| F)=H(a|BVF)+H(B|aV F).
Note this quantity is bounded above by df}"k(a, B) when o, 8 € £ ().

Lemma 5.2. Let G ~ (X, u) be a p.m.p. action, and let F be a G-invariant sub-o-
algebra. Let~, ¢, P, and Q be partitions such that H(v|F), H(¢|F), H(P|F),H(Q|
F) < 0.
(1) [RROS(€ | o-alg (v) V ) — RECK(€ | o-alg s (C) V)| < dRoK(y, ¢ | F) for every
collection £ C B(X).
(i) |he™ (X, | o-algg(y) V F) = A (X, ] o-algg(Q) V F)| < dji* (v, ¢ | F).
(iii) [hgo5 (P F) — R (QI F) < dii°s(P, Q| F).

Proof. (i). By sub-additivity (Corollary [£.6])
heek (& | o-algg(y) V F) < he?k(C | o-alga(y) V F) + hek(€ | o-algn(C) V F)
<H(C|vV F) 4+ hios (€] o-alga(C) V F).

By symmetry a similar inequality holds with v and { reversed.
(ii). Use £ = B(X) and apply (i).
(iii). By sub-additivity we have

heos (P | F) < héSi(Q | F) + hi&i(P | o-algg(Q) V F)
<hER(Q|F)+H(P|QV F).
By symmetry a similar inequality holds with P and Q reversed. (|

Now we present a general but rather technical formula for Rokhlin entropy.
This lemma will be used both in this section and the next in order to study the
nature of Rokhlin entropy. First we need some additional notation. We write
B < « if the partition 3 is coarser than the partition a. Also, we say a collection
of partitions C is c-dense (coarsely-dense) in Z(F,p) if for every ¢ € P(F,u)
and € > 0 there is v € C and a coarsening ¢’ < 7 with df}"k(w/,w) < e. For
an action G ~ (X, ) we write fGﬁ“ for the o-algebra generated by the Borel
G-invariant sets consisting only of points having finite G-orbits. In other words,
writing X<oo = {2 € X : |G - 2| < o0}, the o-algebra Z8" consists precisely of
those Borel sets A C X such that A is G-invariant and either A or X \ A is a subset
Xcoo-

Lemma 5.3. Let G ~ (X, u) be a p.m.p. action. Let F be a G-invariant sub-
o-algebra, and let P be a countable partition. Let A C ZP(u) be a collection of
partitions which is c-dense in P(u), and let C C P(FV fg",u) be a collection of
partitions which is c-dense in P(F V fgn,,u). If H(P) < oo then h%‘?}j('P | F) is
equal to

lim inf inf inf{H(ﬂ Ix'Vy):Bx<a, H)+HP|BTvxT vy) < e}.

e300 €A TCG
YEC Tfinite
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In fact, for every € > 0 the triple infimum above is bounded between hROk('P | F)—e¢
and h§® (P | F).

Proof. 1t suffices to prove the second claim. Fix € > 0. Consider « € A, v € C C
P(Fv i w), finite T C G, and B,y < o with H(x) + H(P | BT v xT Vy) < e
By sub-additivity of Rokhlin entropy we have

h&ox(P | F)
< h&K(x | F) + hios (B | o-alga(x) V F) + heor (P | o-algo (B V X) V F)
<HK) +H@B[x" vy)+HP|BTvxT V7)
<HB|xTVvy) +e

This establishes the first inequality.

Now we consider the second inequality. Fix € > 0. Note that h%‘?}j(? | F) <

H(P) < co. Fix § > 0. By the definition of Rokhlin entropy, there is a countable
partition ¢ satisfying
(5.1) P Coalgg() VFVIe and HE|FV Ig) < heS(P|F)+6/3.
We claim we can further assume that H(§) < oo, since hROk(P | F) < oo. Indeed,
on the subset of X consisting of points having finite G- orblt we can choose & to
consist of two sets, one of which meets every finite G-orbit in precisely one point,
and on the subset of X consisting of points with infinite G-orbit we can appeal to
Corollary A8 By similar reasoning, Corollary B.10] implies there is a partition w
with H(w) < €/4 and Y C " V o-alg(w). Note that our assumptions then
imply {wT vV« : T C G finite, v € C} is c-dense in Z(F V Ig, pn). By (B) we can
find finite T' C G and v € C with

H(P " vwT vy) <e/6 and H(E|w" V) < hg(P|F)+ /3.
Next, since A is c-dense in & (u), we can find a € A and partitions 8, y < a with

Rok . Lé Rok (€ L
d, (B,§)<mln(12|T|,3) and d, (X’w)<mm(12|T|’6|T|)'

Then
H(x) +H(P | " v x" Vv7y)

< H(w) + di° (x,w) + H(P [ €7 v wT V) + 2|T| - di°(8,€) + 2|T| - di*(x, w)

< €.
Furthermore,

H(B | x" V) SHE [w" V) +di*(8,€) + 2 T|d)*" (x, w)
< h&oS(P | F) + 6.

Therefore

inf inf inf{H(ﬂleVv) B,x <a, HiY) +H(P [T v X" va) < 6}
O"YGCTfﬁ]ite

is less than hROk(’P | F) 4+ 6. Now let ¢ tend to 0. O
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For the remainder of this section we will study upper-semicontinuity of Rokhlin
entropy in three settings: as a function of the invariant measure, as a function of
the partition, and as a function of the action. We will obtain our strongest upper-
semicontinuity results when G is finitely generated. Unfortunately, when G is not
finitely generated Rokhlin entropy is not upper-semicontinuous in general, as the
following example illustrates.

Ezample 5.4. Consider a non-finitely generated abelian group G. Let (I'y)gen be
an increasing sequence of finitely generated subgroups which union to G. Write
2 for the set {0,1} and let ug be the uniform probability measure on 2. We will
consider hB°%(2% 1) as p € Mc(2°) varies. For a subgroup I' < G we naturally
identify 2¢/T with the set of z € 2¢ which are constant on each I'-coset. Through
this identification, we view the product measure ug/ Fe M (26/T) as a measure

on 2¢. Tt is not difficult to see that ug/r’“ converges as k — 0o to ug/c (which is

supported on the two constant functions). Clearly h&ck(2¢, ug / G)

26, uy ™)

= 0. However,

for k € N we can view the action G ~ ( as a free action of G/T', and

since this action is isomorphic to the Bernoulli action G/T'y, ~ (2G/Fk,u§/rk) of

the infinite abelian group G /T, we obtain h&ck(2¢, ug/r") = log(2). Thus Rokhlin
entropy is not an upper-semicontinuous function on .#¢ (QG).

With a bit more effort, one can use the above construction to obtain the same
conclusion whenever G is non-finitely generated and amenable. We believe this
failure of upper-semicontinuity occurs precisely when G is not finitely generated,
but we cannot yet prove this since computable lower bounds to Rokhlin entropy
for non-sofic actions do not currently exist.

Our stronger upper-semicontinuity results for finitely generated groups will de-
pend upon the following lemma. Throughout this section and the next, for any
set L we let G act on LE by left-shifts: for x € LE and ¢g,h € G we have

(g-2)(h) = x(g~"h).

Lemma 5.5. Let G be a finitely generated infinite group, let L be finite, and let
P C LY be a finite G-invariant set. For every ¢ > 0 and open set U D P, there is
a clopen set V such that U 2V D P and h%‘?}f(V) < e for all p € Ma(LY).

Proof. Fix r € N with H(r~%,1 —r7!) < e. Fix a finite generating set S for G,
and for each n let B, C G be the corresponding ball of radius n. Since the set
{x € LY : |G x| < r} is finite and P is G-invariant, we can find a clopen set W 2 P
such that By 'B, - W CU and WN{z € LE : |G -z| <r} C P.

If some x € LY satisfies |B,11 - 2| = |B,, - z|, then |G - 2| = |B,, - z|. So we
must have |B, - x| > r for all x € W\ P. In other words, given x € W \ P there
are $4(0),84(1),...,8:(r — 1) € B, with s,(k) -z # sgz(m) -z for all k # m. It
follows that there is countable cover {U; : i > 1} of W \ P, with each U; a clopen
subset of W\ P, and a collection of functions s; : {0,...,r — 1} — B, such that
si(k)-Uinsi(m)-U; =@ forall i and all 0 < k #m < r.

Now inductively define clopen sets Y; by setting Yy = @ and for i > 1

Y, =Y, U U\ B,'B,.-Yi_y).

Set Yo = Ul Y;. Note that each Y; is clopen and hence Y, is open. Also note that
Y. € W since each U; C W.
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We claim that Y., U P is closed. Fix a point z € LY \ (Yo U P). We will find
an open neighborhood of = which is disjoint from Yo, U P. If 2 ¢ W then LE\ W
is the desired open neighborhood. Now suppose 2z € W. Then = € W \ P so there
isan ¢ > 1 with x € U;. We must have x € Y; C Y., and thus the construction
implies that z € B;lBT -Y;—1\ Y;_1. This is an open set which is disjoint from
Yoo U P (recall P is G-invariant and each U; is disjoint from P). This proves the
claim.

We set V = (B !B, - Y ) U P and claim that it has the desired properties. Its
immediate that P C V and V C Br_lBT -W C U. Also, since P is G-invariant,
V = B 1B, - (Yo U P) is closed by the previous paragraph. We claim that V is
open (hence clopen). As a first step, we argue that W C V. Fixwe W. lf w € P
then we are done. Otherwise there is ¢ > 1 with w € U;. From the construction,
we see that either w € Br_lBT Y, 1 CVorelseweY; CV. Thus W C V. As
P CW CV, wecan write V as V = (B7!B, - Yo ) UW, which shows that V is
open.

Finally, since V = B, !B, - Yoo U P and P € .9 is G-invariant, we have

V€ Ma(LY)  hiZi(V) = hiSi(Br By - Yao) = hii(Yoo) < Hu(Yo).

By our choice of 7 it suffices to show that u(Ys,) < r~! for all p € .#c(LY). For
0 < k < r define (k) : Yoo — LY as follows: for y € Y., choose i least with y € Y;
and set 0(k)(y) = s;(k) - y. For fixed i, the sets 0(k)(Y;) C s;(k) - U;, 0 < k < r,
are pairwise disjoint. Also, 2;(1) 0(k)(Y;) C B, Y, and B, - Y; N B, -Y; = & for
i # j. Thus the maps 0(k) : Yoo — L© are injective, measure-preserving, and have
pairwise-disjoint images. Hence p(Ys) < 1/7 as required. O

Now we establish upper-semicontinuity on certain spaces of G-invariant mea-
sures. Recall that .Z5"“ (X) denotes the set of i € #(X) such that G ~ (X, )
is aperiodic.

Corollary 5.6. Let G be a countable group, let L be a totally disconnected Polish
space, let L¢ have the product topology, and equip .#c(LY) with the weak* -topology.
Assume that F is a G-invariant sub-c-algebra which is generated by a collection of
clopen sets.

(i) If € is a finite clopen partition then the map p € ME"(LE) U Eq(LY) —
hg‘)’}f (&|F) is upper-semicontinuous. If G is finitely generated then this map
is upper-semicontinuous on all of Mg (LY).

(ii) If L is finite then the map p € AP (LY) U EG(LY) — hEX(LE 1| F)
is upper-semicontinuous. If G is finitely generated then this map is upper-
semicontinuous on all of Mq(LY).

Proof. Let ¥ = {Ry : £ € L} be the canonical generating partition for LY, where
Re={z € LY : 2(1g) = ¢}. Clearly £ is generating and thus h3%(LY | F) =
h%"}j(f | F) for all u € .#c(LY). Since in case (ii) . is finite and clopen, (ii) is a
consequence of (i). So we prove (i). Fix a finite clopen partition £, fix a measure
€ Ma(LY), and fix € > 0. If G is not finitely generated, we require u to be in
MEPT(LE) U E(LY).

Since L is totally disconnected and Polish, L embeds into an inverse limit, L C
T&nLn, of finite spaces L, n € N. Let m, : L — L,, be the corresponding quotient
map. By applying 7, coordinate-wise, we also view 7, as a G-equivariant map from
LY to LG, and we set 1, = (mn)«(1t). Notice that m, : L¢ — L& is continuous.

n
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Let a, = {R; : ¢ € L,} be the clopen partition of L¢ where Ry = {x € L% :
mn(z(1g)) = £}, and set A = {al :n € N, T C G finite}. Notice that A is c-dense
in &(u). By our assumption on F we can choose a collection Cy of finite clopen
partitions which are c-dense in Z(F, ).

We next construct, for each n € N, partitions w;,, and x,, such that x;, is clopen,
AR (Wi, Xn) < €/2, hg%k(xn) < € for all v € Me(LY), and with {w, : n € N}
c-dense in Bz(fg“, ). When G is not finitely generated we simply let x, = wy,
be the trivial partition for every m. So now suppose that G is finitely generated.
Let X2° denote the set of points in LG having infinite G-orbit. Notice that since
L, is finite and G is finitely generated, LS \ X2° is countable. We wish to build
a collection of finite partitions {¢* : n,k € N} such that (¥ is a partition of LY
into G-invariant sets and precisely one set in ¢* is infinite. We further want ¢#+!
to be finer than (¥, ¢¥,; to be finer than 7,41 o 7, 1(¢%), and we want {¢¥ : k €
N} to be c-dense in Z(IE(LS), puy). It is clear that such a collection can be
constructed inductively. Now define w,, = m, }(¢"). This diagonalization ensures
that w,, is finer than 7, '(¢%) whenever max(m, k) < n, and from this it easily
follows that {w,, : n € N} is c-dense in (£, ). Now fix n. We will construct
Xn- Each finite set P € (' can be approximated arbitrarily well in u,-measure by a
clopen set U O P. By considering clopen approximations of each finite set P € (
and applying Lemma [5.5] to each, we can obtain a clopen partition X’ satisfying
dROR(¢r, x') < €/2 and with hR"k( ) < eforallv e #g(LS). Set xn, =7, 1(x)
Then dff"k (Wn, Xn) < €/2. This completes the construction of the w,’s and x,’s
Define C = {w, Vv :n €N, v € Co} and note that C is c-dense in Z(Ffi2V F, ).

By Lemma [5.3] there are a € A, w, Vv € C, finite T C G, and 3, x < a with

Hu (81X Vo V) < hgSi(€ 1 F) +e and Hu() +Hu(§] 87 VX" Vanvy) <e
Since d¥°*(wn, xn) < €/2, we have

Hu(B1XTVxa V) < he9i (€1 F)+2¢ and  Hyu(0) +Hu(€] 87 VXV V) < 2e

Since the conditional Shannon entropy of clopen partitions is a continuous function
of the measure, there is an open neighborhood U of u with

Hy (BIxTVxa V) < hE5(E1F) +2¢ and H, () +Ho (6] 87 V" Vi V) < 2¢
for all v € U. Now recall that hROk(Xn) < e for all v € #g(LY). Using sub-
additivity, we deduce that for v € U the entropy hR"k (¢ | F) is bounded by

heos (X V Xn) + hES (B | o-alga(X V xn) V F) + h&% (€ | o-algg (BV XV xn) V F)
h%”i‘(xn)+H 00 +HB1XTVxa V) +H (& BT VXV xn V)
heor (€ | F) + be.
This completes the proof. ([l

Next we consider the space & (u) of countable Borel partitions of (X, 1) having
finite Shannon entropy.

Corollary 5.7. Let G ~ (X,u) be a p.m.p. action and let F be a G-invariant
sub-o-algebra. For a € P(u), let G ~ (Yo, vs) be the factor of (X, p) associated
to o-alga(a) V F, and let F,, be the image of F in Yo. Let 2P (1) and P°79 ()
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be the set of a € P(u) for which the action G ~ (Ya,va) is aperiodic or ergodic,
respectively. Then the map

a € PP (u) U L) = he®™ (Yo, va | Fa)

s upper-semicontinuous in the metric df}"k. If G is finitely generated then this map
is upper-semicontinuous on all of P ().

Proof. Let’s assume G is finitely generated; the proof for the other case will be es-
sentially identical. Fix a countable collection of Borel sets (Dy, )nen with o-alg({ Dy, :
n € N}) = F. Define 0 : X — (2M)% by the rule 6(x)(g)(n) = 1 if and only if g~ ! -
x € D,,. Notice that §=1(B((2"¥)%)) = F mod M, and thus G ~ ((2Y)¢, 0. (p))
is the (unique up to isomorphism) factor associated with F. We will work with
the larger space N¢ x (2M)¢ = (N x 2Y¥)¢. We let F’ denote the sub-o-algebra
of (N x 2M)¢ consisting of sets which are measurable with respect to the second
component, (2V)¢. Notice that F’ is generated by a collection of clopen sets.

For any countable partition @ of X and any injection f : a — N, define ¢, ¢ :
X — N¢ by the rule ¢, ;(7)(9) = k if and only if g1 -7 € A € a and f(A) = k.
Combining with 6, we obtain the map ¢n 5 x 6 : X — (N x 2M)¢. Set p, s =
(Pa, s x0)«(1) and observe that G ~ (Nx2M)¥ 11, 1) is isomorphic to G ~ (Ya, Va)
and that this isomorphism identifies 7' with F,. Therefore

RER((N x 2MYC g 1 | F1) = hg* (Yo, Va | Fa)-

Now fix @ € &(u) and fix € > 0. Choose an injection f : & — N whose image
has infinite complement. Let . = {Ry. : k € N} be the partition of (N x 2M)¢
where Ry = {y : y(1g) € {k} x 2V}, Notice that £ is a clopen partition and
that o = (¢a,f x 0)71(&Z). Next, choose a finite partition 3 coarser than o with
Hyu(a | B) < e. Let £ be the corresponding coarsening of .Z, specifically £ = {Cp :
B € B}U{Cys} where Cp = U{Ry : f~'(k) C B} and Cy = U{Ry : k & f(a)}.
Then £ is a finite clopen partition, 8 = (¢a,r x 6)71(£), and

Hy, (16 =H,(]) <«
By Corollary [6.6] there is a weak* open neighborhood U of piq,¢ such that for

alveU

h&os (| F) < b (€1 F) + e

Since (N x 2M)¢ is compact and totally disconnected, there are a finite number of
clopen sets W1y, ..., W,, and 6 > 0 such that for all v € .#Zg(L%)

(Vl <i<m |[v(W;) = po, s (Wi)| < 5) = vel.

For any countable partition o/ of X and injection f’ : o/ — N, the pre-images of
the sets W; under ¢ ¢ x 6 will be finite intersections of G-translates of sets from
o' U{D,, : n € N}. Thus there is k > 0 such that if o’ and f’ satisfy

ST (T RAL I R) <

keN
then pior, ;o € U. Finally, by [7, Fact 1.7.7] there is n > 0 such that if o/ is a
countable partition of X with dfb“’k(a, o’) < n then there is an injection f': o’ — N
such that >, pu(f~H(E)Af 1 (k) < & (here we use the fact that we chose an
f whose image has infinite complement, allowing f’ to possibly use new integers).
Furthermore, we may shrink 7 if necessary so that if (o, f’) are as before and 3’ is
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defined as 3" = (¢ar,p x 0)71(€), then H, (o' | #) < 2e. Then, for such an o/ and
f', we have

e (Yo, var | Far) = he™ (N x 2%, par g1 | F)

< heon L (ENF) + hEN (N x 2%, par g | o-algg (€) V F)

<h& (&I F)+e+H,, (Z]9)

< AER((N X 2 g | F) + e+ Hu(a | B)
< hER((N % 29 i 1 | F') + 3e
= hB%(Ya, Vo | Fu) + 3.

This completes the proof in the case G is finitely generated, and the proof for the
non-finitely generated case is essentially identical. (Il

For our final upper-semicontinuity result we consider the space of p.m.p. G-
actions. Specifically, let (X, i) be a standard probability space with y non-atomic,
let Aut(X, ) denote the group of p-preserving Borel bijections of X modulo agree-
ment p-almost-everywhere, and let A(G, X, 1) be the set of group homomorphisms
a: G — Aut(X,u). The set A(G,X,u) is called the space of p.m.p. G-actions.
It is a Polish space under the weak topology [15]. This topology is generated by
the sub-basic open sets of the form {a € A(G,X,pu) : pla(g)(A)AB) € U} for
A, B C X Borel and open U C R.

Below we write A*P°"(G, X, p) for the set of a € A(G, X, ) for which the action
G n* (X, p) is aperiodic. Similarly we let A®"8(G, X, u) be the set of p-ergodic
actions.

Corollary 5.8. Let (X,u) be a standard probability space with p non-atomic, let
P be a partition with H(P) < oo, and let ¥ be a sub-o-algebra. Then the map a €
A®P(G, X, n)UA (G, X, 1) — haR(OCl;‘)’#(PM—alga(G)(E)) is upper-semicontinuous.
If G is finitely generated then this map is upper-semicontinuous on all of A(G, X, ).

Proof. Since all standard non-atomic probability spaces are isomorphic, we can
assume without loss of generality that X = 2. Fix a countable collection of Borel
sets {D,, : n € N} with ¥ = o-alg({D,, : n € N}). Also fix an enumeration
P ={P,:n €N} SetY =N x 2V x 2 and define § : X — Y by setting
0(z) = (k,z,z) if © € Py and for all n € N z(n) = 1 precisely when z € D,,. Clearly
0 is a Borel injection, the pre-image of the Borel o-algebra coming from the third
component, 2V, coincides with ¥, and the pre-image of the countable partition given
by the first component, N, coincides with P.

Consider the totally disconnected space Y& = N& x (2M)& x (2V)¢ together with
the natural left-shift action of G. Let F denote the G-invariant o-algebra coming
from the third component, (2V)¢, and define the partition ¥ = {Ry, : k € N} by
Ry ={y €YY :y(1lg) € {k} x (2M)¢ x (2Y)¥}. Note that .# is a clopen partition
and that F is generated by a collection of clopen sets.

For an action a € A(G, X, u), define ¢, : X — Y by the rule ¢,(x)(g9) =
O(a(g)~1(x)). Clearly ¢, is injective (in fact ¢q(7)(1g) = 0(z)), and ¢, is G-
equivariant with respect to the a-action of G on X. Therefore, setting pu, =
(¢a)«(1), we have that G ~¢ (X,p) is isomorphic to G ~ (Y, u,). Further-
more, this isomorphism identifies £ with P and F with o-alg, ) (%)
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Now fix € > 0. Choose a finite partition Q coarser than P with H,(P | Q) < e.
Let ¢ be the corresponding coarsening of ., specifically { = {Cq : Q € Q} where
Co = U{Ry : P, C Q}. Now fix an action a € A(G, X, ). By Corollary 5.6 there
is a weak™ open neighborhood U of p, such that for all v € U

h&S (€| F) < hé, (€1 F) +e.

It is not difficult to check that the map b € A(G, X, ) — pp is continuous. Thus
there is an open neighborhood V of a with p, € U for all b € V. Then we have

iy u(P | 0-algy ) (X)) = héo, (L | F)
Pc“’}fb (& | F)+ héos, (£ | o-algg(6) V F)
heos, (€1 F) + e+ Hy (L ]€)
Z|F)+e+H,(P|Q)
ZLNF)+ 2
_hR°k W(P | o-alg, () + 2€.

Rok (
Rok (

This completes the proof when G is ﬁmtely generated. The proof for the non-finitely
generated case is essentially identical. ([

6. INVERSE LIMITS

In this section we obtain a formula for the Rokhlin entropy of an inverse limit
of actions. This formula was developed for ergodic actions in Part II [29] and
was a critical ingredient for the proof of the main theorem there. We believe the
formula is of independent interest and will be useful for other purposes. Here we
will also apply it to establish Borel measurability of Rokhlin entropy on the space
of invariant measures and on the space of actions.

Lemma 6.1. Let G ~ (X, p) be a p.m.p. action. Suppose that G ~ (X, ) is
the inverse limit of actions G ~ (Xp, pn). Identify each B(X,,) as a sub-o-algebra
of X in the natural way. Let (Fn)nen be an increasing sequence of sub-c-algebras
with F, C B(Xy) for every n, and set F = \/, .y Fn. If P is a partition with
P C B(X,,) for all n and inf,,enH(P | F, V Ig) < 0 then

héSs(P | F) = inf hes (P Fu).

Proof. Without loss of generality, we can assume that each F,, is countably gen-
erated. Let u = féac(X) v d7(v) be the ergodic decomposition of u. Then every
ergodic measure v pushes forward to an ergodic measure v, for G ~ X,,, and we
have u, = [ v, dr(v). Pick k € N with H(P | Fj, V J¢) < co. Lemma B.I] implies
that

H(P | Fi VvV fg) = /g " HV(P | ]:k) dT(V).

So for T-almost-every v € &g(X) the infimum inf, H, (P | F,,) < H,(P | Fi) is
finite. In [29, Lem. 7.1] this lemma is proven for ergodic actions. So s (P | F) =
inf,, hgk (P | Fn) for r-almost-every v € &g(X). The claim now follows from
the ergodic decomposition formula (Corollary 5] and the monotone convergence
theorem for integrals. O
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Corollary 6.2. Let G ~ (X, i) be a p.m.p. action, and let (Fp)nen be an increas-

ing sequence of sub-o-algebras. Set F =\, .y Fn
(i) hROk('P | F) = inf,en hROk(P | F) if P is a partition with inf,, H(P | F,, V
fg) < 00.
i) hROX(X, u | F) = infpen hREK(X, p | Fp) if the right-hand side is finite.
G G

Proof. Clause (i) follows from Lemma by using X, = X for all n. For (ii),
assume the right-hand side is finite and pick k € N with hE%(X, 1| F) < 0. Then
there is a partition P with H(P | Fj, V Zg) < oo and o-alg,(P) V Fi V Iq = B(X).
So hePK (X, | F) = k(P | F) and hi®* (X, | Fn) = b5 (P | Fn) for all n > k.
By applying (i) we obtaln

W (X, | F) = h&5i(P | F) = tnf hefi(P | Fo) = inf he? (X, p| Fo). O

Now we present a general formula for the Rokhlin entropy of an inverse limit.

Theorem 6.3. Let G ~ (X, p) be a p.m.p. action and let F be a G-invariant sub-
o-algebra. Suppose that G ~ (X, ) is the inverse limit of actions G ~ (X, fin)-
Identify each B(X,) as a sub-o-algebra of X in the natural way. Then

mf sup hROk( (Xm) | B(Xp)VF)=0
(6.1)  hEN(X,u|F) < oo« "€
and Ym hROk(B(Xm) | F) < o0.
Furthermore, when hE°%(X, u| F) < oo we have

(6.2) hER (X, | F) = sup h&oR(B(Xm) | F).

Proof. First suppose that hE%(X, | F) < oco. Then
hes (B(Xm) | F) < hg® (X, | F) < o0
for all m € N and by applying Corollary [6:2] (ii) we get
0= HEPX(X, | B(X)) = inf WEPH(X, | B(X0) v F)
> 1r€1f sup h&oR (B(Xm) | B(Xn) vV F) > 0.
This proves one implication in the first clalm.

Now suppose that the right-side of ([G.1) is true. Fix § > 0 and for each ¢ > 1 fix
n(z) with
su]% hROk( (Xm) | B(Xp@)) VF) < =
me
Then by using m = n(i + 1) we have

e (B(Xn(in) | B(Xnw) V F) < o
Now by sub-additivity (Corollary .6]) we have

he? (X, 1| F) < higs(B(Xpm) | F) +ZhR°k Xn(i+1) [ B(Xn@) V F)

< hER(B(Xny) | F) + 5.

So hBK(X, | F) < oo, completing the proof of the first claim. The second claim
also follows, since above we only assumed that the right-side of (6.II) was true
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(equivalently h3°%(X, 11| F) < oo by the first claim). By letting § tend to 0 above,
we get that hEK(X,u | F) < sup,, h%‘?}j(B(Xm) | F). The reverse inequality is
immediate from the definitions. g

It is an interesting open problem to determine if, under the assumptions of the
previous theorem, one always has h2°%(X, u | F) = sup,,en hg?}j(B(Xm) | F).

The formula in the previous theorem relies upon computing outer Rokhlin en-
tropies within the largest space X. However, it may be more natural to use a
formula which only relies upon computations occurring within the actions which
build the inverse limit. With an additional assumption we can obtain such a for-
mula.

Corollary 6.4. Let G ~ (X, pu) be a p.m.p. action. Suppose that G ~ (X, p)
is the inverse limit of actions G ~ (X, pn). Identify each B(X,) as a sub-o-
algebra of X in the natural way. Let (Fn)nen be an increasing sequence of sub-
o-algebras with F, C B(X,) for every n, and set F = \/, oy Fn. Assume that
RER( X, i, | F) < 00 for all n. Then

hER(X, 1| F) < oo <= inf sup inf 2% (B(X,,) | B(X,)V Fi) = 0.
neN p>p k>m oHE

Furthermore, when h2°%(X, | F) < oo we have
A& (X, | F) = sup inf h&o% (B(Xm) | Fi)-
men kzm &

Proof. For each m pick a partition o, C B(X,,) with H(ay, | Za(Xm) V Fm) < 00
and B(Xp,) = o-alga(am) V La(Xm) V Fp. Then by Lemma [6.0] we have

WEEE(B(Xn) | F) = WSk | F) = inf KK, (am | Fi) = int BECE, (B(Xn) | Fi)

and similarly by the same reasoning for every n < m

REK(B(Xom) | B(Xa) v F) = inf WK, (B(Xm) | B(Xa) V Fi).

So the corollary follows from the two identities above and Theorem O

In the next two corollaries we apply the formula in Theorem in order to
establish the Borel measurability of Rokhlin entropy. We first consider the space
of G-invariant probability measures.

Corollary 6.5. Let G be a countable group, let X be a standard Borel space, let
G ~ X be a Borel action, and let F be a countably generated G-invariant sub-o-
algebra.
(1) The map p € Mc(X) — hEX(X, u| F) is Borel.
(ii) If P is a countable Borel partition then the map p € {v € Ma(X) :
H,(P) < oo} = hiox(P | F) is Borel.

Proof. We first claim that #f" is countably generated. Let B be a Borel set which
meets every finite G-orbit precisely once and does not meet any infinite G-orbit. If
Z C BisBorel then G- Z ={zx € X :3g € G g-z € Z} is Borel as well. Thus
B(X) | B= 2" B. Since 8" | B is isomorphic as a o-algebra to .Z8", and
since B(X) is countably generated, it follows that fg“ is countably generated as
claimed.

By the above claim and our assumption on F, F V féi“ is countably generated.
Hence there is a countable collection C of finite F V fg“—measurable partitions
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which is c-dense in H(F V .8, 1) for all p € .#(X). We can also fix a countable
collection A of finite Borel partitions which is c-dense in Z(u) for all p € #(X).

(ii). For Borel sets D the map p +— pu(D) is Borel, and similarly p— H, (£ | ()
is Borel for any countable Borel partitions £ and (. So Lemma immediately
implies that the map p € {v € #c(X): H,(P) < co} = hi%s(P | F) is Borel.

(i). Fix an increasing sequence of finite partitions o, w1th Vpen 0-alg(an,) =
B(X). For each n € N let G ~ (X,,un) be the factor of (X, ) associated to
o-alga(ay) V F. Since each «,, is finite, it follows from (ii) that for all n < m the
functions

1= hE (| B(X0) V F) = h§?8(B(Xom) | B(X,) V F)
and uHhROk(amU:)_hROk( (Xm) | F)

are Borel. Now by applying Theorem we conclude that p — hE(X,u | F) is
Borel. (]

Finally, we show that Rokhlin entropy is a Borel function on the space of actions.

Corollary 6.6. Let (X, ) be a standard probability space with p non-atomic, and
let 3 be a sub-c-algebra.
(i) The map a € A(G,X,p) — haR(Oé‘)(X, | o-alg, (X)) is Borel.
(ii) If P is a countable partition with H(P) < oo then the map a € A(G, X, ) —
Rk (P | o-alg, ) (X)) is Borel.

a(G),p
Proof. Set Y = X% and let G act on Y by left-shifts: (g-y)(t ) y(g ) fory ey
and g,t € G. Let 7: Y — X be the map y +— y(1g). Set P = 7~ (P). Let ¥’ be a

countably generated o-algebra with ¥’ =¥ mod 9, and set E =7 ().

For a € A(G, X, 1) define % : X — Y = X% by 9“( )(g) = a(g~!)(x). Then 6°
is a G-equivariant Borel injection. Set p, = 0%(p). Since B(Y') is generated by sets
of the form {y € Y : V¢t € T y(t) € B;} for finite T C G and Borel sets B; C X,
and since

pa({y €Y :Vt € T y(t) € B}) = p (ﬂ a(t)(Bt)> :

teT
we see that the map a € A(G, X, p) = g € #c(Y) is Borel. B
Each map 0 : (X, u) — (Y, pa) is a G-equivariant isomorphism with P = 6¢(P)
mod N, and ¥ = 6*(¥) mod M,,. So

hiy (X, | o-alg gy (5)) = he™ (Y, pta | 0-alg ()
ha(ey u(P | 0-alg, () (X)) = hady, (P | o-algg(5)).
Using the fact that a — p, is Borel, and notlng that H,, (P) = H,(P) < oo,
applying Corollary [6.5] completes the proof. O
7. COMPARISON WITH KOLMOGOROV—SINAI AND SOFIC ENTROPIES

In this section we relate Rokhlin entropy to classical Kolmogorov—Sinai entropy
and sofic entropy.

As expected, we find that Rokhlin entropy and Kolmogorov—Sinai entropy coin-
cide for free actions of amenable groups. When p is ergodic and F = {@&, X}, this
was proven for G = Z by Rokhlin [26] and proven for general amenable groups by
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Seward and Tucker-Drob in [32]. When p is ergodic but F is possibly non-trivial,
this was proven by Seward in [28].

Corollary 7.1. Let G be a countably infinite amenable group, let G ~ (X, ) be
a free p.m.p. action, and let F be a G-invariant sub-o-algebra. Then the relative
Rokhlin and relative Kolmogorov-Sinai entropies coincide:

W (X, | F) = he™ (X | F).
In particular, hE%(X, u) = h85 (X, ).

Proof. This is immediate from equality in the ergodic case [28] and the ergodic
decomposition formula (Corollary [3]). O

We also present a refined version of the previous corollary. For this we remind the
reader the definition of Kolmogorov—Sinai entropy. Let G be a countably infinite
amenable group, and let G ~ (X, 1) be a free p.m.p. action. For a partition « and
a finite set T C G, we write a” for the join \/,cpt- o, where t-a={t-A: A € a}.
Given a G-invariant sub-c-algebra F, the relative Kolmogorov—Sinai entropy is
defined as

heS (X, u|]—')—sup mf H(a™ | F),

|T|
where « ranges over all finite Borel partltlons and T ranges over finite subsets of G

[6]. Equivalently, one can replace the infimum with a limit over a Fglner sequence
(T,) [23]. For £ C B(X) we also define

1
he* (€| F) = sup inf, T
where « ranges over all finite partitions which are measurable with respect to the
algebra generated by £, and T ranges over all finite subsets of G. The proof of [6]
Theorem 2.7.(i)] can be modified to show that if G ~ (Y, v) is the factor of (X, p)
associated to o-alg (&) V F, then h35(¢ | F) = hES(Y,v | F), where we view F as a
sub-c-algebra of Y in the natural way. In particular h55(¢|F) = hES(o-alg (€)|F).

H(a™ | F),

Corollary 7.2. Let G be a countably infinite amenable group, let G ~ (X, u) be a
free p.m.p. action, let £ C B(X), and let F be a G-invariant sub-o-algebra. Then

h&eu (€1 F) = h&* (€] F).

Proof. Since both quantities satisfy an ergodic decomposition formula, it suffices to
prove this with the assumption that u is ergodic, in which case Z is trivial. Fix
e > 0. By [32] there is a partition v with H(v) < e and with the property that G
acts freely on the factor of G ~ (X, ) associated to o-alg (). It is not difficult
to deduce from the definitions that

(7.1 hGEEIF) ShE(YUEIF) SHM) +h6 (€| F) < e+ h (€] F).
Similarly, by sub-additivity of Rokhlin entropy
(72)  h&E(E|F) ShEEI(YUEIF) <HE) + A& (E | F) < e+ hE5(E| F).

Letting G ~ (Y, v) be the factor of (X, u) associated to o-algo(yUE&) V F, we have
that G acts freely on Y by construction of v and thus Corollary [7.1] gives

(7.3) heoR(YUE | F) S WG (Y, v | F) = h§ (Vv | F) = h§ (YU E | F).



KRIEGER’S FINITE GENERATOR THEOREM FOR COUNTABLE GROUPS III 29

If h%‘?}j(fy U& | F) = oo then we are done by (1)), (C2), and ([T3). So suppose
hg‘j}j(v U&|F) < oo. Fix a partition g with H(8 | F) < hgi’}j(v UE|F)+eand
yUE Co-algs(B) V. F. By ([C3) we have

Rk (yUE | F) SRS (YUE|F) <hGP (B F) <HB|F) < Ak (vUE | F) + e

Therefore |h%°}j(§|}') —hES(¢|F)| < 3e by (1) and (Z2). Now let € tend to 0. O

Next we compare Rokhlin entropy with sofic entropy. As a convenience to the
reader, we recall the definition of sofic groups.

Definition 7.3. A countable group G is sofic if there exists a sequence of maps
on : G — Sym(d,,) (not necessarily homomorphisms) such that

(i) + -H1<i<dn:on(g)oon(h)(i)=0on(gh)(@)} — 1forall g,h€q,
(i) 7- {1 <i<dn:on(g)(i) # i} > 1forall 1 # g € G, and

(iii) dy — oo.

3

|)—‘

Such a sequence of maps ¥ = (0, : G — Sym(d,))nen is called a sofic approzima-
tion to G.

Let G be a sofic group with sofic approximation . For a p.m.p. action G ~
(X, i) and G-invariant sub-o-algebras Fi, F» we let hys ,(F1 | F2: X, G) denote the
sofic entropy of Fy relative to Fa in the presence of X as defined in [12] Section 2.
The following is a slight and technical improvement upon [12] Prop. 2.12] that, by
virtue of how Rokhlin entropy was defined in that paper, only applied to aperiodic
actions.

Proposition 7.4. Let G be a sofic group with sofic approrimation 3, let G ~
(X, p) be a p.m.p. action, and let F1, Fa be G-invariant sub-o-algebras of X. Then

heu(Fi | Fo: X,G) < hgos(Fi | Fa).
In particular, the sofic entropy of G ~ (X, u) is at most hE(X, ).

Proof. The final claim follows by setting 71 = B(X) and F» = {X,o}. When
G ~ (X, ) is aperiodic this is [I2] Prop. 2.12] (that paper defines Rokhlin entropy
via the formula in our Corollary [g)). Fix a probability space (L,\) with 0 <
H(L,\) < co. Consider the free action G ~ (X x LY u x A%). We view F; and
F» as G-invariant sub-c-algebras of both B(X) and B(X x L%) in the natural way.
It was shown by Bowen in [2] that hZ (X x LY, u x \9) = hZ (X, u) + H(L, \), and
his proof also easily implies

s psac (F1 | Fo: X x LY G) = hy u(F1 | Fo : X, G).
The action of G on X x L is aperiodic, so [I2, Prop. 2.12] implies that
hs usac (Fi | Fa: X x L9, G) < hEOK, o (Fu | Fa).
Finally, it follows immediately from the definitions that

hehoxa (Fu | F2) < heox(Fu | Fa). O
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8. RESTRICTED ORBIT EQUIVALENCE

Recall that two p.m.p. actions G ~ (X, u) and I' ~ (Y, v) are orbit equivalent if
there is a measure space isomorphism ¢ : (X, u) — (Y, v) which sends almost-every
G-orbit to a I'-orbit. In other words, up to an isomorphism G and I" both act on
(X, p) and they have the same orbits u-almost-everywhere.

It is a theorem of Ornstein and Weiss that any two free actions of countably
infinite amenable groups are orbit equivalent [22]. Thus orbit equivalences do not
respect entropy. However, in 2000 Rudolph and Weiss made the surprising discovery
that Kolmogorov—Sinai entropy is preserved under a certain restricted class of orbit
equivalences [27]. In this section we will show that Rokhlin entropy is preserved
under this same restricted class of orbit equivalences. We remark that due to
the definition of Rokhlin entropy this is a rather simple fact, but working from the
definition of Kolmogorov—Sinai entropy, as Rudolph—Weiss did, requires more work.

Recall that for a p.m.p. action G ~ (X, ) the induced orbit equivalence relation
is

ES ={(z,y) : 39€C, g-z=y}
Also, the full group of EX, denoted [EZ |, is the set of all Borel bijections 6 : X — X
with 6(z) € G-z for all z € X.

Definition 8.1. Let G ~ (X, 1) be a p.m.p. action, let § € [EX], and let F be a G-
invariant sub-o-algebra. We say that 6 is F-expressible if there is an F-measurable
partition {Z{ : g € G} of X such that 6(x) = g - « for almost-every z € Z{ and all
ge€qG.

Notice that the partition {Z, g : g € G} is not unique if G does not act freely. The
notion of expressibility can also be stated in terms of cocycles. Specifically, 6 € [EX]
is F-expressible if and only if there is an F-measurable cocycle ¢ : Z x X — G
satisfying c¢(n,z) - = 0" (x) for alln € Z and z € X.

We recall two elementary lemmas from Part I [2§].

Lemma 8.2. [28, Lem. 3.2] Let G ~ (X, u) be a p.m.p. action and let F be a
G-invariant sub-o-algebra. If 0 € [EX] is F-expressible and A C X, then 0(A) is
o-algo({A}) V F-measurable. In particular, if A € F then 0(A) € F.

Lemma 8.3. [28, Lem. 3.3] Let G ~ (X, u) be a p.m.p. action and let F be a
G-invariant sub-o-algebra. If 6, ¢ € [Eg] are F-expressible then so are 6~ and

0o .

The following proposition was stated for ergodic actions in Part I [28]. In the
case of free actions of amenable groups it recovers the entropy preservation result
of Rudolph-Weiss [27] (by Corollary [T2).

Note that if G and T act on (X,p) with the same orbits then EX = EX and
[EX] = [EX]. In this situation, we say that § € [EZ ] is (G, F)-expressible if it is
F-expressible with respect to the G-action G ~ (X, ).

Proposition 8.4. Let G ~ (X,pu) and I' ~ (X, u) be aperiodic p.m.p. actions
having the same orbits, and let F be a G and T invariant sub-c-algebra. If T is
(G, F)-expressible and G is (', F)-expressible, then for every & C B(X)

W€ 1 F) = hEgi(€ | F).
In particular, hE%(X, 1| F) = hBX(X, u | F).
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Proof. Note that g = #r. Denote this common oc-algebra by .#. Since T is
(G, F)-expressible, for every partition o Lemma implies o-algp(a) V IV F C
o-alg.(a) vV .# VvV F. Similarly, since G is (I', F)-expressible we get o-alg,(a) vV £V
F C o-algr(a) V£ V F. So for every partition o we have o-alg,(a) V IV F =
o-algp(a) V £ V F. The claim now follows immediately from the definition of
Rokhlin entropy. (|

Before ending this section, we briefly mention one additional observation which
seems worth recording. The following lemma is a generalization of the following
simple fact: if G ~ (X,pu) is a p.m.p. action, I is a subgroup of G, and the
restricted action I' ~ (X, u) is aperiodic, then hR°%(X, ) < AR%(X 1), In the
lemma below, we consider not only the case where I' is a subgroup of G but more
generally the case where I' is an F-expressible subgroup of the full group [EZ].
This is indeed more general, as each g € GG, when viewed as an element of [Eé ], is
{X, &}-expressible.

Lemma 8.5. Let G ~ (X, ) be a p.m.p. action, let £ C B(X), and let F be a
G-invariant sub-c-algebra. If T < [EX] is an F-expressible subgroup which acts
aperiodically then

heek (€| F) < hESK(E | F).

In particular, if o-alg(§) VFV Io = B(X), then h3%(X, u| F) < h?‘ﬁ‘(f | F).

Proof. Fix € > 0. Since the action of I' is aperiodic, by Corollary there is a
two-piece partition x such that H(x) < € and 4 C o-algp(x). Let a be a countable
partition satisfying H(e | F V #1) < hiSf(€ | F) + € and € C o-algr(a) V F V It
Using Lemma B2 we obtain 1 C o-algr(x) C o-algs(x) V F and

¢ Co-algp(a) VA VF Co-algr(aV x)VF Co-algg(aVx)VF.
By sub-additivity we obtain
heon (€] F) < H(x) + H(a | o-algg(x) V F) < e+ H(a | SV F) < hff (€| F) + 2.
Now let € tend to 0. O

9. STABILIZERS

In this section we look at how stabilizers relate to entropy. Before the main
theorem, we need a simple lemma. Below, for an equivalence relation R and B C X
we write [B]lg = {z € X : 3b € B with « R b} for the R-saturation of B.

Lemma 9.1. Let G ~ (X, ) be a p.m.p. action, let F be a G-invariant sub-o-
algebra, let © C [Eg] be a countable collection of F-expressible functions, and let
R be the equivalence relation generated by © (meaning R is the smallest equivalence
relation satisfying x R 0(x) for all x € X and § € ©). Then for B C X we have
[Blr € 0-alge(B) V F.

Proof. By Lemma B3] all combinations of elements of © and their inverses are F-
expressible. Denote by (©) the countable group generated by ©. The claim follows
from Lemma B.2since [Blr = Uge o) 0(B) € o-algq(B) V F. O

We also need the following fairly well known fact.
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Lemma 9.2. Let G ~ (X, u) be a p.m.p. action, let Z C X be a non-null Borel
set, and let T C G be finite. Then there is a non-null Z' C Z with T-21NT 29 = &
forall z1 #£ 2 € Z'.

Proof. Let T be the Borel graph on Z with edge set {(z,2') € ZxZ : 2 # 2z and T~
2NT-2" # @}. The degree of I is at most |T'|?, so by [16], Prop. 4.6] there is a Borel
function f : Z — {0,1,...,|T*} with f(z) # f(2') for all 2,2’ € Z joined by an
edge. Now pick any i € {0,1,...,|T|*} with u(f~1(i)) > 0O and set Z' = f~1(i). O

Theorem 9.3. Let G ~ (X, u) and G ~ (Y,v) be p.m.p. actions with the action
on X aperiodic, and let F be a G-invariant sub-c-algebra of Y .Consider a factor
map f: G~ (X, u) = G (Y,v). Identify B(Y) as a sub-c-algebra of X in the
natural way via f.

(i) Assume |Stabg(f(x)) : Stabg(z)| > k for u-almost-every x € X. Then
h%‘?}j({ | F) <1 h%‘?}j (&| F) for every collection &€ C B(Y). In particular,

hi(Yov) < - hg? (Y, v).

Bl

(i) If |Stabg(f(x)) : Stabg(x)| = 0o for p-almost-every x € X then
h&oR(Y,v) = 0.

Proof. Our proof uses some ideas of Meyerovitch [21]. We will prove this in the case
that p is ergodic, as then the general case is obtained by Corollary[4.3l Let R be the
equivalence relation where x, 2’ € X are R-equivalent if and only if they lie in the
same G-orbit and have the same image under f. Note that [z]g = Stabg(f(2)) - =
has cardinality |Stabg(f(x)) : Stabg(x)|. Since f is G-equivariant, we have that
g-[z]r = lg-x]g for all g € G and x € X. Thus, a single R-class determines all
other R-classes in the same G-orbit.

(i). Fix £ € B(Y) and fix € > 0. By ergodicity and by picking a larger k if
necessary, we may assume that |[x]g| = k for almost-every z € X (the case k = oo
is handled by case (ii)). Since there are only countably many subsets of G of
cardinality k, there is T' C G such that |T| = k, 1¢ € T, and with the property
that Z = {z € X : [z]g = T - =} has positive measure. Set ¢ = {Z, X \ Z}.
Using Lemma [0.2] we can replace Z with a non-null subset so that H({) < ¢/2 and
T-2NT-2' =@ forallz # 2’ € Z. For t € T define 0, € [EZ] by setting 0:(z) = t-z
forx € Z, 0;(x) =t~ -z for x € t- Z, and 0;(x) = z in all other cases. Then by
ergodicity and up to discarding a null set, R coincides with the equivalence relation
generated by the o-alg ({)-expressible maps {g~'0:g: g € G, t € T} C [EZ].

Fix an enumeration 1g = go, g1, ... for G, and define ¢ : X — T - Z = [Z]|r by
setting ¥ () = ¢; - x, where i is least with g; - @ € T - Z = [Z] g, or equivalently g; -
[#]r C [Z]r. Set M =~1(Z). Since Z meets every R-class in [Z]g precisely once,
we have that M meets every R-class precisely once and hence pu(M) = 1/k. Let
was be the normalized restriction of p to M defined by pp(B) = p(M N B)/u(M).
Note that M € o-alg(¢) and that pp(B) = u(B) for every R-invariant Borel set
B.

Let o be a partition of Y with & C o-algg () V.F and H(ar| F) < hg°K(¢|F)+¢/2.
We also view o C B(Y) C B(X) as a partition of X. Each A € a is R-invariant
and thus A = [AN M]g. Moreover, since every set in o U F is R-invariant we have
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that p and pps agree on o U F and thus
1
o
Let 8 be the join of {X \ M} U (a | M) with ¢. For each A € o Lemma [9.1] implies
that

pOM) oy, (0| F) = - Hy(a F) < 2 WK F) + /2

A=[ANM]g € o-alga(AN M)V o-alg(¢) C o-alg(B),
and thus & C g-alg(a) V F C o-algs(8) V F. So by sub-additivity

heok (€ F) < H(Q)+H(Bo-alg (C)VF) < ¢/24u(M)-Hy,,, (| F) < ea heow (€F).

k

Since € > 0 was arbitrary, this complete the proof of (i).

(ii). Fix an increasing sequence of finite partitions (o, )nen of Y satisfying
Vopeno-algg(an) = B(Y). If h%‘?}j(an) = 0 for each n, then by sub-additivity
we have h%‘?}f(Y, V) < hen h%‘j}j(an) = 0. So it suffices to fix a finite partition «
of Y and show that h%‘?}j(a) =0.

Fix € > 0. By assumption |[z]g| = oo for almost-every z € X. For each n > 1,
as in the proof of (i) we can pick a finite T,, € G and a non-null Borel set Z,, C X
such that |T,,| = n, [T, - 2| = n, and T,, - z C [z]g for all z € Z,,. By replacing
Z, with a non-null subset if necessary and applying Lemma [0.2] we may assume
that T, - 2 NT, - 2/ = @ for all 2 # 2’ € Z, and that H((,) < €/2""!, where
Cn = {Zn, X \ Zn}. As before, for t € T, define 0 € [EX] by 07 (z) =t -z for
€ Zp, 0 (x) =t"1 -z forx €t-Z,, and 67'(x) = x in all other cases. Each 07 is
o-alg; (G )-expressible. Set ¥ =/ _yo-algs(¢n) and note that by sub-additivity
heoi () < e HGn) < /2.

Let S be the equivalence relation generated by the Y-expressible maps {g=107g :
g€ G, neN, teT,}. Then S is a sub-relation of R and by ergodicity almost-
every S-class is infinite. Pick a Borel set M C X which meets every S-class but
has small enough measure that H({M, X \ M}) + u(M) - log |a| < €/2. Again let
un denote the normalized restriction of p to M. Set 8 = {X \ M} U (a | M)
and observe H(8) = H{M, X \ M}) + u(M) - H,,, (o) < €/2. Since each A € a is
S-invariant and M meets every S-class, we have

A=[ANM]s € -algo(ANM)VE Co-alg,(8) VE
by Lemma 0.1l and thus «a C o-alg~(8) V X. Tt follows from sub-additivity that
heos (@) < hE2s(S) +H(B) < e
Letting € tend to 0, we obtain hg‘)’}f(a) = 0. O

The previous theorem leads to an alternate proof of Meyerovitch’s theorem which
states that ergodic actions of positive sofic entropy must have finite stabilizers. For
a sofic group G with sofic approximation ¥ and a p.m.p. action G ~ (X, u), we
let hZ(X, u) denote the corresponding sofic entropy (see for instance [I7] for the
definition).

Corollary 9.4. Let G be a sofic group with sofic approximation ¥ and let G ~
(Y,v) be a p.m.p. action.

(i) h&(Y,v) < £ - hEK(Y,v) if all stabilizers have cardinality at least k.

(ii) hZ(Y,v) =0 if all stabilizers are infinite.
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Proof. (i). Consider the Bernoulli shift (2¢,u$) and set (X, u) = (29 x Y, u§ x

V).

Then G ~ (X, ) is essentially free and this action factors onto G ~ (Y, v).

Therefore by the previous theorem hg"}f(Y, v) < 1 - h&°%(Y,v). So we have

(9.1)

1
h&™ (X, ) < log(2) + hei(Y,v) <log(2) + 3 - hé™ (Y, v).

On the other hand, Bowen proved that sofic entropy is additive under direct prod-
ucts with Bernoulli shifts [2]. As sofic entropy is a lower bound to Rokhlin entropy
[12| Prop. 2.12], we obtain

(9.2)

log(2) + hE(Y.v) = h3(X, ) < hEX(X, p).

Combining (@) and [@2)) completes the proof of (i).
For (ii) the argument is mostly the same, except that in place of (O we have

the inequality hEX(X, 1) < log(2) + hg"}f(Y, v) = log(2). O
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