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1. Introduction. Thanks largely to the work of Seiberg and Witten [IB], much
is now understood about spontaneously broken 4-dimensional SU(2) gauge theories with
extended supersymmetry. One aspect that has received extensive study is the structure
of the (suitably defined [B]) Wilsonian effective action along the Coulomb branch in which
the models retain an unbroken U(1) gauge symmetry. For energies well below the sym-
metry breaking scale, the dynamics of the massless U(1) modes may be analyzed in a
(supersymmetrized) gradient expansion for the scalar fields, the form of which is con-
strained by both gauge invariance and N = 2 supersymmetry. In particular the leading
2-derivative/4-fermion term is expressed in terms of a holomorphic object F(¥) known as
the prepotential [H[I]:

_ 1 4
£2—der1v — Elm/d Q'F(\Ij> ) (1)

where U denotes the massless N = 2 abelian chiral superfield [f]. Equation () is an

N = 2 F-term as it involves integration over half the N = 2 superspace. In contrast, the

next-leading term, involving four derivatives and up to eight fermions, is an N = 2 D-term

[6.[):
Li-deriv = / d*0d*0 H (v, V) (2)

where H is a real function of its arguments. This supersymmetric gradient expansion has
been systematized by Henningson [f].

By exploiting holomorphicity, together with electric-magnetic duality, Seiberg and
Witten were able to produce the exact quantum solution for F in a variety of SU(2)
models [P]. (There are however some interpretational caveats in the case of the two finite
models, namely the N = 2 model with Np = 4 flavors of quark hypermultiplets [§], and the
N =4 model [{].) In contrast, comparatively little is known in general about the function
H [B-A,L0HLT], since it is real rather than holomorphic (although it does respect duality [f]).
But for the two finite models, it turns out that exact statements can nevertheless be made.
In particular, Dine and Seiberg have recently argued that in both these cases L4-geriv
is one-loop exact: the one-loop result receives corrections neither from higher orders in
perturbation theory, nor from nonperturbative physics such as instantons [[3].

In this note, we discuss the contribution of Atiyah-Drinfeld-Hitchin-Manin (ADHM)
multi-instantons [[[4H[7] to these higher terms in the gradient expansion. Our principal re-
sult (Eq. (25) below) is a formal expression for the leading semiclassical contribution of the
pure n-instanton (or pure n-antiinstanton) sector to H, expressed as a finite-dimensional
integral over the bosonic and fermionic collective coordinates of the supersymmetrized
ADHM multi-instanton. As a simple illustration, we calculate the 1-instanton contribu-
tion to H in the case of pure N = 2 SYM theory, and reproduce an earlier result of Yung’s

[[3]. When n > 2 the expression (25) is truly a formal one only, since the measure for
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this integration is not currently known [[6[I7]. Nevertheless, for the finite model with
N =2 and Nr = 4, we can verify, using a simple scaling argument, the vanishing of these
multi-instanton contributions to H, for all values of the topological charge n. A slightly
modified scaling argument extends this null result to the N = 4 model as well. Thus
the Dine-Seiberg nonperturbative nonrenormalization theorems are built into the ADHM
instanton calculus.

2. Instanton basics. The massless U(1) modes of N = 2 supersymmetric SU(2)
gauge theory along the Coulomb branch consist of a photon field v,,, two Weyl spinors A
and 1, and a complex scalar A ; these assemble into a single neutral massless N = 2 chiral
superfield W. We start by reviewing the instanton representation of the prepotential F
[[§]; a straightforward extension of these methods will then yield an analogous formula
for H. Let us expand Lo-geriy in component fields, and focus (as in Sec. 5 of [[7]) on the
following three effective vertices:

1 k

£2—deriv 0 E Z V O-F(V) + H'C'7 (3)
k=1,2,3

where v denotes the VEV of the Higgs field A, and

1 _ 3 SD 28_2
V' o= 1 (vmn) 53 7 (4a)

2 i mn SD 63

= — AP~ 4b
V NG Yo" A 3 (4b)

3 _ 19 28_4
Ve = g (AP 5ud (4c)

The superscript sp indicates the self-dual part of the gauge field strength vmnm We will
call such vertices “holomorphic” as the fields ¢, A and v;" live in the chiral superfield
U rather than in W. To extract the (multi-)instanton contribution to these three holo-

morphic vertices, one analyzes, respectively, the three antitholomorphic Green’s functions
(OF(z1,...,141)), k = 1,2,3, with

Olz1,22) = vhy (1) vy (w2) (ba)
O%(w1,w9,3) = a(x1) vy (x2) Aj(23) (5b)

- _
O (a1, w2, x3,24) = Pala1) Yg(2) Ay (w3) As(xa) - (5c)
I In Minkowski space the self-dual and anti-self-dual components of vy, are projected out
using viD, = %(nmknnl — NmiMnk + iemnkl) and vi = (vian)*, where €g123 = —0123 — 1,
Also, since ¢™" = %a“”&"] and """ = i ™o are self-dual and anti-self-dual, respectively,
it follows that ™" Pumn = ™" 3L and ™" fUmn = gmne BU%SHD. Here o,, and &,, are spin

matrices in Wess and Bagger conventions; see [[[7] for a complete set of our SUSY and ADHM

conventions.



In the semiclassical approximation these field insertions are simply replaced by their values
in the classical (multi-)instanton background, projected onto the unbroken U (1) direction
in color space, then integrated over all bosonic and fermionic instanton collective coordi-
nates, which we now briefly review.

In the ADHM formulation, the general multi-instanton solution of topological charge
n in SU(2) gauge theory may be parametrized by an (n + 1) x n quaternion—valuedﬂ
collective coordinate matrix a,¢, while the adjoint fermionic zero modes for the gaugino
A7 and Higgsino 97 are expressed in terms of (n+ 1) x n Weyl-valued collective coordinate

matrices M7 and N7, respectively [[4L7):

Y 2
wlOLO.L . e wno{d{ Ml .. /.11% Vl . e I/;Z

Ao = , , MY = , N7 =

a’ . M N

(6)
with al,, = all,, M/ = M!T, and N/ = N!T. Furthermore the matrices a, M and N
are subject to a set of algebraic constraints which may be used, for example, to eliminate
the off-diagonal elements of the n x n submatrices a/, M’ and N’. This leaves 4 x 2n
independent scalar degrees of freedom in a (i.e., the wy and the diagonal elements of a’),
and likewise 2 x 2n independent Grassmann degrees of freedom in each of M and N. Of
these, the ‘trace’ components of a’, M’, and N’, respectively, play a special role: that of
the position (Toas , L, €2) of the multi-instanton in N = 2 superspace (see Eq. (8.1) of
Ref. [[7]).

The above describes the collective coordinate space for pure N = 2 SU(2) gauge
theory. When N (massive) flavors of N = 2 “quark hypermultiplets” in the fundamental
representation of the gauge group are coupled in, one needs 2n Np additional Grassmann
collective coordinates for the fundamental fermion zero modes [[[7]; following [[§], we label
these Kr; and Kj; with k =1,---,nand i = 1,---, Np. Alternatively, if a single (massive)
adjoint hypermultiplet is coupled in, there are new adjoint fermion zero modes requiring 8n
Grassmann degrees of freedom; following [, these may be taken to live in the (n+1) x n

Weyl-valued collective coordinate matrices

=Y

1 P, P1

P1 O

R'V — R/’Y y R’Y = 7"2',/7 ’ (7)

which are subject to the same algebraic constraints as M and N.

2 We use quaternionic notation, e.g., T = Zag = Tmo™y and T = T4 = 253",
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In previous work we have derived explicit formulae for the instanton action S for

inst

arbitrary topological charge n, as functions of these collective coordinates, as well as of
the VEVs v and v and of the hypermultiplet masses m; :

irllqst = &St({a},{M,N};{IC,]@}OI'{R,,/%,};V,\_I;{TIM}) (8)
Here we will not actually need these formulaeﬂ; it will suffice to note some general features
of S ;. To begin with (save for one special case discussed below, that of exact N =4 SYM

theory), SI ., explicitly depends on all the Grassmann collective coordinates in the problem
except for the four exact N = 2 SUSY modes &L and €2, o = 1,2, described above. Recall
the rules of Grassmann integration: fdzfi (9% = 1 while fdzﬁi = 0. Thus, in order
to saturate the d2¢! d?€? integration, one requires the explicit insertion of ¢’-dependent
component fields, e.g., the OF of Eq. (F). The remaining Grassmann integrations are

saturated by pulling down the appropriate power of S* . from the exponent.

inst

We illustrate these comments by focusing, first, on the n-instanton contribution to
the 4-antifermion Green’s function (Bd):

(Wa(x1) Pya2) Mg (23) As(4)) n-inst

[ a6 e [ (o) B3P () 3 () K2 (o) expl~Sia)

Here dfi stands for the properly normalized integration measure for all the collective coor-

>~

(9)

dinates in the problem (bosonic and fermionic, adjoint and fundamental) [[G-L]], excepting
the N = 2 superspace position variables (Zoqq , £, €2) which have been written out ex-
plicitly. As indicated, at leading order, 1) and )\ are approximated by quantities 1)"° and
AP defined as follows [[[7,[§]: first, one solves the Euler-Lagrange equations for ¢ and
A in the classical background of the ADHM multi-instanton with all its fermionic zero
modes turned on (and parametrized by the collective coordinates described above); next,
one projects the resulting SU (2)-valued configurations onto the unbroken U(1) direction in
the color space (this is the direction parallel to the adjoint VEV); and finally, one assumes
that the insertion points x; are far away from the instanton position xy and performs a
long-distance (LD) expansion. For all the N = 2 models, the result of this 3-step procedure
may be expressed compactly as follows [[§] i

PP (1) = iV2E Saa(wi,wo)% + .- (10a)
S\I&D(a:i) = —i\/§§2a5ad($i,$o>% + - (10b>

3 See Eq. (7.32) of [[[7 for the explicit expression in the case of pure N = 2 SYM theory,
Eq. (5.20) of [1g] for the incorporation of Nr (massive) fundamental hypermultiplets, and Eq. (15)
of [[] for the incorporation of a single (massive) adjoint hypermultiplet.

4 The three effective vertices (H) in Lo-geriv are precisely those for which the tail of the

instanton dominates the d*zo integration; likewise for the nine effective vertices (18) in Li-deriv-
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Here S, is the Weyl spinor propagator,

1
471'2(.’131' — .’130)2 ’

(11)

Sac(Ti, o) = 0460m Go(zi,x0) , Golxi,x0) =

and the derivative 9/0v acts on exp(—S7’..), with the understanding that v and v are

inst
always to be treated as independent variables. The omitted terms in ([L()) represent terms
that fall off faster than (z; — z9) ™2, as well as terms that are independent of ¢! or €2 and
hence cannot saturate these integrations. Note that in the models with hypermultiplets,
PP and A'P as given in ([[(]) contain both linear and trilinear terms in Grassmann variables
(hence would be tricky to derive using Feynman graphs rather than the methods of [[§]).

Substituting Eq. ([0) into Eq. (f) and performing the £* integrals yields

ot . _gn
/d4x0 S%(21,%0)S,3(72, 20) S (23, 20) S, (w4, T0) W/due Sinst | (12)

This one recognizes as the position-space Feynman graph for the effective 4-fermion vertex
— 35 VN2 F!" (v) with [I§):

Fa.(v) = F(v) = 87m'/al,t]e_si7rllst : (13)
n-inst

Similarly, in order to generate the n-instanton contribution to the effective vertices

(Fa-§) one analyzes the Green’s functions (ba-f), respectively. These require the long-

distance expression for the anti-self-dual part of the field strength [L§] 8

O (@) = VEEOME G (i 7o) o + (14

where Gy pq 18 the gauge-invariant propagator of U(1) field strengths:
Gmn,pq<xi7 'CCO) = (nmpangq - nmqangp - 77npamaq + 77nqamap )Go(mz‘, .’130) . (15)

The omitted terms in ([4) include terms that fall off faster than (z; —z0) ™, as well as terms

containing fewer than two of the ¢ modes and hence cannot saturate these integrations.

SD

An important property of G, pq is that it only connects v},

to v,;" and vice versa (just

as Saq only connects A to A, and 1) to ). This property follows from the identity

2
w26

(77"10"5- Grn,pq(x) = Rl SR Tgg (16)

5 The fact that the gauge field strength develops an anti-self-dual piece in perturbation theory
around the instanton is detailed in Sec. 4.4 of [[[7.
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which implies

0 = 6%” 52% Gmnpg(¥) = 055" 0y G, pa (@) - (17)

T

Now the Green’s functions (fa-fj) may be calculated as before, by substituting the long-
distance expressions ([[4) and ([L0) into the collective coordinate integration, and perform-
ing the &% integrals explicitly. Thanks to Eq. ([[7), one indeed recovers the effective vertices
(Ea-f), with the n-instanton contribution to the prepotential still given by Eq. ([J) as the
reader can check [[§].

3. Multi-instanton contribution to (¥, V). A straightforward extension of these
methods gives useful information about L£4-geriv too (as well as higher terms in the gradient
expansion). As before, it is useful to expand L4-geriv in component fields, and to focus on

the following nine effective verticesH:

Ly-deriv DO 4 Z Vkovk/O’H(v,\_f). (18)
kk'=1,2,3

Here H is the kernel in Eq. (B), the V* are the holomorphic vertices (@), and the V¥ are

their Hermitian conjugates (e.g., V? = _ﬁi Pa™ AvASP 93 /093 ). Again as before, these
nine vertices are probed, respectively, by the nine antiholomorphic x holomorphic Green’s
functions

GEF (21, g, g1, ygn) = (OF(@n, o 2i) OF (g1, ygn)) s (19)

where the OF are given in ([J) and the OF' are their Hermitian conjugates, k, &’ = 1,2, 3.
We now need, in addition to Eqs. ([[() and ([[4), the long-distance expansions of the fields
Yo, Ao and v . These are easily derived from the full SU(2) expressions [[4],[[3,17]:

()% = AU bomna’ fbU,, (20a)
M)y = UM fOU,; — USabf MU, (200)

Here ¢& and 3 are color SU (2) indices, the ADHM quantities U, f and b are as defined
in Sec. 6 of [[7], and M., is the Grassmann collective coordinate matrix ({); for (1n)® i

substitute N, for M.,. Projecting onto the unbroken U(1) direction (which we assume for

6 In N =1 language these nine vertices are all contained in the last term in Eq. (4.7) in [f],
which in our d°6 conventions reads I [ d*0d’0 W>W?9*H(®,®)/5°P9° .
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definiteness to lie in the 73 direction in color space) and utilizing the asymptotic formulae

listed at the end of Sec. 6 of [[7], one then obtains the long-distance expressions

4i = _ o
o (05) = (yi — w0)8 > trg W wy (Fi — To) Omn (yi — o) + -+
¢ k=1
= 2?2 Grn,pq (i, T0) Ztrz WpTowy, aPT 4 - (21a)
k=1

AP (yi) = 4im” Saa(yi, 20) ngﬁ ()87 by +-++ (21b)
k=1

w;D(yz) = 47:71—2 Sad(yi7x0) ZU_}}?IB (73)57 Vi~ +- (216)
k=1

omitting terms with a faster falloff. Here wy, ux and vg are the top-row elements of the
collective coordinate matrices a, M and N, respectively (see Eq. ({)); the second equality
in Eq. (R1d) follows from Eq. ().

We can now calculate, for example, the n-instanton contribution to the effective

8-fermi vertex

1 5.9 99 O 0% _
g VPARN o S () (22)
Inserting
DEP (1) D5 (2) NP () AP (4) 5P (1) 0B (y2) NP (y3) A5 (ya) (23)

into the collective coordinate integration and performing the £* integrals leaves

/d4£(30 GKASKd (.’131, Jfo)SAB(.CCQ, .CC()) GPUSpﬁ/(.CCg, .’130)505<.’134, .’130)

X €S ai(y1, 20)S 53 (v, 7o) €7 855 (y3, 0) S5 (1, o) (24)
o4 gn n 1 » . . 3 3
X —8V4 /dﬂe_ inst Z Z(4Z7T) (Vk'T ’U}kwk,’T Vk:’)(#lT wlwl’T /“Ll’)
k,k’, 11 =1

Again, we recognize this expression as the position-space Feynman graph for a local
Y2 X\21)%2 X2 vertex with an effective coupling given by the last line of Eq. (4). A comparison
with the canonical form (R2) gives a formal expression for the n-instanton contribution to

L4-deriv, valid to leading semiclassical order:

84 n L
W”H(v,\?) = 64%8/dﬁe_sinst Z (v, 73w 0 T30y ) (T3 Wy, 2y ) (25)
keok! L1 =1
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This is the analog of Eq. ([[3) for the prepotential. Somewhat different (although necessarily
consistent) formal expressions for 9?H /0v? and 9>H /9¥3 may be derived in the same way,
by examining the Green’s functions G*! and G*2, respectively. Exchanging v and v
in Eq. (B9) gives the n-antiinstanton contribution. There may also in general be mixed
n-instanton, m-antiinstanton contributions to H (unlike F due to holomorphicity), but
these lie beyond the scope of this paper.
As a simple illustration, let us calculate the 1-instanton contribution to A in the case
of pure N =2 SYM theory. In that case the instanton action reads [[7]:
Sr=l = ar?|vHw)? — 2v2in*vu® (7%)P vs (26)

inst

where |v| = v/vv. Also [[7:

A4
/d,:L = 53 d*w d?pd®v (27)

with A the dynamically generated Pauli-Villars scale. The resulting integration in (23) is

elementary, and givesﬁ

1 A*
— D ogv 28
‘l—inst e (28)

H(v,V)
in accord with an earlier prediction of Yung’s, arrived at using completely different rea-
soning [[7. In contrast, for Np > 0, the first nonvanishing contribution to # is at the
2-instanton level, due to a discrete Zs symmetry that forbids all odd-instanton contribu-
tions [B1§]; it may be calculated straightforwardly using the methods of [[[7,1§].

4. Nonrenormalization theorem for the N = 2, Npr = 4 model. To make further
progress, we note a second general property of S .. [[7M[I8[d]: when the hypermultiplet
masses are zero, all dependence on v and v can be eliminated from S}, by performing the

collective coordinate rescaling

a—allv], M—=M/|NT, NN/,

K—=K/Vv, K=K/, RoR/VV, R—=R/WV. (29)

Let us concentrate, first, on the N = 2 models with 0 < Nrp < 4 flavors of massless

fundamental hypermultiplets and no adjoint hypermultiplets. In these cases the rescaling

(BY) implies

dﬂ N ‘V‘4—8n(\/\—_])8n—4(\/§)2n1\71«“ d/:L — V2—(4—Np)n.d/‘:b (30)

7 Note that only mixed derivatives of H with respect to both v and ¥ enter L4-geriv so that H

itself can be written in a variety of equivalent ways.
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so that
log v 1

~ v(d=Np)n ’ Fv) n-inst ~ yv(4—Np)n—2 (31)

H(v,V)

n-inst
as follows from Eqgs. () and ([3), respectively. In particular, for the special case Ny = 4,

one has simply ”H‘ ~ logv so that the effective component vertices contained in

L4-deriv (all of WhinlL ilgitolve differentiating H with respect to both v and v) automatically
vanish; likewise for the antiinstanton case with v <+ v. Thus we confirm the nonperturba-
tive nonrenormalization theorem of Dine and Seiberg in this model B Giving any of the
hypermultiplets a mass spoils the argument, since m; rescales to m;/v, and this rescaled
mass can be pulled down from the exponent.

5. Nonrenormalization theorem for the N = 4 model. Next we consider the
N = 4 theory, i.e., N = 2 SYM coupled to a single massless adjoint hypermultiplet. In this
model, after spontaneous symmetry breakdown, the low-energy dynamics involves a larger
set of massless fields, corresponding to a single N = 4 U(1) multiplet. Concomitantly,
Sh <t is now independent of four additional Grassmann collective coordinates: the ‘trace’
components of the n x n matrices R/ and 7%’7 introduced in Eq. ([]) [0,0]. Respectively,
these components constitute the third and fourth supersymmetry modes, 5,3; and 5;1. Now

the collective coordinate integration takes the form
[t P REES P B (v,v) (32)

where B,, is the n-instanton contribution to what one might call the “anteprepotential” in
analogy to Eq. ([3):

Bn(v,v) = / Dje Sinst | (33)

Here Dji is the properly normalized integration measure for all collective coordinates in the
problem excepting the N = 4 superspace position variables (xq, %, ?y, g,fé). As before,
these eight unbroken f@ modes must be saturated by the insertion of an appropriate set of

fields, for instance the eight antifermions

G (w1, w8) = (a(x1) Ps(22) Ay (w3) Ag(wa) Xi(5) X5 (26) X5 (27) Xor (w8)) 5 (34)

where y and x are the adjoint hypermultiplet Higgsinos associated with the collective

coordinate matrices R and R, respectively. Now the action S in the N = 4 model

8 Notice that, in contrast to A, in the Ny = 4 model one also has F ‘n_inst ~ v? so that the
effective U(1) complexified coupling 7o = F''(v) actually receives contributions from all (even)

instanton numbers; see Refs. [[I§,§] for a discussion of this point.
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has the discrete symmetry {M,N,v} < {R, R, v} [B]. This symmetry, together with the
long-distance expressions ([[J), implies

Xa (x:) = V28 Sad(xi7x0>% + - (35a)
0
il (zi) = —iv2¢te Sad(wi,xo)% + - (35D)

From Egs. ([[0) and (B3)-(BY) it follows that G¥|
rescaling argument (29) implies that

o 9B, /0viovt. However, the

n-inst

Dii — WS (VF A Dl = D (36)

so that actually B,,(v,V) is a constant, independent of v and v. Thus all (multi-)instanton
contributions to G® vanish, as predicted by Dine and Seiberg in this model as well.
Interestingly, in the N = 8 theory in three space-time dimensions, obtained by dimen-
sional reduction of the N = 4 theory in 4D, this nonrenormalization theorem for the higher
derivative terms no longer holds; indeed the non-vanishing one-instanton contribution to
the corresponding 4-derivative/8-fermion term has been calculated in [[9], and all higher
multi-instanton contributions have been obtained in closed form in [BQ]. The significance

of such instanton corrections for Matrix theory was discussed last week in [21]].
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