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Abstract. Divergences often play important roles for study in information science so that
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significance of such results. In this paper, we introduce some parametric extended divergences
combining Jeffreys divergence and Tsallis entropy defined by generalized logarithmic functions,
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1 Introduction

For the study of multifractals, in 1988, Tsallis [27] introduced one-parameter extended entropy
of Shannon entropy by

n n 1
Hq(p)E—ijlnqu=ijlnqp—j, (¢>0,g#1) (1)
= =

where p = {p1,p2,--- ,pn} is a probability distribution with p; > 0 for all j = 1,2,--- ,n and
the g—logarithmic function for x > 0 is defined by In,(z) = ml:q_l which uniformly converges
to the usual logarithmic function log(z) in the limit ¢ — 1. Therefore Tsallis entropy converges

to Shannon entropy in the limit ¢ — 1:

q—1

lim H,(p) = Hi(p) = — Y _ pjlogp;. (2)
j=1

It is also known that Rényi entropy [1§]

1 n
Ry(p) = o > p! (3)
j=1
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is one -parameter extension of Shannon entropy.
For two probability distributions p = {p1,p2, -+ ,pn} and r = {ry,re,--- ,7,} we have
divergences based on these quantities () and (B]). We denote by

Dy(plIr) ij (Ing pj — Ing 75) ij lnq (4)

7j=1

Tsallis relative entropy. Tsallis relative entropy converges to the usual relative entropy (diver-
gence, Kullback-Leibler information) in the limit ¢ — 1:

lim Dy(plr) = Di(pllr) = > p;(logp; — logr;). (5)
j=1

We also denote by R,(p||r) the Rényi relative entropy [18] defined by

Ry(pllr) =

- log Zp‘“q : (6)

Obviously limg—,1 Ry(p||r) = D1 (p||r).

The divergences can be considered to be a generalization of entropies in the sense that Shan-
non entropy can be reproduced by the divergence logn — D1 (p||u) for the uniform distribution
u = {1/n,1/n,--- ,1/n}. Therefore the study of divergences it is important for the develop-
ments of information science. In this paper, we study several mathematical inequalities related
to some generalized divergences.

2 Two parameter entropies and divergences

In this section and throughout the rest of the paper we consider p = {p1,p2,--- ,pn} and
r={ry,ry, - ,rp} with p; > 0,7; >0 for all j =1,2,--- ,n to be probability distributions.

We start from the Tsallis quasilinear entropies and Tsallis quasilinear divergences as they
were defined in [10].

Definition 2.1 ([10]) For a continuous and strictly monotonic function v on (0,00) andr >0
with r # 1 (the nonextensivity parameter), Tsallis quasilinear entropy (r-quasilinear entropy) is
defined by

I¥(p) = In, v~ Zw( ) | (7)

In this context, as a particular case of Tsallis quasilinear entropy we have Sharma-Mittal
information measure ([16],[20],[21]), that is for ¢ (z) = 2'~7 we have:

1 iy
n (o p?) T -
zl- Z j=1P; —
Irl q(p) _ lnr pg _ ( ) — H;S:q M(p).

1—r

We find that H(i;M (p) = Hy(p). Sharma-Mittal entropy is also seen in the literature as a
two-parameter extension of Rényi entropy [19 Section 5]. This also gives rise to another case of
interest

L
1—q n q

£ (p) = Inas Zp] == (X -1, (8)
j=1



which coincides with Arimoto’s entropy for ¢ = 1/8, cf. [3], and with R-norm information
measure, for R = ¢, cf. [4].

Definition 2.2 ([10]) For a continuous and strictly monotonic function v on (0,00), the
Tsallis quasilinear relative entropy is defined by

DY@l =~ w | S (2] ). o)
j=1 !

Sharma-Mittal divergence ([2],[17]) becomes now a particular case of Tsallis quasilinear di-
vergence:

1 1
1—gq 1—gq

1—
- 1 ql-r o
_{[<Z? 1Py q) ] _1} 1—(2? il

)1 q = DSM(

pl[r).

L—r 1-7r

By analogy to the entropy computation, we find the following Arimoto type divergence:
zl=a 4 a,.1-q
24 51 (Pl[r) = fq 1 - ZP . (10)

Remark 2.3 In limit + — 1 we have I* “(p) — I* *(p) = Ry(p) and D “(p|r) —

D“fliq (pllr) = Ry(p||r). It is known that for q # r the Sharma-Mittal divergence fails to conform
to Shore-Johnson theorem [23, (2], (23], that is Sharma-Mittal divergence cannot be written as a

f—divergence
DS M (pllr) = Zp] (2).

for some function f. The previous limits give us a very intuitive way to conclude that Rényi
divergence has a similar failure [2]. Also this enables us to say that the two-parameter extended
relative entropy discussed in [9, Section 6] cannot be seen as a particular case of Sharma-Mittal
divergence.

Remark 2.4 Forx > 0 andr > 0 withr # 1, we define the r-exponential function as the inverse
function of the r-logarithmic function by exp,(z) = {1+ (1 — )2}/ if 1+ (1 —r)z > 0,
otherwise it is undefined. Here is another connection among Sharma-Mittal entropy, Tsallis
entropy and Rényi entropy [10];]22, (B.8)]:

exp, H;c':q_M(p) = exp, H,(p) = exp Ry(p).

As for a connection among their divergences, we get

1/(r-1)

expy (D7 M (plir) = {1+ (=DM (I} = {14 (¢ — DDy (plIr)} /Y

= expy_, (Dq(plr)) = exp Ry(p||r).



Remark 2.5 The weighted quasilinear mean for some continuous and strictly monotonic func-
tion Y : I — R is defined by

Migy(w1, 29, xn) =97 [ D pjablay) | (11)
=1

where E?lej =1,p;>0,x; €l forj=1,2,--- ,n. Itis known that M (w1, 22, ,7y) =

Mg (w1, 22, -+ ,2,) if and only if b and ¢ are affine maps of each other, i.e. there ex-

ist constants a, b such that ¢ = ap + b (c¢f. [, page 141], cf. also [}]). We conclude

that Mipi—q(71, 22, ;@) = My, (T1,22, - ,Zn), a fact that yields I;’Fliq(p) = Iinq(p) =
_ - 1 _

H3; M (p) and Df' " (plr) = D" (plIr) = DF; (pl|r).

3 Jeffreys and Jensen-Shannon type divergences

3.1 Tsallis type divergences

We firstly review the definitions of two famous divergences.
Definition 3.1 ([8],[13]) The Jeffreys divergence is defined by

Ji(pllr) = Di(pl[r) + Di(r||p) (12)

and the Jensen-Shannon divergence is defined as

1 + 1 +
18l = 501 (pI25 7 ) + 501 (4125 (13)

Analogously we may define the following divergences.
Definition 3.2 The Jeffreys-Tsallis divergence is

Jr(pllr) = D (pllr) + Dr(r|[p) (14)

and the Jensen-Shannon-Tsallis divergence is

1 p+r 1 p+r
180l = 500 (pIP55 ) + 500 (1255 ). (15)

We find that J,.(pl||r) = J.(r||p) and JS,(p||r) = JS,(r||p). That is, these divergences are
symmetric in the above sense.

To show one of main results in this paper, we need the following lemma that has interest on
its own.

Lemma 3.3 The function
1+ exp, (—2)

f(z) =—In, 5

s concave for 0 <r < gq.

Proof: The proof is a straightforward computation. The second derivative is given by

2q—1

) = 2 1 - ) (L - DayTE)

% (a+ (=) {1+ (@@= 1a}ra).
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Therefore if ¢ > r, then the function f(x) is concave.

|
We wish to note here that the above result yields the fact that under the same conditions
. 1 . L. . .
the function — In, +e+q(x) is also concave, as the composition of a concave function with an

affine one.

Lemma 3.4 Tsallis divergence satisfies

r 1
D, ( > < ED%T (p||r)-
Proof: From the famous inequality between the arithmetic and geometric means, we have

US> o

for all j =1,2,--- ,n. This implies that

o (p1257) = B () - Lo (57) - Lo ()

r _l4r
(Vi) - (p) T e (B
= _Zﬂ 1_-, —_Zﬂ _ :—§ij 1 _ Lir
j=1 2
= 5D (plir).
|
Hence we derive the following result.
Theorem 3.5 [t holds that
1+ exp, (—3J, r)) 1
7S4(pllr) < min {—mr o (s h(ele) 1, <p||r>} (16)
for0<r<gq.
Proof: According to Lemma [3.3],
n 1+ exp,In (T—J) n 1+ exp, In (Ii)
1 q-4q q 4\ r,
Sy(pllr) = 9 _ij In, ) LEA er In, B -
j=1 j=1
| L+exp, 0y piing (52)  1exp, 30 myIng ()
< |- lnr - lnr
2 2 2
1 1+e -D r 1+e —Dy(r
_ 1 <—lnr Py (—Dq(pllr)) ) XDy (—=Dq( Hp))> ' (17)
2 2 2
Then
—Dy(plIr)—Dqy(r||p)
1 +exp < : . 1 +exp, (—1J,(p||r
75,(pllr) < —In, n )z—lnr pq(; o(PIIr))
We apply Lemma [B.4] whence it follows
1
IS (plr) < 7 (Drse (pll) + D (x11p) )
Thus the proof is completed. u



Remark 3.6 For g =r, r — 1 we have JS,(p||r) — JS1, Jr(p||r) = J1 and the inequality (16)

gives us
71 (pli) Smin{—log”exp( el <pur>}
Sinee l+exp(—z) =«
“lg——— 53

we get the main results in [6]:

1 _lJ
JS1(p|lr) < —log +exp (—31(plIr))

Ji(p|Ir). (18)

3.2 Dual symmetric divergences

In this subsection, we introduce another type divergences and then we highlight some inequalities
for them.

Definition 3.7 The dual symmetric Jeffreys-Tsallis divergence and the dual symmetric Jensen-
Shannon-Tsallis divergence are defined by

J\%)(p|[r) = Dy(pl[r) + Do (x|[p) (19)

180 wl) = 5 | D (01257 ) + 02 (125 (20)

As one can see directly from the definition, we find that g (p|| ) = Jz(isg (r|lp) and

JSL) (pllr) = JSQCEST( l|[p). See [22] and references therein for additive duality r < 2 —r
in Tsallis statistics.
Then we get the following upper bound for J S (pl|r).

respectively

Proposition 3.8 For 0 <r <2, we have
IS\ (pllr) < Jﬁii (p|Ir)- (21)

Proof: We infer from Lemma [3.4] that

p —|— r 1
) < 3Ds (pllr).

Dy (pl|

Consequently

J5'9) (p||r) < (Dl_y(pHr)Jng%(p!\r)) —J1+T(PH)

N =

This completes the proof.
|
In order to derive further results regarding the dual symmetric divercences, we need the
following lemmas.

Lemma 3.9 The function exp,x is monotone increasing in q, for x > 0.



Proof: We have
_q9
dexpz {1+ (1 —q)z}T-9 hy(x)

dg (1—q)? ’
where
he() = (¢ — Dz + {1+ (1 - g)a}log {1+ (1 -q)z}.
Then
%;x) =(1—q)log{1+(1-q)z} >0

dexpy

for x > 0 and ¢ > 0. Therefore hy(x) > hy(0) = 0. Thus we have 3 > 0, as asserted.

Lemma 3.10 For 1 <r <2 and x > 0, we have
—Ing_,x<—In,zx

and
expy_, T < exp, T.

Proof: Since we have z'™" + "1 > 2. which implies 2""! — 1 > 1 — 2!~", we have for
1<r<2,
.Z'T_l -1 1— xl—r
Ing_,xz = p— > p— = In, x.
The second inequality is a consequence of Lemma 3.9 [
Our next result reads as follows.

Theorem 3.11 The following inequality holds

1+ exp, (—g3J4(p[Ir))
2 Y

max { 15 (x|[p), S (p||r) } < — In, (22)

foralll<r <2 andr <gq.

Proof: By Jensen’s inequality, applying Lemma [3.3], we have

n 1+ exp, In, (= n 1+ exp, In, (&
1 qq g a \r
IS (p|lr) = 5 ~> pjln, 5 <p]> =) rilng, 5 < ]>
j=1 j=1
¢ 1w LEem ORI, 1t e (D)),
2 2 2
Thus, via Lemma B.10] it turns out that
1 1+e -D r 1+e —Dy(r
IS (pllr) < = (—mr xPq (~Ds(pir)) — In, <Py (D Hp))>
2 2 2
1
< —in, 1+ exp, (—5J4(pl|r)) .

2

Further we also have 0 < 2 — r < 1 and the computation is similar for J Sécisr)(

get (using the additive duality)

p||r), hence we

s 1+ —3J,
IS99 el 1p) = IS pll) <  tn, e 2 h(PI))




Remark 3.12 Forq=r,r — 1 we have JST(,dS)(pHr) — JS%dS)(pHr) = JS1(p||r), Jﬁds)(pHr) —
Jl(ds)(pHr) = Ji(p||r) and the inequality (22) yields again the left side inequality of (I8).

Remark 3.13 The inequality (22) does not hold for 0 < r < q < 1, in general. We have the
following counter-example. We consider the probability distributions p = {2/5,2/5,1/5} and
r ={1/10,1/10,4/5}. Then for r = q = 0.1, we have

1+ exp, (—3J4(plIr))

—In, 5

— JS5'%) (pl|r) ~ —0.141646.

Open problem 3.14 Prove, disprove or find conditions such that the following inequality holds:

1+ ex —lJﬁdS) r
Fow - el )), r e [0,2]\{1}. (23)

IS (p||r) < —In,

We have not yet found any counter-example of (23). One may try to follow the same argument
as in the proof of Theorem [3.11l. This means that one should prove

! (<, L ORCDABI) | L enpy o Dacrllo)

2 2 - 2
1+ exp, (—5 (plIr))
5 )

< —In, (24)

For 0 <r <1, we have considered already over 100 particular cases without finding any counter-
example for (24). For 1 < r < 2 we have the following counter-example. Assume r = 1.3,
p = {0.14,0.01,0.85} and r = {0.07,0.48,0.45}. Then the right hand side in (Z) minus the left
hand side in (24)) approximately equals —0.0125861. Therefore in the case of 1 < r < 2 the proof
of (23) (if it holds) couldn’t begin with Jensen’s inequality as a first step.

3.3 More quasilinear divergences

We generalize the above definitions.

Definition 3.15 Let the quasilinear Jeffreys-Tsallis divergence be
JY (pllr) = DY (plIr) + DY (x|lp),

respectively the quasilinear Jensen-Shannon-Tsallis divergence be

P+f)
5 .

1 p+r
ISY(plir) = 5 | DY elIBE) + DY el

The above quasilinear divergences are symmetric in the sense that we have JJ(pl|r) =
Jﬁﬁ(ll‘Hp) and JSY (p||r) = JSY (r||p). For ¢(z) = 2!~ we obtain J*' “(p||r) = J.(p||r) and
IS¢ (pllr) = IS, (pllr).

Proposition 3.16 Let ¢ be a continuous and strictly monotonic function on (0,00). Suppose
-1
that (%@)) 1s concave. Then

1+ exp, (—474 (plI1))

JS! (plr) < ~1n, - ,

forall 0 <r <gq.



Proof: Since

1 [ :
—§1n7“¢ ‘;Tjw 2 5

by Jensen’s inequality, due to the monotonicity and from Lemma [3.3] we just compute

sspim < L (- <Z7'2:1pf¢ &), (E;;:lw ()
-l i 1 +exp, (;D}f(PHI‘)) . 1+ exp, (;D?(r\]p))

1+ exp, (— 37 (plI1))
: .

IN

—In,

4 Fermi-Dirac and Bose-Einstein type divergences

As one-parameter extension of Fermi-Dirac entropy and Bose-Einstein entropy (see also [11], 26]),
that is of

n

IfP(p) == pjlogp; — Y (1 —p;)log(l - p;)
=1 )

and

IPE(p) == pjlogp; + > (1+p;)log(1+p;),
=1 =1

the Fermi-Dirac-Tsallis entropy was introduced in [26]. Similarly, we may define the Bose-
Finstein-Tsallis entropy.

Definition 4.1 The Fermi-Dirac-Tsallis entropy is given by

n n
1 1
FPp) =Y pjln,—+> (1—p;)n, 10 (25)
1 p; — P
J J
and the Bose-FEinstein-Tsallis entropy is defined as

n

- 1 1
I;BE(p) = E pjln, — — g (1+pj)In, ——. (26)
j=1 Pi 3 1+p;

Based on the above extensions, we may introduce Fermi-Dirac-Tsallis divergence and Bose-
Einstein-Tsallis divergence in the following way.



Definition 4.2 Let

n

- T 1—r;
DFP(p||r) = —ijlnrp—’, =D (L —pj)n, _p; (27)

j=1 7 =1

and
n

DFE(p|r) = -> pjlnrp—”&E (1+p))In,
J

1+T‘j
L+p;

(28)
j=1 J=1

Then DEP s called the Fermi-Dirac-Tsallis divergence and DP¥ is called the Bose-Einstein-
Tsallis divergence.

Lemma 4.3 For 0 < z,y <1 we have

y 1—y 4"
—zln, 2 —(1—-2)1 >
a;nrx ( a;)nrl_:n_r |

[y”’l (1—a) +2"(1—y) Tt —a"(1- x)r] >0. (29)

Proof : Following the idea of [5, Lemma 11.6.1] we denote
1—y 4"
-z r+1

f(z,y) = —xln, % — (1 —2)In, {y”l (I—z) 42" (1—y) —2" (1 - x)r] .
We get

df (z,y) _ [ 1
dy y (1-y)
We can easily check that y(l—l—y) > 4 under the assumption 0 < y < 1. For y < z (which implies
y(1 —z) <z (1—1y)) we establish that the function f is decreasing in its second variable, hence

f(z,y) > f(z,z) = 0. Clearly for the case y > = we have similarly M > 0, which leads

Y
again f(z,) > f(z,z) = 0.
Our next step is to take

r—w}wW1—xY—xW1—wﬂ.

gy =y L —z) +2" (1—y) ™ —2" (1 —2)".
For y > x we may write that

dg (v, y)

Q. (r+1D (1 —2)" —a2"(1-y)] 20.

Therefore g(x,y) > g(x,z) = 0. For the case of y < x, one can show that g(z,y) > 0 by the
similar way.

|
Proposition 4.4 The Fermi-Dirac-Tsallis divergence satisfies
DEP(p|r) > il f: [w:ﬂ A—p) +p5(1—r) T —pt(1—p)| >0 (30)
r - r_i_ 1 7 J J J ] J —

i=1

Proof: Via Lemma [£3] putting + = p; and y = rj, then taking the sum on both sides, it
follows the claimed result.
|

Lemma 4.5 For 0 < z,y <1 we have

1+y 1
>
l+2 — 27 (r+1)

—x1n, %+(1+x) In, [(1 +a) - (14 y) e+ (L4 2) 2" >0. (31)

10



Proof: Consider the function

1+y 1
1+z 27 (r+1)

f(z,y) = —zln, % + (14 x)In, [(1 +z)" Yt — (1+ y)H'1 2+ (1+x) 2.

Differentiating f yields

df (z,y) r [ 1 1 }
l+2)y —(1+y) 2] |————— — —|.
=)y = ) o] | -
Obviously one has y(1+y) < 2 provided 0 < y < 1. For the case z > y (i.e. z(1+y) > y(1+x)),
we have %Z’y) < 0 so that f(x,y) > f(x,2) = 0. One checks that for x <y we get %Z’y) >0,
so that f(z,y) > f(z,z) = 0.

Next, we put
gla.y) = L+ a) g™ = (L) 2" + (1 +2) o
Fory >«
dg (z,
% =(r+ )y (1 +a) —2"(1+)] >0,

whence g(x,y) > g(x,z) = 0. Further, for the case y < x, one can prove similarly that g(x,y) > 0
holds, which ends the proof.
|

Proposition 4.6 The Bose-FEinstein-Tsallis divergence satisfies

1 n
DPF(pllr) > oD Z [(1 +p) i = (14 r) i+ (L4 p) p;] >0. (32
7j=1
Proof: According to Lemma H.5], putting = p; and y = r;, then taking the sum on both
sides, it follows the claimed result.
|

Remark 4.7 Proposition[{.4] and Proposition[{.0 give refined lower bounds for the Fermi-Dirac-
Tsallis divergence and the Bose-FEinstein-Tsallis divergence, respectively. At the same time, they
assure the nonnegativity of DFP(pl|r) and DEF(p||r). Tsus we easily find that the following
inequality for the Tsallis relative entropy holds

n

1—r; =
Dy(pllr) > max § 3 (1=pj)lny g%, (1+p)) o,

j=1 7o =1

+7’j
1+ pj

Corollary 4.8 The following inequalities hold

D P(pllr) Z - TJ

and

3

1
DFB( 4
17 (pllr) 4
]:1
Here DIP(p||r) is called the Fermi-Dirac divergence, respectively DPE (p||r) is called the Bose-
Finstein divergence and their definition corresponds to the limit v — 1 in Definition [{.1]

Proof: Put r — 1 in Proposition 4] and Proposition

11



5 Young’s inequality and Tsallis entropies with finite sum

We establish more inequalities involving Tsallis entropy and Tsallis relative entropy applying
Young’s inequality.

Lemma 5.1 (Young’s inequality) Let m, n >0 and p,q € R such that % + % =1 Ifp<O
(then 0 < qg<1)or0<p<1 (then ¢ <0), then one has mTp—l—%q < mn.

Lemma 5.2 (i) Let p,q € R satisfying l%p_‘_l%q =1.Ifp>1land0<qg<1l,orif0<p<1
and q > 1, then
In,z +In;y <zy— 1.

(ii) Letp,qGRsatisfyz’ngp%l—l—q%l:l. Ifp<landl<g<2,orifl<p<2andq<]l,
then
1 1
In, — +1Ing - > —xy + 1.
x y

Proof:

(i) Using Lemma [5.I], we obtain

In,z+1Ingy = 1 4 <zy-—1
(ii) Lemma [5.1]leads to
1 1 P t—1 gyl Pl gl 1 1
l — 1 - = = — — 1.
e i P gy (p—1+q—1>+<p—1 q—1> W

|
Then we have the following proposition.

Proposition 5.3 (i) Let p,q € R satisfying 1%17 + 1—iq =1 Ifl<p<2and0<qg<1, or
ifO<p<landl<qg<2, then

Dp(plr) + Hz—(p) 2 1 — ZPJTJ (33)

and
Dy (pl|r) + Hy(p) < ij _ (34)

(ii) Letp,qeRsatz'sfymgp%l—i-q%l:l. Ifo<p<landl <g<2orifl<p<2and
0<q<1, then

Dy(pllr) + Ha-g(p) < 3- 7% ~1 (35)

and
Dy_p(pllr) + Hy(p) > 1 - Zpﬂ’]- (36)

Proof :

12



(i) In (i) of Lemma [5.2] since we have Injy = —Ingp_, % for all y > 0, we get
1
In,z +1Ingy =In,x — 1n2_q§ <uzy-—1.

Putting x = ;_; and y = p; and multiplying —p; and then taking the sum on both sides, it
follows

n n n
T 1
=D iy Y pilne g — =Y (i)
j=1 bi o pi o
which implies the inequality (B3]). We also have the inequality ([B4]) from

1
Inpz+Ingy=—Ing_p, — +Ingy <zxy — 1.
T

(ii) Using (ii) of Lemma [5.2] we have two inequalities (85) and (B6]) by the similar way to the
proof of (i).

Remark 5.4 We have a pair of additive duality (p,2 — q) <> (2 — p,q) between (i) and (ii) of
Proposition [5.3.

A cross-entropy type formula [15] of two probability distributions is the following:
H(p,r) = Di(p|r) + Hi(p).
One may see the left side terms in Proposition [5.3] as some generalizations of H(p,r).

Corollary 5.5 The following inequalities holds:

n n
0<1-Y pry<Hpr<y L1
j=1 j=1"7

Proof: In Proposition 5.3] we take ¢ — 1.

|
Corollary 5.6 The following inequalities hold:
0<1-) pj <Hi(p)<n-—1
j=1
Proof: In Corollary B3] we take r = p.
|

Proposition 5.7 Let p,q € R satisfying p%l + q%l =1.Ifp<landl<qg<2 orifl<p<?2
and g < 1, then

IFP(p)+ 1P (p) 23 pi(1—pj).
=1

<
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Proof: From Lemma [5.2] (ii), putting # = y = p; and multiplying p; and then taking the
sum on both sides, it follows

ijlnp_ +ijlnq_ > —Zp? + 1.
j=1 b 4 Pj j=1

Putting = y = 1 — p; and multiplying 1 — p; and then taking the sum on both sides, it follows

> (1= pj)ny —— +Z L=pplngr——2 =% (1-p;)’ +n -1

j=1 Pj j=1

Summing up these two inequalities we get

LPm) + 17 (p Zp] Zl_pﬂ —321’1
7j=1

We also find that the following interesting inequalities on finite sum hold true.

Proposition 5.8 For two probability distributions p = {p1,p2, -+ ,pn} andr = {ry,ro, -+ ,rp},
we have the following relations.

(i) If 0 < g < 1, then we have 3 °7_, pir ]1 <1< Z;-l:lp?_qr;?_l.
(it) If 1 < g <2, then we have > 1pj ]1 >1> Eﬂ_lp?_qrg_l.

Proof: From the nonnegativity of Tsallis relative entropy Dy (pl|r) > 0 and Da_4(p||r) > 0
we have the statements.

6 Concluding remarks

We close this paper giving further generalized entropy and divergence by the use of two-
parameter extended logarithmic function.

Definition 6.1 For a continuous and strictly monotonic function ¢ on (0,00) and r,q > 0 with
r,q # 1, the (r,q)-quasilinear entropy is defined by

" 1
1Y (p) =gt [ D piy <p—> : (37)
=1 !

Here the two-parameter extended logarithmic function [19] is given by In, , (z) = In, exp In, ().
Correspondingly, the inverse function of In,. , is denoted by exp,. , . For ¢)(z) = In; 4 (x) we recover
the entropy used in [19] Section 4].

For ¢(x) = 2'~", we have an extension of Tsallis entropy

(p) = Ingexp H,(p) = H,4(p)-

-

IZC
For ¢(x) = 2'7P, we have
Ity " (p) = Ingexp H7, M (p) = Hi g p(P)

that extends Sharma-Mittal entropy to a three-parameter entropy.
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Definition 6.2 For a continuous and strictly monotonic function ¢ on (0,00) and r,q > 0 with
r,q # 1, the (r,q)-quasilinear divergence is defined by

DY, (pl[r) = — Iy o ijw(g) . (38)
j=1 !

For ¢(x) = 217", we get the following extension of Tsallis relative entropy

1—r

Dy, (pllr) =Ingexp Dy (pllr) = Dy q(pr).
For ¢(x) = 2'7P, we have

1-p

Df " (pllr) = Ingexp DE M (

Pl[r) = Drgp(pl[r)

that extends Sharma-Mittal divergence to a three-parameter divergence.

For a three parametrization extension of the logarithmic function see for instance [12] and
the references cited therein. With such extensions the quasilinear entropies can be analogously
extended to three parametric classes too. This is not the purpose of the present paper.
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