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Abstract

Let G be a non-compact locally compact group with a continuous submulti-
plicative weight function w such that w(e) = 1 and w is diagonally bounded
with bound K > 1. When G is o-compact, we show that | K| 4+ 1 many points
in the spectrum of LUC(w™!) are enough to determine the topological centre
of LUC(w™!)* and that | K| + 2 many points in the spectrum of L>®(w™!) are
enough to determine the topological centre of L!(w)** when G is in addition a
SIN-group. We deduce that the topological centre of LUC (w™!)* is the weighted
measure algebra M (w) and that of Cy(w™!)* is trivial for any locally compact
group. The topological centre of L'(w)** is L' (w) and that of of L (w)* is triv-
ial for any non-compact locally compact SIN-group. The same techniques apply
and lead to similar results when G is a weakly cancellative right cancellative
discrete semigroup.
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2010 MSC: Primary 43A20; Secondary 22D15

1. Introduction

Investigations related to topological centres go back all the way to Richard
Arens [1, 2], who defined two products on the second dual of a Banach algebra (in
fact, even in a more general set up). He proved that the two products coincide
for the ring C(X) of continuous functions on a compact Hausdorff space X as
well as for ¢! with the pointwise multiplication, but the two products do not
coincide for A = ¢! with convolution as product. Note that the two products
coincide on the second dual of a commutative Banach algebra if and only if the
second dual itself is commutative under either product. The work of Arens was
followed by the seminal articles by Day [8] in 1957 and by Civin and Yood [4]
in 1961, where the second duals of group algebras of infinite locally compact
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abelian groups and of some amenable discrete infinite semigroups were shown
to be non-commutative. For a more detailed account, see the survey [12].

Grosser and Losert [14] proved that the centre of UC(G)* is the measure al-
gebra M (G) when G is abelian. A natural extension of this result is the theorem
of Lau [16] stating that for any locally compact group G, the topological centre
of LUC(G)* is M(G). Then Lau and Losert [17] proved that the topological
centre of L'(G)** is the group algebra L'(G). These results were followed by
numerous papers studying the topological centres of other algebras arising in
abstract harmonic analysis such as the second dual of the Fourier algebra A(G)
or algebras associated to discrete semigroups.

One of the points which has attracted attention more recently is the number
of points necessary to determine the topological centres. This was initiated in [7],
where Dales, Lau and Strauss proved that two points are sufficient to determine
the topological centre of LUC(G)*. In [10], we also proved that two points are
enough to determine the topological centre of LUC(G)* when G is o-compact.
In [5], Dales and Dedania considered the weighted semigroup algebra ¢! (w) of a
discrete, countably infinite, cancellative semigroup S with a weight w on S that
is weakly diagonally bounded on an infinite subset T" of G with a bound K > 1.
Dales and Dedania showed that there is a set V' consisting of | K| + 1 points
such that V is determining for the topological centre of £*°(w~!)*, where | K|
denotes the integer part of K. More recently, Budak, Isik and Pym proved in
their exquisite paper [3] that continuity at one point is enough to determine the
topological centres of LUC(G)* and L'(G)**.

In this paper, we carry on our investigation on topological centres of con-
volution algebras started in [10]. The method proposed in [10] combined with
elements from [7], [5] and [3] leads also to the topological centres in the weighted
cases, assuming the weight is diagonally bounded. Moreover, in the o-compact
case, we find finite sets determining the topological centres (for the case of the
second dual L*(w)** of the weighted group algebra L!'(w) we need that G is
SIN).

Throughout the paper the weight w will be diagonally bounded on £ C G
with bound K, where E has the same compact covering number as G (precise
definitions are given in Section 2). We shall consider the C*-algebras LUC (w™1),
Co(w™1), L®(w™t) and Lg°(w™?), defined as weighted function algebras. We
prove in Section 3 that if G is o-compact, then |K | + 1 many points in the
spectrum A of LUC(w™!) are enough to determine the topological centre of
LUC(w=!)*. In general, we show that the topological centre of LUC (w~!)*
is the weighted measure algebra M (w). Similarly, the topological centre of
Co(w™1)t is trivial for any locally compact group, and in the case of o-compact
groups, it is enough to check continuity at | K | + 1 many points.

The main technique behind the proofs is to use points x in the spectrum A
of LUC(w™') that satisfy the bi-Lipschitz property

Ul < o < )

and that can be separated by slowly oscillating functions. Right isometries and



slowly oscillating functions were the main tools in [10]. The use of points with
the bi-Lipschitz property replaces the use of right isometries in the unweighted
case. The first inequality in (1) is special for these points: it is due to two crucial
facts, first, = is taken from the closure of a specially constructed set T' giving
x a factorisation property, and second, the weight w is diagonally bounded on
T. These techniques are then combined with methods from [7] and [5]. We
should note that right cancellation, factorisation and right isometries are the
three basic properties used by different authors to find the topological centres.
In [11], they are shown to be basically the same, under certain assumptions.

We continue in Section 4 with L'(w)**. With the help of an argument
based on [3], we prove that | K| 4+ 2 many points are enough to determine the
topological centres of L' (w)** and L3°(w~!)* when G is a o-compact SIN-group.
Our method shows also that the topological centre of L!'(w)** is L'(w) and the
topological centre of L°(w)t is trivial for any non-compact locally compact
SIN-group.

Our method applies also to weakly cancellative, right cancellative discrete
semigroups, as presented in Section 6. We prove that |K| + 1 is again the
number of points enough to determine the centres of ! (w)** and co(w™!)* when
S is countable; the result for ¢! (w)** is thus similar to the result of Dales and
Dedania [5, Theorem 5.6] but our assumptions on the semigroup and the weight
are slightly different. Moreover, we also deduce that the topological centres of
H(w)** and co(w™t)* are respectively /! (w) and {0}, without assuming that S
is countable.

2. Preliminaries

2.1. Function algebras

In this paper, a weight on a locally compact group G means a continuous
function w: G — (0, 00) such that the value of w at the identity e € G is 1 and
w is submultiplicative, that is,

w(st) < w(s)w(t) for every s,t € G.

For any function space F(G), we let F(w™!) denote the weighted analogue
defined by
FlwH)={f:G=CuwlfeFG}

with the norm that makes the map
frwlf: Flw™) = F(G) (2)

an isometry. We shall apply this construction to the the C*-algebra Cy(G) of
all continuous functions vanishing at infinity, to the C*-algebra LUC(G) of the
bounded left uniformly continuous functions on G, to the C*-algebra L*°(G) of
essentially bounded locally measurable functions on G and to the C*-algebra
L5 (G). For f € L®(G), we put || f|lx = esssup{ |f(z)|; x € K }, and define

L?(G) = { f € L>*(G); for K compact || f|[c\x — 0 as K — G }.



The resulting weighted function spaces are C*-algebras under the weighted
pointwise product

frwgls) = W,
and the map f — w1 f: F(w™!) — F(G) is a *-isomorphism.

2.2. Convolution algebras

The space M(w) consists of all Radon measures g on G such that the
weighted measure wp is bounded. This space is normed such that the map
= wp: M(w) - M(G) is an isometry, where M (G) is the usual measure al-
gebra consisting of bounded Radon measures on G. The measure algebra M (G)
is the dual space of Cy(G), and similarly M (w) is the dual space of Cp(w™1).
Since w is submultiplicative, M (w) is a Banach algebra under the convolution
product

(v, f) = / / f(st)du(s) du(t) (v € Mw), f € Co(w™)).

Note that although M (w) is isometric to M (G) their Banach algebra structures
may be very different, depending on w.

Let L'(G) be the group algebra of G, consisting of those measures in M (G)
that are absolutely continuous with respect to the left Haar measure. The
weighted group algebra L'(w) € M(w) is defined via the isometry u ~— wp.
Then L!'(w) is a closed two-sided ideal in M (w), similarly as L*(G) is in M(G).
When w > 1, we have L!(w) C LY(G) (with different norms); in this well-studied
case L' (w) is called a Beurling algebra.

Let 7: LUC(G)* — LUC (w™1)* be the adjoint of the isometry given in (2)
for F(G) = LUC(G); that is,

(m(p), f) = (,w™'f)  (pe LUC(G)*, fe LUCw™)).

Since f + w™!f is a x-isomorphism, 7 maps the spectrum G*Y¢ of LUC(Q)
onto the spectrum A of LUC (w™1). Define e: G — A by

(e(s), f) = % (fe LUC(w™)).

Then € is a homeomorphism, and in fact

~

where s in the right-hand side is considered as an element of GLUY (the point
evaluation at s). We shall always use the identification G C GFUY. We may
also identify G with its image in A (topologically), but keep writing e(s) in the
weighted case to deter confusion.

Let A be a Banach algebra; in our interests A is either L'(w) or !(w),
the latter being the weighted semigroup algebra of a discrete semigroup S (see



Section 6 for more details). The first Arens product on the second dual of A is
defined by the following formulas:

(fa,b) = (f,ab), a,be A, f e A,
(vf,a) = (v, fa), ve A, (3)
<,LL|:|I/,f>:<,U,,l/f>7 [LEA**

This makes A** a Banach algebra.
There is also the second Arens product on the second dual of any Banach
algebra A; this is defined by the following formulas:

(af,b) = (f,ba), a,be A, f e A*,
(fu,a) = (u,af), pe A, (4)
(mowv, f) = (v, fu), ve A

The product on LUC(w™!)* is defined by

L.f(t) = f(st) s,t € G, fe LUC(w™),
vf(s) = (v, Lsf), veLUC(w™ )",
(nOv, f) = (m,vf), pe LUC(w )™

Let Cy(w™1)* denote the functionals in LUC (w™!)* that annihilate Cp(w™!) C
LUC(w™1). Tt is easily seen that Co(w™!)1 is a weak*-closed ideal in LUC (w™1)*.
Moreover,

LUC(w™ )" 2 M(w) @ Cow™H)*

as an (!-direct sum.

Let ®: LY(w)** — LUC(w™!)* denote the natural quotient map, i.e., the
adjoint of the inclusion LUC(w™1) < L*(w™1). Then @ is a weak*-continuous
homomorphism with respect to the first Arens product 0 on L!'(w)** and the
product Jon LUC(w™1)*. Moreover, ® maps L (w™1)* onto M (w), L (w™1)*
onto Cp(w™1)* and the spectrum € of L®(w™!) onto A (the last statement
follows from [21, Lemma 4.1.7] for example).

It is a consequence of Cohen’s factorisation theorem that LUC(w™!) =
L>®(w™ 1) L} (w), where the action of L'(w) on L>®(w™!) defined by the first
formula of (3) (see for example [13], there is a small gap in the proof of [13,
Proposition 1.3], which is mended in [6, Proposition 7.15]). We therefore see
that the Banach algebra LUC(w™!)* acts on L>®(w™!) and on L'(w)** by

(veof d)=(z,fo) and (new, [f)=(uzef), (5)

where pp € L®(w™1)*, 2 € LUC(w™Y)*, ¢ € L} (w) and f € L*®(w™!). This
leads immediately to the identity

pOv=ped)  (uve L'(w)™), (6)



which implies that the right shift by v in L' (w)** depends only on the restriction
of v to LUC(w™!). Moreover, note that x e f = xf if f € LUC(w™!) and
r € LUC(w™1)*.

The right translations on (L!(w)**,0) and on LUC (w~1!)* are weak*-continuous,
but left translations need not be. On these algebras, the topological centre is
the collection of all p such that the left translation by u, ie. v — pOv, is
weak*-continuous.

It is not difficult to show that M(w), L*(w) and ¢! (w) are contained in the
topological centres of LUC (w™1)*, L*(w)** and ¢! (w)**, respectively.

2.3. More definitions

For E C G, let k(F) denote the compact covering number of F, i.e., the
minimal cardinality of a covering of E by compact subsets of G. Then the
height of x € A is defined to be

p(z) =min{ k(E); EC G,z € €E)},

where overline denotes the closure in A. Finally, let U/a denote the points in A
with height x(G).
The weight w is diagonally bounded on E C G with bound K > 0 if

supw(s)w(s™!) < K.
sek

Necessarily, K > 1 (assuming E # 0).
A function f: G — C is said to be slowly oscillating if for every ¢ > 0 and
s € G there is A C G with k(A4) < k(G) such that

[f(st)— f(t)] <e and |[f(ts)— f(t)] <e forevery te G\ A.

Slowly oscillating functions were constructed in [10, Lemma 1]. If f € LUC(G)
is slowly oscillating, then

<y|:|5’f>:<y7f>:<'r|:|yvf>

whenever s € G, r € GYYC and the height of y € G*VC is k(G).

3. Sets determining topological centres

The notion of sets determining for the (left) topological centre (dtc) of A**
was introduced by Dales, Lau, and Strauss [7]. A set V C A* is a dic set if

pOy=poy forevery yeV impliesthat pe€ A.

Note that since p0a = poa for every a € A, we have p Oy = poy if and only

if £y =lim, p Oy, whenever (y,) is a net in A such that y, — y in A**.
Recall that G is an SIN group if it has a neighbourhood base at the identity

consisting of symmetric, invariant neighbourhoods. When G is an SIN group,



the left and right uniformities coincide and LUC(G) is the C*-algebra of all
bounded uniformly continuous functions. So in this case, a second product may
be defined on LUC (w™1)* as follows:

Rsf(t):f(ts)’ fV(S):<V’Rsf>7 <,u<>y,f>=<,u,fu>7

where s, t € G, f € LUC(w™), and p, v € LUC(w™!)*. In this case, we say
that a subset V of A is a dtc set of LUC(w™1)* if p € M (w) whenever

pOxz=pox forevery zeV. (7

Equivalently, i = 0 is the only element in Co(w™1)* with property (7). We
remark at this point that when G is a SIN group, the map ®: L'(w)** —
LUC(w™1)* is a homomorphism also with respect to the second products.

Lemma 1. Suppose that G is a locally compact SIN group. Let u € LUC (w™1)*
and x € A. Then pOxz = pox if and only if p Oz = lim, p O e(s,) whenever
(Sa) s a net in G such that €(sq) — x in A.

Proof. Let (so) be a net in G such that €(so) — = in A. As pOe(s) = poe(s)
for every s € G, we have

limp Oe(sq) =limpoe(sy) = pom.

O

The preceding lemma justifies the following definition which applies to all
locally compact groups. A subset V of A is determining for the topological
centre of LUC(w™1)* (a dtc set) if u € M(w) whenever

pOz=1limpOe(sy)

for every x € V' and for every net (so) in G such that €(s,) — .

The approach in this paper shall lead to a subset Y of A of cardinality 2¢
such that any | K | +1 points from Y form a dtc set for the algebra LUC (w™!)*
when G is o-compact. Moreover, it will then be enough to check the continuity
of the left translations at |K | 4+ 1 points to deduce that the topological centre
of Co(w™hH)L is {0}.

When G is in addition an SIN group, we find a subset Y in the spectrum €2
of cardinality 2° such that any | K| + 1 points from Y together with any right
identity in 2 form a dtc set for the algebra L!(w)**. It will also be enough then
to check the continuity of the left translations at | K | + 2 points to deduce that
the topological centre of L (w™1)+ is {0}.

In the general case when G is not necessarily o-compact, the methods still
lead to the topological centres of any of these algebras.

The dtc sets considered in [3] (in the unweighted case) are different than
the dtc sets defined above. Budak, Isik and Pym find one point x together
with a net (z,) both in the remainder G*Y \ G such that z, — =, and



w0z, — Oz happens only for = 0 in Cy(w™')*. So their dtc set is a
singleton in GLVY \ G but the whole net of points in GXY¢ \ G is also needed in
the process, while our dtc set consists simply of two points in GLVC\ G. In fact,
with our definition, 2 is the smallest cardinality dtc sets may have in general:
take G abelian, w = 1, z € GLVY \ G and (s,) any net in G converging to .
Then z Oz = lim, s, O = lim, 0 s,, and so a dtc set (even for GEVC) must
have more than one point.

4. Dtc sets for LUC (w™1)*

This section forms the core of the paper. Throughout the section we as-
sume that w is a weight on a non-compact locally compact group G, which is
diagonally bounded, with bound K > 1, on a subset £ C G with s(E) = &(G).

The proof of the following lemma builds upon elements from [10] and [5,
Theorem 5.6] (the latter of which is adapted from [7]).

Recall that U denotes the set of uniform points in A, i.e., points with height
k(G).

Lemma 2. There existn = | K| +1 points x1, 2, ..., T in A such that u =0
is the only element in LUC(w™1)* with supp u € Ua having the property that
limg O €(sq) = p Oz whenever k =1, ..., n and (sq) is a net in G with
lim, €(sq) =z in A.

Proof. We start by constructing points x1, xa, ..., z, in Ua that can be sep-
arated by slowly oscillating functions and that have the following factorisation
property (obtained with the help of [20]): for any f € LUC(w™!) there is
g € LUC(w™!) such that f = x,g.

Let T C E be a set as constructed in Lemma 1 of [10]. Let f € LUC(w™)
and € > 0 be arbitrary. Since L'(w) has a bounded approximate identity with
bound 1 (as w(e) = 1), it follows from the Cohen factorisation theorem [15,
Theorem 32.22] that f = he where h € L*®(w™?!) and ¢ € L'(w) are such
that ||h — f|lo < € and ||¢|lo < 1. Comparing the construction of our set T
in Lemma 1 of [10] to the construction leading to Lemma 8 of [9], we see that
the set T satisfies the properties needed for the latter result. Therefore, any
x in the closure of €(T") with height x(G) has the factorisation property that
any h € L®°(w™!) can be written as h = x @ ¢’ for some ¢’ € L>®(w™!). (This
factorisation result goes back to Neufang [20].) Put g = ¢'¢ € LUC(w™1!) so
that

rg=x(g'v) = (x0g)p=hp=],
as required. Since w is diagonally bounded on E with bound K, an inspection
of the argument in [9] shows that ||¢'||. < K|kl and so

Iglles < 119l llell < K[1Alle < K ([ f]le +€)-

Therefore, for every yu € LUC(w™1)*, f € LUC(w™!) and € > 0, writing f = xg
as above, we have

(s Al = KOz, g)| < K|[p O zl|([[f]lo + €).



It follows that
[l

— < ||pO 8

< jua 0
for every p in LUC (w™1)*.

Now let z1, 2, ..., T, be n distinct points in €(7') with height #(G), and

pick n distinct points y1, yo, ..., ¥n in T C GEYUC (necessarily with height x(G))

such that z; = 7(yy) for 1 < k < mn. The construction in [10, Lemma 1] gives
slowly oscillating functions f; € LUC(G), 1 < j < n, such that 0 < f; < 1,
(Yr, fj) = Or,; and the supports of f;’s are disjoint (regarded as continuous
functions on GLUC). For every 1 < j < n, let g; = wf; and note that g; is in
the unit ball of LUC(w™!) and (xy, g;) = 0k, ;-

Choose ¢ > 0 such that % —€ > % Let z € Ua and let h be an arbitrary
function in the unit ball of LUC(w™!). Now for every 1 <k <n and s,t € G,

(e()(h - 1)) (8) = (€(8), Lol - gi)) = Lowgn)(ts) _ hlt)g(ts)

o) w(aelts)
Then
(20 e(s), o gil = {2, €(s)(hw gi))l = lim %
T e(t)—z| w(ts) _t_ir,l(zﬂfk(t )| 9)
e HEEI}(Z) 1fe(®)] = (71 (2), w ™ g)| = {2, gx)l,

where the right slow oscillation of f; is used at (x). Since the supports of the
functions gy (regarded as continuous functions on A) are disjoint, there is at
most one k such that (z, gx) is non-zero. It follows that if x is a finite sum of
the form  ,_; a;2; such that z; € Ua and a; € R with ), |a;| < 1, then for

some 1 <k<n . )
O h -y << =
pOels)hwan)] < - <

Indeed, if I, = {i € I; (z;,gx) # 0}, then the sets I}, are disjoint, and by (9),

(B e(),w gidl < ol [z O e(s), how gi) <Y ol [{z1, g6

— €. (10)

i€l el (11)
= Z o] (23, gr)| < Z ;.
i€l i€l

Since
n
>l <1,
k=11€ly

inquality (10) is clear.
By weak*-approximation, (10) holds for any yx in the unit ball of LUC (w™!)*
that is supported by Ua (as a measure on A).



Suppose that ||u|]| = 1. Now we show that for every 1 < k < n, we can find
hy, in the unit ball of LUC (w™?!) such that

1
(O ap, by o gr)| > x € (12)

Since ||p O x| > ||pll/K = 1/K by (8), we can already pick hy in the unit
ball of LUC (w™1!) such that

1
(e Oxg, hi)| > e (13)

Next, for each 1 < k < n, we let
Fp={z€A;(z,9r) =1}

and show that supp(p O xy) C Fy (recall that A is usually not closed under the
multiplication of LUC (w~!)*). We first claim that for every z € A, the support
of z 0z is contained in Fy. For every s,t € G,

w(st)

e(s)de(t) = )o@

e(st).
Noting that w(st)/w(s)w(t) is bounded by 1, and taking first e(¢) — xj then
€(s) — z, the preceding identity leads to

0Oz, = \u

where A € (0,1] and u € A. Since

: : w(st) gr(st)
A =1 1 —_——
(Au, g) e(sl)Igze(f,)lEmk w(s)w(t) w(st)
. , w(st) (%)
1 1 ————fr(st) =" A =A
S—)T::EI}(Z) t—)ﬂl_r{l(wc) W(S)w(t) fk(s ) <$k,gk> ’

where as in (9), the left slow oscillation of fj is used at (xx). We have therefore
(u,g9x) = 1, and so supp(z O ) = {u} C Fj. Taking linear combinations
of elements of the form 2z O xy, 2 € A, and then weak*-limits, we see that
supp(u O x) C Fy (as F, € A is closed). Now, since gp = 1 on Fy, it is easy
to check that hy -, g = hi on Fj. Accordingly, inequality (12) follows from
inequality (13).

Suppose now that p € LUC(w™1)* is supported by Ux and has norm 1.
Since both (10) and (12) hold for u, we see that

limp Oe(sq) # pOaxg

even if (s,) is a net in G such that lim, €(s,) = . This proves the claim. O

10



Theorem 3. Suppose that G is o-compact. Then A contains a dic set for
LUC(w™Y)* of cardinality | K |+1. In other words, there existn = | K |+1 points

T, To, ..., Ty in A such that if p € LUC(w™1)* and lim, p O €(s4) = p Oy,
whenever k =1,...,n and (sq) is a net in G with lim,, €(s,) = x in A, then
we Mw).

In particular, the topological centre of LUC(w™1)* is M(w).
Proof. Let x1, x2, ..., x, be the points in (—T) as given by Lemma 2. Let p €
LUC(w™1)* and write it as u = po + p1 where pg € M(w) and py € Co(w™1) .
Suppose that g has the property that lim, g0 €(s,) = p Oz whenever k = 1,
...,nand (sq) is a net in G with lim,, €(s) = =5 in A. Since M (w) is contained
in the topological centre, it is clear that pg satisfies also the property, and so
does pp. But as G is o-compact, up is supported by A\ €(G) = Ua. Tt then

follows from Lemma 2 that u; = 0. O

Next we shall show that the topological centre of LUC (w™1)* is M(w) for
any locally compact group G. Let H be an open subgroup of G. Restricting w
to H gives a weight on H and we denote the associated weighted LUC-space
by LUC(H,w™"). For every f in LUC(H,w™'), let f denote extension of f to
G by 0 and note that f € LUC(w™"). Then if p € LUC(w™1)*, let [ denote
the functional in LUC(H,w™!)* defined by

(i f) = (. f)  (feLUC(H,w™)).

Note that the spectrum A(H) of LUC(H,w™') may be identified with the clo-
sure of €(H) in A. Moreover, denote the set of points in e(H) C A with height
k(H) by Un(H).

Lemma 4. Let H be an open subgroup of G. Let y € e(H) = A(H) where the
closure is taken in A. If the map

Lz pOz: A— LUC(w™Y)*
18 continuous at y, then also the map
Ly:xw— pOx: A(H) - LUC(H,w™b)*
18 continuous at y.

Proof. We begin by checking that (zf)” = zf whenever z € e(H) and f €
LUC(H,w™'). For every s € G,

>
>
~»

() = (@, Lsfy = lm <205

(sh) Jaxf(s) ifscH
o ifs¢ H,

and so (zf)” = zf. Now if (y,) is a net in e(H) converging to y, then
(La(ya)s 1) = (it yaf) = (0 Wa )7 = (i yaf) = Oy, f) = (Laly), )

because L, is continuous at y. Hence L is continuous at y. O

11



The following result is known from [20] and [6], but our methods are very
different.

Theorem 5. The topological centre of LUC (w™1)* is M(w).

Proof. Suppose that p is in the topological centre of LUC(w™1)*. Since M(w)
is contained in the topological centre, we may assume without loss of generality
that u € Cop(w™!)*. Suppose that p # 0. Pick ¢ from suppp € A with
minimal height and construct an open subgroup H of G such that £ € Ua(H)
and k(ENH) = xk(H) (this is obtained by taking first a subset A of G such that
¢ € €(A) and k(A) equals the height of £, then any subset B of E with x(B) =
k(A) and a compact neighbourhood V' of the identity, and finally defining H
as the subgroup generated by AU BU V). Then i # 0 and supp i C Ua(H)
due to the minimality of the height of £. Since p is in the topological centre of
LUC(w™1)*, the map

Ly:xw— pOx: A(H) —» LUC(H,w™b)*

is continuous by Lemma 4. This contradicts Lemma 2 when applied to H. 0O

Theorem 6. The topological centre of Co(w™)* is {0}. If G is o-compact,
then it is enough to check the continuity of left translations at | K| + 1 points.

Proof. The argument is similar to the proof of [10, Theorem 17]. For the first
statement, it is enough to show that any element p in the topological centre of
Co(w™1)+ is in the topological centre of LUC (w~!)*. To this end, fix a right
cancellable point x in Co(w™!)L. For the definition of right cancellable, see sec-
tion 6. Any point in €(T"), where 7' is the set used throughout the paper starting
from Lemma 2, is right cancellable, see [9, Theorem 10]. If (v,) is a bounded
net in LUC (w™1)* converging to v in the weak*-topology of LUC (w™1)*, then
ve Oz — vOz in Co(w™1)* with respect to the relative weak*-topology. Hence
pwOv, Oz — pOvOz. On the other hand, the net (1O wv,) clusters at some
n € LUC(w™1)* due to boundedness. But then nOx = pOv Oz and since z is
right cancellable, we have n = udv. Therefore p v is the unique cluster point
of (n0vy), and so pOv, — pOv. This shows that the left translation by p is
weak*-continuous on bounded sets of LUC(w™!)*. Since bounded nets (in fact
just nets from the group) were enough to deduce the topological centre in the
argument of Theorem 5, the left translation by p is weak*-continuous on all of
LUC(w™Y)*. (It should be mentioned that this passage from bounded nets to
general nets was wrongly argued in the proof of [10, Theorem 17].)

For the second statement, note that we only need to check the continuity of
the left translation by u at the points =1 O, ..., z, Ox, where x4, ..., x,, are
as in Theorem 3. U

5. Dtc sets for L'(w)**

Again we assume that w is a weight on a non-compact locally compact group
G and that w is diagonally bounded, with bound K > 1, on a subset £ C G
with k(E) = &(G).

12



Recall that L (w™1!) is the closure of the compactly supported functions in
L>®(w™1), and that L'(w)** has an ¢!-direct sum decomposition

LHw)™ = LF(w ™) @ LP(w™)+ (14)

(see [9, 18]). Note that L3°(w™1)* is a weak*-closed ideal in L'(w)** consisting
of the functionals annihilating L3°(w™1!).

The main part of the section is inspired by the work of Budak, Isik and Pym
[3]. We shall first show that if u is in the topological centre of L'(w)** and
p = po + 1 is the decomposition of p according to (14), then g is in L'(w).
To this end, we say that u € L'(w)** is singular if for every f € L'(w) we
have ;1 L f as measures on Q. Since L!'(G) is a band in L'(G)** (by Lemma
3.5 of [3]) and the isometry L'(G)** — L'(w)** is a lattice isomorphism, also
LY(w) is a band in L'(w)**. Hence L (w™!)* has an orthogonal decomposition
L (w™)* = LY w) & L (w™1)* where L3°(w™1)* denotes the singular elements
in Lg°(w™1)* (as argued in [3]; for more details on Banach lattices, see [19], in
particular Theorem 1.2.9).

The following lemma is a weighted version of [3, Lemma 5.3]. The result can
be deduced from [3], because the proof there relies only on the lattice structure
of LY(G)**, which is the same as that of L'(w)**. For completeness, here is
another proof directly for L!(w)**. For compact F' C G, define

~1(5) = {w(s)_ ifseF

Wp )
0 otherwise,

and note that wy' € L' (w).

For p € L*®(w™1)* and compact set K C G, let u|x denote the functional
defined by (u|x, f) = (u, 1k f) for f € L>®(w™') (note that 1x f denotes the
pointwise product).

Lemma 7. Let pu € L°(w™1)*. Suppose that {K,} is a sequence of increasing
compact sets such that ||p|k, || = |||l asn — oo (such a sequence always exists).
Then there is a sequence of functions (f,) C L= (w™!) such that

L | fallo <1,

2. fn=0off K,

3. lim (¢, f,) = 0 whenever ¢ € L'(w),
n— oo

4

- lim (s f) = s |l-

Proof. Write p = fiqp + jts Where g, € L' (w) and pg is singular. Fix a natural
number n. Identify elements of L!'(w)** with bounded Radon measures on
the spectrum Q of L>(w™!); note that this identification preserves the lattice
structure, and so ps L w;(i as measures on (). To simplify notation, write
Vn = ls|k, . Since v, L wl_(i, there exists a Borel measurable set A C Q such
that |v,|(A) = ||vn || and wl_(:(A) = 0. By regularity, there is g € L>(w™!) with
0 < g < w such that (|1/n|,g> > |lvn]l = 1/n and (w%i,g) < 1/n. Choose h €
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L>®(w™!) such that |h| < g and (v, h) > (Jvn|,g) — 1/n. Define f,, € L (w™1)
by putting f, = h on K,, and f,, = 0 off K,,. The first two statements are then
immediate.

To see that the third statement holds, note that for ¢ € C.(G) (the com-
pactly supported continuous functions on G)

| v ’/w )fals) ds

< sup [4(s) |/ ) fu(s) ds

seG
< sup [¢(s)w(s)| (wi',g) < SUD, e |¢(S)w(s)|.
s€G -

So [ ¥(s)fn(s)ds — O for every ¢ € C.(G) and it follows that (¢, f,) — 0
whenever qS 6 LY (w).
As for the fourth statement, note that

[y fudl > (s fd)| = [(ttans fr)| 2> vnll = 2/m = [(pab, fr) | — [lps |l

as n — oo. O

Lemma 8. If u € L°(w™1)* is in the topological centre of L'(w)**, then u is
in L' (w).

Proof. Let {K,} be a sequence of increasing compact sets such that u|g, — p
in norm, and let by Lemma 7, (f,) € L=(w™!) be the sequence of functions
obtained for p and {K,}. Then pick a sequence (y,) C E such that

Knyn N Kiyym = 0
whenever n # m. Then the function

= Z w(yn)Rylefn

is in L>=°(w~1). For every ¢ € L'(w) supported by K,,, we have
ho(ym) _
w(Ym)

= <¢)a fm>7

as ¢ is supported by K,, and K, 9, N K, ym = 0 for n # m. It then follows that

(¢, €(ym) @ h) = (Symy;1)¢(s) ds

(15)

(ul s €(ym) o B) =l s fm)

for m > n. Now

|<:U’7 E(ym) b h> - </~L7 fm>| < 2||N - N'Kn ” + |<N|Kn76(ym) oh— fm>‘
=2|lp — plk, |
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for m > n, and so

lim (p, €(ym) ® h) = (1, frm) = |lps]| (16)

lim
m—0o0 m—0o0
by Lemma 7.

Let y be a cluster point of the sequence (€(yy,))s2, in A. Since p is in the
topological centre of L!(w)**, it follows from (16) that

(oy,h) = |us| (17)

On the other hand, it follows from (15) and Lemma 7 that
(oy.h) = lm (. fn) =0

for every ¢ € L'(w) supported by any K,. As u|x, — p, we may take ¢ to u
in the weak*-topology, and so

(peoy,h)=0.
Combining this with (17) we see that us = 0, and so p € LY(G). O

Recall that ®: L'(w)** — LUC(w™1)* is the natural quotient map, which
maps L (w™1)* onto M (w) and LF(w™1)* onto Co(w™1)*:.

Lemma 9. Suppose that G is a locally compact SIN group and that V is a dtc
set for LUC(w=1)*. For everyy € V, let §j € L*(w)** such that ®(j) = y. If
p € LYw)*™ and

py=poy
for everyy € V, then ®(u) € M(w).

Proof. Since G is SIN, there are two well-defined products 0 and ¢ on LUC (w™1)*.
Suppose that

pUy=poy

for every y € V. Since ® is a homomorphism with respect to the first products
[J as well as the second products ¢, we have that

P(p)Oy=(u)oy

for every y € V. Since V is a dtc set for LUC (w™1)*, we have that ®(u) € M (w)
(via Lemma 1). O

The first part of the following result is known to be true for any locally
compact group; see [20] and [6].

Theorem 10. Suppose that G is a locally compact SIN group. The topological
centre of LY (w)** is L' (w). When G is also o-compact, there exists a dtc set of
n = | K| + 2 points in Q.
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Proof. Let uu be in the topological centre of L!(w)**, and decompose p as in (14)
with po as the local component and 1 as the component at infinity. It follows
from Lemma 9 that ®(u) € M(w). Since ®(ug) € M(w), we have ®(u1) € M (w).
But since p1 € Lg°(w™1)L, we must have ®(u1) = 0. This means that u; = 0
on LUC(w™!). Since G is SIN, there is a central bounded approximate identity
() in Lt (w), with the supports contained in some common compact set. Note
that each e, is also in the algebraic centre of L!(w)**. In particular, for every
a and for every f € L®(w™1),

(1 Oea, f) = (ea O p1, ) = (eas p1f) = (1, fea) = 0.

So, if v is a weak™® cluster point of (e, ), then v is a right identity in L*(w)** and

p= o+ p1 = (po + pn) O = wlim(po + 1) U ea
= wlim(po Deq + p1 Oeq) = whlim po Oe,
« «@

=wtlime, O pg = v O pg.
«

Now i is the norm limit of a compactly supported functionals fig ,, in L (w™1)*,
n = 1,2,... For every n, there is a compact set K, such that the support of
€q O o, is contained in K, for every a. Hence v O g, = w*-lim, eq O g 4
is also supported by K,. Therefore y, as the norm limit of the sequence
(v O pon)ey C LP(w )", is in L3°(w™1)*, and so g = po. Consequently,
fo is in the topological centre of L!(w)**, and by Lemma 8, yu = uo € L'(w), as
required.

Now suppose that G is also o-compact. Let zy, =3, ..., x,,_1 be the points
in A given by Theorem 3. For every k = 1,2,...,n — 1, pick yr € Q such
that ®(yx) = xx (that this is possible, recall that ® maps €2 onto A by [21,
Lemma 4.1.7]). If

Oy =poy, forevery k=12,...,n—1,

then by Lemma 9 ®(u) € M(w) and hence ®(p1) = 0. To deduce that g = 0,
we need as above one right identity in €2, taking the number of necessary points
to | K| +2. Note that any element in ®~1(4,) is a right identity, and ®~1(5.)NQ
is non-empty as 6. € A. Finally, to deduce that py € L'(w), we need to apply
Lemma 8. This will not add to the number of necessary points as the element
y used in Lemma 8 can be one of the x’s (so effectively yy). O

The same argument, which gives Theorem 6 (using [9, Theorem 10]), proves
the following.

Theorem 11. Suppose that G is SIN. The topological centre of L (w™ 1)t is
{0}. If G is also o-compact, it is enough to check the continuity at | K| + 2
points.
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6. Dtc sets for £1(w)**

Let S be a discrete semigroup and consider the weighted semigroup algebra
0 (w) where w: S — (0,00) is a submultiplicative weight function. We want to
show that the topological centre of £!(w)** = (°°(w=1)* is /(w) under some
conditions on S and w. This case is very similar to the case of LUC (w™1)*
considered in section 4.

The spaces ¢! (w) and ¢*°(w™1) are defined via isometries

fwf: 0t (w) — 4(S)

and
frew 2w = 02(9).

Then ¢!(w) is a Banach algebra with respect to the convolution product and
0>°(w™1) is a C*-algebra with respect to the weighted pointwise product. We let
7 01(S)** — £*(w)** be the adjoint of the *-isomorphism f ~ w=!f. Similarly
to the previous case, we denote the spectrum of /°°(w =) by A, and let e: S — A
be the map )
f S 00 —1
<6<5)7f> - W(S) (feg (W ))
Note that the spectrum of ¢>°(S) is the Stone-Cech compactification 35 of S,
and so (e, A) is a realisation of the Stone-Cech compactification of S. We define
the height of points in A similarly as before, and denote by Ua the set of points
with the maximal height |S|. We define also slowly oscillating functions as in
the group case.
We say that w is diagonally bounded on E C S with bound K > 0 if

w(s)w(t) < Kw(st) for every sin S and ¢ in E.

(In the case when S is a group this is equivalent to the previous definition.)

We say that an element s in a semigroup S is right cancellable if t1s = tos
implies t; = to whenever t1,ts € S; left cancellable elements are defined analo-
gously. A semigroup S is right cancellative if every element in S is right can-
cellable, and S is weakly left cancellative if for every fixed s,u € S, the equation
st = wu has finitely many solutions ¢t € S. A weakly cancellative semigroup is
both weakly left and weakly right cancellative.

Throughout this last section, .S is an infinite discrete, right cancellative,
weakly cancellative semigroup and w is a weight on S that is diagonally bounded,
with bound K, on E C S with |E| = |5].

Lemma 12. There is a subset T C E, with |T| = |E|, such that

1. the points in T C BS can be separated by slowly oscillating functions;

2. for every x € e(T) NUA and v € £ (w)**

[ ]

5 SlkOa].
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Proof. Let {Sa4}a<|s| be an increasing cover of S as constructed in [10, Lemma 7J;
in particular, |S,| is finite when || is finite and |S,| = |a| otherwise. We
may assume without loss of generality that S has an identity element e and
e € Sp. By transfinite induction, there is a subset 7' = {t4 }o<|g| of £ such that
SataSaNSstpSs = 0 when o # § (note that weak cancellation is needed at this
point). Then the points in the closure of T in S can be separated by slowly
oscillating functions, as constructed in [10, Lemma 7], so the first statement
holds.

To prove the second statement, it suffices in fact that the set T satisfies that
Sata N Stz = 0 whenever o # . We show that each function f € £>°(w™1)
factorises as f = zg, where x € e(T)NUa and g € £°°(w™"). To see this, consider
for a given f € £>°(w™!), the function

g(s) = Zw(ta)lsata(s)fa(s) (s€S)

[e3

where 1g ¢, is the characteristic function of S,t, and

fals) = {f(u) if s = ut,

0 otherwise.

Note that f, is well defined since S is right cancellative and so is g since {Sutq}
is a disjoint family. Since w is diagonally bounded on 7" with bound K, we have
W(te)w(uty) ™t < Kw(u)~! and so

l9()w(s) T < K> lgura () fllo < K flw (18)

for every s € S.
Let now x be any point in €(7') N\UA and let €(t,. ) — 2. Let s € S and pick
B such that s € Sg. We may suppose that a, > 3 for every . Then

zg(s) = (@, Lsg) = h,gnw(taw)_lg(Staw)

= 1i£nz w(ta,) 'w(ta)ls, ., (Sta,) fa(sta, ).

Note that 1s,¢,(sta,) = 0 if a # o, and that f,(sta,) = f(s) if a = . It
follows that zg(s) = f(s), and so we have our wanted factorisation.

If now g € £°°(w™1)* is non-zero and € > 0 is given, pick f from the unit
ball of £°(w™1) such that |{u, f)| > ||u|| — €. If g is as above, then

(n Oz, g)| = [{u, )] = llull — e
As ||g]lw < K by (18), we have

Ozl > —.
M=EER
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After choosing T as in the preceding lemma, repeating the proof of Lemma 2
gives the following result.

Lemma 13. There exist n = | K| + 1 points x1, x2, ..., T, in A such that
p =0 is the only element in £*(w)** with supp u C Ua having the property that
limg O €(sa) = p Oz whenever k = 1,...,n and (sq) is a net in S with
lim, €(sq) =z in A.

The next result follows immediately from the preceding lemma. Note that
Dales and Dedania [5, Theorem 5.6] proved a similar result under the assump-
tions that S is both left and right cancellative, countable semigroup and that
the weight w is weakly diagonally bounded on an infinite £ C S.

Theorem 14. Suppose in addition that S is countable. Then A contains a dtc
set for (1 (w)** of cardinality | K| + 1. In other words, there exist n = | K| + 1

points 1, Ta, ..., Ty in A such that if p € £1(w)** and lim, pOe(sy) = pOxy
whenever k=1, ..., n and (s,) is a net in S with lim,, €(s,) = 2 in A, then
p € LM (w).

Theorem 15. The topological centre of £1(w)** is £*(w).

Proof. Let u be in the topological centre of ¢! (w)**. Suppose that u € co(w™1)+

so that it is enough to show that p = 0. Assume towards contradiction that
1 # 0 and pick an element £ from the support of i in A such that the height of
¢ is minimal (but note that the height of £ is infinite). There is a subtlety in the
construction of a subsemigroup Sy such that an analogue of Lemma 4 holds for
So. Let A C S such that |A| = |[AN E| is equal to the height of € and £ is in the
closure of €(A). Put Ag = A and define inductively 4,1 = A, UA2 U A, A"
(where A, A;! denotes those t € S such that ts € A, for some s € A,).
Since S is right cancellative, |A,| = |A] for every n and so Sy := U, —, A4, is
a subsemigroup of S with [Sp| equal to the height of £. Moreover, Lemma 4
applies when G and H are replaced by S and Sp, respectively (that zf = (zf)"
requires that SpS, "C Sy, which is guaranteed by the construction of So)-
Identifying the closure of €(Sp) in A with the spectrum of £>°(Sp,w™1), we have
& € Ua(Sp) and w is diagonally bounded on the set Ey := E NSy of cardinality
|So|. Therefore we may apply Lemma 13 to see that the restriction of u to €(Sp)
is 0. This contradicts the fact that & € supp u.

O

The following result is proved similarly as Theorem 6.

Theorem 16. The topological centre of co(w™1)* is trivial. If S is in addition
countable, then it is enough to check the continuity at | K| + 1 points.

Remark 17. In Theorems 3 and 14, the dtc sets are picked from e(T') N UA.
Since T is right uniformly discrete and countably infinite, this set has the same
cardinality as the set of points in 7'\ 7' (the closure in G*UY) and T may
be identified with the Stone-Cech compactification 1" of T. Thus e(T) N Ua
has cardinality 2°. Any |K]| + 1 points from this set form a dtc set in the
above-mentioned results. In Theorem 10, we further need one right identity.
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