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Abstract 13 

The hydraulic jump is an economical alternative to dissipate energy in the conduit and to 14 

reduce erosion at the culvert outlet. In the literature, very limited studies have been reported on the 15 

performance of hydraulic jump in a closed conduit. The innovation of this research is to employ a 16 

numerical method for the estimation of the hydraulic jump characteristics in a closed conduit with 17 

different positive slopes (S0). The analytical method was used to develop several equations for 18 

hydraulic jump and the provided results were compared with the numerical method.  The results 19 

indicate that the numerical method predicts the flow depth ratio after conduit with higher accuracy 20 

(error less than 5%) in comparison to the analytical method (error less than 10%). Furthermore, in 21 

the slope of 0.00, the energy loss increases by 16% with increasing the Froude number from 4.617 22 

to 5.562 while this value is 23% and 22% for slopes of 0.01 and 0.02, respectively. Finally, several 23 

equations were developed for the prediction of hydraulic jump characteristics in terms of Fr1, S0, 24 

and conduit depth (D).  25 

Keywords: Conduit; Hydraulic jump; positive slope; Numerical model; Analytical method  26 
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Introduction 27 

The hydraulic jump is known as a rapid change of supercritical flow into subcritical which 28 

always occurs with considerable energy dissipation and turbulence. In this phenomenon, the 29 

energy loss increases with increasing the water level at downstream (Chow, 1959) and it can be 30 

used to reduce flow energy downstream hydraulic structure (Altalib et al., 2019). At the culvert 31 

outlet as well as closed conduit, the supercritical flow is the main reason for local scour and 32 

sediment erosion. One of the best ways to protect the channel against erosion is to dissipate the 33 

energy within the closed conduit. Therefore, the hydraulic jump has been often used as an 34 

economical alternative to dissipate energy in conduit and culvert design (Hotchkiss et al., 2005). 35 

The behavior of hydraulic jump in closed conduits (such as culverts) with a free surface is similar 36 

to open-channel. If flow depth increases at downstream, it may completely fill the conduit and 37 

leads to create a pressurized flow which is known as incomplete hydraulic jump (Caric 1977; 38 

Hager, 1999; Hotchkiss et al., 2003; Montes, 1998). The length and height of hydraulic jump are 39 

necessary to be predicted to control its location (Thompson and Kilgore 2006). It should be 40 

mentioned that the length of the hydraulic jump is depended on the hydraulic jump height, while 41 

its location depends on hydraulic conditions.   42 

The channel slope is a key factor that can deeply change hydraulic jump properties (Palermo 43 

and Pagliara, 2018).  Several investigations have been carried out to analyze the hydraulic jump in 44 

an open-channel with the smooth sloping floor (Kawagoshi and Hager 1990, and Ohtsu and 45 

Yasuda 1991; Kindsvarter, 1944; Pagliara and Palermo 2015, Wang et al. 2021). Hager (1988) 46 

investigated the hydraulic jump in a rectangular channel with a slope at the upstream and a 47 

horizontal bed at the downstream. He reported several details related to the hydraulic jump 48 

efficiency, the sequent depths, the horizontal bottom force component, and the length 49 

https://www.sciencedirect.com/topics/engineering/hydraulic-structures
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characteristics. Based on the momentum equation, Beirami, and Chamani, (2006) recommended a 50 

method to predict the sequent depth of hydraulic jumps in sloping channels. They showed that the 51 

negative slope of the basin reduces the sequent depth ratio, while a positive slope increases the 52 

sequent depth ratio. Kumar and Lodhi (2015) investigated the hydraulic jump characteristics in a 53 

channel with a positive slope and rough floor. They showed that the channel slope significantly 54 

impacts hydraulic jump characteristics. A good agreement was observed between the experimental 55 

data and proposed equations for the length of the roller, the sequent depth ratio and relative energy 56 

loss in the hydraulic jump. Abdel-Mageed (2015) investigated the effect of a positive slope on 57 

characteristics of the hydraulic jump downstream of the vertical gate. Based on experimental data, 58 

several equations have been developed for the estimation of sequent depth ratio, length and 59 

distance of the hydraulic jump. Parsamehr et al. (2017) studied characteristics of the hydraulic 60 

jump in a channel with an adverse slope and rough bed. They reported that relative length and 61 

sequent depth ratio decreases with increasing the adverse slope and height of roughness elements.  62 

Palermo and Pagliara (2017) and (2018) showed that bed roughness contributes to modify 63 

hydraulic jump characteristics and the dissipative process on sloping beds. Pourabdollah et al. 64 

(2019) employed experimental and analytical methods to study hydraulic jump characteristics on 65 

different adverse slopes, bed roughness, and positive step heights. The results showed that the 66 

decrease in the sequent depth ratio and the increase in the relative energy loss were 33 and 27.41% 67 

more than those in the classic jump, respectively. Furthermore, to estimate the sequent depth ratio, 68 

two new analytical solutions were developed using the momentum equation. Kumar et al. (2021) 69 

experimentally investigated the characteristics of hydraulic jumps formed on rough sloping 70 

channel beds under different flow conditions. A rectangular flume with different bed roughness 71 
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and slope was used to determine the sequent depth of hydraulic jump.  New equations were 72 

proposed for parameters of the hydraulic jump with high accuracy.  73 

Smith and Chen (1989) studied the hydraulic jump in a closed conduit with steep slopes (up 74 

to 30%). A wide range of Froude numbers and slopes were chosen in this study. Since there were 75 

too many unknowns, they could not theoretically develop a direct solution for jump length in 76 

conduit. Godley (2002) was measured the free surface flow in partially filled closed conduits. He 77 

showed that selection of an appropriate instrument for a particular site is dependent on the precise 78 

requirements and conditions at each site. Raikar et al. (2010) employed regression method to 79 

compute the normal and critical depths for an egg-shaped conduit section. They showed that a 80 

good accuracy was observed between observed values and fundamental equations. Lowe et al. 81 

(2011) determined the sequent depths in a closed conduit using the theoretical method. The 82 

momentum equation was used to estimate the sequent depth in four commonly shaped conduits: 83 

rectangular, circular, elliptical, and pipe arch. They reported that the suggested solutions may be 84 

used to predict the size and location of hydraulic jumps in the closed conduit. Reshwan (2013) 85 

used the momentum principle to develop relations for the hydraulic jump in the semicircular open 86 

channel. He showed that the conjugate and initial depth could be expressed as a function of the 87 

critical depth. The design curve was recommended for the Froude number and ratio of conjugate 88 

depth. 89 

Chiew and Emadzadeh (2017) experimentally investigated the free surface and pressure 90 

fluctuations of hydraulic jump in a closed conduit. They measured high-pressure fluctuations at 91 

the downstream end of closed-conduit jumps. Wang et al. (2018) presented a method of mass flow 92 

measurement based on swirl motion in circular conduits. They reported that this method provide 93 

an easy way to be standardized the data. Wang and Li (2018) used a circular pipe of the steep slope 94 
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to investigate the hydraulic jump and flow behavior. The momentum principle was employed to 95 

formulate the hydraulic jump in the circular pipe.  Different results were reported in their studies 96 

such as initial versus sequent depth of the hydraulic jumps and slope-filling ratio space between 97 

flow-choking and choking-free zones. 98 

The numerical model and soft computing techniques can be considered as an economic and 99 

low-cost method to investigate a wide range of hydraulic and complex problems (Mohammadpour 100 

et al. 2013, 2014, 2017, 2018; Pham et al. 2020, Harun et al. 2021). Zounemat-Kermani et al. 101 

(2017) used gene expression programming (GEP) and decision tree methods to estimate aeration 102 

coefficient in outlet conduits of dams. The GEP provides better prediction for air demand and the 103 

aeration coefficient in comparison to other models. Recently, computational Fluid Dynamics 104 

(CFD) has been used to study the different characteristics of the hydraulic jump (Chippada et al 105 

.1994; Abbaspour et al. 2009;  Carvalho et al. 2008; Madsen et al. 2005; Bayon and Lopez-Jimenez 106 

2015; Witt et al. 2015; De Padova et al. 2010, 2018). The mechanism of a circular hydraulic jump 107 

was numerically investigated by Yokoi and Xiao (1999), Teymourtash and Khavari (2011) and 108 

Passandideh-Fard et al. (2011). Mohammadpour et al. (2013) reported that the accuracy of 109 

numerical modeling is dependent on the turbulence model. Furthermore, the k –ε can be used as 110 

an accurate turbulence method for the simulation of hydraulic problems with the free surface. 111 

Azimi et al. (2014) simulated free surface and velocity field in a circular channel in supercritical 112 

conditions. The Volume Of Fluid (VOF) and RNG k-ε techniques were used to simulate the free 113 

surface and turbulence, respectively. Comparison between the numerical simulation and 114 

experimental results indicated high accuracy of the CFD model in modelling of flow characteristics 115 

in the circular channel. Bayon et al. (2016) employed OpenFOAM and FLOW-3D to simulate a 116 

hydraulic jump in the channel with a low Reynolds number. The OpenFOAM is a source platform 117 
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containing several C++ libraries and applications which can numerically solve continuum 118 

mechanics problems (Weller et al., 1998) and the FLOW-3D is a commercial software package. 119 

They used structural mesh, VOF and RNG k-ε technique in both codes. A comparison between 120 

numerical and experimental data in the channel with a low Reynolds number showed that the 121 

models are successfully able to predict the energy dissipation of hydraulic jump. Celik et al. (2008) 122 

reported that FLOW-3D software with coarser meshes can converge fasters than OpenFOAM 123 

code. A summarize of different turbulence models used to study the hydraulic jump is shown in 124 

Table 1. As shown in this table, the Reynolds-Averaged Navier Stokes (RANS) and k –ε methods 125 

are the most widely used for the simulation of hydraulic jump. Najafzadeh (2019) utilized three 126 

numerical models based on evolutionary computing to evaluate the conjugate depths of the 127 

hydraulic jump in the circular pipes. The performance of the model tree (MT) indicated an accurate 128 

prediction of conjugate depths in comparison with other artificial intelligence (AI) models and 129 

empirical equations. Moreover, the linear MT equation had a more convenient application in 130 

comparison with empirical equations. Hafnaoui and Debabeche (2020) simulated the location and 131 

displacement of the hydraulic jump in a rectangular channel using 2D numerical modeling. A 132 

comparison between experimental data and numerical modeling showed that numerical simulation 133 

satisfactorily predicted the hydraulic jump location. Li et al. (2020) employed Flow-3D software 134 

to numerically simulate the flow pattern of three cylindrical mobile flumes, including circular 135 

cylinder, elliptical cylinder and V-tailed cylinder mobile flumes. They used U-shaped channels to 136 

analysis the hydraulic characteristics including back- water height, energy. Finally, the cylindrical 137 

mobile flume was recommended to make the upstream water flow more stable. Baharvand et al. 138 

(2020) developed a non-linear regression algorithm to predict the sequent depth ratio of hydraulic 139 

jumps over a smooth and rough bed. They have used machine learning techniques to check the 140 
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accuracy of the proposed algorithm. It is shown that the proposed model predicted the hydraulic 141 

jump sequent depth ratio more accurately compared to the linear regression techniques. However, 142 

there are few equations to predict the conjugate depth of hydraulic jump in circular pipes 143 

(Najafzadeh, 2019). In the literature, very limited studies have been reported on the performance 144 

of hydraulic jump in a closed conduit. Therefore, a comprehensive study is necessary to determine 145 

the hydraulic jump characteristics in a closed conduit with different slopes. 146 

In this study, the analytical and numerical methods were employed to study hydraulic jump 147 

parameters in a closed conduit with different slopes. The hydraulic jump parameters such as 148 

secondary depth, jump length, energy dissipation and the flow depth immediately after conduit 149 

were investigated using the numerical method and the provided results were compared with 150 

suggested analytical equations. In the analytical method, the hydraulic jump parameters were 151 

calculated using momentum and energy equations in different sections and then the provided 152 

results are compared with numerical and experimental data. Finally, a comparison between 153 

numerical, analytical and experimental results was conducted to investigate the accuracy of each 154 

method.  155 

 156 

Experimental data 157 

The numerical modeling was employed to investigate the hydraulic jumps in sloping 158 

rectangular closed conduits. The experimental results provided by Ezzeldin et al. (2000a) were 159 

used to simulate the numerical modeling. They have conducted the experimental tests in a flume 160 

with the dimension of, 3.0 m long, the width of 10 cm and 31 cm deep.  An initial supercritical 161 

depth (d1) was adjusted using the control gate at upstream of the conduit. Another gate was 162 
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installed downstream of the flume to control the tail-water outlet depth (Dt) and form the hydraulic 163 

jump at a certain location of the conduit. Different parameters of the hydraulic jump in the conduit 164 

are shown in Figure 1a and Table 2. 165 

Five different depths were chosen for conduit for experiments including 6, 7, 8, 9 and 10 cm 166 

(Figure 1a). A horizontal conduit (S0=0.00) and two positive slopes of 0.01 and 0.02, as well as 167 

different Froude numbers (Fr) between 4 and 5, were used in the tests. The experimental data is 168 

shown in Table 3.  169 

Numerical modeling 170 

In this study, the FLUENT package was used to solve the Navier-Stokes equations which can 171 

be expressed as: 172 
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where v is velocity; p is pressure; ρ is the fluid density; µ is fluid viscosity; t is time; g is gravity 175 

acceleration and F  is the body force.  176 

The control volume technique, implicit method, Semi- Implicit algorithm (SIMPLE), the first-177 

order upwind and the first-order Power-Law scheme were employed to predict the hydraulic jump 178 

in conduit. 179 

 180 
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3.1. Free surface 181 

The model of conduit with water and a region of air on the top, the two-phase model, was 182 

simulated using the volume of fluid (VOF) method. The VOF equation, which can be expressed 183 

using Equation (3), was solved by the control volume technique. It should be noted that the value 184 

of αw=0.5 indicates the free surface of the flow (Dargahi 2006). 185 

0)..( =+



w

w v
t


                                                                                                 (3) 186 

where and v = kinematic viscosity of water and w  = water volume fraction.  187 

 188 

3.2. Turbulence Model 189 

The k-ε turbulence is the simplest model which is recommended by Younus and Chaudhry 190 

(1994). Viti et al. (2018) reported that the k-ε is the most widely-used engineering turbulence 191 

model for industrial applications because of its robustness and reasonable accuracy for a wide 192 

range of flows. Bayon et al. (2019) investigated the effect of the RANS turbulence model in the 193 

hydraulic jump. They showed that the most accurate turbulence model is the RNG k-ε to simulate 194 

hydraulic jumps.  The k-ε model solves two different transport equations that result in the 195 

determination of the turbulent kinetic energy and its dissipation rate. The 3-D form of governing 196 

equations for the k-ε model can be expressed as (Launder and Spalding 1972): 197 
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The μt can be written as: 200 


 

2k
Ct =

                                                                                                         

(6) 201 

where Gb and Gk are the generation of the turbulent kinetic energy due to buoyancy and mean 202 

velocity gradients respectively; YM is the contribution of the fluctuating dilatation incompressible 203 

turbulence to the overall dissipation rate; C1ε, C2ε, and C3ε are constants and equal to 1.44, 1.92 and 204 

0.09 respectively; σk and σε are the turbulent Prandtl Numbers for k and ε equal to 1.0 and 1.3 205 

respectively. 206 

 207 

3.3. Boundary conditions  208 

   The channel dimension and the boundary conditions are shown in Figure 1b and Figure 2a, 209 

respectively. To simulate hydraulic jump in the conduit, the uniform velocity with the flow depth 210 

is imposed on the inlet. Since the air is located at the upper surface of the channel, symmetry was 211 

employed for this boundary.  The symmetry boundary condition applies the zero gradient condition 212 

which is suitable for the upper surface.  The water level at the channel outlet is not predictable then 213 

the pressure outlet was selected for the channel outlet.  At the solid boundary and the walls such 214 

as the bed, the no-slip boundary (wall) was employed to set a value of zero for velocity. Moreover, 215 

to estimate the effect of walls on the flow, the empirical wall functions were used as a standard 216 

wall function (Launder and Spalding, 1974). The meshes are shown in Figure 2b.   217 
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Analytical modeling of hydraulic jump 218 

 Three equations of momentum, continuity, and energy can be used to determine the analytical 219 

equations in a sloping closed conduit. In the literature, there are different researches about the 220 

analytical model of hydraulic jump (Haindl 1957; Hsu et al., 1980; Hager, 1992; Chanson, 2015).  221 

As shown in Figure 1a, four sections were selected to develop equations.  The location of section 222 

2 is considered at the end of the closed conduit and before the open channel. In this location, the 223 

top of the conduit limits the sequent depth of the hydraulic jump and a big energy loss occurs in 224 

this location. Since the energy loss is unknown between sections (1) and (2) as well as (3) and (4), 225 

then the momentum equation was used in these sections, the results could be expressed as: 226 

1- Momentum equation between sections (1) and (2): 227 

 228 

(7 ) 1

2
d₁2bcos2θ- (d₂-

D

2
) bDcos2θ+

1

2
 S₀ L₍₁₋₂₎ b(d₁cosθ +d₂cosθ) 

 =
Q

2

g
(
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-
cos θ

d₁b
) 

2- Since the energy loss is a coefficient of kinetic energy, then in Eq. (8), the energy loss 229 

was considered as K (
V₃2

2g
-

V₂2

2g
) which is a coefficient of kinetic energy between sections 230 

(2) and (3), Energy equation between sections (2) and (3): 231 

 232 
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   3- Momentum equation between sections (3) and (4): 233 

 234 
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(9 ) 
1

2
d₃2cos2θb-

1

2
Dt

2cos2θb+
1

2
 S₀ L₍₃₋₄₎(d₃ cos θ+Dt  cos θ)b=

Q
2

g
(
cosθ

bDt

-
cosθ

bd₃
) 

As shown in Figure 3, the energy loss between sections (1) and (2) can be determined using 235 

the following equations: 236 

 237 

  238 

(10 ) 
ΔE=(Z₁+d₁ cosθ+

α₁V₁₂

2g⁄ )-(Z₂+d₂ cosθ +
α₂V₂₂

2g⁄ ) 

(11 ) E₁=d₁ cos θ+α₁
V₁2

2g
=d₁ cos θ+α₁

Q
2

2gA₁2
 

(12 ) E₂=d₂ cos θ+α₂
V₂2

2g
=d₂ cos θ+α₂

Q
2

2 g A₂2
 

(13 ) 
A₂=bD,        A₁=bd₁ 

(14 ) 
ΔE=(E₁+Δz)-E₂ 

(15 ) 
ΔE

E₁
=Energy loss ratio 

As shown in Figure 1a, the length of the hydraulic jump (Lr) between sections (1) and (2) is 239 

calculated using the following equation (Beirami and Chamani, 2010): 240 

(16 ) 
Lr=d₁ cos θ(

d₂

d₁
-1)(Fr₁₂+Fr₂₂-2)/(2SF-2S₀) 

(17 ) SF=0. 255(Fr₁2. 1-Fr₂) 

(18 ) 

Fr₁= (
Q

2
b

gA₁3cos θ
)

0.5
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(19 ) 

Fr₂= (
Q

2
b

gA₂3cos θ
)

0.5

 

The water depth at section (2) (d2) is expressed using the following equations: 241 

(20 ) 
d₂=

K₂-K₁

K₃
 

(21 ) 
K₁=

Q
2

(gb
2)(

1
(D-1)d₁

)

 

(22 ) 
K₂=

1

2
∗ d₁2cos θ+

1

2
D2cos θ+

4

4S₀Lrd₁
 

(23 ) 
K₃=Dcos θ-

4

4S₀Lr

 

The water depth at section (3) was calculated using the energy equation between sections (2) 242 

:)3was suggested for (d following equation and (3). Finally, the 243 

(24 ) 𝑑2cos θ+ HV₂ +S₀LD=𝑑3cos θ+ HV3  -K(HV₃-HV₂);  K=0.86 

(25 ) d₃=(S₀LD+d₂cos θ+ HV₂-HV₃-0.86(HV₃-HV₂))/cos θ 

(26 ) 
HV₂=

Q
2

2gb
2
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(27 ) 
HV₃=

Q
2

2gb
2
D2Cc

2
 

 

:) can be calculated using the following equations4The water depth at section (4) (d 244 

(28 ) d₄=[(S₂-S₁)/S₃]0. 5 
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Q
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(30 ) S₂=
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2
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Results and Discussion 245 

Figure 4 shows the hydraulic jump in a closed conduit using the numerical model.  The results 246 

of numerical modeling for three positive slopes of 0.00, 0.01and 0.02 are shown in Table 4. The 247 

results including different depths of hydraulic jump such as d1, d2, d3 and d4 as well as Lr (Figure 248 

1a and Table 2). The range of Froude number was chosen between 4.0 and 6.0 and the ratio of 249 

d4/d1 was selected for validation. The experimental results given by Ezzeldin et al. (2000a) were 250 

used to evaluate the accuracy of numerical modeling.  A comparison between numerical modeling 251 

and experimental data in terms of d4/d1 is shown in Table 5. In all cases, the error percentage is 252 

less than 5%. However, the accuracy of numerical modeling decreases with increasing the Froude 253 

number, except test No. 9. The bar chart, residual and scatter graph related to this table are shown 254 

in Figure 5. A good agreement can be observed between numerical modeling and experimental 255 

data. It can be concluded that the VOF method can predict the flow depth in hydraulic jump with 256 

high accuracy and low error (R2=0.991, RMSE=0.077).  257 

Table 6 shows the results of the analytical method in conduit with a different positive slope.  258 

The results including different depths in the conduit (d1, d2, d3 and d4) and hydraulic jump length 259 

(Lr) with different Froude numbers between 4.0 and 6.0. The ratio of d4/d1 and similar experimental 260 

data were chosen to validate the recommended analytical equations. A comparison between the 261 

analytical method and experimental data is shown in Table 5. The percentage of error in all cases 262 
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is less than 10%. As shown in Figure 6, the recommended analytical equation can predict the depth 263 

ratio (d4/d1) with good accuracy (R2=0.881, RMSE=0.291). The results indicate that the accuracy 264 

of numerical modeling is higher than the analytical method to forecast the flow depth in conduit. 265 

Variation of the flow depth after the hydraulic jump (d2 and d3) in terms of the Froude number 266 

for both analytical and numerical methods is shown in Figure 7. In a closed conduit, similar to 267 

hydraulic jump in an open channel, the flow depth increases with increasing the Froude number. 268 

Table 7 shows that the average increase of both d2/d1 and d3/d1 is around 15% with increasing the 269 

slope from 0.00 to 0.02 and Froude number from 4.61 to 5.56. As shown in Table 5, similar results 270 

can be observed for the ratio of d4/d1. For instant, in numerical modeling with increasing Froude 271 

number from 4.617 to 5.562, depth ratio (d4/d1) increases from 5.56 to 7.01, respectively. The 272 

results indicate that both analytical and numerical methods predict d3 close to each other while 273 

there is a large difference between these methods in predicting d2.  It can be due to the limitation 274 

of closed conduits for hydraulic jump formation. Furthermore, in all cases, the prediction of flow 275 

depth by the analytical method is less than the numerical method. 276 

The variation of hydraulic jump length in the conduit is shown in Figure 8.  In all slopes, the 277 

length of the hydraulic jump (Lr/d1) increases with increasing the Froude number (Figure 8a). A 278 

similar trend was observed between the presented study and the results presented by Rajaratnam 279 

and Subramanya (1968) as well as Abdel-Mageed (2015). The difference between results can be 280 

due to the kind of channels and experiments. It should be noted that Rajaratnam and Subramanian 281 

(1968) used a smooth and horizontal rectangular channel while Abdel-Mageed (2015) employed 282 

a sloped rectangular channel. As shown in Figure 8b, on the same slope, the length of the hydraulic 283 

jump increases with increasing Froude number. For instant, in numerical modeling with S0=0.01 284 

the value of Lr/d1 increases from 8.39 to 9.65 with increasing Froude number from 4.617 to 5.037, 285 
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respectively. The difference between the results of the presented study and those reported by 286 

Abdel-Mageed (2015) is due to the hydraulic jump in closed conduit and rectangular channel. The 287 

previous researchers reported that the hydraulic jump length in the rectangular channel is a function 288 

of channel slope and the Froude number (Rajaratnam, 1967; RangaRaju, 1993; Kumar and Lodhi, 289 

2016).  Figure 8b shows that in the closed conduit as well as rectangular channel, the hydraulic 290 

jump length is a function of both mentioned parameters and the length of hydraulic jump increases 291 

with increasing the slope and Froude number.  292 

Both numerical and analytical methods were used to estimate the energy loss of the hydraulic 293 

jump in the conduit. The E1 and E2 were used for energy before and after the hydraulic jump, 294 

respectively and the energy loss ratio is shown by ΔE/E2 (Table 7). Three slopes of 0.00, 0.01 and 295 

0.02 with different Froude numbers were used to evaluate energy loss. Variation of the energy loss 296 

ratio in terms of both Froude number and length ratio (Lr/d1) is shown in Figure 9. The numerical 297 

and analytical results indicate that the energy loss ratio increases with increasing the Froude 298 

number (Figure 9a). In the slope of 0.00, the energy loss increases by 16% with increasing the 299 

Froude number from 4.617 to 5.562 while this value is 23% and 22% for slopes of 0.01 and 0.02, 300 

respectively. Similar results were reported by previous researchers (Pourabdollah et al. 2019; 301 

Gupta et al. 2013). Figure 9b shows that the length of the jump increases with increasing the Froude 302 

number which leads to raising turbulence.  Due to turbulence on the upper surface of the hydraulic 303 

jump, several rollers can be formed in the mixing layer which increases the energy loss. Therefore, 304 

more rollers form with increasing the length of the hydraulic jump which leads to more energy 305 

loss. As shown in Table 7, for the 0.0 slope, the length ratio (Lr / d1) increases by 20% with 306 

increasing the Froude number from 4.617 to 5.562. This value is 26% and 20% for the slopes of 307 



17 

 

0.01 and 0.02, respectively. Table 8 shows that by changing both the Froude number from 4.0 to 308 

6.0 and the slope from 0.00 to 0.02, the length ratio in the closed conduit can be increased by 58%. 309 

 310 

1.1.Determination of Sequent Depths 311 

As shown in the last section, the hydraulic jump parameters such as Lr, d1, d2, d3, and d4 are a 312 

function of flow depth (d1), Froude number (Fr), slope (S0) and conduit (D). Then the following 313 

equation can be developed using dimensional analysis: 314 

(32 ) 
d4

d1
 and 

d3

d1
 and 

d2

d1
  and 

Lr

d1
 =f (Fr₁, 

d₁

D
, S₀ ) 

To develop the relationship between the parameters in the hydraulic jump in the above equation, 315 

the presented analytical method (equations 7 to 31) was used to generate 3377 data sets. To 316 

generate the data, some initial information such as Fr1, d1, D and S0 was taken from the research 317 

of Ezzeldin et al. (2000a). In the next step, the equations of (7) to (31) and the trial and error 318 

method were used to determine other parameters. The range of generated data is shown in Table 319 

8. The equations suggested in the present study are valid for input parameters in ranges of 0.2 ≤ 320 

d1/D ≤0.35, 4.0 ≤ Fr1 ≤ 6.0 and 0 ≤ S0 ≤ 0.02.  As shown in Table 9, several equations were 321 

developed to predict the flow depth in a closed conduit and the hydraulic jump length. The results 322 

are compared with the equations recommended by Ezzeldin et al. (2000a) and Negm (2003). Out 323 

of 3377 data sets, 80% of data was selected for training and the rest of the data (20%) was chosen 324 

for testing. The range of data employed by Ezzeldin et al. (2000a) was approximately similar to 325 

this study, while the equation proposed by Negm (2003) is valid in the range of 0.21 ≤ d1/D ≤0.35, 326 

4.0 ≤ Fr1 ≤ 6.0 and -0.02 ≤ S0 ≤ 0.02.  To predict d4/d1, the highest accuracy belongs to the equation 327 

suggested in the present study with R2=0.992, MAE=0.085 and RMSE=0.105. It should be 328 
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mentioned that the accuracy of the equation developed by Negm (2003) with R2=0.978, 329 

MAE=0.21 and RMSE=0.254 is higher than Ezzeldin et al. (2000a) and this equation can be used 330 

for both negative and positive slope. Although the equation of Lr/d1 provides the lowest accuracy 331 

(R2=0.966, MAE=0.557 and RMSE=0.684), the results are very appropriate and acceptable to 332 

predict hydraulic jump. The results show that the accuracy of d3/d1 is higher than d2/d1 (R
2=0.984, 333 

MAE=0.172, and RMSE=0.203). A comparison between generated data by analytical method and 334 

predicted data is shown in Figure 10. Although the best fit belongs to d4/d1, other graphs also show 335 

that the recommended equations are able to predict the hydraulic jump parameters with high 336 

accuracy ,then they can be easily used in practical proposed. 337 

 338 

 339 

Conclusions 340 

The supercritical flow is the main reason for local scour and sediment erosion at the culvert 341 

outlet. To protect the channel against erosion, the hydraulic jump has been often used as an 342 

economical alternative to dissipate energy in conduit and culvert design. In this research, analytical 343 

and numerical methods were employed to study hydraulic jump characteristics in a conduit. Three 344 

slopes of 0.00, 0.01, and 0.02 were used to determine the effect of a positive slope on the hydraulic 345 

jump. The numerical and analytical models were validated using the experimental results. Results 346 

indicate that the numerical method is able to predict the flow depth in hydraulic jump with higher 347 

accuracy (R2=0.991, RMSE=0.077) in comparison with the analytical method (R2=0.881, 348 

RMSE=0.291). The numerical and analytical results indicate that the energy loss ratio and 349 

sequence depth increase with increasing Froude number. An average increase of both d2/d1 and 350 

d3/d1 is around 15% with increasing the slope from 0.00 to 0.02 and Froude number from 4.61 to 351 
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5.56. Furthermore, in the slope of 0.00, the energy loss increases by 16% with increasing the 352 

Froude number from 4.617 to 5.562 while this value is 23% and 22% for slopes of 0.01 and 0.02, 353 

respectively. Several equations were developed for the prediction of hydraulic jump characteristics 354 

in terms of Fr1, S0 and conduit depth (D). Although the best fit belongs to d4/d1, other graphs also 355 

show that the recommended equations are able to predict the hydraulic jump parameters with high 356 

accuracy ,then they can be easily used in practical proposed.  357 

 358 
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Figure 2: Channel in numerical modelling 700 

 a) Boundary condition; b) structural meshes for simulation 701 
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Figure 3: Sketch of energy loss due to the hydraulic jump in conduit 703 
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Figure 4: Hydraulic jump using numerical modelling 706 
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Figure 5: A comparison between numerical method and experimental data given by Ezzeldin 712 

et al. (2000a); a) bar chart and residual graph; b) scatter graph 713 
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Figure 6: A comparison between analytical method and experimental data given by Ezzeldin 718 

et al. (2000); a) bar chart and residual graph; b) scatter graph 719 
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Figure 7: Variation of the flow depth after the hydraulic jump in terms of Froude number 723 
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Figure 8: Variation of hydraulic jump length in terms of a) Froude number; b) Slope 735 
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Figure 9: Variation of the energy loss ratio in terms of a) Froude number; b) Jump length ratio 737 
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 750 

Table 1: A summary of numerical studies of hydraulic jumps 751 

Autor(s) Approach Turbulence model(s) 

Long et al. (1991) RANS k-ε 

Chippada et al. (1994) RANS STD k −ε 

Zhao et al. (2004) RANS STD k –ε; Multi-scale (k –l) 

Gonzalez and  Bombardelli (2005) RANS STD k −ε 

Carvalho et al. (2008) RANS RNG k −ε 

Abbaspour et al. (2009) RANS STD k −ε; RNG k −ε 

Ma et al. (2011) RANS k −ω 

Ebrahimi et al. (2013) RANS STD k −ε 

Rostami et al. (2013) RANS RNG k-ε 

Bayon-Barrachina and Jiménez (2015) RANS STD k −e; RNG k −e; k −ω 

Witt et al. (2015) RANS realizable k −ε 

Babaali et al. (2015) RANS STD k-ε; RNG  k-ε 

Bayon et al. (2016) RANS RNG k −ε 

Witt et al. (2018) RANS realizable k −ε 

Harada and Li (2018) RANS k −ε, k −ω 

Valero et al. (2018) RANS RNG k −ε 

 752 

 753 

 754 

 755 

 756 

 757 



38 

 

 758 

 759 

 760 

 761 

Table 2: Name of parameters in conduit 762 

Character(s) Explanation 

S0 channel slope 

Fr1 Froude number in cross-section (1) 

d1,d2,d3 and d4(Dt) flow depth in section 1,2,3 and 4 

D conduit depth 

yd flow depth immediately after conduit 

ϴ Channel slope. 

W flow depth after the gate (=0.58 d1) 

L0-1 distance between gate and section (1) 

Lr = L1-2 
hydraulic jump length= distance between section (1) and 

(2) 

L2-3 distance between section (2) and (3) 

L3-4 distance between section (3) and (4) 

B Channel width 
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 771 

 772 

 773 
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 776 

 777 

was used in numerical modeling )Ezzeldin et al., 2000results (Table 3: The experimental  778 

d4/d1 d1/D Fr1 S0 

5.56 0.3 4.617 0 

6.11 0.233 5.037 0 

7.01 0.263 5.562 0 

6.25 0.3 4.617 0.01 

6.79 0.233 5.037 0.01 

8.45 0.21 5.982 0.01 

6.42 0.3 4.093 0.02 

6.98 0.233 4.617 0.02 

7.56 0.21 5.037 0.02 
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Table 4: Result of numerical modeling with the different slope of conduit 798 

S0 D (m) Q (Lit/s) Fr1 d1 (m) d2 (m) d3 (m) d4 (m) Lr  (m) d1/D d2/d1 d3/d1 d4/d1 

0.000 0.070 4.400 4.617 0.021 0.142 0.107 0.116 0.184 0.300 6.762 5.114 5.524 

0.000 0.090 4.790 5.037 0.021 0.175 0.122 0.128 0.184 0.233 8.329 5.819 6.095 

0.000 0.070 4.352 5.562 0.018 0.142 0.127 0.129 0.201 0.263 7.895 7.071 7.167 

0.010 0.070 4.401 4.617 0.021 0.158 0.120 0.131 0.176 0.300 7.527 5.718 6.247 

0.010 0.090 4.791 5.037 0.021 0.195 0.134 0.142 0.203 0.233 9.303 6.370 6.782 

0.010 0.080 4.080 5.982 0.017 0.191 0.133 0.142 0.204 0.213 11.227 7.796 8.353 

0.020 0.070 3.901 4.093 0.021 0.138 0.115 0.135 0.170 0.300 6.593 5.473 6.422 

0.020 0.080 3.680 4.617 0.019 0.162 0.126 0.130 0.171 0.238 8.510 6.607 6.847 

0.020 0.100 4.801 5.037 0.021 0.217 0.157 0.159 0.211 0.210 10.334 7.492 7.571 
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Table 5: Depth ration of d4/d1in conduit using numerical, experimental given by Ezzeldin et 819 

al. (2000a) and analytical methods 820 

No. S0 Fr1 d1/D 
d4/d1  

 Comparison 

Between 

Experimental and 

Numerical method 

 

Comparison 

Between 

Experimental and 

Analytical method 

Num. Exp. Ana.  
Residual 

(d4/d1) 

Error 

(%) 
 

Residual 

(d4/d1) 

Error 

(%) 

1 0 4.617 0.300 5.52 5.56 5.74  0.036 0.65  -0.18 3.25 

2 0 5.037 0.233 6.10 6.11 6.42  0.015 0.24  -0.31 5.09 

3 0 5.562 0.233 7.17 7.01 7.38  -0.157 2.24  -0.37 5.31 

4 0.01 4.617 0.300 6.25 6.25 6.25  0.003 0.05  0.00 0.03 

5 0.01 5.037 0.233 6.78 6.79 6.93  0.008 0.11  -0.14 2.09 

6 0.01 5.982 0.210 8.35 8.45 8.60  0.097 1.15  -0.15 1.73 

7 0.02 4.093 0.300 6.42 6.42 5.83  -0.002 0.03  0.59 9.23 

8 0.02 4.617 0.238 6.85 6.98 6.70  0.133 1.90  0.28 4.05 

9 0.02 5.037 0.210 7.57 7.56 7.42  -0.011 0.15  0.14 1.87 
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Table 6: Result of analytical method with different slope of conduit 832 

S0 D (m) Q (Lit/s) Fr1 d1 (m) d2 (m) d3 (m) d4 (m) Lr  (m) d1/D d2/d1 d3/d1 d4/d1 

0.000 0.070 4.400 4.617 0.021 0.133 0.101 0.121 0.187 0.300 6.36 4.81 5.74 

0.000 0.090 4.790 5.037 0.021 0.143 0.121 0.135 0.190 0.233 6.79 5.74 6.42 

0.000 0.070 4.352 5.562 0.018 0.145 0.116 0.133 0.191 0.257 8.04 6.42 7.38 

0.010 0.070 4.401 4.617 0.021 0.139 0.109 0.131 0.196 0.300 6.60 5.19 6.25 

0.010 0.090 4.791 5.037 0.021 0.148 0.129 0.146 0.199 0.233 7.03 6.13 6.93 

0.010 0.080 4.080 5.982 0.017 0.151 0.130 0.146 0.194 0.213 8.87 7.63 8.60 

0.020 0.070 3.901 4.093 0.021 0.121 0.101 0.122 0.178 0.300 5.75 4.80 5.83 

0.020 0.080 3.680 4.617 0.019 0.122 0.111 0.127 0.170 0.238 6.43 5.86 6.70 

0.020 0.100 4.801 5.037 0.021 0.150 0.139 0.156 0.201 0.210 7.14 6.62 7.42 
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Table 7: Determination of hydraulic jump energy in conduit 844 

No. S0 Fr1 
 Numerical Results   Analytical Results 

Lr/d1 ΔZ E1 E2 ΔE 2ΔE/E  Lr/d1 ΔZ E1 E2 ΔE 2ΔE/E 

1 0 4.617 8.743 0.000 21.561 0.162 21.399 132.0 
 

6.355 0.000 21.561 0.154 21.407 139.4 

2 0 5.037 8.774 0.000 25.622 0.189 25.432 134.3 
 

6.790 0.000 25.622 0.157 25.465 162.2 

3 0 5.562 11.172 0.000 27.423 0.162 27.261 168.5 
 

8.042 0.000 27.423 0.164 27.258 165.7 

4 0.01 4.617 8.393 0.002 21.560 0.178 21.384 120.0 
 

6.598 0.002 21.560 0.159 21.403 134.9 

5 0.01 5.037 9.650 0.002 25.620 0.180 25.443 141.5 
 

7.033 0.002 25.620 0.162 25.460 157.0 

6 0.01 5.982 12.006 0.002 28.943 0.204 28.741 140.8 
 

8.866 0.002 28.943 0.164 28.781 175.5 

7 0.02 4.093 8.078 0.003 16.946 0.154 16.795 108.9 
 

5.749 0.004 16.946 0.137 16.813 123.1 

8 0.02 4.617 9.007 0.003 19.135 0.152 18.986 124.5 
 

6.428 0.003 19.135 0.133 19.005 143.0 

9 0.02 5.037 10.078 0.003 25.653 0.229 25.428 111.2 
 

7.136 0.004 25.653 0.162 25.496 157.8 
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Table 8: Statistical parameters of generated data using analytical method 857 

  Fr1 Fr2 S0 d1/D d2/d1 d3/d1 d4/d1 Lr/d1 

Minimum 4.000 0.404 0.000 0.200 5.122 3.859 4.839 6.385 

Maximum 6.000 1.201 0.020 0.350 10.314 7.959 9.399 15.472 

Mean 4.988 0.711 0.010 0.272 7.067 5.878 6.884 9.772 

Standard Deviation 0.616 0.176 0.006 0.043 1.240 0.984 1.114 2.062 

Count 3377 3377 3377 3377 3377 3377 3377 3377 
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Table 9: Recommended equations for hydraulic jump parameters  866 

Equation  
Train Data  Test Data 

R2 MAE RMSE  R2 MAE RMSE 

d4

d𝟏

=-2.807+1.784(Fr₁)+1.037 (
d₁

D
) +51.075(S₀) 

Present 

study 

0.991 0.088 0.108  0.992 0.085 0.105 

d𝟑

d𝟏

=-0.7099+1.493(Fr₁ )-4. 577 (
d𝟏

D
) +38.0382(S₀) 

Present 

study 

0.989 0.087 0.107  0.989 0.085 0.105 

d𝟐

d𝟏

=-5.255+2.085(Fr1)+6.613 (
d𝟏

D
) +24.287(S0) 

Present 

study 

0.983 0.173 0.204  0.984 0.172 0.203 

Lr

d𝟏

=-5. 775+2.358(Fr𝟏)+12. 697 (
d𝟏

D
) +39.849(S₀) 

Present 

study 

0.9652 0.552 0.676  0.966 0.557 0.684 

d4

d𝟏

= 7.018-3.782(Fr𝟏)+1.573(Fr𝟏
𝟏.𝟓)+121.169𝑺𝟎

− 𝟐𝟏𝟏𝟗. 𝟓𝟑𝑺𝟎
𝟐 + 𝟎. 𝟓𝟓𝟓𝟒 (

d𝟏

D
) 

Ezzeldin, et 

al.  (2000a) 

0.914 0.264 0.329  0.920 0.256 0.32 

d4

d𝟏

= 7.229-3.840(Fr𝟏)+1.596(Fr𝟏
𝟏.𝟓)+63.582𝑺𝟎

− 𝟒𝟖𝟗. 𝟗𝟏𝟒𝑺𝟎
𝟐 + 𝟎. 𝟕𝟔𝟔𝟓 (

d𝟏

D
) 

Negm  

(2003) 

0.978 0.220 0.257  0.978 0.210 0.254 
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