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BERNSTEIN-BEZIER BASES FOR TETRAHEDRAL FINITE
ELEMENTS

MARK AINSWORTH AND GUOSHENG FU

ABSTRACT. We present a new set of basis functions for H (curl)-conforming,

H (div)-conforming, and L2-conforming finite elements of arbitrary order on a
tetrahedron. The basis functions are expressed in terms of Bernstein polynomi-

als and augment the natural H'-conforming Bernstein basis. The basis func-
tions respect the differential operators, namely, the gradients of the high-order
H'-conforming Bernstein-Bézier basis functions form part of the H(curl)-
conforming basis, and the curl of the high-order, non-gradients H (curl)-conforming
basis functions form part of the H(div)-conforming basis, and the divergence

of the high-order, non-curl H(div)-conforming basis functions form part of the
L?-conforming basis.

Procedures are given for the efficient computation of the mass and stiffness
matrices with these basis functions without using quadrature rules for (piece-
wise) constant coefficients on affine tetrahedra. Numerical results are presented
to illustrate the use of the basis to approximate representative problems.

1. INTRODUCTION

Let P,, be the space of polynomials of degree no greater than n on the tetra-
hedron, @n is the space of homogeneous polynomials of degree n, and P2 :=
[P, P, Pn]T is the vector space whose components lie in P,,. We present a set
of Bernstein-Bézier bases for the following two families of arbitrary order polyno-
mial exact sequences on a tetrahedron T':

TABLE 1. Two exact sequences on a tetrahedron 7'

HYT) H(curl; T) H(div; T) L3(T)
First sequence: Poyi  — P} oxxP3 AL P} o xP, Y, p,
Second sequence: Prip P2, X P A

The basis for the H!-case is taken to be the standard Bernstein polynomials
as in [2]. The basis for the H(curl), H(div) and L? cases are also constructed in
terms of Bernstein polynomials in such a way that: the gradients of the high-order
H'-conforming Bernstein-Bézier basis functions are part of the H (curl)-conforming
basis; the curl of the high-order, non-gradient H (curl)-conforming basis functions
are part of the H(div)-conforming basis; and, the divergence of the high-order,
non-curl H (div)-conforming basis functions are part of the L?-conforming basis.

The construction of high-order finite element basis functions for the polynomial
exact sequences has been extensively studied in the literature, see the hierarchi-

cal bases in |§|,, and the Bernstein-Bézier bases in . Previous work
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has demonstrated that using the Bernstein polynomials as basis functions for the
H'-case offers a number of advantages including enabling optimal complexity as-
sembly of the stiffness and mass matrices even for nonlinear problems on non-affine
triangulations. The current work shows that these, and other advantages of the
Bernstein-Bézier basis are not confined to the H!-case but extend to the whole de
Rham sequence.

Quite apart from computational consideration, the Bernstein polynomials pro-
vide a convenient tool for theoretical work on splines 8] and were used in [5] to
present alternative set of basis functions for the de Rham sequence. Comparing with
the Bernstein-Bézier basis introduced in [5], our basis enjoys the so-called local ez-
act sequence property |12], which means that the exact sequence property holds at
the basis function level: gradients of the high-order H!-conforming basis functions
form part of the H/(curl)-conforming basis functions; curl of the high-order, non-
gradient H (curl)-conforming basis functions form part of the H(div)-conforming
basis functions; and, divergence of the high-order, non-curl H(div)-conforming ba-
sis functions form part of the L?-conforming basis functions. The clear separation of
the gradients and non-gradients for the H (curl)-conforming basis, and divergence-
free functions and non-divergence-free functions for the H(div)-conforming basis is
not only satisfying from a theoretical standpoint, but can also be exploited in the
practical application of the bases.

The rest of the paper is organized as follows: in Section [2| we present the main
results of the basis functions for the two sequences in Table [ In Section [3] and
Section [4] we present details of the construction of the H(curl)-conforming basis,
and the H(div)-conforming basis, respectively. Then, in Section [5] we discuss the
efficient implementation of our basis for constant coefficient problems on affine
tetrahedral elements. We conclude in Section [6] with numerical results validating
our theoretical findings.

2. MAIN RESULTS

In this section, we summarize the main results concerning the Bernstein-Bézier
basis functions for the H(curl)- and H(div)-conforming finite elements on a tetra-
hedron T := conv(xi,x2,x3,x4). Combined with the Bernstein-Bézier basis for
H!-conforming finite elements [1], we thereby obtain a set of basis functions, which
respect the differential operators, for the two polynomial de Rham sequences in
Table [1}, which corresponding to Nédélec spaces of the first and second kinds. We
begin by collecting some useful notation with which to present the bases.

2.1. Notation, index sets, and domain points. Standard multi-index nota-
tions will be used throughout. In particular, for a € Zi+17 we define |a| =

ZZE ag, al = Zi} ay! and (‘g‘) = |al/al. T X = (A, A, , Agq1) € RIFL
then we define A% = szl Ay*. Given a pair o, 3 € forl, a < @ if and only if
ap < B, k=1,...,d+ 1 and, in this case, (g) = Zi} (5:) An indexing set 77}

is defined by
d+1
I} ={aeZ{ : |al=n}. (1)
In this paper, we are mostly concerned with the three dimensional case d = 3. For
d=3,let e, € I3 (¢ =1,2,3,4) denote the multi-index whose ¢-th entry is unity
and whose remaining entries vanish.
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Let T be a non-degenerate tetrahedron in R3 given by conv(xy, T2, €3, x4). The
set Dp(T) = {xa : o € IT} consists of the domain points of the tetrahedron T
defined by

4
1
a — — . 2
T . kg_l QLTE (2)

We denote the edge-based, face-based, and cell-based bubble index subsets of Z3
as follows: for an edge E = (@, xe,) C T,

3E)={aecT!: o >0ifie{e, e}, a; =0 otherwise} (3a)
for a face F' = (xy,,xs,, x5,) C T,
I3(F) ={a eIy a;>0ifie{fi,f2, f3}. a;=0 otherwise} (3b)
and for the element T,
I ={aeTl: o >0 forallil, (3¢)
The collection of these bubble index sets is denoted as
I8 :=1y — {ne,: 1<<4} (3d)
= P rE P nrP.
Ec&(T) FeF(T)

where £(T') and F(T') are the collection of edges and faces, respectively, of the
tetrahedron 7.

We also denote the set of indices whose corresponding domain points lie on the
face F = (zy,, x5, Ts,) as

I3(F) i={a €If: 0; =0, i¢{f fr, fs}}. (3e)

Moreover, the index subsets of co-dimension 1 for Z}(F) and Z§ will also be used:
T(F) =13 (F) — {a single, arbitrary index in Z} (F)}, (3f)

T4 =T} — {a single, arbitrary index in Z4'}. (3g)

2.2. Barycentric coordinates and Bernstein polynomials. The barycentric

coordinates of a point * € R?® with respect to the tetrahedron T are given by
A= ()\1, /\27 )\3, )\4) and satisfy

4
QEZZ)\k:Bk; 1 :Z)\k (4)
k=1

The Bernstein polynomials of degree n € Z associated with T are defined by

Bt = (

n
« v,
a))\ , a€Tf (5)

2.3. Geometric decomposition of the finite element spaces and their basis
functions. We follow the popular convention whereby basis functions are identified
with dots placed at appropriate domain points. Our main result is collected in the

following theorem, whose proof is postponed to Section [3] and Section [] where we
study details of the H (curl)-basis and H (div)-basis, respectively.
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Theorem 1. Let E(T) be the collection of edges of T, and E € E(T) be any edge.
Let F(T) be the collection of faces of T, and F € E(T) be any face. The sets of
functionsdefined in Table [ form a basis for the corresponding space for arbitrary
polynomial order n.

Moreover, the following geometric decomposition holds for the finite element
spaces in the two sequences in Table [}

Pr = Siow ®ree(r) St ©rer(r) Sh & Sp
P ® @ x PY = Biow Oresr) V S8 Orerr) (VS50 0 BL) 0 (VST 0 BL,))
P} = Elow ®pee(r) V Shi1 ®rer(r (V S, eE] ) ® (V Saiy @ E£>
P &2y = View ®rerm Vx Eh & (VX EL, 6 V)
P} = View ®rerr) VX B © (VX E ., ® Vg—l)
P, = Wipw ®V-V}

TABLE 2. Local spaces and their basis. Here w;; is the lowest-
order edge element given in in Section[3] x, is the lowest-order
face element given in in Section 4} @ """ is the H (curl)-face
bubble given in and \IIZ(: is the H (curl)-cell bubble given in
(18)) in Section |3} and Y7, is the H(div)-bubble function given in
in Section

Lowest-order elements

Siow : span{\; : 1 <14 <4} ‘ Eiop: span{w;;: 1 <i<j <4}
View: span{x,: 1 <¢<4} |  Wiow: span{l}
H' edge, face, cell bubbles and their gradients
SE. span{B": a € I}(E)} | VSE: span{VB.L: acI}(E)}
SE . span{B": a € I}(F)} | VSF: span{VB.L: acI}(F)}
ST span{B": a €1y} ‘ VST span{VBL: a €1y}

H (curl) face, cell bubbles and their curls

El: span{®."": a € I}(F)} |[VxE]: span{Vx®,"": acIj(F)}
El: span@?_, {\IIET,: caePy | VX EY: spana? | {Vx \IIKT;: D ae It}

e{Uin: aeli™ a5 =1} BV UL q e I ay = 1)
H (div) cell bubbles and their divergences
VT, span{Y": a ey} ‘ V-VT. span{V- Y : acZy}

We illustrate the result in Theorem [1| for each sequence in Table |3| and indicate
the dimension of the spaces for each case.

We also collect different types of basis functions and the corresponding dimension
counts for the H (curl)-space P3 & @ x P? and the H(div)-space P3 & xP,,, along
with the domain points (for n = 3) in Table and Table [5 rebpectlvely The
index corresponding to the top white circle (for Type 3 H (curl)-bases, and Type 2
and Type 4 H(div)-bases) in the domain points plots indicates arbitrarily chosen
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index used in the definition (3f)-(3g). Here for the Type 3 H (curl)-face bubbles,
we only plot the domain points for one face to make the plot more readable. Also,
a domain point for Type 4 H(curl)-cell bubbles corresponds to 2 basis functions
(TP, WEE if ag > 1, and 3 basis functions (WL WHHH WETH) if oy = 1. The
same information is presented for H (div)-bases.

In order to visualize the nature of the bases, we present contour plots of some

representative basis functions in Figure [T] and Figure

TABLE 3. Bernstein-Bézier basis for the two sequences in Table
Here § = 0 for the first sequence and § = 1 for the second sequence.

V-

low Slow L Elow E) Vlow — Wlow
Ndofs 4 6 4 1
v v

edge SP, s — VS . =5 {0}
Ndofs n+46 n+0
face SF,; > VSF, s eoEf Y5 VxEL {0}

5 )
Ndofs ("3°) (") + (") 1 ("37) —1
cell ST, s vst, soEl, YSvxEl ovl, Yuv.vl,

Naofs (13 () 420N 205 HE R () 1

TABLE 4. Bases and domain points for the H (curl)-bases for the
space P3 @z x P3

Type 1 Type 2 Type 3 Type 4
low gradients non-gradient  non-gradient
face bubbles cell bubbles
basis Xi V BZ LT vyl
Ndofs 6 ("3 -4 A -4 2+ ()
\ .
7 t | .
domain points ~ P - . .. ‘.,. .' .' ¢ ol
n = 3 . . . ol

Although the basis are presented for the case where the local order is uniform.
We may vary the polynomial degree associated to each edge, face and cell without
compromising the local exact sequence property.
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TABLE 5. Bases and domain points for the H(div)-bases for the
space P2 @ zP,

Type 1 Type 2 Type 3 Type 4
low div-free div-free non-curl
face bubbles cell bubbles cell bubbles

basis Xi Vx ®LTn Vx eyt r
Ndofs 4 4" -4 2+ () (130) -1

’ . ) . .

~ g Ji ] i .
domain points o U ‘~ :
n = 3 . ] . . j_ -

'YV
4464

FIGURE 1. Top: left woy, middle (I)Z)gi,l)7 right: \Ili’é)l’l’l). Bot-

tom: left VBELO,Q,O,Q)’ middle VBELO72,171)7 right v3211,1,1,1)'

2.4. Embedded Sequences and Dimension Hierarchy. Our basis also has
the property that polynomial exact sequences on triangular elements which, in
turn, contain exact sequences on edges, are “embedded” in our tetrahedral basis.
These properties are illustrated in Figure [3] where the vertical arrows indicate the
appropriate trace operator onto the lower dimensional entity.

We shall demonstrate explicitly show that the above dimensional hierarchy is
satisfied at the level of basis functions for those listed in Theorem [I} This concept
of dimensional hierarchy was introduced in @

To this end, we introduce some further notation. Consider a triangular face
F = conv{x;,, x;,,x;,} € F(T) whose outward unit normal vector given as np. We
denote the set I := {iy, 42,43} where i1, 12,43 € {1,2, 3,4} are three distinct indices,
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FIGURE 2. Top:  left x;, middle Vx Qg’gﬁ,”, right:
T,4 .
VX W) 714 Bottom: Y0211

FIGURE 3. Embedded Sequence

First Sequence

Tetrahedron: Ppy; —— PdazxP3 Y5 PdgzP, — P,

3
ltr ltr ltr

Triangle: Pni1 v, P2 ¢z x P, Y% P,
ltr Jtr
v
Segment: Ppt1 — P,
Second Sequence
\% 3 V X 3 V-
Tetrahedron: P, o — P — P — P,
Jtr Jtr Jtr
Triangle: Pto v, P2 11 VX P,
Jtr Jtr
v
Segment: Ppie — Ppt1,

and let i4 be the index in {1, 2, 3,4}\Ir. For any multi-index o = (a1, o, a3, a4) €
%, we denote ap = (o, , vy, iy) € I5 to be its restriction onto the face F. We
denote the barycentric coordinates of a point & € F' with respect to the triangle F'
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as A = (A A ML) where

3 3
T=> Mz, 1=Y A, (6)
k=1 k=1

and define the Bernstein polynomials of degree n € Z associated with F' as

B = (

The differential operator “V” acting on scalar function on F' is understood to be the
two-dimensional surface gradient, and “V x” acting on a two-dimensional vectorial
function on F' is understood to be the scalar surface curl. In other words, if F' lies
in the x — y plane, with np = (0,0,1)7 as the outward unit normal vector, then

_ (00 o1\ _
v¢_<ay¢>u VX (¢2>— z¢2_ay¢1~
Denoting the sets

I3 .= I — {a single, arbitrary index in ZJ'}, (8a)
I3 =1} — {(n,0,0),(0,n,0),(0,0,n)}, (8b)

It is known |3, Theorem 3.6], that the following collection of functions forms a basis
for P,,(F)? @ x x P, (F):

{wh ol el U{VBE™: ac T u{BL": acny'), 9)

Z)AF(.@)“, acIl xckF (7)

where the lowest-order edge elements w’; and the bubble functions i’g’" are given

ij
by

wi = A VAT =ATVAT, 1<i<j<3, (10)
&5 = (n+ 1)BE™ (ag why — ap wly + azwly). (11)

Equally well, the collection of functions
(wh Wi B U{VBE™  aceZityu{@l" 1t acy V), (12)

form a basis for the space P, (F)2.
We define the following trace operators,
trp(¢) == o[ Vo € HY(T), (13)
tre p(dn V Aiy) = bk VAL Vor € HY(T), Vke{1,2,3}, (14)
trp, 7 (0r V Aiy) = ¢k|, VAi, -np Vor € H(T), Vke{1,2,3}. (15)
It is easy to verify that
o trp(N;, ) =\ for k € {1,2,3},
o tr, p(w;i,) = wk, for k, 0 € {1,2,3},
® trnvF(XM) = 2arela(F)’
whilst, for a € Z§(F), we obtain
o trp(By) = BLY,
o tr, r(VBL) =V B try p(BL7") = @57,
o tr, p(Vx ®L") = Vx @7 .
We can formally state the claim concerning the dimension hierarchy from a
tetrahedron to its triangular face.

)
)
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Theorem 2. The traces of the three dimensional bases given in Theorem [ define
bases for finite element spaces on triangles:

P, (F) = trp (®k-elp{>\k} DEee(r) SE @ Sf)
Po(F)? @@ x Bu(F) = troe (Onero{wiet @pesr V SE @V SE, @ EY)
Pn(F)? =tr,r (GBk,zeIF {wie} Bpeery VST L @V ST, & Eff,1>

Po(F) = tror ({x,} & Vx EL)

Moreover, a similar dimension hierarchy holds for the restriction of basis functions
on triangles to its edges.

2.5. Vectorial function spaces. To end this section, we collect notation for func-
tion spaces on the tetrahedral T that will be in the next two sections:

H(cwl;T) :={v e L*(T)*: Vxwve L*T)*},

Hy(cwl;T) :={v e H(cwl;T): tr,pv=0, YF € F(T)},

H(div;T) :={v € L*(T)*: V-ve L*T)},

Hy(div;T) :={v € H(div;T) : tr,pv=0, VF € F(T)},
H(div%;T) := {v e H(div;T): V-v =0},

Ho(div’; T) := {v € Ho(div;T): V-v =0},

LY(T) :={ve L*T): /T v =0}.

3. BERNSTEIN-BEZIER H (curl) FINITE ELEMENTS ON A TETRAHEDRON

Here we construct Bernstein-Bézier basis for both first- and second-kind Nédélec
H (curl)-finite element on a tetrahedron T: P3 @ x x P3 and P3.

Following [3}/12], we seek a basis that gives a clear separation between the gra-
dients of the polynomial basis for the H'! space, and the non-gradients. In two
dimensions, see @D and , the non-gradients consist of 2D lowest-order edge
elements, and H (curl) face bubbles. In three dimensions, the non-gradients will
consist of 3D lowest-order edge elements, the natural 3D liftings of the 2D H (curl)
face bubbles, and a set of H (curl) cell bubbles, as we see in the next.

3.1. Lowest-order edge elements. The following lowest-order edge elements are
well-known:

Wij = )\1V)\J — )\j VX, i,j€ {1,273,4}. (16)
The set {w;; : 1 <i < j <4} form a basis for the space P§ & & x P3.

3.2. Non-gradient H (curl) face bubbles. The non-gradient H (curl) face bub-
bles are obtained by simply lifting the 2D H (curl) face bubbles on the triangular
boundary into the tetrahedron.

Let F' = conv(z;,, x;,, ;;) be a face of the tetrahedral T, and let i4 be the index
such that where (i1, 2,143,%4) is a permutation of (1,2,3,4). For o € f;}(F), we
define the function

@ng = (TL + 1)32(0421 Wiyig + Ay Wigiy + Qg wili2)' (17)
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The following result characterizes above functions.
Lemma 1. For any face Fy € F(T), we have

Fyn - _
L ifF, = F,
0 if Fy #F,

Moreover, the set {®ET™ . o € T{(F)'} consists of (";2) —1 linearly independent
functions belonging to P3 @ x x P3.

tr, g, ®ET" = { Vo € TD(F).

Proof. Since w;; € P} @z x ]INI%, we get @ZT’" €EP3 px x I@Z The trace property
follows from straightforward calculation comparing and . The linear in-
dependence of functions is a direct consequence of the linear independence of their
tangential traces on the face F. O

3.3. Non-gradient H (curl) cell bubbles. We use the following vector field, for
¢ e {1,2,3,4}, to obtain the H(curl) cell bubbles:

VB e I3 (18)

n n Qy
\I’Z,a = (TL+ 1)Ba—eg V)\[ - "+ 1

We have the following result concerning the above functions, whose proof is quite
technical, and is postponed to the Appendix.

Lemma 2. Let ¥71 o ¢ fg“, denote the vector fields defined in . Then

Lo

\Ilzzl € Hy(cur; T) NP3 @ & x P3. Moreover, the set

2
P{wrs aen Dot ac it a1} (19)
=1

consists 0f2(”§'1) + (3) linearly independent vector fields in Ho(curl; T) NP3 @ a x

P3| whose curl set

2
@{Vx vyt :aefg{”}@{Vx vl aeyt? ,a3:1} (20)
=1
form a basis for the divergence-free bubble space Ho(divo, T)NP:.

3.4. Bernstein-Bézier H (curl) basis. Combing the results in Lemma [1| and
Lemma 2| and adding back the lowest-order edge elements along with the gradient
fields, we obtain the Bernstein-Bézier H (curl) basis for both P2 & = x Iﬁ’fl(n > 0),
and P3 (n > 1) in the following theorem.

Theorem 3. The set

@{Wz‘j 1<i<j<4} (lowest order) (21a)
@{V Bl e T8} (gradient fields)
P (" aecTy(F)} (face bubbles)
FeF(T)

2

@ {lIIZZI ra € lo'gﬁ} @ {\Ilg‘f;l caeIit? ag = 1} (cell bubbles)
=1
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forms a basis for P2 @ @ x P3, and the set

@{wij P 1<i<j<4} (lowest order) (21Db)
@{V Bl ae T8 (gradient fields)
@ {(®FTn=1 . a e I Y(F)'} (face bubbles)
FeF(T)
2
@ {\Il?a RS Ig“} @ {\11;& RS I§L+1 o 1} (cell bubbles)
=1

forms a basis for P3.

Proof. Let us focus on the proof of the first statement. The proof for the second is
identical to that for the first, and is omitted.

By Lemma [l and Lemma 2] we have functions contained in the respective sets
in (21a) lie in P2 & & x P3, whose dimensions are 6, (”;4) —4, 4("$?) — 4, and
2("N) + (%), leading to 2 (n+1)(n+3)(n+4) = dim P} @2 x P functions in total.

We are left to show the linear independence of functions in these sets. Concerning
the tangential trace on a face Fy = conv{ws, x;,, x;, } of functions in each set, we
have that only the following functions have non-vanishing traces:

@{wke D kol e {2,3,4}} (lowest order)
@{V B2l a e T8 oy = 0} (gradient fields)
@{(I)Z“T’" Ca e IR (Fy)Y (face bubbles).

The tangential traces of the above functions, in turn, form a set of basis for P3 @ x
@f, on face Fy; see Theorem |2l Hence, the above functions are themselves linearly
independent. Working on the other faces, we obtain the linear independence of the
functions in with non-vanishing tangential traces.

The remaining tangential-trace-free functions are the gradient bubbles

(VB ae it}

and the non-gradient bubbles in the set . The linear independence of these two
sets is a direct consequence of Lemma [2] This completes the proof. O

4. BERNSTEIN-BEZIER H (div) FINITE ELEMENT ON A TETRAHEDRON

Here we construct Bernstein-Bézier basis for both Raviart-Thomas (RT) and
Brezzi-Douglas-Marini(BDM) H (div)-finite element on a tetrahedral T: P3 & zP,
and P3.

Again, we seek a basis that gives a clear separation between the curl of the Bern-
stein polynomial basis for the H (curl) space constructed in the previous section,
and the non-curl (not divergence-free) H (div) bubbles.

4.1. Lowest-order face elements. The following lowest-order face elements are
well-known:

Xy = /\ZV)\JXV)\k — AJVAZXV)\]C +)\kV)\i><v}\j7 1<i<y <k < 4, (22)
where (i, 7, k,¢) is a permutation of (1,2,3,4). The set {x, : 1 < ¢ < 4} form a
basis of the space P3 @ xP.
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4.2. Non-curl H(div) bubbles. The non-curl H(div) bubbles take a similar form
as their two-dimensional companions in [3] Theorem 3.2]. We use the following
vector field to obtain the H (div) bubbles:
4
Y. =(n+1)BL> (-1 arx, acIj. (23)
=1
The following result characterizes the above functions, whose proof follows that
for the two-dimensional case in 3| Lemma 3.1].

Lemma 3. We have X7, € Ho(div;T) NP3 & xP,. Moreover, the set
{rg ae Ig'} (24)

consists of (”Jf’) — 1 linearly independent vector fields in Ho(div;T) NP2 @ a:fﬁ’n,
whose divergence set

{v. T ac I;}’} (25)
form a basis for the average-zero polynomial functions LE(T) NP,.

Proof. Since x, € P3 & xP; whose normal trace is constant on a single face and
vanishes elsewhere, it is trivial to show Y7 € Ho(div;T) NP3 & xP, and V- YT €
L3(T)NP,. Since the number of functions in either of the sets and is
#Igl = ("+3) — 1, which equals the dimension of the space L(T') NP, we only

3
need to prove the functions in the set are linearly independent to conclude the

proof of Lemma[3] We follow the proof of 3, Lemma 3.1].
Let coefficients ¢4 be such that

> ca VYL =0.
aEeLy
To simplify notation, we denote
€ijk ‘= V)\l . (V )\j X V)\k),
so that, in particular,
€123 = —€124 = €134 = —€234.
Given a permutation (i, j, k, ¢) of (1,2,3,4) with ¢ < j < k, a simple calculation
reveals that
V. (BZ i VAJ X v>\k) = (ozi + 1)(32 — Bg+ef;—ez)6ijk' (26)

By definition , we notice that Y7, consists of a linear combination of 4 x 3 = 12
terms of the form BJ A\; VA; x VA, Applying , and after straightforward
algebraic manipulation, we obtain that

Z Ca V TZ = 6123(71 + 1) Z EaBg,

ety aerr

where
4

4 4 4
Ca i= ZZ a;(a +1)ca — Z Z(ai + 1) Cate—e;- (27)

1=1 j=1 =1 j=1

J#i J#i
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The linear independence of the Bernstein polynomials means that ¢, = 0 for all
a € 7. This latter condition constitutes a square linear system for the coefficients
Co- The system is irreducible and weakly diagonally dominant, with the coefficients
in each row of the system summing to zero. Hence, there exists ¢ € R such that

ca = c for all a € 77, which immediately implies the linear independence of
functions in the set (25]). This completes the proof. O

4.3. Bernstein-Bézier H(div) basis. Combing the results in Lemma [l} Lemma
and Lemma [3] we are ready to present the Bernstein-Bézier H (div) basis for
both P? & aP,(n > 0), and P3(n > 1). The results are collected in the following
theorem.

Theorem 4. The set
4
Pixt Pw" Pire:acty} (28a)
=1
forms a basis for P2 @ wﬁ’n, and the set
4
Dixt QW Dire ' acny™) (28b)
=1

forms a basis for P3. Here the set W™ contains the divergence-free fields obtained
by taking the curl of the H(curl)-basis functions:

W= P {Vx®"": acIy(F)}

FeF(T)
2
P{vxwittiae P {vxwst a0y =1},
=1

Proof. The fact that the functions in the sets lie in the finite element spaces and
are linearly independent are due to Lemma[l] Lemma 2 and Lemma

The number of functions contained in the respective sets in (28a)) are 4, 4(";2) —
442("51) + (3), ("37) = 1, leading to 3(n + D(n +2)(n + 4) = dimP} @ 2P,
functions in total; similarly, the total number of functions in (28b)) is

4+4(";2> 4+2<”§1>+<Z>+<"§2> —1:%(n+1)(n+2)(n+3)

= dimP3.

Hence the sets (28a]) and (28b]) form bases for P2 & zP,, and P3| respectively. This
completes the proof. O

5. EFFICIENT COMPUTATION OF MASS AND STIFFNESS MATRICES WITH THE
BASIS

In this section, we show how to explicitly compute the mass and stiffness ma-
trices associated with the H(curl)- and H(div)-basis functions developed in the
previous two sections for piecewise constant coefficients on an affine tetrahedron.
Such explicit computation is made possible by the fact that our basis functions can
be expressed as a linear combination of Bernstein polynomials, and then exploiting
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the fact that the product of two Bernstein polynomials is another scaled Bernstein
polynomial, and the integral of Bernstein polynomial has explicit formula.

5.1. Notation. The following geometric quantities of the tetrahedron T will be
used:

tij = V)\z X V>\j7 (293)
€ijk = Lij - Ak, (29b)
and
St = /TV)\Z- VA dx, (29¢)
Silj,kl = / tij . tkl dX7 (29(1)
T
Sigjk = /T(Eijk)2 dx. (296)
We also use the Bernstein coefficients, which is independent of geometry:
(*27)
Mag = & (30)
’ al+|8 +3
(TP (=)

By properties of Bernstein polynomials, we have
(*a”)
BoBg = (nfm) Bgi’g, /TBZBE" dx = Mq g|T.

n

5.2. Transform to pure Bernstein-Bézier form. First, let us transform all the
basis functions along with their differential operators back to a linear combination
of Bernstein polynomials.

5.2.1. H(curl)-basis transformation. We have four type of basis functions, namely,
the lowest order edge elements w;; (Type 1), the gradient fields V B2™! (Type 2),
the face bubbles @57 (Type 3), and the cell bubbles lIlz’(;LH (Type 4).

For compactness of the presentation, we just derive basis transformation for
Type 3 basis below, and leave out details for the others. The transformation of
these basis functions back to Bernstein-Bézier forms, along with their curls, are
listed in Table [6] with the corresponding coefficients given in Table

For Type 3 basis for the face Fy = conv{x;, x;, xx}, we have

SLTM — (n 4 1) B (o wit, — j wig, + ap wij)
= (n+1)B" ()\i(ak VA —a; V)
+ (i VA —ap V)
+ k(0 VA = a; V )
=B (o + 1) VA —a; V \g)

a+te;
+ Boie, (g + (@i VA, — ap V)
+ Bt (ak+1)(a; VN —a; V)

= Z ngr}a,,l (affl + 1)(a0:3 V)‘Uz — Qgy V)‘Us)

oEYy
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where o = (01,02, 03) and the set
Yo :=A(0,4,k), (G, k, 1), (K, i, 5) }, (31)
where (i, j, k,£) form a permutation of (1,2,3,4). We also have
Vx @™ = 3" (0, + 1) VBELL X (Ao, Vg, — o, V Aoy

ateq,
oy,

n + 1 Z ZBaJre,,reg Qo + 1)(a03t0k02 - a02t0k03)
oeXy k=1

TABLE 6. Bernstein-Bézier transformation of H (curl)-basis functions

‘ basis ‘ BB-form ‘ BB-form of its curl
Type 1 ‘ Wiy ‘ Bél \% )\ - B1 )‘z ‘ 2'[31']'
Type 2 | VBt | S, el Br ., | 0

F,T, (3) +1

Type 3 ‘ q’of " ZO‘EE[ BZ+601 ZG’EE[ Zk 1 a 0.k Bgcheal —€oy,
T,n+1 4 (4) +1 (3)

Type 4 ‘ ‘I’Z,g Zi:l ca,é,i Bg—ei ‘ Z da £y BZ e;—e;

TABLE 7. Bernstein-Bézier transformation of H (curl)-basis functions

cz(f)i =

(3)

Cao‘

n+1)V
(

dg)a r = M+ 1) (g, + 1) (ostore, — Qostoos)
(
(

gy + 1)(0403 Vs, = gy VAgy)

c® Siu(n+2) — ;) VA

afz

a®

o,l,i

n+2)(n+ 1)t

Here 6;, is the Kronecker delta.

5.2.2. H(div)-basis transformation. We also have four type of basis functions, namely,
the lowest order face elements x, (Type 1), the div-free face bubbles Vx ®L¢Tm
(Type 2), the div-free cell bubbles Vx ¥ T ”'H (Type 3), and the non-curl cell bub-
bles Y. (Type 4). The transformation of these basis functions back to Bernstein-
Bézier forms, along with their divergence, are listed in Table[§] where the coefficients
dg))m . and dS))M are given in Table and the coeflicients d( ) and gg)i,m
in Table @ Again, we leave out details of the derivation. Here (i,7,k,1) form a
cyclic permutation of (1,2, 3,4).

are given

5.3. Mass and stiffness matrices for H(curl) basis functions. Now, let us
give formula for the mass and stiffness matrices for the H(curl) basis functions.
For ease of notation, suppose that we have ordered the basis functions such that

BL = winp, ¢2=VBL, ¢l =®LuT" @t — gl (32)

aP > P,
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TABLE 8. Bernstein-Bézier transformation of H (div)-basis functions

‘ basis ‘ BB-form ‘ BB-form of its divergence
Type 1 | Xe | Yoy toaos Be,, | (—1)*3 €123
Type 2 ‘ Ux @ ‘ > oes, Yk df,)cr,k Baie,, —en 0
Type 3 ‘ Vx ‘I’ZZLH ‘ Z?:l dc(zi)é,i Ba_e,—e, ‘ 0
Typed | YL | Vi dalBate | S Y900 Bhvee,

TABLE 9. The coefficients

4 i
dY = (D" ai + 1) Y, cx. Yoy tosoy

98 = (n+ D +1)(85n — ay) exns

where p € NT is an integer and the superscript p above indicates the corresponding
indices are determined by p.

Due to the heterogeneity of the basis functions, the mass and stiffness matrices
consists of 4 x 4 blocks. By symmetry, we need to work out the computation for
the 10 upper diagonal blocks for each matrix. Our calculation is given below.

5.3.1. H(curl) mass matriz. The first four blocks:

1 1 0 0
/ by - @qdx = Meyp e1aSip ja — Meip ejaSip ia
T

- Mejljveiq Siop,jq + Mejp,ejq S?P,iq (33a)
4
/Tfﬁll) . ¢§ dx = (n+1) Z (Mem’aq_esS?p,s - Mejp,aq_ess?%) (33b)
s=1
[ @@= 3 M i, 0, + (0 S5, — 0550
T o€ q
- Z ME‘jp7aq+€al (Oégl + 1)(0{23 S?p,og - OLZQ S?P,O'g) (33C)
oc€Xyq

4
/T by Pydx = > (Sara(n+2) — ) (Meyp.at-e, S s = Mepaa—e.Sh,)  (33d)

s=1
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The next three blocks:

4 4
/ ¢ ¢2dx=(n+123 Y Mar_e,are. 5L, (33¢)
T t=1 s=1
4
/T(]-”;Q; : ¢2 dx=(n+1) Z Z Mar—e; a0+te,, (@7, + 1)(043359,@— O‘g2sg,a3)
t=1 o-equ
(33f)
4
/T¢,2) : ¢3 dx=(n+1) Z Z(‘Ss@q (n+2) - ag)Maf’fet,aqfesS(t),s (33g)
t=1 s=1
The next two blocks:
/ ¢ gidx= 3 > Marie,, anre,, (02 +1)(ad, +1)
T TESp o€ g
(agg ag's 89-270'2_ agg ag'z 89'270'3_ agg ag'g S?‘g,o’g—’_ a£2 ag‘g 89'3,0'3) (33h)
4
/ 6t prdx= 3 S Marse,, an e (Gun(n+2) —af)
T TEX)p s=1
(agl + 1)(@23 S?’Q,S_ aﬁQ S‘IO'Q,,S) (331)
The last block:
4 4
/ by by dx =) > Man_caa e, (e (n+2) — af)(Jora(n + 2) — ad)SY, (33))
T t=1s=1

5.3.2. H(curl) stiffness matriz. Since the curl of Type 2 basis (gradients) vanishes,
we only need to calculate 6 blocks for the stiffness matrix. The first four blocks:

/TVX By VX ¢y dx =4 Ship aa (34a)
/VX¢;.Vx¢3dx:0 (34b)
; 12
TVX oL - Vx ¢S dx = mg;ﬂmgl +1)

<O‘g3 (Siojo 0100 + Sivje o50) — @8, (Sivjp 0105 T Silpjp,ozaa)) (34c)
/Tqus;.vqugdx:o (34d)

The next three blocks are all zeros:
/Vx¢§-vX¢3dx:o
T
2 3 1.
/quSp-ququx—O
T

/Vx¢§.vX¢3dx:o
T
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The next two blocks:

3 3
[0 6= 412 TS T Mo etien e

TEYp b=1 0€Xyq k=1

P q p -4 Ql aP o9 St
(Oé,,.l 1)(0[01 1)(a73a0387272,0k(72 TgaUQSTgTQ,szog
P 4 Ql P ,4 ql
ol al ST e, Tl al ST ) (34e)

3 4
/ Vx @) - Vx dpydx = (n+2)(n+ 1) Z Z ZMaHen—emaQ—Ezq—ei
T

TEDp =1 i=1
(o2, +1)(a2,S%, 1, 1 — 2,8, o) (341)

TT2,ild T2 TTs,

The last block:

4 4
[ vxop vxapax= 30 n+ 22+ 1
T

j=1i=1

1
Mapfeepfej,aq*eN*ei SjEP,iéq (34g)

5.4. Mass and stiffness matrices for H(div) basis functions. Now, let us give
formula for the mass and stiffness matrices for the H (div) basis functions. For ease
of notation, suppose that we have ordered the basis functions such that

Py =Xer, Vo =Vx LT @b = Vx G gl =YL, (35)

where p € NT is an integer and the superscript p above indicates the corresponding
indices are determined by p.

Due to the heterogeneity of the basis functions, the mass and stiffness matrices
consists of 4 x 4 blocks. By symmetry, we need to work out the computation for
the 10 upper diagonally blocks for each matrix. Our calculation is given below.

5.4.1. H(div) mass matriz. Since the Type 2 and Type 3 H (div) basis is the curl
of Type 3 and Type 4 H(curl) basis, the corresponding matrix matrix blocks is
identical to the related stiffness matrix for H (curl) basis. Hence, we actually only
need to compute 10 — 3 = 7 blocks this time.

The first four blocks:

JRCITIEND Dl DI NP S (364)

TEXp 0EX g

3
[RCETSESID Sl ol S P,

TEXp 0E€EXq k=1

1 1
(agl + 1)(0[2.3 STzTg,Ukaz - ag'g STng,okag) (36b)
4
/T,lljii ’ 1/’2 dx = (n + 2)(” + 1) Z Z Merl,a“*EM*eiS}'Q'rg,ilq (360)
TEX)p =1

4
/qu;,-q,b;‘dx: SN (D! +1)ald Me,, aateShry 000 (36d)

TES i=1 €Y,
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The next three blocks:

3 3
/T'lpi'(/)gdxz(n‘i‘l)Q Z Z Z ZMQP"'eTl_eTwan"eﬁ_eak

TEYp =1 0€Xq k=1

P q P o4 Ql —aP o2 St

(a‘rl + ]')(ao'l + 1)(a7'3a0'387'(7'2,0'k0'2 aTgaUQSTeTQ,G'ko'g
—aP o1 <! P 4 Ql
aTan'gs’T[Tg,O'kO'Q+a7’2&(TQST[7'3,O'kO'3) (366)

3 4
JRCRCTESIRE SIS Db 9) 3L UAPSEpew

TEXp (=1 i=1
(a®, +1)(a?, S} —a? S} ) (36f)

TeT2,ila T¢T3,104

3 4
/T"pfv ) 1/’3 dx=(n+1) Z Z Z Z (_1)i+1Map+en—ema“+ei

TEX)p £=1 1=1 0€X;
(agl + 1)(&;’1 + 1)atq71 (a£3s}'e7270203 - aﬁQS}'ng,UQU'g) (36g)
The next two blocks:
4 4
[ wiax= 303 0+ 2P 12
T - °
j=11:=1

1
Maf’fegpfej,a‘lfegq7eisjep’igq (36h)

4 4
/Tl!’f; ppdx=n+2)n+1)) D> (1) Mar—e,p—ejante,

j=11i=1 g€,

(Oé? + 1)0421 Sjlép,oza:g (361)
The last block:
4 4
JRCRCTEED 5 35 3 BRI
T j=17€x; i=1 o€,
(O[? + 1)@21 (ag + ]‘)ag'l S‘:Il'g‘l':;,o'gdg (36J)

5.4.2. H(div) stiffness matriz. This time, we only need to compute three blocks
since the divergence of Type 2 and Type 3 basis functions are zero.

/TV' ¢11> v wé dx = (179 8%, (37a)
/ Vetp, Veapydx =0 (37b)
T

4 4 4 4
/T Veapy Vepgdx = (n+ 12D Y YD (1) Marte;—es.ate—er

,_.
~
Il
-
.
I
—
£l
Il
-

J

(af +1)(0j0n — ag) (e + 1)(6ikn — ax)STas (37¢)

—~

6. NUMERICAL EXAMPLES

We conclude with three examples which illustrate the use of the bases. We
consider the case of constant data and affine tetrahedral elements although the
ideas presented in [2] could be used to treat much more general scenarios. The
stiffness and mass matrices are explicitly computed using the formula in Section
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(along with proper ordering of degrees of freedom); while the integrals involving
source terms are obtained via Stroud conical quadrature rules [2].

The first two examples were taken from [7] where, for the first time, H (curl) and
H (div) Bernstein basis in [5] were implemented. The third example solve a mixed
elliptic problem with a divergence-free vector solution, where we exploit the fact
that our basis provides a clear separation of the divergence free functions to solve
the problem with a reduced H (div) basis whereby all the Type 4 (not divergence-
free) H(div) bubbles are omitted, coupled with a piecewise constant scalar filed.
The reduced basis approach produce exactly the same vector field approximation
but requires fewer degrees of freedom (see e.g. [910] on the use of reduced basis for
incompressible flow problems).

6.1. Maxwell eigenvalue problem. We consider the problem of finding reso-
nances w € R and eigenfunctions E € H(curl) such that

(Vx E,Vx F)g =w*(E,F)q, VF € Hy(curl).

Same as in [7], we consider the cube 2 = [0, 71]® divided into 6 tetrahedra and study

p-convergence of the finite element eigenvalue problem with Nédélec ’s H (curl)
finite elements of first kind, P2 @ = x ]ﬁ’%, using basis functions in Table For
this problem, the first eigenvalues are 2 with multiplicity 3, 3 with multiplicity 2,
and 5 with multiplicity 6. We take the first 11 nonzero computed eigenvalues and
measure the average error in each one in Figure [dl Similar convergence behavior
as that in [7, Fig. 4.8] is obtained; in particular, we see that ten-digit accuracy in
all three of the first eigenvalues is obtained when we reach degree 12, we also see

round-off effect when degree is 13.

Convergence of 3d Maxwell cavity eigenvalues
T T T T T

102 T T

Hw?=2

Average error

108

1010

1012

10 14 1
2 3 4 5 6 7 8 9 10 11 12 13

Polynomial degree

FIGURE 4. Error in the first three non-zero distinct eigenvalues for
the three-dimensional cavity resonator problem

6.2. Mixed Poisson problem. Here we consider the mixed Poisson problem
u+Vp=0
Vu=f

on a unit cube which homogeneous Dirichlet boundary conditions. We pick f such
that the true solution is p(z,y, z) = sin(nwz) sin(ny) sin(7z). Again, we divided the
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unit cube into 6 tetrahedra and study p-convergence of the mixed finite elements:
find (up,pn) € Vi, x Wy, such that

(un,vp)a — (ph, V-vp)o =0
= (

(V-u, qn)a 1 qn)o

the stable finite element pair P2 & w]IT’n x P, using the basis functions in Table
is used in the computation. We use static condensation to condense out the
interior degrees of freedom for the velocity and average-zero degrees of freedom
for the potential, the resulting condensed system matrix consists of face degrees of
freedom for velocity and piecewise constants for pressure. The size of the condensed
system matrix, along with that of the original one, for various polynomial degree
is listed in Table We observe significant computational saving in terms of the
global system matrix size by the static condensation. We remark that such static
condensation relies on the fact that there are no inter-element communication for
the internal degrees of freedom for velocity and average-zero degrees of freedom
for the potential, hence they can be static condensed out using the face degrees of
freedom for velocity and constant degree of freedom for potential in each element.
If the potential degrees of freedom were not to have the constant and average-zero
separation, as the basis used in [7], one might not be able to condense out any of
the pressure degrees of freedom.

TABLE 10. Size of condensed system matrix K, and original sys-
tem matrix K, for mixed Poisson problem on a six-tetrahedron
mesh for polynomial degree 0 to 14

degree 0 1 2 3 4 5 6 7
size K. | 24 60 | 114 | 186 | 276 384 510 | 654
size K, | 24 96 | 240 | 480 | 840 | 1344 | 2016 | 2880
degree 8 9 10 11 12 13 14
size K. | 816 | 996 | 1194 | 1410 | 1644 | 1896 | 2166
size K, | 3960 | 5280 | 6864 | 8736 | 10920 | 13440 | 16320

The L2-error for the potential and velocity fields are plotted in Figure We
observe exponential convergence as expected. We also see similar jagged conver-
gence in potential, with small drops from even up to odd degree followed by large
drops from odd up to even degree, as documented in [7]. However, such jagged
convergence behavior seems do not appear for the velocity approximation.

6.3. Modified mixed Poisson problem. Here we consider the following modified
mixed Poisson problem

u+Vp=Ff
V-u=0
on a unit cube with homogeneous Dirichlet boundary conditions for scalar field p.

We pick f such that the true solution is p(z,y,z) = sin(7z)sin(ry) sin(rz) and
u(z,y, 2) = (0,sin(mz) cos(my) sin(rz), — sin(mz) sin(my) cos(rz)) L.
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Convergence of mixed Poisson problem
T T T

¥ potential error
-©-velocity error

L2-error
B
»
T

1019 | 4

1012 1 1 1 1 1 1
0 8 10 12 14

6
Polynomial degree

FicURE 5. Convergence of the mixed finite element method as a
function of the polynomial degree on a mesh with six tetrahedra.

This time, we study h-convergence of the mixed finite elements: find (up,pp) €
V1, x W), such that

(un,vn)a — (pn, V-vn)a = (f,vn)a
(V"UHQh)Q =0.

In Figure 6] we plot L2-error for the vector field for two finite element methods for
polynomial degree 1,3,5 on five consecutive meshes obtained by cutting the unit
cube to m? congruent cubes and dividing each cube into 6 tetrahedra, we vary the
(inverse) mesh size m from 2 to 10. The first method, labeled as Div-Free:NO in
Figure [ uses the Raviart-Thomas finite elements used in the previous test:

P &P, x Po = (View reri) Vx Bh & VX EL & V1) x Wiy © V- V),

the second method, labeled as Div-Free:YES in Figure [f] uses the following reduced
(divergence-free) finite elements:

(Vlow 69Fe]—'(K) Vx ES ® Vx Ez:.;.l) X Wlow~

See definition of the above spaces in Section[2] It is easy to show that both methods
produce the same vector approximation, which is clearly observed in Figure[6] where
the optimal L2-convergence error for the vector field for both methods are on top of
each other. We list the global (static-condensed) number of degrees of freedom along
with the local number of degrees of freedom for both methods in Table While
both methods share the same number of global degrees of freedom, the reduced
basis approach has significant amount of local degrees of freedom reduction.

APPENDIX: PROOF OF LEMMA

Proof. Firstly, we show that \112};1 has vanishing tangential components on 9T

for a € Z,.2(T). The vector field Bgfleﬁ V A¢ has vanishing tangential com-
ponents on the face F; since V \; points in the direction of the normal on face
Fy, whilst the Bernstein polynomial B2TL , vanishes on the remaining faces since
o € Z,45(T). Likewise, the Bernstein polynomial B2 belongs to HE(T) and so
V B2t2 € Hoy(curl; T). Hence, ¥}t € Hy(curl; T).

L,
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o Convergence for modified mixed Possion problem
10 T T T T T T T

1074

102

slope = -4

—1 10°® 3
-©-deg=1, Div-Free: NO
+ deg=1, Div-Free: YES
deg=3, Div-Free: NO slope = -6

107 deg=3, Div-Free: YES E
—-deg=5, Div-Free: NO
- deg=5, Div-Free: YES

2_error for vector field

2 3 4 5 6 7 8 9 10
mesh size

FIGURE 6. L2-error for vector field of the modified mixed Poisson
problem. Div-Free:NO is referred as the first (original) method,
and Div-Free:YES is referred as the second (reduced) method.

TABLE 11. Number of degrees of freedom for the two methods.
N,: global number of dofs for both methods, N/*?: local number
of dofs for second method (with reduced basis), N;: local number
of dofs for first method.

Nelems deg=1 deg=2 deg=3

Ny Nyed N, Ny Nyed N, Ny Nyed N,
48 408 0 288 1248 528 2352 2568 2400 7680
384 2976 0 2304 | 9024 4224 18816 | 18528 19200 61440
1296 9720 0 7776 | 29376 14256 63504 | 60264 64800 207360
3072 22656 0 18432 | 68352 33792 150528 | 140160 153600 491520
6000 43800 0 36000 | 132000 66000 294000 | 270600 300000 960000

Concerning membership of the Nédélec space P2 @ x x ﬁ’i, we begin with the
observation that \Ilzzl € P?_,. Consequently, in view of [11, Proposition 1], it
suffices to show that x - \Il?zl € P,y1, where ¢ € R3 denotes the usual position
vector of points in R3. Next, since the barycentric coordinates are affine functions
of x,

(x—x0) - VA, = An(x) — A (@) = A () — o

Hence,
67
(x —x) - Bgtle@ V= (Ae - 1)BZJ£1€[ = mBZ+2 - Bgftz,
thanks to the following elementary property of Bernstein polynomials

AmBLTL = fa& B2,
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The same property, along with identity V B2T! = (n + 1) Zi:l B e, V A, also
gives

4
(x —xy) - VB2 = Z BZ"_'lem (x—=) - VA,

m=1

4
o n+1 n+1
- E )‘mBa—em - Ba—eg

m=1

1
n+2

_ Bg+2 _ Bn+1

a—ey)
on recalling Zizl = n + 2. Therefore,

(x — ) - lIlZZl =—(n+2- ch)BZJilel7
or, equally well, x - 'IIZE €Ppyis.

A simple calculation implies that the total number of functions in the sets in
is 2(";:1) + ('2’), which is equal to the dimension of divergence-free bubble space
on a tetrahedral H(div’;T) N P3. By exact sequence property, the fact that
Wyl € P2 @ a x P3 implies that Vx %' € Ho(div; T) NP3,

Let us now prove the linear independence of the functions in .

Clearly

Vx Wyt = (n+2) V(B V)

a—ey

then, using V B2 = (n + 1) Zi:l B» . V \,, we obtain

a—eg
1 4
n+l _ n
m VX lIIZ’a - Tnz::1 Ba*egfem V )\m X V )\[.
In particular if £ = 1, then
1 N .

DTy Y Yie = Biee VA X VA
+ Bgfelfeg Vs x V)
+ By, Vi x V)

a—e];—ey
and eliminating V A4 with the aid of the expression

VAM+VX+VA3+V =0

gives
1 n+1 n n
miDmT V< Ve = Bacee ~ Bacere) VA X VA,
+ (BZ,EI,eg - 33*51764) VA3 X VAL (38)

Analogous expressions are readily obtained for V x lIlZ‘(;l, ¢ = 2,3 by cyclic permu-
tation of the indices 1-2-3.
To simplify notation, we denote the direction vectors

tlg = V/\l ><V/\27 t23 = v>\2 ><V>\3, t31 = V)\g X V)\1

It is clear that t19, t23, t31 € R? are linearly independent.
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Now, let coefficients cg), cg), and CS) be such that

1 1 1
Y o vxertle Y @ vxwrtl+ Y P uxwrtl=o.
a€f§”+2 aef;'ﬂ aeigl"'?
3=

By 7 we have

Z C(OZLL)(Bg—el—E47BZ—€1—62)+ Z C(o?)( 2—61—827B3—62—E4) t1o

aciy™? acZyt?
(2) n _ nn (3) n _npn
+ E Ca (BOL—EQ—E4 Boz—efz—eg)+ Co (Ba—62—63 Ba—e3—64) ta3
acZyt? aezpt?
Oée,:].
2: 1)/ pn _nn (3) n _nn _
+ Ca ( a—e]—es3 Ba761784)+ ca (BCX7€37€4 Bafelfeg) t31 - O'
aef§’+2 ccint?
043:1

This implies that each term behind the direction vectors ti2, ta3, and t3; of the

above expression is zero.
Let us now focus on the term behind t3;. We have

Z cg)(BZfe1fes_Bgfe1fe4)+ Z CS)(‘BZ*€3*64_B(2761753) =0 (39)
ety actt?
3=

The goal is to show that all the coefficients in the above expression is zero. We
proceed the proof by mathematical induction on the last index ay.

Given k € N, if

¢®) =0 for o € Z8"? such that a3 =1, ay <k, (40a)
) =0 for ac i-g+2 such that a4 <k, (40b)
let us prove
e =0 for a € lc'gﬁ such that ag =1, au =k + 1, (41a)
D) =0 for a € lc'gﬁ such that oy =k + 1. (41b)
First, by induction hypothesis , identity reduces to
Z C(o})(BZ—el—e;Bg—el—e4)+ Z CS))(BZ—Eg—efBZ—el—e;;) =0 (42)

aeiQ*Q

aei§+2
az=1l,ag>k+1

ag>k+1

Recursively using Ay B = 2E Bty | we have

n Ak
Bj = (824)4 Z:ﬁ&x for 3 € I} such that 8, > k.
k
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Applying the above identity to (42)), and dividing the resulting expression by () A},
we obtain

1) (1)

0= E Co n—k _ Ca n—k
- (044) a—e;—e3—key (a471) a—e;—(k+1)eq
N k k
ay>k+1
Cg) k CS) k
n— n—
+ Z (a4—1) Ba—eg—(k+1)e4 - (a4) Bafelfegfkeél (43)
-n4-2 k k
ael}

as=1,as>k+1

Now, evaluating right hand side of on the edge Fs34 := F3 N Fy, and recalling
that A3 = A4 = 0 on this edge, we get

Z Ct(:vzl)BZ—eg—(k+1)e4

sn—+2
aEI3L
as=1,a4=k+1

::07

E3q

which implies the result in (41a)) holds true by the linear independence of Bernstein
polynomials on the edge. Next, using (41a)), evaluating the expression on the
face Fy, and recalling that A4 = 0 on this face, we get

E (1) gn—Fk _
Ca Bafelf(k+1)e4 Fy =0

a€i§+2

ag=k+1

which implies the result in (41b]) holds true by the linear independence of Bernstein
polynomials on the face. This completes the induction proof.

Similar, we can show that cg) =0 forall a € fg’“, hence the set form a

basis for H O(divo; T) NP3, which immediately implies the linear independence of

functions in the set (19)). This completes the proof of Lemma O
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