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Exact evolution equation for the effective potential
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We derive a new exact evolution equation for the scale dependence of an effective action. The
corresponding equation for the effective potential permits a useful truncation. This allows one to
deal with the infrared problems of theories with massless modes in less than four dimensions which
are relevant for the high temperature phase transition in particle physics or the computation of

critical exponents in statistical mechanics.

The average action 'y [1] is an effective action for
averages of fields. The average is taken over a volume
~ k™% such that all degrees of freedom with momenta
q> > k? are effectively integrated out. The average ac-
tion is formulated in continuous space and is the ana-
logue of the block spin action proposed earlier on a lat-
tice [2—4]. Recently, a renormalization group improved
one-loop equation has been derived [5] for the average
potential Uy. For an SO(N) symmetric theory with N
real scalar fields ¢® it reads
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Here Uy, is a function of p = %gpacpa and primes denote
derivatives with respect to p. The integral is ultraviolet
and infrared finite due to the properties of the inverse
“average propagator” P(q),

2

P@ =g o) =exp[-a@/i)]. @)
It has a simple physical interpretation since for every
value of p the propagator contains the p-dependent
masses of small fluctuations, i.e. m? = U’ for the
N — 1 modes in the “Goldstone directions” and m? =
U’ +2pU" for the radial mode. If the k-dependence of
the wave function renormalization Zj is known (or ne-
glected), eq. (1) becomes a partial differential equation
in the variables t and p. Its solution for k& — 0 provides
the effective potential U(p) for all values of p.

Together with a computation [5] of the anomalous
dimension n = —0;In Z, this equation has produced
surprisingly accurate results even for problems without
any small coupling. The phase structures of the two-
and three-dimensional theories are correctly described
[5], including the Kosterlitz-Thouless phase transition
[6, 7] for d =2, N = 2. Eq. (1) also gives an accurate
picture [8] of the high temperature phase transition
in the four-dimensional theory. The three-dimensional
critical exponents relevant for this second-order transi-
tion are computed with a surprising precision [8, 9].
Furthermore, the average action describes quantita-
tively how the effective potential becomes convex for
k — 0 in the phase with spontaneous symmetry break-
ing [10, 11].

In view of this success the higher loops apparently
play no major role. One is led to the question if there
might exist an ezact evolution equation of the type (1).
As a first attempt one may try to use the Schwinger-
Dyson equations. These equations involve, however,
the bare couplings and it is probably too ambitious
to solve an equation which contains the physics at all
length scales at once. Eq. (1) is more modest since
only a small momentum range ¢°> ~ k? contributes ef-
fectively to the integral. A different possible approach
may look for an appropriate truncation of the “exact
renormalization group equation” derived from an in-
finitesimal variation of k [5]. This equation is closely
related to an equivalent equation which is obtained
from the infinitesimal variation of an ultraviolet cutoff
in models with explicit momentum cutoff [12-14]. The
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difficulty here lies in the fact that the precise properties
of ', are needed for momenta near the effective cutoff,
i.e. ¢*> ~ k2. So far we did not find a viable truncation
of the infinite system of differential equations involved
in this problem.

In this letter we present a new exact evolution equa-
tion. It expresses the k-dependence of an effective ac-
tion I';, in terms of the exact propagator, i.e. the second
functional derivative of I';, with respect to the fields:
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The second functional derivative F](f)

expressed either in coordinate space

and Ry may be
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(Ri)j(2,y) = 0p Ri (2 — y) = 836(x — y) Ry (i),
or in momentum space, where we consider for simplic-

ity a finite volume ) (e.g. a torus) with discrete mo-
mentum spectrum
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Here Ry(q) is the Fourier transform of Ry(z — y), i.e.

Ri(q) = /dd:E '™ Ry (x).

We assume that it is a positive function of the invari-
ant ¢ = q"q,. Its exact shape is arbitrary provided it
obeys certain restrictions which will be discussed below.
The trace reads in coordinate space

Tr:/ddx/ddyz,

and in momentum space
ddq
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where we have taken the limit {2 — oo in the last ex-
pression. (The evolution equation (3) can also easily be
written for complex scalar fields ¢, (z) for which ¢*(q)
and ¢?(—q) are independent variables. In this case

dpq(x) should be replaced by d¢f(z) in eq. (4). For
m complex scalar fields sz is considered a 2m x 2m-
matrix in internal space, with negative indices defined
by ©™%(q) = ¢5(q) or ¢ (z) = ¢5(x)). Our equa-
tion (3) has a simple graphical representation which
immediately indicates the close analogy to the one-loop
equation (1).
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The one-loop computation of I';, becomes exact, but
the price to pay is the use of the full propagator! We
will see that for a suitable choice of R (q) eq. (1) indeed
follows from (3) in a suitable truncation.

In general, the function Ry(q) should obey several
requirements, which will be discussed in more detail
below. The property

l' =
lim Ry.(q) =0 (7)
implies
lim I'y[p] = [[g], (8)
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where T'[p] is the generating functional for the 1P1
Green functions defined as usual by a Legendre trans-
formation. Secondly, Ry should diverge for & — oo and
fixed ¢%. Then one has

lim T[] = S[e],
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with S the classical action. (In a theory with an
effective momentum cutoff A one has approximately
Tale] = Slp].) The effective action I'y, therefore inter-
polates between S and I'. A solution of the evolution
equation (3) for £ — 0 with the initial value given by
T'p, permits a computation of I" and in this sense pro-
vides a complete solution of the theory. Finally, the
momentum integration in (3) should converge rapidly
for ¢> > k? and ¢°> < k? such that only a small mo-
mentum interval ¢ ~ k? effectively contributes. This
can be achieved, for example, by the choice

Z(q) ¢*f2(q)
1— fi(q) ~

with fj, defined in eq. (2) and Z(g) suitably chosen
such that the combination of Rj with the kinetic term
Ziq? from T'@ yields approximately the inverse “aver-
age propagator” (2)

Ry(q) = (10)

Z1.P(q) = Zxq” + Ri. (11)



With this choice eq. (3) reduces to eq. (1) if we approx-
imate F,(f) — 7,,q* by the mass matrix. We emphasize,
however, that many alternative choices of Ry remain
open. The precise form of the infrared cutoff depends,
of course, on the details of the choice for Ry(q).

Let us now prove the exact evolution equation (3) for
a theory with N real scalar fields x® and action S[y].

We add to the kinetic term a piece
1 a
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and also include sources (J%(—q) =
fields)

(), (12)

JX(q) for real scalar
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This defines a k-dependent generating functional

Wi[J] = In Z[J] = ln/Dx exp(—Sk[x,J]). (14)
In the limit & — 0 Wy[J] becomes the generating
functional for the connected Green functions computed
with the original classical action S alone. The expecta-

tion value of x in the presence of AS and J reads
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and is a functional of the sources ¢ = ¢i[J]. We also
define the k-dependent connected two-point function
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Let us now introduce I';[¢] by a Legendre transforma-
tion
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Differentiating (18) with respect to ¢ and (15) with
respect to J* yields the well-known identity
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The dependence of I'y, on k for fixed variables g is
given by
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(Note that J is considered here as a k-dependent func-
tion of ¢i.) The last term can be absorbed into a
redefinition of I'j,
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This gives the relation
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where Gy, is regarded as a matrix in internal space and
momentum space and Ry is given by eq. (6). Inserting
(19) and using the definition (21) one finally obtains
the evolution equation (3).

In order to understand the role of the scale k in I',
we first note that the term AS provides an effective in-
frared cutoff of the order k in the computation of Wy.
Similarly the momentum integrations in the computa-
tion of ', are effectively cut off for ¢ < k2 such that
only fluctuations with momenta ¢? > k? are included
in the corresponding functional integral. In short, I'y, is
an effective action where the modes with ¢ > k2 have
been integrated out. It has all the qualitative proper-
ties of the average action [1] for slowly varying fields
(¢> < k?). In particular, in the limit k& — 0 T}, tends
towards [y, and T, becomes the Legendre transform
of W. This establishes eq. (8). In the opposite limit
k — oo the quadratic piece AS diverges. The classical
approximation to Wy,

_ 6(S+AS)

0) _
Wi™ = dx ’XO

—Si[x"

1], o (23)

(0)

becomes exact such that W, is the Legendre trans-
form of S+ AS. Then T, is the Legendre transform of
Wéo) and, since S 4+ AS is always convex in the limit
k — oo,

[,=Tr—AS=2. (24)

This proves eq. (9). The approximate relation I'y = S
follows from the good accuracy of the classical approxi-
mation for W, provided the cutoff A is sufficiently large
compared to all mass scales of the action S.

The evolution equation (3) is a partial differential
equation for infinitely many variables ¢ and ¢%(q). For
a practical use one has to find an appropriate trunca-
tion. Let us first consider an effective action of the
form

Iy = /ddaz[Uk(p) +

+ 30 p Yi(p,
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Here the normal ordering :Z: indicates that the deriva-
tive operators are always on the right. If :Z: can be
expanded around some constant po, it reads

Zk(p,—0,0"):
= Z1(po, —0,9") + (p — po) Zi(po, —0,0")
+1(p— p0)* Z{ (po, —0,0") +

(26)

The evolution equation for U can now be obtained by
expanding around a constant field ¢,(¢ = 0) = ¢ 41,

p =3¢
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We note that the ansatz (25) contains the most general
terms for quadratic fluctuations around a constant field
(for constant p normal ordering is not needed). The
resulting evolution equation for Uy remains therefore
exact:

d?q a N-1 1
8t 2 (2m)d at ( M, + ﬁl) (31)
Mo = Z(p,a*)q" + R(q) + U'(p),
My = [Z(p,q%) + pY (p.q*)]a* + R(q) (32)

+U'(p) + 20U" (p).

Corresponding evolution equations for the derivatives
of U are obtained easily by partial differentiation of
eq. (31) with respect to p, i.e.
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Here we have introduced z = ¢2, v;' = 2417421 (4)
and it is understood that 9/0t acts only on R on the
r.h.s. of eq. (33).

It is advantageous to define

Ri(x) = Z(x) xr(x/k?), (34)

with

Z(x) = Zi(po(k), x) (35)

’ k2—=g"
where po(k) is the k-dependent location of the mini-
mum of Up. Eq. (1) follows immediately with Z; =
Zi(po(k), k%) and r = f2(1— f2)~! if we neglect in (31)
all terms involving Y} or derivatives of Z; with respect
to p or x. Since the neglected terms are all related to a
scale dependence of the kinetic term, one expects them
to vanish for a vanishing anomalous dimension. This
justifies the encouraging results of eq. (1). Knowing
the exact evolution equation (31), one is now able to
compute systematically the corrections to (1). For an
approximate solution of eq. (1) and a computation of
n = —0 In Z), we refer to refs. [5, 8, 9, 11]. We note at
this point that for § > 1 in eq. (2) the condition (7) is
only fulfilled for ¢ > 0 but violated for ¢> = 0. The
limits ¢> — 0 and k?> — 0 do not commute. Similarly,
for 8 < 1 and Z(q2 — 0) — const, the function Ry
does not diverge for k — oo if ¢> = 0. In order to
avoid this complication we emphasize a natural choice
in (2), namely f =1, a = % such that P ~ k? + %qz for
¢*> < k®. The infrared cutoff contained in P then acts
like a mass term, and several of the problems discussed
in ref. [5] can be avoided.

In conclusion, we have derived a new exact evolu-
tion equation (3) for an effective action I'y. The cor-
responding system of infinitely many differential equa-
tions permits a useful truncation. This allows to com-
pute the effective potential by solving an approximate
equation of the type (1). The momentum integration
necessary for the computation of the evolution equation
is ultraviolet and infrared finite. The scale k acts like
an infrared cutoff in the propagator and the k deriva-
tive ensures that large momentum contributions are
exponentially suppressed. For momenta ¢> < k? the
properties of I';, are very similar to the average action
defined by a constraint in ref. [1]. Since the formu-
lation by a constrained action permits the easy use of
field-theoretical techniques beyond the use of evolution
equations it would be useful to establish the exact cor-
respondence between the average action and effective
action described here.

The author thanks M. Reuter and N. Tetradis for col-
laboration on the average action and many discussions
which motivated this work.
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