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Abstract. We study an iterated temporal and contemporaneous aggregation of N independent copies of a strongly sta-
tionary subcritical Galton—Watson branching process with regularly varying immigration having index o € (0,2). We
show that limits of finite-dimensional distributions of appropriately centered and scaled aggregated partial-sum processes
exist when first taking the limit as N — oo and then the time scale n — co. The limit process is an a-stable process if
a € (0,1) U (1,2) and a deterministic line with slope 1 if « = 1.
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1 Introduction

The field of temporal and contemporaneous (also called cross-sectional) aggregations of independent station-
ary stochastic processes is an important and very active research area in the empirical and theoretical statistics
and in other areas as well. Robinson [26] and Granger [10] started to investigate the scheme of contempo-
raneous aggregation of random-coefficient autoregressive processes of order 1 to obtain the long-memory
phenomenon in aggregated time series. For surveys on aggregation of different kinds of stochastic processes,
see, for example, Pilipauskaité and Surgailis [19], Jirak [13, p. 512], or the arXiv version of Barczy et al. [5].
Recently, Puplinskaité and Surgailis [21, 22] studied iterated aggregation of random coefficient autore-
gressive processes of order 1 with common innovations and so-called idiosyncratic innovations, respectively,
belonging to the domain of attraction of an «-stable law. Limits of finite-dimensional distributions of appro-
priately centered and scaled aggregated partial sum processes are shown to exist when first the number of
copies N — oo and then the time scale n — co. Very recently, Pilipauskaité et al. [18] extended the results
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of Puplinskaité and Surgailis [22] (idiosyncratic case) deriving limits of finite-dimensional distributions of ap-
propriately centered and scaled aggregated partial-sum processes when first the time scale n — oo and then
the number of copies N — oo, and when n — oo and N — oo simultaneously with possibly different rates.

The listed references are all about aggregation procedures for times series, mainly for randomized autore-
gressive processes. According to our knowledge, this question has not been studied before in the literature. In
the present paper, we investigate aggregation schemes for some branching processes with low-moment con-
dition. Branching processes, especially Galton—Watson branching processes with immigration, have attracted
a lot of attention due to the fact that they are widely used in mathematical biology for modeling the growth
of a population in time. In Barczy et al. [3], we started to investigate the limit behavior of temporal and con-
temporaneous aggregations of independent copies of a stationary multitype Galton—Watson branching process
with immigration under third-order moment conditions on the offspring and immigration distributions in the
iterated and simultaneous cases as well. In both cases the limit process is a zero-mean Brownian motion with
the same covariance function. As of 2020, modeling the COVID-19 contamination of the population of a cer-
tain region or country is of great importance. Multitype Galton—Watson processes with immigration have been
frequently used to model the spreading of a number of diseases, and they can be applied for this new disease
as well. For example, Yanev et al. [29] applied a two-type Galton—Watson process with immigration to model
the numbers of detected COVID-19-infected and undetected COVID-19-infected people in a population. The
temporal and contemporaneous aggregation of the first coordinate process of the two-type branching process
in question would mean the total number of detected infected people up to some given time point across several
regions.

In this paper, we study the limit behavior of temporal and contemporaneous aggregations of independent
copies of a strongly stationary Galton—Watson branching process (X}, x>0 with regularly varying immigration
having index in (0,2) (yielding infinite variance) in an iterated idiosyncratic case, namely, when first the
number of copies N — oo and then the time scale n — oo. Our results are analogous to those of Puplinskaité
and Surgailis [22].

The present paper is organized as follows. In Section 2, we first collect our assumptions that are valid for
the whole paper, namely, we consider a sequence of independent copies of (X} );>0 such that the expectation
of the offspring distribution is less than 1 (so-called subcritical case). In case of a € [1,2), we additionally
suppose the finiteness of the second moment of the offspring distribution. Under our assumptions, by Basrak
et al. [6, Thm. 2.1.1] (see also Theorem D1), the unique stationary distribution of (X} )x>0 is also regularly
varying with the same index .

In Theorem 1, we show that the appropriately centered and scaled partial-sum process of finite segments of
independent copies of (X} )i converges to an a-stable process. The characteristic function of the a-stable
limit process is given explicitly as well. The proof of Theorem 1 is based on a slight modification of The-
orem 7.1 in Resnick [25], namely, on a result of weak convergence of partial-sum processes toward Lévy
processes; see Theorem C1, where we consider a different centering. In the course of the proof of Theorem 1,
we need to verify that the so-called limit measures of finite segments of (X} );>o are in fact Lévy measures.
We determine these limit measures explicitly (see part (i) of Proposition D1) applying an expression for the
so-called tail measure of a strongly stationary regularly varying sequence based on the corresponding (whole)
spectral tail process given by Planini¢ and Soulier [20, Thm. 3.1].

Whereas the centering in Theorem 1 is the so-called truncated mean, in Corollary 1, we consider noncen-
tering if « € (0, 1) and centering with the mean if & € (1,2). In both cases the limit process is an a-stable
process, the same one as in Theorem 1 plus some deterministic drift depending on . Theorem 1 and Corol-
lary 1 together yield the weak convergence of finite-dimensional distributions of appropriately centered and
scaled contemporaneous aggregations of independent copies of (Xj),>o toward the corresponding finite-
dimensional distributions of a strongly stationary subcritical autoregressive process of order 1 with a-stable
innovations as the number of copies tends to infinity; see Corollary 2 and Proposition 1.

Theorem 2 contains our main result: we determine the weak limit of appropriately centered and scaled
finite-dimensional distributions of temporal and contemporaneous aggregations of independent copies of
(Xk)k>0, where the limit is taken so that first the number of copies tends to infinity and then the time cor-
responding to temporal aggregation tends to infinity. It turns out that the limit process is an a-stable process
if a € (0,1) U (1,2) and a deterministic line with slope 1 if & = 1. We consider different kinds of centerings,
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and we give the explicit characteristic function of the limit process as well. In Remark 2, we rewrite this
characteristic function in case of av € (0, 1) in terms of the spectral tail process of (X})x>0.

We close the paper with four appendices. Appendix A is devoted to some properties of the underlying
punctured space R? \ {0} and vague convergence. In Appendix B, we recall the notion of a regularly varying
random vector and its limit measure, and in Proposition D1 the limit measure of an appropriate positively
homogeneous real-valued function of a regularly varying random vector. In Appendix C, we formulate a result
on weak convergence of partial-sum processes toward Lévy processes by slightly modifying Theorem 7.1
in Resnick [25] with a different centering. In the end, we recall a result on the tail behavior and forward
tail process of (X} )r>0 due to Basrak et al. [6], and we determine the limit measures of finite segments of
(Xk)k>0; see Appendix D.

Finally, we summarize the novelties of the paper. According to our knowledge, studying aggregation of
regularly varying Galton—Watson branching processes with immigration has not been considered before. In the
proofs, we make use of the explicit form of the (whole) spectral tail process and a very recent result of Planinic¢
and Soulier [20, Thm. 3.1] about the tail measure of strongly stationary sequences. We explicitly determine
the limit measures of finite segments of (X} )x>0; see part (i) of Proposition D1.

For brevity of the paper, we omit some (simple) proofs and calculation steps. However, all these details are
included in our arXiv version Barczy et al. [4] of this paper.

In a companion paper, we will study another iterated idiosyncratic aggregation scheme, namely, when first
the time scale n — oo and then the number of copies N — co.

2 Main results

LetZ,,N,Q,R, R, R, R_,R__, and C denote the set of nonnegative integers, positive integers, rational
numbers, real numbers, nonnegative real numbers, positive real numbers, nonpositive real numbers, negative
real numbers and complex numbers, respectively. For each d € N, the natural basis in R? is denoted by
er,...,eq Putly:=(1,...,1)" and S ! := {z € R% Ha:” = 1}, where ||z|| denotes the Euclidean norm
of x € R?, and denote by B (Sd 1Y the Borel o-field of SY~!. For a probability measure 1 on R?, /i denotes its
characteristic function, that is, 7i(0) := [, ¢! @2) 1 (da) for @ € RY. Convergence in distribution and almost
sure convergence of random variables and weak convergence of probablhty measures is denoted by —> 23,
and =, respectively. Equality in distribution is denoted by 2 Weuse S or D¢-lim for weak convergence of
finite-dimensional distributions. A function f : R, — R? is called cadlag if it is right continuous with left
limits. Let D(R,, R?) denote the space of all R%-valued cadlag functions on R,. Let B(D(R,R%)) denote
the Borel o-algebra on D(R,, R?) for the metric defined by Jacod and Shiryaev [11, Chap. VI, (1.26)]. With
this metric, D(R  , R?) is a complete separable metric space, and the topology 1nduced by this metric is the so-
called Skorokhod topology For R?-valued stochastic processes (yt)teR . and (yt ))teR .»n € N, with cadlag
paths, we write Y ) 2, Y as n — oo if the distribution of Y™ on the space (D(R,, R%), B(D(R,,R%)))
converges weakly to the distribution of ) on the space (D(R,,RY), B(D(R,,R%))) as n — co.

Let (X )rez, be a Galton—Watson branching process with immigration. For k,j € Z,, we denote the
number of individuals in the kth generation by X}, the number of offsprings produced by the jth individual
belonging to the (k — 1)th generation by &, ;, and the number of immigrants in the kth generation by €. Then
we have

Xk-1
Xk’: Z£k7j+5k> kENv
j=1
where Z?.:l := 0. Here {Xo, &, €x: k,j € N} are supposed to be independent nonnegative integer-

valued random variables. Moreover, {&;, ;: k,j € N} and {e: k € N} are supposed to consist of identically
distributed random V%riables, respectively. For notational convenience, let & and € be independent random
variables such that { = &§; 1 and € = €.

Lith. Math. J., 60(4):425-451, 2020.



428 M. Barczy, F K. Nedényi, and G. Pap

If me :=E(§) € [0,1) and ) ;2 log(¢)P (e = ¢) < oo, then the Markov chain (X})rcz, admits a unique
stationary distribution ; see, for example, Quine [23]. Note that if m¢ € [0,1) and P(¢ = 0) = 1, then
Y ey log(f)P(e = £) = 0, and 7 is the Dirac measure dy concentrated at the point 0. In fact, 7 = ¢y if and
only if P(¢ = 0) = 1. Moreover, if m¢ = 0 (which is equivalent to P(§ = 0) = 1), then 7 is the distribution
of e.

In what follows, we formulate our assumptions valid for the whole paper. We assume that m¢ € [0, 1)
(so-called subcritical case) and ¢ is regularly varying with index o € (0, 2), that is, P(¢ > z) € R, for all
x € R4y, and

. P(e>qx)
lim =
z—oo P(e > )

—Q

forallg € Ry.

Then P(e = 0) < 1 and ) 2, log({)P(e = ¢) < oo (see, e.g., Barczy et al. [2, Lemma E.5]), and hence
the Markov process (X}, )iez, admits a unique stationary distribution 7. We suppose that Xy = 7, yielding
that the Markov chain (X})rez, is strongly stationary. In case of a € [1,2), we additionally suppose that

E(£?) < oo. By Basrak et al. [6, Thm. 2.1.1] (see also Theorem D1) X is regularly varying with index o,
yielding the existence of a sequence (an ) yen in Ry with NP(Xy > ay) — 1as N — oo; see, for example,
Lemma B2. Let us fix an arbitrary sequence (ay)yey in Ry with this property. In fact, ay = NY*L(N),
N € N, for some slowly varying continuous function L : R, — R ; see, e.g., Araujo and Giné [1, p. 90,
Exercise 6]. Let XU) = (X k]))k€Z+’ J € N, be a sequence of independent copies of (X}, )rez,. We mention
that we consider so-called idiosyncratic immigrations, that is, the immigrations (Ek] Jkens J € N, belonging to
(X ,% )) kez,.J € N, are independent. One could study the case of common immigrations as well, that is, when

)

(ex v keN = (E](qjl))kEN’j eN.

Theorem 1. For each k € Z,

an

LNt
1 i i ] j T D NeY
( § : (X(()]) - E(X(()])l{xg”ga]v})a e 7X/E;]) - E(Xlg])l{X;”@N})) ) ’ (ng ))teR+
j=1 teRy

as N — oo, where (X Ekﬂ))teR . is a (k + 1)-dimensional o-stable process such that the characteristic

function of the distribution py, , of X 1k’a) has the form

Fik.0(6)
k T/ . k+1 . .
= exp{ (1 — m?)z /<e‘<97”i 1 iy Z <6g, 0><eg,'v§. )>1(071} (u(eg,'vg- )>)> au~ e du}
for @ € R¥L with the (k + 1)-dimensional vectors

(1] 0 0 0

m 1 0 0

'v(()k) = (1-mg) Ve | myg , vgk) = | M, vgk) —| 1 , , v,ik) = |

: : 0

| me! me 1
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Moreover; for @ € RF1

(exp{—Ca(l —mg) 35 16, 0'")|*(1 — itan("y) sign((6, v\")))
—1,% (0,11} ifa#1,
() = § exp{—C1(1 —me) S5 16,0\)|(1 +i2 sign((6, (")) log(|(8, v\"))))
+10<07 1k+1>
i1 —me) YF o S (er, 0) (er, v1Y) Tog (e, v))} ifa=1,

with 0log(0) := 0,

C. = F(12—_;) cos(y) ifa#l,
72r ifa=1,
and
00 1
C::/ smudu+/u (sinu — u) du.
1 0

The next remark is devoted to some properties of /iy, .

Remark 1. By the proof of Theorem 1 (see (3.4)) it turns out that the Lévy measure of ji, , is

k
v = (1 —-m¢ Ml
olB) = (1) 3o} [o(u”

]
S )

(k)
>au‘a_1 du, BE€ B(Rk+l),

where the space RkH := RF+1\ {0} and its topological properties are discussed in Appendix A. The ra-
dial part of Vk.o is u~%1 du, and the spherical part of vy, is any positive constant multiple of the measure
Z —0 Hv H €u®) /|jo) ) ON Sk, where for any x € RF1 e, denotes the Dirac measure concentrated at the
point x. Partlcularly, the support of vy, is uk = O(R++'v( )) The vectors 'v(()k), .. ( ) form a basis in RE+T
and hence there is no proper linear subspace V' of de covering the support of I/k’a Consequently, 1, o 18
a nondegenerate measure in the sense that there are no a € R*+! and a proper linear subspace V of R**! such

that a + V' covers the support of i, ; see, for example, Sato [27, Prop. 24.17(i1)]. O

The centering in Theorem 1 can be simplified in case of & # 1. Namely, if « € (0, 1], then for each
t € R4, by Lemma B3,

| Nt [Nt] E(Xol{x,<an})
E(Xp1 = = NP(X
2.1)
&t fora e (0,1),
— as N — oo.
00 fora=1
In a similar way, if @ € (1,2), then foreach ¢ € R,
| Nt] | Nt| | Nt|
E(Xp1 = E(Xy) — E(Xp1
an (Xolix,<an}) an (Xo) an (Xolixy>an})s

Lith. Math. J., 60(4):425-451, 2020.



430 M. Barczy, F K. Nedényi, and G. Pap
where limn_,o0 | Nt|/an = limpy_yeo tN*L(N)~! = 00, and, by Lemma B3,

| Nt] e
an E(Xol{X0>aN}) — o — 1t as N — oo.

This shows that in case of a € (0, 1), there is no need for centering; in case of & € (1,2), we can center with
the expectation as well, whereas in case of &« = 1, neither noncentering nor centering with the expectation
works even if the expectation does exist. More precisely, without centering in case of & € (0,1) or with
centering with the expectation in case of « € (1,2), we have the following convergences.

Corollary 1. In case of a € (0,1), for each k € Z., we have

[Nt
1 . .

2 : (X(g]), o ’Xlij))—r A <X§k,a) + « t1k+1> as N — oo,
aN “— l-—a teR

j=1 teRy e

and, in case of o € (1,2), for each k € 7, we have

a
N j=1

Nt
1 . . . . T
( S (x§) -EXY)... xY - E(x) )
teR,

— <X§k’a) + @ t1k+1> as N — oo.
@ teR,,

Moreover, (X( ) é /(1 — a))tlyq1)ier, is a (k + 1)-dimensional o-stable process such that the charac-
teristic function of X7 + (a/(1 — «))1y41 has the form

. o «
olfote ")

~Jexp{(1-mg) X ] o JoT (el v Dou=t=*du} ifa € (0,1),
- exp{(1 —mg) > ;_ Ofo v i(0,v§k)>u)au_1_°‘ du} ifa € (1,2),
k
_ exp{_ca(l —mE) Y \<o,v§k>>|a<1 - uan(”;‘) sign(<o,v§.k>>)> } ol
=0

for @ € RFFL,

Let (y,ﬁ“)) kez., be astrongly stationary process such that
) eqonny = XY foreach K € 7. (2.2)

The existence of (y,g“) )kez, follows from the Kolmogorov extension theorem. Its strong stationarity is a conse-
quence of Theorem 1 together with the strong stationarity of (X} )rez, . We note that the common distribution
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of y,g‘”, k € Z., depends only on «; it does not depend on m, since its characteristic function has the form

E(c?”)
- E (emxﬁo*‘*) )

- eXp{ (1—mg) /(ew(l_mg)_l/au —1—iwd(1—mg) Loy (u(l — mg)))aute du}
0

= exp{/(ew“ —1—idvlgy (v))av_l_o‘ dv}, 9 eR.

0

Proposition 1. For each o € (0, 2), the strongly stationary process (y,i‘”) ) kezZ., is a subcritical autoregressive
process of order 1 with autoregressive coefficient mg and a-stable innovations, namely,

ylga) - mgylgoi)l + g](fa)a k € N>
where
0 =9 m, ken,

is a sequence of independent identically distributed a-stable random variables such that for all k € N,
independent of (yé“’, ey y,ﬁoj)l)? Therefore (y,ff“’) kez., is a strongly stationary time-homogeneous Markov
process.

Efga) is

Theorem 1 and Corollary 1 have the following consequences for a contemporaneous aggregation of inde-
pendent copies with different centerings.

Corollary 2.
(i) For each o € (0,2),

N
1 ' ' Dy el
(CLN Z (X,g]) - E(Xig])l{X;ﬂ@N}))) — (J/,g ))keZ+ as N — o0,
J=1 kezy
(ii) in case of a € (0,1),
1 - () Dy ) «
ZXk — |V + 1 as N — oo,
N i1 keZ, — ¥/ kez,
(iii) in case of o € (1,2),

N
(Lo moy) 2 (o, ") v
, kez., kez

a
N =1

where (y(’ﬂ)k% is given by (2.2).

We will present limit theorems for the aggregated stochastic process ( lgg Z;VZI X ,ij ) )itcr, with different
centerings and scalings and in an iterated manner such that first N and then n converge to infinity.

Lith. Math. J., 60(4):425-451, 2020.
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Theorem 2. In case of o € (0, 1), we have

[nt] N
; Q
Dy-lim Dy-lim XM oo, ) — <z(“) + t) 2.3)
n—o0o  N—soo ( Veqy ,;; X L <on) teR. ‘ IL—a /g,
and
[nt] N " o
Dy-lim Dy-lim X = <Z Y4 t) : (2.4)
n—00  N—roo (nl/o‘aN ;]ZI >t€R+ ! l—a /g,
in case of a« = 1, we have
Ay () ()
Dy-lim Df_nm< ZZ (X =B 0 o ))) = (t)ter, ; (2.5)
n—oo  N—oo nlOg k::l j=1 (X <aw} teR,

and in case of o € (1,2), we have

Int] N
. . 1 . .
Dy-lim Dy-lim (nl/aaN E E_: (Xlg]) _ E(XIE:])))>

n—oo  N—oo

_ <z§“>+ , “ t) : (2.6)
teR, — @ Jer,

@)

where (Zt(a))teR . s an a-stable process such that the characteristic function of the distribution of Z{ has

the form

_ «

. « m i
E(61192§ )) — exp{ibaﬁ + (1 B m:)a / (en?u —1- iﬁU:l(O,l} (u))au‘l_a du}, e R,

where

1—m? o
by = <(1—m§)°‘ —1>1_a, a€(0,1)U(L,2),

and (Zt(a) + (a/(1 — a))t)ier, is an a-stable process such that the characteristic function of the distribution
0fZ£a) + a/(1 — «) has the form

E(exp{m<z5“’+1fa>}>

eXp{ 1 m fO 119u - —1—a du} lfOé € (07 1)’
exp{(l_ms)a Joo (e —1— iz?u)ozu_l_o‘ du} ifa € (1,2),

- exp{—Ca(ll__;’;?)a ER <1 - itan<7r2a> sign(ﬁ))} ifa € (0,1)U(1,2)

for 9 € R.
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Remark 2. Note that in accordance with Basrak and Segers [7, Remark 4.8] and Mikosch and Wintenberger [17,
p. 171], in case of a € (0, 1), we have

S(oogo(7 4, 70)))

ol el 50 {5

au~ @t du} (2.7)

for ¥ € R, where (6)cz, is the (forward) spectral tail process of (X/)sez, givenin (3.7) and (3.8). We also
remark that (2.7) does not hold in case of a € (1,2), which is somewhat unexpected in view of Mikosch and
Wintenberger [17, p. 171]. O

3 Proofs

Proof of Theorem 1. Let k € Z. We are going to apply Theorem C1 with d = k + 1 and Xy ; :=
a]_vl (X(()] ), e, X k] )T, N, j € N. The aim of the following discussion is checking condition (C.1) of Theo-
rem C1, namely

NP(Xy1 €)= NP(ay (X, ..., x") T e) “5 upa() onREF as N =00,  (3.1)
where v}, , is a Lévy measure on RISH. Forall N € Nand B € B (RISH), we can write

P(ay (Xo,...,Xk)" € B)

NP(Xn,1 € B) = NP(Xy > ay) P(Xy > an)

By the assumption we have NP(Xy > ay) — 1 as N — oo, yielding also ay — oo as N — oo, and,
consequently, it suffices to show that

LN Vka(-) on RISH as r — 0o, (3.2)

where vy, , is a Lévy measure on ]RISH. In fact, by Theorem D2, (X, ..., X})" is regularly varying with
index a, and hence by Proposition B1 we know that

P(:E_l(XQ, R ,Xk)T S )

v, ~ k+1
— Vo) onR as xr — 00, (3.3)
P(||(Xo,...,Xp) "] > 2) al) 0
where 7y, , is the so-called limit measure of (Xo,..., X, %) ". Applying Proposition D1 for the canonical pro-
jection pg : R¥*1 — R given by po(x) := z for x = (20,...,2,) € RFTL which is continuous and

positively homogeneous of degree 1, we obtain

P(Xo > 1‘) ~

— Vg o(T} as x — 00

P(I(Xo..... X0 T > 2) et

with T := {x € R’SH: po(x) > 1}, where we have vy, o(T71) € (0, 1]. Indeed,
P(Xo > z) <P(||(Xo,.... Xp) || > 2),

Lith. Math. J., 60(4):425-451, 2020.
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and hence vy, (71) < 1. Moreover, by the strong stationarity of (X} )rcz, we have

k
P(H(Xo,...,Xk)TH>x)g;)P<Xj>\/km+1>:(k+1)P<Xo>\/kx+1>7

and thus

P(XQ > a:) S P(XQ > a:)

> S (k+1)"12 a5 — o0,
P(|(Xo,...,Xp) || >2) ~ (k+1)P(Xo > \/k:-i—l) ( )

since X is regularly varying with index «, and hence vy, (71) € (0, 1], as desired. Consequently, (3.2) holds
with v o = Vk.o/Vk,o(T1). In general, we do not know whether vy, , is a Lévy measure on R'g“ or not. So,
additional work is needed. We will determine v, ,, explicitly using a result of Planini¢ and Soulier [20].

The aim of the following discussion is applymg Theorem 3.1 in Plammc and Soulier [20] to determine vy, o,
namely, we will prove that for each Borel-measurable function f : R; kel Ry,

k o
/ f(x) g o(de) = 1 —mg Z/f(uvg-k))au_a_l du. (3.4)
Jj=0 0

REH!

Let (X/)¢ez be a strongly stationary extension of (Xy)eez, . For all i, j € Z with ¢ < j, by Theorem D2,
(Xi,...,X;)T is regularly varying with index o, and hence by the strong stationarity of (Xj)iez and the
previous discussion we know that

P '(Xi,....X;)T€:) P '(Xp,....X;)" €-
(l‘ ( ) , ]) ): (l‘ ( 05 y X j Z) )Lyi,j,a(')

RI—i+1
P(Xo > ) P(X, > ) " %o

as r — 00,

where v; j o 1= Vj_; o 1s a nonzero locally finite measure on Ré_iﬂ. According to Basrak and Segers [7,
Thm. 2.1], there exists a sequence (Y;)secz of random variables, called the (whole) tail process of (Xy)sez,
such that

Pz '(Xi,....X;)) € | Xg>2) 5 P((Y;,....Y;) €) asz— oo
Let K be a random variable with geometric distribution
P(K =k)=mg"(1-mg), keZy.

Especially, if m¢ = 0, then P(K = 0) = 1. If m¢ € (0, 1), then we have

meYp if £ >0,

v = | (3.5)
m€Yb1{K>_g} if £ < O,

where Y is a random variable independent of K with Pareto distribution

y * ify el o0),

P(Y0>y):{1 ify € (—oo,1).

Indeed, as shown by Basrak et al. [6, Lemma 3.1], (Y;)¢cz, is the forward tail process of (Xy)sez. On the
other hand, by Janssen and Segers [12, Ex. 6.2], (Y7)ez is the tail process of the stationary solution (X})cz,
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to the stochastic recurrence equation X; = paX; , + By, ¢ € Z. Since the distribution of the forward tail
process determines the distribution of the (whole) tail process (see Basrak and Segers [7, Thm. 3.1(ii)]), it
follows that (Y7),cz represents the tail process of (X;)eez. If me = 0, then we can easily check that

Yy if =0,
Y, = (3.6)
0 ife£0.

By (3.5) and (3.6) we have Y, “3 0 as # — oo or £ — —oo, and hence condition (3.1) in Planini¢ and
Soulier [20] is satisfied.

Moreover, there exists a unique measure v, on R” endowed with the cylindrical g-algebra B(R)®Z such
that v,({0}) = 0 and for all i, j € Z with i < j, we have v, o pi_j1 = Vj o ON R{)_ZH, where p;_; denotes
the canonical projection p; ; : R — RI=*1 given by p; ;(y) :== (Ui, - ..,y;) for y = (y¢)eez € R7; see, for
example, Planini¢ and Soulier [20]. The measure v, is called the tail measure of (Xy)scz.

If me € (0,1), then by (3.5) the (whole) spectral tail process @ = (Oy)cz of (X¢)eez is given by

Z

o, Yi _ m if ¢ > 0, 37)
Yol | mélggs_g if£<0. '
If m¢ = 0, then by (3.6)
Yy, [l ift=o0,
Op= ) = (3.8)
TNl {o 00,

Let us introduce the so-called infargmax functional I : R? — Z U {—o00,c}. Fory = (y)rcz € RZ, the
value /(y) is the first time when the supremum sup,cy, |y¢| is achieved; more precisely,

CeZ ifsup,coq |[Yml < |yel and sup,,> o1 [ym| < [yl
I(y) == —oo ifsup,,</ [ym| = sup,,ez [ym| for all £ € Z,
00 if sup,, < [Ym| < SUPpez |Ym| for all £ € Z.

We have P(I(®) = —K) = 1, and hence the condition P(I(®) € Z) = 1 of Theorem 3.1 in Planini¢ and
Soulier [20] is satisfied.

Consequently, we may apply Theorem 3.1 in Planini¢ and Soulier [20] for the nonnegative measurable
function H : RZ — R, given by H(y) = f o pox, where f : R¥+1 — R, is a measurable function with
f(0) = 0. By (3.2) in Planini¢ and Soulier [20] we obtain

/ f(®) g o(de) = / f(®) vo g o(de) = / f(@) (va opo_’llg)(dac)

RS-H Rk+1 Rk+1

= [ 0w vataty) = [ 1) vty
RZ RZ

- Z/E(H(ULZ(Q))1{1(@)=o})au_°‘_1 du,
0

el

Lith. Math. J., 60(4):425-451, 2020.
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where L denotes the backshift operator L : RZ — RZ given by L(y) = (L(Y)k)kez = (Yr_1)kez for
Y = (yr)rez € RZ. Using P(I(@) = —K) = 1, we obtain

/ f(@®) vg o(dx) Z/ pok uL (@)))1{K:0})au_a_1 du.

i ez

Forall k € Z, and u € R, on the event { K = 0}, by (3.7) and (3.8) we have

0 € RF+! if ¢ >k,
pox(uL!(©@)) = { uv if0e{1,... Kk}
(1 —m@)Yomg vl it £<0

and hence, using P(K = 0) = 1 — mg, we obtain

R(I;‘+1 £<0 0

The measure v}, , is a Lévy measure on ]RkH, since (3.4) implies
; y 0 P

<.
Il
o

k o0
/ min{lv ||m||2} Vko(dz) = (1 - mg) Z/min{l, Huvgk)‘f}au_a_l du
0

k+1
RO

=

=(1- mg) Z vak)Ha /min{l,wQ}aw_o‘_l dw
=0

’I’)’L

k
- 2—a JZHU

Consequently, we obtain (3.2) and hence (3.1), so condition (C.1) is satisfied.
The aim of the following discussion is checking condition (C.2) of Theorem C1, namely,

T —2(y(1))2 v
limlimsup NE(ax*(X;”) 1 (x09 cayey) = limlimsup NB(ay* X ixocane)) =0 (39)

forall j € Nand ¢ € {0,...,k}. By Lemma B3 with § = 2 we have

. 2’P(Xp>12) 2—«
lim 9 =
T—00 E(XO 1{X0<:p}) «

9
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and hence for all € € R, using again that Xy is regularly varying with index «, we have

E(X§1{x,<ane}) P(Xo > ane)
(ane)?P(Xp > anye) P(Xo > an)
«Q 62—01
2—a

NE (a3’ X3 1ix,<ane}) = e?NP(Xo > an)

as N — oo, and taking the limit as € | 0, we conclude (3.9).

Consequently, we may apply Theorem C1, and we obtain the desired convergence, where (X, (ke ))teR L 18
an «a-stable process such that the characteristic function of the distribution iy, o, of X'} (k) has the form given
in Theorem 1. Indeed, (3.4) is valid for each Borel-measurable function f : ROH — (C as well, for which the
real and imaginary parts of the right-hand side of (3.4) are well defined. Hence for all 8 € R+, by (C.3),

Fk.0(0)

k+1
= exp{ / ( -1- IZ (€r,0)(es,y 1(0 1}(‘<€£7y>‘)> Vk,a(dy)}
Ry

B2 k+1
_exp{ 1—m§ Z/(e vi)u Y—1—1iu Z ey, 0 eg, j )>1(01}( <eg,v§-k)>)>ozu_1_o‘du},

J=07 l=j+1

since the real and imaginary parts of the exponent in the last expression are well defined. The rest is a standard
calculation as we can see in our arXiv preprint Barczy et al. [4]. O

Proof of Corollary 1. 1t follows by the continuous mapping theorem; the reader can find the details in our
arXiv preprint Barczy et al. [4]. O

Proof of Proposition 1. Itis a consequence of Theorem 1 and (2.2); for a detailed proof, see our arXiv preprint
Barczyetal. [4]. O

Proof of Corollary 2. 1t follows from Theorem 1 and Corollary 1 using the continuous mapping theorem. O
Proof of Theorem 2. In case of a € (0,1), by (2.1) with t = 1 we have

Int] «

. |nt]N
fim nl/al —

—0 asn — oo,
N—o0 nl/aaN

E(XO]'{XogaN}) =

and hence, by Slutsky’s lemma, (2.3) is a consequence of (2.4).
For each n € N, by Corollary 2 and the continuous mapping theorem we obtain

Int] N [nt]
D (1 (@, «
< 1/aaNZZX ) —><n1/az<yk +1—a>> as N — oo

k=1 j=1 teR, k=1 teER,
in case of @ € (0, 1) and

Ay () D 1 X (a) @
J f «@

(nl/aaNZZ E(X, ))) — (nl/az<yk +1—a>> as N — oo

k=1 j=1 teRy 1 teR

Lith. Math. J., 60(4):425-451, 2020.
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in case of & € (1,2). Consequently, to prove (2.4) and (2.6), we need to show that for each a € (0,1) U (1,2),

we have
1 [nt] ) o
(nl/a ; <yk + 1— a))

Foralla € (0,1) U (1,2),n e N,d e N, t1,...,tg € Ry, witht; < --- < tgand Jq,...,94 € R, we have

d 9 Lnte] «@
E<exp{iznlfa 2 <y’“a) " 1—a>}>
(=1 k

Doz 4 ¢y as n — oo. (3.10)
L—a Jicp
teR, +

=|nte—1]+1
. “1/a ntq |, o
= E<exp{1<n 1/ 0n,X§L ta] )—I- 1_ altnth+1>}>
with £ := 0 and
d [nte]

0, = Zﬁg Z €41 € Rlntal+1,

/=1 k:LTLtg_lJ-i-l

For each o € (0,1)U(1,2), by the explicit form of the characteristic function of X 9’”” <)

we have

. —1/ ntq |, «
E<exp{1<n 1/ 0,1,X§L ta )+ 1—a1Lde+1>}>

[nta]

= exp{—Ca(l — m?) Z ‘<n—l/a0n,v§,mm)>|a<l _ itan<W2a> Sign«n—l/aamvgtnth)») }

given in Theorem 1

=0
p gl ey ma (Intal)
:exp{ o1 = mg) zuem] (1= ivan (7 ) sien(6n. ] d>>)}-
We further have
(Inta) : Al (Intady _ o Al mg
(On, 05" ) :2192‘ > (e o™ >:ZQ92‘ > (1 —mg)l/e
1= k=|nt;_1]+1 =1 k=[nti—1]+1 ¢

_(1_ gl/al—mg Zﬂ — M )’

and hence for each o € (0,1) U (1,2),

i\<en,vglmd”>\a<1 _itan<”2a> sign(<en,vgwd“>)> S0 asn oo

The aim of the following discussion is showing that for all & € (0,1) U (1,2) and ¢ € {1,...,d},

[nte]

(Inta))\ | —tg—1)|0¢|*
| LtZJHKen, Sty (1_m€)a as n — . (3.11)
J=nte—1
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Here forall £ € {1,...,d}and j € {|nty—1] + 1,..., [nt]},

O S S WD S
d
1 i s i
_ , (195(1 . mg{ntzj j—i—l) + Z ﬁi(méntl_lj J+l mg{ntlj ]—i-l)) ' (3.12)
e i=0+1
In case of o € (0, 1], we have
lz|* = |y|* < |z +y|* <[z +[y|*, z,yeR (3.13)
In case of v € (1, 2), by the mean value theorem and (3.13) we have
|z +y|* = [2]%]| < aly|max{|z +y|*7", [2|*7'} <alyl(je*7 +|y[*7F), zyeR.
Hence for all @ € (0,2) and z,y € R, we obtain
| = 2ly[(|2[*7" + [y1°7") <z +yl® < =) + 20yl (J21*7" + [y,
s0, by (3.12) and the squeeze theorem, to prove (3.11), it suffices to check that
[nte] '
D D e T (3.14)
j:L?’Ltg_lJ-i-l
LTLteJ d ) ) [
LSS amre g, (.15
j=|nte_|+1 | i=t+1
nte) | d | | |
S S 9 (mg™ T I (1 - T g (3.16)
nj:pm_ljﬂ i=l+1

asn — oo. Since (1 —¢)* = 1—at+o(t) ast | 0, there exists jo € N such that |(1 —mé)a - 1+amé| < ml

for all j > jo. Hence

[nte ] b =i 41 1 [nte|—|nte—1] '
" Z (1—mf e=J ) - Z (1—amé)
j=|nte_1]+1 j=1
1 [nte]—[nte—1] ' [nte|—|nte—1] '
Jj=1 j=1

1 jo—1 ' [nte]—[nte—1] '
(e}
< nZ((l—mé) —1+amé)+n Z mé
J=1 J=Jo
Jo—1 Jo
< 711 ((1—mé) —1+am2) leli%mgéo as n — 0o.
j=1

Lith. Math. J., 60(4):425-451, 2020.
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Thus
lim %J (1- anteJ—j-i-l)a
e j=lnte-1]+1 ‘
[nte] —nte—1] [nte]—[nte—1]+1
= lim 711 ; (1- amé) = lim 711 (Lntgj — |nte_1] — ST mf_ B >
=ty —ty—1,

yielding (3.14). In case of € (1,2), forall z1, ...,z € R, we have |z1 + -+ - + 25| < kO |z ¥+ -+

|xk|), and hence by (3.13) for each a € (0, 2), we obtain
|1+ -+ 2| < k:(|a:1|°‘+~'+ |:1:k|°‘), T1,...,x € R.
Consequently, we have

[nte] a

d
Z Z 192 (ménti,lj—j—i-l . mg\_nt,ij—j—i-l)

j=|nte_1]+1 li=t+1

LTLteJ d
1 e nti—1]—j nt;|—j <«
D SINCEVD SRR
j=|nte—1|+1 1=0+1
d [nte]

d [e%)

d 1| —jt1 d

< n Z 94| | Z métn e ; Z IﬁilaZm’go‘ —0 asn— oo,
=041 ]:Lnt@_lJ-i-l i=0+1 k=0

yielding (3.15). For each n € N and for each j € {|nt,_1| + 1,...,|nty]}, we have

, 1—me)* ! ifa € (0,1],
(1_m|§_nteJ_]+1)a—1 < {( mf) if v € (0, 1]

1 if o € (1,2),
and hence
s : Lt ] [t ) [t 1
nt;_1|—75+1 nt; | —7+1 nte|—j+1\a—
o | X i M (1w
j=|nte_|+1 | i=t+1

_ [nte] d
(1—me)*tv1 [ntioy]—j+1 [nti]—j+1
S D S SN[ e S
j:\_nt(71j+l i=0+1
_ d [nte ]
(1 — mg)o‘ 1 V 1 tio1|—7+1
S n Z 3] Z mfm =
i=0+1 j=|nte—1]+1
1—me) vl & >
<( me) Z wi\zm’g—>0 asn — oo,
" =11 k=0

yielding (3.16). Thus we obtain (3.11).



On aggregation of subcritical Galton—Watson branching processes 441

Next, we show that for each ¢ € {1,...,d},

[nte]

a . —tg_1)[0e]™ .
On,v(-Lnth) sign GH,U(Lnth) — (b = te1)lVe sign(v¥y) asn — oo.
nj:m%;mK i sign((0n, 07 )) (1= ey SER00) o

If 9, = 0, then this readily follows from (3.12) and (3.15). If ¥, # 0, then we show that there exists @ eRy L
such that

sign ((8,, 0! D)) = sign(vy) (3.17)

J
for eachn € Nand each j € {|nt;_1|+1,...,|nts]} with j < |nte] + 1 — C,. First, observe that, by (3.12),
the inequality

d
> Oi(mg T —m O < 0 (1 = m™T)| (3.18)
i=0+1
implies (3.17). Then we have
- L J [nt: ]
2: Ji (me T em )
i=0+1
- L J [nt: ]
< . _
< (e 04) 3 (m g
i=(+1
d d
nte|—j+1 ntq|—7+1 nte|—j+1
= 3 ] (g T <N g
i=0+1 i=0+1

and hence (3.18) is satisfied if

d
Z 193] mé[nteJ—J+1 < |19£|(1 _ mgmj—]ﬂ)’
i=(+1

which is satisfied if mémd_ﬂl <|9¢|/(|9¢| + - - - + |¥4q]) or, equivalently, if

[l
108 (1, -4 9,

j t)l+1—C, withC,:=
J < |nte] + C, with C, log(me)

S R++.

Hence, for ¥y # 0,n € N, and j € {|nt;_1] +1,..., |nt;]} with j < |nt;] + 1 — Cy, we have (3.17).
Moreover, foralln € Nand j € {[nt,_; |+ 1,..., |nt/]|}, by (3.12) we have

d
|<0n’v§'tnth)>| g . _1m£ <|Q9£|(1 . mgLTLtEJ_]"Fl) + Z |Q9i|(m§Lnti_1J_]+1 o m%ntiJ—]—i-l))
i=0+1

1 d
1—M5; !
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yielding that

[ntc]

1 ntq o . Nniq

D S L |
j:\_ﬂtd-i‘l—éz
[mte]

. L e
! (nta))y o Ci |
< n Z |<9”=”j >‘ < n(l—mg)a<;‘0z|> —0 asn — oo.

j=|nte] +1-C,
Consequently, by (3.11) we have

[ntc]

. 1 ntq o . nitq
lim Z |<0n,v§L t J)>| 51gn(<0n,v§-L t J)>)

n—oo N
j=[nte—1]+1
. 1 ntq o . niq
= nh_)nolon Z ‘<0n,'v§-L ! J)>‘ 81gm(<0n,'v§L ! J)>)
[nte— ] +1<5< nte]+1-C;
. 1 ntq a .
= )3 (8,03 )]" sign(s)

Inte—1)+1<G< [nte ) +1-C

[nte]
.1 (Inta)\ | - (te —te—1) |0l .
= Jm Ltg JH!(B”,'U]- )| sign(dy) = (1 = me)o sign(¥y),
J=[Nnte—1

as desired. We conclude that for all « € (0,1) U (1, 2),

4y Lnt] «
E(exp{iznlfa Z <yka)+ 1—a>}>

/=1 k:Lntg_1J+1
. —1/ ntq |, «
:E<exp{1<n 1/ On,thtJ )+ 1_a1Lnth+1>}>
c, e Zd:(t te ) |a<1 it (”a>' (ﬁ))
— expq —Cqy ¢ — Lyp— Y —1tan sS1gn(vy
(1 —me)™ = ! 2

d
= E(exp{iZﬁg((Zt(f‘) + 1 fatg> - <Zt(i)1 + 1 (_Jéatg_1>> }) asn — oo.
(=1

By the continuity theorem we obtain that for all v € (0,1) U (1, 2),

[nte ]
1 @) «
(nl/a Z <yk * 1—a>>

k=|nte_|+1 teq1,....d}

RN <<Zt(f“) + t4> - <fo?1 + ¢ tg_1>>
i 1 — i 1 — fe{l,...7d}

as n — oo, and hence the continuous mapping theorem yields (3.10), and we have finished the proofs of (2.3),
(2.4), and (2.6).
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Now we turn to prove (2.5). For each n € N, by Corollary 2 and the continuous mapping theorem, in case
of & = 1, we obtain

[nt)

[nt] N
)
(nlog ZZ {X;j)gaN}))> <"I’L10g Zyk ) as N — oo.
k: j=1 teR L teR,

Consequently, to prove (2.5), we need to show that

[nt)
Z v P (t)er.  asn — oo, (3.19)
n log -

Since the limit in (3.19) is deterministic, by van der Vaart [28, Thm. 2.7, part (vi)] it suffices to show that for
eacht € R, we have

[nt]
§ j D Pyt asn— oo (3.20)
nlog

Foralln € N, t € Ry, and ¥ € R, we have

nt
nlog(n) =1 ¥ nlog(n)’ "1 ’

By the explicit form of the characteristic function of X 9”” 1)

O 41 (it 1)
oo (s #)})

given in Theorem 1,

[nt]
Oy ( 1—m§ )9 (Int)) 2 9| (Lnt))
= exp{ nlog Z Int]+1>U; > 1+ lﬂ_ 51gn(19) log nlog(n) <1\_ntj+1> v, >
9 1 m ntJ [nt]+1
. —mg)d (LntJ)
+lcnlog(n)< LntJ+l71LntJ+l> nlog ]ZOZ;H 10g(< j >)}
_ elt?
as n — oo for each ¥ € R. Indeed,
1 [nt]| +1
nlog <1 [nt]+1> ntJ+1> nlog(n) —0 asn — oo,
[nt| [nt]+1 (|_ B
ity 3,3, >>l
] =0 l=j+1
[nt] |nt]+1 — |10g [nt] [nt]+1 »
—j= _
nlog Z Z e log ) =~ nlog(n Z Z —j=1m
J =0 (=j+1 j=0 t=j+1
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[nt)
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_ [log(me)] - _j-1_ |log(me)|( -
< - 1 =
nlog(n Z Z —J nlog Z
=0 ¢=j+1 k=
:m§|log(m5)|(LnJ+1) —0 asn — oo
(1 —mg)?nlog(n) ’
R (nt))
nlog(n) Z<1Lntj+ljvj >
j=0
|nt] |nt]—j+1
1 1 —m, |nt] +1
_ < .
nlog(n) jgo 1= mg S (1 = mg)nlog(n) — 0 asn — oo, (3.21)
and
[nt]
_ai —m§ NEd .2 9] (Lnt))
nlog(n Z a1, )i sign(?)log nlog(n) e 037
— itY  asn — oo,
since
9| o(lnt)
10g<10g (Ljnt) 41,0 j )
|nt]—j+1 [nt]—j+1
o] 1 —mg L me
°g<1og<n> o o8 (9) — Tog(1og(m) +log ("¢

‘log(\zﬂ) ‘ + log (log(n

hence by (3.21)

)+ ‘log (1 —mg)|,

+ [log(1 —m — 0 asn — oo,
)+ e)l)

[nt]
! (Int]) |9 (nt))
n log(n) §<1Lntj+17 Y > log log(n) <1LntJ+1, v, >
[nt] +1
(1_m§)TL10g (“ g(|19|)‘ +10g(10g
and
[nt]
Cll—ms\ﬁl b2
nlog Z |nt|+1,U ] >17I‘ 51gn(19) 10g(n)
L] [nt]—j+1
(1 —mg)o Z 1-— ¢ .
- — itd  asn — oo.
3=0 1 —myg

By the continuity theorem we obtain (3.20), and hence we have finished the proof of (2.5). O
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Appendix A: The underlying space and vague convergence

For each d € N, put R := R?\ {0}, and denote by B(R{) the Borel o-algebra of R¢ induced by the metric
0: ]Rg X ]Rg — R given by

1

o(@,y) := min{|lz —yl|, 1} +‘HwH - z,y € Ry, (A1)

Lemma Al. The set Rg equipped with the metric ¢ given in (A.1) is a complete separable metric space, and
B C Rg is bounded with respect to the metric o if and only if B is separated from the origin 0 € RY, that is,
there exists ¢ € Ry such that B C {x € Rd: ||z|| > e}. Moreover, the topology and the Borel o-algebra
B (Rg) on Rg induced by the metric o coincides with the topology and the Borel o-algebra on Rg induced by
the usual metric d(x,y) = ||x — y||, ¢,y € R, respectively.

For the proof of Lemma A1, see our arXiv preprint Barczy et al. [4].

Since Rg is locally compact, second countable, and Hausdorff, we can choose a metric such that the rela-
tively compact sets are precisely the bounded ones; see Kallenberg [15, p. 18]. The metric ¢ does not have this
property, but we do not need it.

Write (R3) for the class of bounded Borel sets with respect to the metric o given in (A.1). A measure v on
(RZ, B(RE)) is said to be locally finite if #(B) < oo for every B € (R¢J" and write M(RE) for the class of
locally finite measures on (RZ, B(RY)).

Write CRd for the class of bounded continuous functions f : RY — R+ with bounded support. Hence, if
fe CRd then there exists & € R, | such that f(z) = 0 for all z € R¢ with |z|| < . The vague topology
on M(Rd) is constructed as in Kallenberg [15, Chap 4]. The assomated notion of vague convergence of

a sequence (v )nen in M(RE) toward v € M(RE), denoted by Up, —> 1/ as n — oo, is defined by the
condition vy, (f) — v(f) asn — oo forall f € Cra, where (f fRd k(dz) for k € M(RY).

If v is a measure on (RZ, B(RY)), then B € B(RY) is called av- contlnulty setif v(OB) = 0, and the class
of bounded v-continuity sets is denoted by (Rd) The following statement is an analogue of the portmanteau
theorem for vague convergence; see, for example, Kallenberg [14, 15.7.2].

Lemma A2. Let v, v, € M(Rg), n € N. Then the following statements are equivalent:

(i) vp = vasn — oo,
(i) vp(B) = v(B) asn — oo forall B € (Rg);

Appendix B: Regularly varying distributions

First, we recall the notions of slowly varying and regularly varying functions, respectively.

DEFINITION B1. A measurable function U : Ry, — R, is called regularly varying at infinity with index
p € Rifforallce Ry,

lim Ulez) =c.
z—o0 U(x)
In case of p = 0, we call U slowly varying at infinity.

DEFINITION B2. A random variable Y is called regularly varying with index o € Ry L if P(|Y| > z) € Ry
forall z € Ry, the function Ry > x — P(|Y| > z) € Ry is regularly varying at infinity with index —c,
and the following tail-balance condition holds:

P(Y
lim (Y > 2)

PY < —x)
APy > 2) =p, lim =¢q, wherep+q=1. (B.1)

w550 P(|Y] > )

Lith. Math. J., 60(4):425-451, 2020.
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Remark B1. In the tail-balance condition (B.1) the second convergence can be replaced by

see our arXiv preprint Barczy et al. [4]. O

Lemma B1.

(i) A nonnegative random variable Y is regularly varying with index o € Ry, if and only if P(Y > x) €
Ry forall z € Ry, and the function Ry, >z — P(Y > x) € Ry is regularly varying at infinity
with index —a.

(i) If Y is a regularly varying random variable with index o € R, then for each 5 € Ry,
regularly varying with index o/ 3.

Y8 is

Lemma B2. If'Y is a regularly varying random variable with index o« € R, then there exists a sequence
(an)nen in Ry such that nP(|Y| > a,) — 1 as n — oo. If (an)nen is such a sequence, then a,, — oo as
n — Q.

Lemma B3 [Karamata’s theorem for truncated moments]. Consider a nonnegative regularly varying ran-
dom variable Y with index o € Ry . Then

. 2PP(Y > 1) 8-«
xlgrolo E(Yﬁl{ygx}) N « fOrﬁ < [Oé, OO)’

PP’PY >x) a-f
li = - .
xgrolo E(Yﬁl{y>x}) o fOrﬁ < ( o Oé)

For Lemma B3, see, for example, Bingham et al. [8, pp. 26-27] or Buraczewski et al. [9, Appendix B.4].
Next, based on Buraczewski et al. [9, Appendix C], we recall the definition and some properties of regularly
varying random vectors.

DEFINITION B3. A d-dimensional random vector Y and its distribution are called regularly varying with index
o € R, if there exists a probability measure 1) on S¢~! such that for all ¢ € R,

PUYI> o 3y €) ) cap) asa o o0
P(|Y] > ) ’

where = denotes the weak convergence of finite measures on S¢~!. The probability measure 1) is called the
spectral measure of Y.

The following equivalent characterization of multivariate regular variation can be derived, for example,
from Resnick [24, p. 69].

Proposition B1. A d-dimensional random vector Y is regularly varying with some index o« € R if and only
if there exists a nonzero locally finite measure | on Rg satisfying the limit relation

P(x_ly 6 ) v
g (+) = — u(+) as x — oo, (B.2)
’ P(|Y] > z)
where = denotes the vague convergence of locally finite measures on ]Rg (see Appendix A for the notion —).

Further, pu satisfies the property j(cB) = ¢~ ®u(B) for any ¢ € Ry, and B € B(RY) (see, e.g., Theorems 1.14
and 1.15 and Remark 1.16 in Lindskog [16)).
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The measure y in Proposition B1 is called the limit measure of Y. For the proof of Proposition B1, see our
arXiv preprint Barczy et al. [4].
The next statement follows, for example, from part (i) in Lemma C.3.1 in Buraczewski et al. [9].

Lemma B4. If Y is a regularly varying d-dimensional random vector with index oo € R, then for each
c € RY, the random vector Y — c is regularly varying with index a.

Recall that if Y is a regularly varying d-dimensional random vector with index v € R and limit mea-
sure y given in (B.2), and f : R? — R is a continuous function with f~1({0}) = {0} that is positively
homogeneous of degree 3 € R, (i.e., f(cv) = ¢’ f(v) for every c € Ry, and v € RY), then f(Y') is reg-
ularly varying with index o/ and limit measure z(f~1(-)); see, for example, Buraczewski et al. [9, p. 282].
Next we describe the tail behavior of f(Y") for appropriate positively homogeneous functions f : R? — R.

Proposition B2. Let Y be a regularly varying d-dimensional random vector with index o € R, and let
f : RY — R be a measurable function that is positively homogeneous of degree 3 € R, ., continuous
at 0 and such that n(Dy) = 0, where yi is the limit measure of Y given in (B.2), and Dy denotes the set

of discontinuities of f. Then ((Ogs(f~((1,00)))) = 0, where 8Rg(f_1((1, 00))) denotes the boundary of
f7H(1,00)) in RE. Consequently,

i PUY) > 2)

e P(|YP > 2) n(f71((1,00))),

and f(Y') is regularly varying with tail index o/ 5.

Appendix C: Weak convergence of partial-sum processes toward Lévy processes
We formulate a slight modification of Theorem 7.1 in Resnick [25] with a different centering.

Theorem C1. Suppose that for each N € N, Xy j, j € N, are independent identically distributed d-dimen-
sional random vectors such that

NP(Xyni€-) -5 v() onRias N — oo, (C.1)
where v is a Lévy measure on RS such that v({z € RE: |(eg, x)| = 1}) = 0 forevery ¢ € {1,...,d}, and that

lim limsup NE ((eg, X v1)1{j(e, xx)1<e) =0, L€ {1,...,d}. (C2)
el0 Nooo ’ '

Then we have
[Nt] d »
( Z (XNJ’ — Z E((eg, XN,j>1{<ee7XN,j)<l})ef> ) — (Xt)teR+ as N — oo,
j=1 =1 tER4
where (X¢)ier, is a Lévy process such that the characteristic function of the distribution i of X1 has the form

d
7i(0) = exp { / <ei<97w> —1—1) (es,0){er, )1y (!(eg,m>‘)> y(dm)}, 0 e RY. (C.3)
RY /=1

Proof.  See our arXiv preprint Barczy et al. [4]. O
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Appendix D: Tail behavior of (Xi)xez,
Due to Basrak et al. [6, Thm. 2.1.1], we have the following tail behavior.

Theorem D1. We have

lim m
T—00 5 > 1‘ Z {

where T denotes the unique stationary distribution of the Markov chain (Xy,) ez, , and, consequently, T is also
regularly varying with index c.

Note that in case of « = 1 and m. = oo, Basrak et al. [6, Thm. 2.1.1] additionally assume that ¢ is
consistently varying (or, in other words, intermediate varying), but, eventually, it follows from the fact that
e is regularly varying.

Let (X} )rez be a strongly stationary extension of (X}, )rez, . Basrak et al. [6, Lemma 3.1] described the so-
called forward tail process of the strongly stationary process (X} )rcz, and hence, due to Basrak and Segers [7,
Thm. 2.1], the strongly stationary process (X} )rez is jointly regularly varying.

Theorem D2. The finite-dimensional conditional distributions of (v~ Xy)kez . with respect to the condition
Xo > x converge weakly to the corresponding finite-dimensional distributions of (m’gY)kez L as T — 0o,
where Y is a random variable with Pareto distribution P(Y < y) = (1 —y )11 50)(y), y € R. Con-
sequently, the strongly stationary process (X )kez is jointly regularly varying with index «, that is, all its
finite-dimensional distributions are regularly varying with index «. The process (m’gY) kez, IS the so-called
forward tail process of (X )kcz. Moreover, there exists a (whole) tail process of (X )kez as well.

By the proof of Theorem 1 and Proposition D1 we obtain the following results.
Proposition D1. For each k € Z.,
(i) the limit measure vy, o, of (Xo, . .. . X)) given in (3.3) takes the form

Vi o

ak,a =
veo({z € Ry 2| > 1))

where vy, o, is given by (3.4), and

—me (1 B m2(k+1))a/2
I/k@({m € R'SH: x| > 1}) = J ( ) ¢

k
2(k GH1)Na/2
+ ;
(1 —mZ)er? —mg ; ) )

(ii) the tail behavior of Xo + - - - + X}, is given by

lim PXo+- -+ X >2) 1 —mg (1- m'g“ +Xk: k:j-l—l
Z—00 P(X() > :L‘) N (1 - mf)a 1- m{ j=1 '

Proof. (i) In the proof of Theorem 1, we derived vy, o = Vg o/Vk.o({x € Rkﬂ, xo > 1}). Consequently,

Pral{z € RET: 2] > 1})

Vo ({z € RE™: 20 > 1
ha({z € Ry @0 > 1)) = Vkal{z € R"”“ ]| > 13)°
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where using Proposition D1 with the 1-homogeneous function R**! 5 & — |||, we have

P(|[(Xo,....Xg) || > 2)

k+1
Tho({z € Ry 2] > 1}) = lim o P([[(Xo,..., Xp) T[> z)

= 1’
and, by (3.4),

Vo ({2 € REFL: ||| > 1})

k o
o a—1
= / Lja|>1} Vholde) = (1_m€)2/1{lluv(’“)ll>l}au du

Rk+1 Jj=0 0

k

1—mgz / autdu=(1-m ZH'U

k
| ()||1

o [+ mE 4 g mF)2 2(h—j)y a2
:(1—m5)< 1= m Jer::I(1+m§+---+m5 2

« 2(k+1)\a /2 k
_ 1- e (1- M ) / n Z (1 B m2(k—j+l))a/2
(1 —mZ)e/? 1—mg = ¢ ‘

(ii) Applying Proposition D1 to the 1-homogeneous functions R**! 5 z +— 2y and R*t! 35 2 —
zo + - -+ + a1 and formula (3.4), we obtain

L PXot ot X > a) _ P((Xo, X T > 2) P(Xo o+ X > )
T—00 P(Xy > ) w0 P(Xy > x) P(|[(Xo,..., Xx) || > 2)
- ﬁk,a({a) S RS—HZ xo+ -+ T > 1})
Dka({m € Rk+1: xo > 1})
= vpa({z €RETY 2o+ 2y > 1)),

which yields the statement as in part (i). O
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