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THE SUBCONVEXITY PROBLEM FOR GLs.
by Puwirre MICHEL* and Axksnay VENKATESH*

ABSTRACT

Generalizing and unifying prior results, we solve the subconvexity problem for the L-functions of GL1
and GL2 automorphic representations over a fixed number field, uniformly in all aspects. A novel feature of the
present method is the softness of our arguments; this is largely due to a consistent use of canonically normalized

period relations, such as those supplied by the work of Waldspurger and Ichino-Tkeda.
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1. Introduction

1.1. The subconvexity problem

We refer the reader who is not familiar with L-functions to for an

introduction, in explicit terms, to some of the ideas of this paper.
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Throughout this paper, F' denotes a fixed number field and A its ring
of adeles. For m an automorphic representation of GL,(A) (with unitary cen-
tral character, not necessarily of finite order), Iwaniec and Sarnak have at-
tached an analytic conductor C(mw) € Rsy; it is the product of the usual
(integer) conductor with a parameter measuring how large the archimedean
eigenvalues are. More intrinsically, the logarithm of the conductor is propor-
tional to the density of zeros of the corresponding L-function. See §4.1|

The subconvezity problem is concerned with the size of L(mw,s) when
s = 1/2: it consists in improving over the so-called convexity bound (see
[37] for instance)

L(m,1/2) Ky pe C(m)Y/4Fe
for anyﬂ € > 0. The main result of the present paper is the resolution of this
problem for GL; and GLs-automorphic representations:

1.1. Theorem. — There is an absolute constant & > 0 such that: for
7 an automorphic representation of GLi(A) or GLo(A) (with unitary central
character), one has
L(m,1/2) < C(m)Y/49,

Remark. — Contrary to appearance, this also includes the question of
growth along the critical line, i.e. what is called the t-aspect, because

L(m,1/2+it) = L(r ® |.|4,1/2).

For example, an interesting corollary is a subconvex bound for the L-function
of a Maass form with eigenvalue 1/4+ 1% at the point ¢ = 1/2+4v. Another
corollary is a subconvex bound (in the discriminant) for the Dedekind L-
function of a cubic extension of F' (cf. [21] for an application of the latter).

The above result is a specialization (by taking m5 to be a suitable Eisen-
stein series) of the following more general result

1.2. Theorem. — There is an absoluteﬂ constant & > 0 such that: for
1, T automorphic representations on GLy(Ap) we havdﬂ :

L(m @ m3,1/2) Kppmy C(m @ m2) /470 (1.1)

more precisely, the constant implied depends polynomially on the discriminant
of F' (for F warying over fields of given degree) and on C(m3).

I Recently, Heath-Brown has established a general convexity bound [30], which together with the work
of Luo, Rudnick, Sarnak [46] implies the clean convexity bound L(mw,1/2) <, r C(m)'/4.

2 independent of the number field F.

3 More precisely we prove the bound L(m1 ® m2,1/2) <p,r, C(m1)1/?72%. That the latter implies the
former is a consequence of the bounds in [10].
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The value of § is easily computable. We have not attempted to optimize
any exponent, our goal in this paper being of giving clean proofs in a general
context.

Remark. — The bound generalizes (up to the value of §) a variety
of subconvex bounds [7T],1229127 147, 17,1864, 22341 19]42]44] 48] 6,54, 31,98,
67,16]. Its main feature, however, is its uniformity in the various possible
parameters (the so-called “conductor”, t-aspect, or “spectral” aspects): such
bounds are sometimes called “hybrid”. The first such hybrid bound is that
of Heath-Brown [29] for Dirichlet character L-functions; recent hybrid bounds
are to be found in the work of Jutila and Motohashi [54] and in the work
of Blomer and Harcos [8]. The present work generalizes these also, again, up
to the value of 9.

However, in saying this we have done an injustice to some of those pa-
pers; in some cases, the very point was to obtain the best exponent, whereas
our emphasis is quite different. For example, let us compare the present re-
sult to that of [54]. This paper gives, in particular, the uniform bound for
the value L(py, 3 +it) < ([t|+|A])"/? where ¢, is a Maass form. This bound
is very strong — the same exponent as the classical Weyl bound; on the other
hand, it fails to be subconvex when t ~ A\, where the conductor drops. The
present work fills this lacuna and provides a subconvex bound for that “crit-
ical point”; as far as we are aware this subconvex bound is new even over
Q. On the other hand, while our method presumably leads to a respectable
J, it would not be so strong as the result of [54], one reason being that we
are using the amplification method. It is also worth observing that the phe-
nomena of the conductor dropping often leads to major difficulties, both in
our methods and other treatments.

Remark. — It is reasonable to ask what one hopes by studying hybrid
settings — especially given that many applications of subconvexity do not
require them.

It is generally believed that the analytic behavior of L-functions are
“universal,” in that they are controlled by a single scaling parameter, the
analytic conductor C'. Taking C' — oo in different ways can correspond to
analysis of eigenfunctions of large eigenvalue; analysis of eigenfunctions on a
surface of large volume; or sections of a highly ample holomorphic bundle,
and the reasons why these should all have similar asymptotic behavior is not
clear.

We may hope to achieve some insight into this “universality” by study-
ing hybrid phenomena. Indeed, at many points in the text, the reader will
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note the close parallel between increasing the level at finite primes, and in-
creasing the eigenvalue at archimedean primes.

Our methods were outlined in our ICM announcement [50]. In particular
we do not use trace formulas of any kind. An additional feature (originating
in [48]), is that a special case of Theorem (the case of m; a character)
enters the proof of the full theorem. That special case is proven in Theorem
.1 and is based (following [67]) on a study of the equidistribution of cycles
on adelic quotients.

We have also tried to make use of the following ideas to simplify the
proof (both notationally and conceptually):

- Sobolev norms (cf. [4]; in the adelic context [67]);

- Canonically normalized period formulas (see [69,33]);

- Regularization of integrals of automorphic forms (we give a self-contained
treatment that avoids truncation).

There remain many interesting questions related to the subconvexity
story even for GL,. For instance, the “approximate functional equation” gives
a way to numerically compute any given L-function at the central point, in
time C'Y2%¢ where C is the analytic conductor. An interesting question is
whether some of the ideas that enter into the proof of subconvexity can
be interpreted to give faster algorithms. There is some suggestion of this in
existing fast algorithms for computation of ((1/2 + it).

1.1.1. An outline of the proof. — To conclude this section we outline
the proof of the main theorem [I.2} a more elementary discussion is in §I.2
and . Consider two (generic) automorphic representations my, mo; for sim-
plicity we assume that both are Cuspida]ﬁ and that my is fixed. We aim for
a subconvex bound for the Rankin/Selberg L-function central value of the
form
L(ﬂ'l X T2, 1/2)
0(71'1 & 7T2)1/4
By Rankin/Selberg theory we may realize the left-hand side above as a
triple product period fPGLQ(Q)\PGLQ(A) ©1902E(g9)dg = (p1,p2FE) for suitable
w; €m (i=1,2) and E belonging to the Eisenstein series of type “1 Hy,”
where x is the inverse of the product of the central characters of m; and 7.
Now [{¢1, p2E)|? is bounded by

<SO2E7§02E> = <§02@7 EE>7 (1‘2)

<, C(m)70, 6> 0.

4 However, we devote some time and effort to handling the necessary regularizations in the general
case; to our surprise, these modifications are not ugly but rather beautiful.
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and it suffices to show this is at most C(m)™°. Now, EE is not square
integrable and one needs a regularized version of the above inner product;

this is described in §4.3] and §4.4] This being done, we obtain by spectral
expansion (see§4.3.8|)

<302@7 EE>reg = <902@7 ¢>reg + / Z<(p2@a 90>reg<307 EE>T€ngLLP(7T) (]—3)
™ B(m)

where the subscript reg denotes regularized inner products (one has of course
(02p2, EE) = (p293, EE),c,) and @ is a certain non-unitary Eisenstein series,
which is an artifact of the integral regularization; on the other hand, = varies
over the automorphic dual of PGLs, dup is a “Plancherel measure,” and ¢
varies over an orthonormal basis, B(r), of factorizable vectors in 7. Now:

1. The term (P2, P),ey is handled via the amplification method (§5.18)).

2. The terms (¢, EE),., are bounded by some negative power of C(m)
(. Rankin/Selberg theory implies that (p, EE),, factor into a prod-
uct of local integrals to which bounds for matrix coefficient can be applied
(see below) times the central value L(w,1/2)L(w x x,1/2); we eventually
need only bounds for L(m X x,1/2), where 7 is essentially ﬁxedﬂ and
varying.

The phenomenon of reduction to another case of subconvexity was noted
by the first-named author in [48]. We establish this case in Theorem
(again, in all aspects); the proof generalizes [67], and we refer to the intro-
duction of [67] and to for intuition about it.

1.1.2. Local computations. — Let us be more precise about the lo-
cal integrals that occur in, e.g., the Rankin-Selberg method. For our purpose
they must be examined carefully; we are particularly interested in their ana-
Iytic properties, i.e., how large or small they can be. This is the purpose of
Part IIT of the paper; we deal also with the local Hecke integrals.

For example, the local integral occuring in the Rankin-Selberg method
can be interpreted as a linear functional ¢ on the tensor product 7 ® my ® 73
of three representations m; of GLa(k). The space of such functionals is at
most one dimensional; |[¢|? is therefore proportional to the Hermitian form

T1 ® Ty ® T3 > (w1, 9.71) (2, g.2) (w3, g.73)dg,
PGLo

5 As it turns out, the vector w2 € 72 depends only on 72 (up to archimedean components, this is

just the new vector), as the latter is fixed, the quantities (p2®2, ¥)reg decay very rapidly as the eigenvalue
or level of ¢ increases. So, we may regard ¢ as essentially fixed.
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and this is of tremendous utility for the analytic theory. Similarly, when
studying the Hecke integral, it is most convenient to study the Hermitian
form defined by z +— [ A(k)<a.x,x>da where A the group of diagonal matrices

(modulo the center).

It is a wonderful observation of Waldspurger (see also [33]) that global
period formulas become very simple when expressed using such canonically
normalized local functionals.

1.1.3. Spectral identities of L-functions. — The identity , although
evident, is the keystone of our argument. Its usage in the “period” form pre-
sented above seems to have been noticed independently by the present au-
thors in their attempt to geometrize [48], and by Bernstein and Reznikov in
their work on the subconvexity problem for triple product L-functions [5].

However also manifests itself at the level of L-functions, and looks
rather striking in this guise: indeed may be recognized as an identity
between (weighted) sums of central values of triple product L-functions and
(weighted) sums of “canonical” square roots of similar central values:

/ w(m)L(m ® 1 ® w3, 1/2)dpup(m)

= /@(W)\/L(Wg ® T @7, 1/2)\/L(ms ® 75 @ 7,1/2)dpp(7)

In this form, this identity was discovered already by N. Kuznetsov [43] (with
Ty, T3 Eisenstein series see also [53]) and an interesting application of this
result was made by M. Jutila [40]. This period identity has — implicitly or
explicitly — played an important role in the analytic theory of GL, forms.
We refer to for some more discussion of how to convert to an
identity of L-functions.

In fact, it was shown by A. Reznikov (in the archimedean setting at
least), that such phenomena is not isolated, and may be systematically de-
scribed through the formalism of strong Gelfand configurations: that is com-
mutative diagrams of algebraic groups

/\
\/

in which the pairs (F,H;) and (Hi,g) are strong Gelfand pairs. The
present paper corresponds to the configuration G = GLy x GLy x GLy x GLg,
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H; = AGLy xAGLy with two different diagonal embeddings and F = A GLy
(diagonally embedded). As is explained in [61], such strong Gelfand configura-
tions yield naturally to spectral identities between periods and then between
L-functions. We refer to loc. cit. for more interesting examples of that sort.

1.1.4. Structure of the paper; reading suggestions. — The paper splits
into five parts; the first four parts are largely independent of each other, and
contain various results of independent interest. The fifth part brings together
these results to prove the main theorem.

The reader may wish to skip directly to Parts IV and V of the pa-
per; the results of Parts II and IIT are largely technical and not particularly
surprising.

- In the remainder of Part I, we consider two corollaries to
our main theorem — which can both be phrased without L-functions — and
we explain how the proofs work in these instances. Indeed, the general
proof is obtained by adelizing and combining these two particular cases.
The corollaries we consider are:

1. In §1.2, we discuss the “Burgess bound,” which relates to the issue
of the smallest quadratic non-residue modulo a prime q.

2. In §1.4) we discuss a problem in analysis on a negatively curved
surface, viz.: how large can the Fourier coefficients of an eigenfunction
along a closed geodesic be 7

- Part II (viz. to is of more general nature: we discuss a
system of Sobolev norms on adelic quotients, inspired largely by work of
Bernstein and Reznikov. This section exists to give a suitable language
for talking about adelic equidistribution, and the norms are a somewhat
cleaner version of those appearing in [67]. Some of the remarks here are
of independent interest, although they are of technical nature.

- Part III discusses some of the analytic theory of torus-invariant func-
tionals on a representation of GLy(k) (where k is a local field), and of
trilinear functionals on representations of GLa(k).

- Part IV discusses the global theory of torus periods on GLs and the
diagonal period on GLgy x GLy x GLs.

- Part V gives the proof of Theorem along with the important inter-
mediary result Theorem (a subconvex bound of L-function of character
twist uniform in the character aspect).



8 PHILIPPE MICHEL, AKSHAY VENKATESH

Acknowledgement

The present work started during a visit of the first author at the Courant
Institute (New York) and ended basically during the workshop “Analytic
Theory of GL(3) Automorphic Forms and Applications” at the AIM (Palo
Alto); parts of it were written during visits at the RIMS, at the IHES and
at Caltech for the first author and visits at the IAS and the IHES for the
second. Both authors would like to thank these institutions for their support
and the very nice accommodations provided.

We would like to express our thanks to J. Bernstein, E. Lapid for many
helpful discussions related to regularization, and to Y. Sakellaridis for dis-
cussions related to normalization of functionals. In addition, we have learned
greatly from the work of J. Bernstein and A. Reznikov. We thank them both
for sharing their knowledge generously; the reader will find many techniques
inspired by their work in this paper. We would also like to aknowledge the
influence of the series of papers of Duke, Friedlander, Iwaniec; besides the
use of the, by now standard, amplification method, the reader will recognize,
in a disguised form, many of the techniques invented in their work. Finally,
we would like to thank D. Ramakrishnan and W. T. Gan for useful discus-
sions related to this work, F. Brumley, E. Fouvry and N. Templier for their
comments and corrections and we wish to address special thanks to Peter
Sarnak for his continuous encouragements and advices.

This project has been stretched over several years and we would like
to apologize for the long delay between the announcement (e.g. in [50]) of
some of the results of this paper and its appearance. By way of excuse, the
results here are now substantially stronger. Perhaps more importantly, the
present proofs are far more streamlined than our original proofs; although
the general outline is as in [50], the use of regularization and canonical inner
product formula made many of the details far more manageable.

1.2. The Burgess bound and the geometry of SLo(Z)\H

In this section and also in §1.4] we present some of the ideas of the

general proof in the most down-to-earth setting as we could manage. In both
these sections, we have by and large eschewed mention of L-functions.

1.2.1. The Burgess bound. — Let x be a Dirichlet character to the
modulus ¢. It is well-known that subconvexity for the Dirichlet L-function
L(x,1/2), in the g-aspect, is substantively equivalent to a bound of the na-
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ture:

< qufs’ (]"4)

Z x(m)

with M ~ ¢'/? and some absolute constant § > 0.

In this question, ¢'/? is a “threshold”: indeed it is rather easy to es-
tablish when M = ¢%5! (the Polya-Vinogradov inequality). The bound
(1.4), for M in the range M = ¢'/? was proven (in a wider range) by Burgess
[12].

In the present section (see also [68]) — which, we hope, will make sense
to the reader without any knowledge of L-functions — we explain how
is related to an equidistribution equation on the space of lattices, and then
discuss how to prove the uniform distribution statement. A key part of the
paper — §5.1] — will implement the discussion of this section in a more general
context.

To simplify that discussion, we assume for the rest of this section that

q is prime and that x s the Legendre symbol.

1.2.2. The space of lattices. — Put X = SLy(Z)\ SLy(R), the space of
unimodular lattices in R2.

We say a sequence of finite subsets S; C X is becoming uniformly dis-
tributed if, for any f € C.(X), we have

1
@%jf%/)(f,

the latter integral being taken with respect to the unique SLo(R)-invariant
probability measure on X.

1.2.3. Burgess bound and lattices. — For x € R consider the lattice

A, = %(z.(m) 1+ 72.(0,9) € X.

As x varies, A, moves on a horocycle in X — an orbit of the group of
upper triangular, unipotent matrices. This horocycle is in fact closed, since
NApig = Ay

Given 0 <np <1, let F: X — R be defined by F(L)=|LN][0,n]*| —1,
i.e. F counts the number of non-trivial lattice points in a small square box.
A simple computation shows that for = € Z, F(A,) equals the number of
nonzero solutions (a, 8) € [0,7,/q]> N Z* to the equation

8 =axr mod q.
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It follows that

Belln/q]

Now, the Burgess bound would follow if we knew that the right-hand
side was small. The above identity therefore relates the Burgess bound to a
type of equidistribution statement: we must show that the sets

{A; 2z € Z/qZ is a quadratic residue}, (1.5)

and the similar set for quadratic nonresidues, are uniformly distributedﬁ on
X.

Remark. — This connection between the bound , and a uniform
distribution statement on the space of lattices, is not an accident: it is a
special case of the connection between L-functions and automorphic forms.
Indeed, the uniform distribution (1.5 encodes much more than ((1.4)): it en-
codes, at once, subconvex bounds for twists L(%, f x x) where f is a fixed
SLs(Z)-modular form (of any weight); the latter specializes to the former
when f is an Eisenstein series. Our point above, however, is that the con-
nection between and the space of lattices can be made in an elementary
way.

It is possible to visualize the desired uniform distribution statement by
projecting from the space of lattices to Y := SLy(Z)\H (at the price of losing
the group actions). The lattice A, projects to the class of z, = é + x.

1.2.4. Equidistribution statements. — We shall try to establish ([1.5]
by first proving uniform distribution of a “bigger” set, and then refining that
statement. Consider, then, the following three equidistribution statements, as
q — o0:

(A) The closed horocycle {A, : z € [0, ¢]} becomes uniformly distributed
on X;

(B) {4 : 2 € ZNJ0,q]} becomes uniformly distributed on X;

(C) {A, - x € ZN[0,q]} becomes u.d. on X, when each point A, is
weighted by x(x).

For x the quadratic character modulo ¢, we might rewrite (C) as:

(C2) {A, : 2 €ZN]0,q],x a quadratic residue mod ¢} becomes u.d. on
X.

6 Strictly speaking, the function F is not of compact support on X; in fact, it grows at the cusps.
We shall ignore this technical detail for the purpose of explanation.
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=
Lh
Eg
=

| FREEEEA T S i e T |
-0 -0.5 0 0.5 1.0

F1G. 1.1. — The horocycle % + 1%
non-quadratic) residue mod 173.

Gray dots: « € R, plain (resp. empty) square x € Z a quadratic (resp.

We have already discussed informally, and it is true in a very precise
sense, that (C) and (C2) have substantively the same content as the sub-
convexity result that we are aiming for. Note that (C) and (C2) seem “un-
natural” at first; it seems like z, is parameterized by an additive structure,
i.e. Z/qZ; thus it is odd to restrict attention to a “multiplicatively” defined
set. But in truth the examples of (C) and (C2) have — as we shall see — an
underlying “multiplicative” symmetry; the fact that it appears additive is a
reflection of the degeneration of a torus in GLs to a unipotent group.

Observe that (A), (B), (C2) are asserting the equidistribution of smaller
and smaller sets. So what we need, besides a proof of (A) — which happens
to be an old result of Peter Sarnak — is a method to pass from the equidis-
tribution of a large set, to the equidistribution of a smaller subset. It is
provided by the following easy principle (cf. [68] for a further discussion of
its applicability in this type of context):
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1.3. Ergodic principle. — Suppose a group H acts ergodically on a prob-
ability space (X, p), and v is an H-invariant measure which is dominated by
some positive multiple of p. Then v is a scalar multiple of .

By “v is dominated by some positive multiple of p” (written v < p) we
mean that there is a constant A such that for any measurable set S C X,
|v](S) < Au(S). Indeed, if this is so, v is absolutely continuous with respect
to p, and thus may be expressed as fu for some f € L'(u); then f must
be a H-invariant function, necessarily constant by ergodicity. The principle is
therefore trivial; on the other hand, its consequences in the number-theoretic
context are surprising.

Using the principle, we can pass from the equidistribution of u to the
equidistribution of v. (Of course, one needs a more quantitative form of this
principle; we enunciate such a form in the context we need in )

By applying the ergodic principle to the group {n(t) : t € Z}, we es-
tablish the implication (A) = (B). To show that (B) = (C) is a little
more subtle, because the choice of H is not clear; we will need to pass to a
covering to uncover it! We now discuss this in more detail.

1.3.1. The entry of the adéle group and the implication (B) = (C).
— It is well-known that the inverse limit (over the principal congruence
subgroups)

X = 1im I (g)\ SLo(R)

carries not only an action of SLy(R) but of the much larger group SLs(Agq),

where Aq is the adele ring of Q; there is a natural projection 7 : X —
SLy(Z)\ SLy(R).

Let v be the measure implicit in (C), that is to say, v = 7_, (%) oA, -
As we have commented, v has no apparent invariance.

However, there is a closed subgroup HY C SLy(Aq), and a HW _equiva-
riant measure U on X, which projects to v. In other terms, the measure of
(C) acquires invariance after lifting to the adeles. (The group H™" admits a
surjection onto (Z/qZ)*, and this surjection is compatible with the natural
action of (Z/qZ)* on the sets in (B), (C)). Now, by a suitable application
of the ergodic principle on X, rather than X, we deduce that (B) = (O).

In this way, the role of adeles in our proof is not merely to provide
a convenient language, but also the group actions that we use simply do
not exist at the level of SLy(Z)\ SLy(R) — or rather, only their shadows, the
Hecke operators, are visible.
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Remark. — (The adeles for dynamicists). A somewhat more intuitive
way of constructing this is as follows: fix a prime p, and consider the pth
Hecke operator 7, on X. It is a multi-valued function.

We can formally turn it into an invertible single-valued function by con-
sidering the space of sequences:

Xp = ( ey, L2, T_1,To, L1,y .. ) € Xz,iL'Z;H € Tpl’l’ for all i.
Then the “shift” operation S : Xp — Xp can be considered as a version of
T, that has been forced to be invertible.
It can be verified that X, is isomorphic to the quotient:

SLy(Z[p~"])\ SL2(R) x SL2(Qy) /M,

where M is the subgroup of diagonal matrices in SLy(Q,) whose entries be-
long to Z;. Moreover, S is identified with the right action of a diagonal
matrix in SLy(Q,).

If we imitate this procedure for all primes simultaneously, one is natu-
rally led to the space X.

1.4. Geodesic restriction problems

In this section, we present another corollary to our main results and
discuss the idea of its proof, again, largely without mention of L-functions.
This section is phrased in the language of analysis on a Riemannian manifold.
Our discussion can be considered a variation on the sketch of proof that was
already presented in our ICM article [50].

1.4.1. Geodesic restriction problems: the results of [11]. — Let M be
a Riemannian surface of finite volume, with Laplacian Ay, and let ¢, be
an eigenfunction of Ay, with eigenvalue —\2. Let & be a closed geodesic of
length L on M; we fix a parameterization ¢t — (t) of ¥ by arc length, so
that v(t + L) = ~(¢).

In this section, we shall discuss the restriction of ¢, to ¢. A theorem
of Burq, Gerard, and Tzvetkov [II], generalizing a result of Reznikov [60],
asserts the following general bound

lpall2) <@ M) N
lexllzacar)
the constant C(¥, M) depending only on M and the geodesic .

This is in fact the “worst possible behavior” as the following basic ex-
ample shows: let M = S% embedded as the unit sphere in R?, with the
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induced metric. Let ¢, be the restriction to M of (z,y,2) +— (z+iy)". Then
¢n is a Laplacian eigenfunction of L?-norm =< n~'/%; on the other hand, when

restricted to the equatorial geodesic z =0 it corresponds to the function:

Y(t) = ™.
In particular, ¢,|y is a single Fourier mode, and |/¢,|/r2@) =< n'/*||¢nllr2(m)-
Returning to the general case, let w be an integral multiple of 27” Con-
sider the “w-th” Fourier coefficient along ¢, namely,

alpr, ) = / x(y(1))edt.

It measures the correlation of ¢,|¢ with a single Fourier mode. By Cauchy-
Schwarz:

‘Q(QO,\,W)‘ < L1/2 < C(g’M)Al/ZL
H90A||L2(M)

As the above example shows, this bound is indeed sharp.

1.4.2. Geodesic restriction problems in the arithmetic case. — As was
explained to us by A. Reznikov, a consequence to our main result, Theorem
1.2 is that this behavior never occurs on an surface which is of arithmetic
type and when ¢, varies amongst a suitable orthogonal basis of Laplacian
eigenfunctions. We give definitions of these concepts below.

In such a situation, we obtain a much stronger result: let {p\} be a
basis of Hecke-Laplace eigenfunctions. Then there is an absolute constant & >
0 such that

lator @)l oar, )27, (1.6)
loall2(ary
The bound on the right hand side is independent of w, and includes the
“difficult” case when w and A\ are close. Thus the Fourier coefficients of an
Laplace/Hecke eigenform along a fixed geodesic decay uniformly: such unifor-
mity is a direct consequence of the hybrid nature of the subconvex bound
proven in Theorem [I.2]

If M is an arithmetic hyperbolic surface, then it is expected that (1.6))
holds for any orthonormal basis of Laplace eigenforms. This comes from the
fact that, in the hyperbolic case, the multiplicities of Laplace eigenvalues are
expected to be small, so that any Laplace eigenfunction could be expressed
as a short linear combination of Laplace/Hecke eigenfunctions.
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1.4.3. The definition of arithmetic hyperbolic manifold. — By an arith-
metic hyperbolic manifold we shall mean the quotient of the upper half-plane
by a lattice that arises from a quaternion algebra over Q. However, for sim-
plicity of exposition, we restrict ourselves to a slight subclass of (M,¥); we
describe this subclass here, and also translate some of our data into automor-
phic language. We strongly suggest skipping this section at a first reading.

Let D be a quaternion algebra over Q, split at co. Let G be the al-
gebraic group GL1(D)/G,,, so that the Q-points of G are D(Q)*/Q*. Let
A resp. Ay be the ring of adeles resp. finite adeles of Q. Let K; be an
open compact subgroup of G(Ay) with the property that G(Q) -G(R)-K; =
G(Ay). Writing " for G(Q) N Ky, we have a natural homeomorphism from
ING(R) to G(Q)\G(A)/K;. Since G(R) = PGLy(R), it acts on H? (al-
though only the connected component preserves orientation). We refer to the
quotient I'\H? as an arithmetic hyperbolic manifold.

We therefore have a projection:

G(Q)\G(A) = A*D(Q)*\D(A)* — I'\FZ,

For simplicity of exposition, we shall also restrict our discussion to
geodesics ¢ that arise as a projection of of a full adelic orbit (T(Q)\T(A)).g
to I'\H?, where T C G is a maximal torus and g € G(A). (In general, such
a projection is the union of ¢ with finitely many closed geodesics, the num-
ber of such geodesics being the class number of a suitable quadratic order;
this restriction, therefore, amounts to the requirement that this class number
is 1; however remains true without such requirement).

We now associate automorphic data to our eigenfunctions and frequen-
cies:

- Let 7\ be the automorphic representation of G generated by the pull-

back of ).

- The torus T(Q) is of the form E*/Q*, where E is a real quadratic
field extension of Q.

- Associated to the character () — e is a character of T(Q)\T(A),
and, in particular, a character wg of A%L/E*. Let m, be the automor-
phic representation of GLs over Q obtained by automorphic induction
from (F,wg); thus, the L-function of 7, coincides with the L-function
L(s, E,wg).

By a result of Waldspurger, |a(yy,w)|* is proportional to the central

value of the completed L-function A(m x m,,1).

1.4.4. Sketch of the proof of (1.6). — As mentioned above, (1.6) is
a consequence of Theorem [I.2l We will now outline a proof of this corollary,

for arithmetic hyperbolic surfaces, in purely geometric terms.

| 2
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The function ¢ +— py(v(t)) oscillates over a length scale of size A71. Tt
therefore stands to reason that the most interesting case of is when
w ~ A. This is indeed so, and the key step of the proof of Theorem
corresponds — in this present language — to the use of certain identities to
switch from the “difficult” range when w ~ A to the “easier” range when A\ is
small and w is large. These identities are extremely specific to the arithmetic
cases under consideration; we do not know how to prove anything like
for a general hyperbolic surface M.

Notation as previous. One may construct (for “deep” number-theoretic
reasons) the following auxiliary data:

- another arithmetic hyperbolic surface ]:\:4: , depending only on M;

- a Laplace/Hecke eigenfunction ¢y on M of eigenvalue —\?;

- For each admissible w, i.e each integral multiple of 27/L, we associate

a Laplace eigenfunction 6, on M with eigenvalue —%1 — w2

wi1+twsa

5> are admissible, one has

moreover, whenever wy,ws,

2

(1.7)

|a(<p>\7w1)a(g0)\,w2)|2 ~ ’/~ PAb wr+wy Oy —wy
M 2 2

The ~ here does not indicate approximate equality, but rather, equality
up to a constant that is precisely computable; it is essentially a ratio of I'-
functions.

The identity has the remarkable feature that the left-hand side
has a “quadrilinear” nature, whereas the right hand side has a “bilinear”
nature. Thus the map ¢, — @, is in no natural sense linear; rather, it is
defined element-by-element over a special basis of Laplace/Hecke eigenfunc-
tions.

1.4.5. Number-theoretic explanation. — Supposing wy, wa, "“;””2 admis-
sible,
1 1 1 +
AT X Ty, 5)/1(7r X T s 5) = A(m X T, X T, 5), Wy = %

(1.7) now follows using the main result of [32]: The manifold M is a quotient
of the unique quaternion algebra D’ which is nonsplit at those places where
(T xm,, xm,_ ) =—1—if no D" exists, the left-hand side of vanishes —
and @y, 0, ,0,_ belong to the Jacquet-Langlands transfer to D" of =, 7, , 7, .
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1.4.6. The switch of range from w ~ A to A = O(1). — Take w; =
we = w, and apply Cauchy-Schwarz to the right-hand side of (1.7)) to obtain:

la(ex, W) S NGANT 2 57 (0 000 12w

We shall analyze this by expanding both 62 and 62 into constituents.
Since 6 is itself a Laplacian eigenfunction with eigenvalue 1/4, all A-eigenfunctions
that occur in the spectral expansion of 63 will have “small” eigenvalue. Car-
rying this 0ut|Z|

<93n0(2)> - Z <Qi7¢u><¢w€(2)>v (1.8)
App=p?
pl
where the v,-sum ranges over a basis of Hecke-Laplace eigenfunctions on M.
It is, in fact, possible to now apply once more to understand the
term (02,1),); however, we apply it “in the reverse direction.” This shows
that there exists a manifold M and zﬁﬂ so that

02, ) ~ la(du, 2w)a(dy,, 0) .

We have achieved our objective and switched the range: starting with
the analysis of a(py,w) with A\ w essentially arbitrary, we have reduced it
to the analysis of a(¢,,2w) where p may be assumed small relative to w.
Although we are not done, this allows us to out-flank the most tricky case
of the question: when |\ —w| = O(1).

1.4.7. The range when w 1is large. — We now discuss bounding the
Fourier coefficient a(py,w) when w is very large compared to A. For sim-
plicity, let us assume in the present section that we are dealing with a
fized eigenfunction ¢ = @), and analyze the question of bounding a(p,,w)
as w — 00.

We need to be more precise about what is necessary to prove. In this
context, it is evident (by real-analyticity) that a(py,w) decays exponentially
with w; however, this is not enough. For our previous argument we requireﬁ

V2 a(ipr, w)] < Cloa)lw] ™, (1.9)

for some ¢ > 0. .
Now, a(py,w) is the integral of ¢,(y(t)) against e“'. To eliminate the
exponential factors, we deform the path: we replace t+— ~(t) by a path t —

7 In the cases we encounter, there will be difficulties with convergence, and regularization of the
following expression will be needed.

8 The exponential factors arise from, in essence, the I'-functions that were suppressed in (1.7).
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v'(t) so that, first of all, 7/(f) approximates — at least locally — a horocycle;
secondly, the deformed integral still determines the original integral, but is
larger than it by a factor of size e™“l/2. Thus, to prove , we need only
prove polynomial decay for the deformed integral. The deformed integral is
analyzed using dynamical properties of the horocycle flow, especially mixing;
it is related to the analysis in [67, 1.3.4].

2. Norms on adelic quotients

The classical Sobolev norms on R"™, or on a real manifold, measure
the LP- norms of a function together with its derivatives. For example, let
| fll2x be defined as the sum of the L?*norms of the first & derivatives of
[ € C*R/Z), and let Sy) be the completion with respect to this norm.
Then:

Sa. Sobolev inequality: The Sobolev norms control point-evaluation, e.g.

[FO <1215
Sb. Distortion: If h: R/Z — R/Z is a diffeomorphism, then

If © hllz < (sup (') fll21-

Sc. Sobolev embedding: The Sobolev norms are compact with respect
to each other: the inclusion of Sy into S is compact for k < k.

Sc.* Sobolev embedding in quantitative form: if & > k + 2, then the
trace of Sy with respect to Sy is finite. This means that, if W} is the
completion of C*(R/Z) with respect to Sy, then the induced homomor-
phism W, — Wj.o is trace-class.

Sd. Fourier analysis:

Sa(DE < [+ PHIFP

where f()\) is the Fourier transform.

It is very convenient to have a system of norms on adelic quotients
with corresponding properties. We shall present them in terms of a list of
axiomatic properties they satisfy, before giving the definition (§2.3]). These
properties are intended to be analogous to (Sa) — (Sd) above. Prior to doing
this, we need to first recall L?-spectral decomposition (§2.2)).

We strongly recommend that the reader ignore the definition of the
Sobolev norms and rather work with its properties.
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2.1. Notation

2.1.1. On tmplicit constants. — We use throughout the notation A <
B of Vinogradov to mean: there exists a constant ¢ so that A < ¢B. If we
write A <5 ¢B, it means that the constant ¢ is permitted to depend on 4,
and so on. We shall also use a modification of this notation: A < B* means
that there exist constants ci,cy so that A < c¢;B®.

Although the notation A <« B is generally understood to mean that
the implicit constant is absolute, it is extremely convenient in our context
to allow it to depend on certain predetermined parameters (e.g., the num-
ber field over which we work) without explicit comment. We gather together
at this point references to where these conventions are introduced, for the
convenience of the reader. To wit: in Part II, constants may depend on the
isomorphism class of (G, p) over the number field F'; in Part III, the con-
stants may depend on the discriminant of the local field (§3.1.3)); in Parts
IV and V, they may depend on the isomorphism class of the ground field
F.

For Parts IV and V, we shall in fact make a more stringent use of the
notation where we require certain implicit constants to be polynomial; see
q4.1.5|

Later in the text we shall use indexed families of norms — the Sobolev
norms Sy;. They will depend on an indexing parameter d, as the notation
suggests. In a similar fashion to the Vinogradov convention, we allow our-
selves to write inequalities omitting the parameter d; see and
for a further discussion of this point.

2.1.2. Let F be a number field. We denote by &p the complete (-
function of F. It has a simple pole at 1; the residue is denoted by &5(1).

2.1.3. Let G a reductive algebraic F-group. Choose a faithful repre-
sentation G — SL(F") for some r > 1; we shall suppose that it contains a
copy of the adjoint representation. Henceforth we shall feel free to identify
G with a matrix group by means of this embedding. In the case of GLj, we
shall fix the faithful representation to be

0
pig— (g (gt)—l) € SLy,

where, as usual, ¢' denotes the transpose.

Let g be the Lie algebra of G; if v is a place of F', we write g, = g®p
F,. We also fix a basis for g. In that way, we regard the adjoint embedding
as a map Ad: G — GL(dimg).
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Let
X :=G(F)\G(A).

We denote by C*(X) the space of smooth functions on X; the space X can
be understood as an inverse limit of quotients of real Lie groups by discrete
subgroups, and a smooth function simply means one that factors through a
smooth function on one of these quotients.

2.1.4. We fix a maximally F-split torus T C G and, correspondingly,
a minimal parabolic F-subgroup B containing T.

2.1.5. For v non-archimedean and m > 0 an integer, we denote by
K,|m| the open-compact (principal congruence) subgroup

K,[m] = G(F,) N {g € GL.(0,), g=1d, (@)},

v

where w, is a uniformizer in F,.
Choose, for each place v, a maximal compact subgroup K, so that :

1. K, D K,[0] when v is nonarchimedean (this implies that K, = K,[0]
for almost all v);

2. For v nonarchimedean, K, is special, i.e. it is the stabilizer of a
special vertex in the building of G(F,).

This entails, in particular, that if P, is the set of F,-points of any parabolic
subgroup, then P,K, = G(F),).

There exists a constant A, depending on G and the chosen faithful
representation, so that

(K, Ky [my]]

mo, dim(G
@ (&)

(1+A4/q,)" < <(1+A/q). (2.1)

We denote by m : v — m, any function on the set of places of F' to
the non-negative integers, which is zero for almost all v. Write ||m| =[], ¢
(we take g, =e=2.718... for archimedean places); we note that

{m : ;|| < N} = O(N).

For such m, we set

Km]:= ] Kulma).

v finite

We also put K =], K,.
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2.1.6. We now fix a normalization of left-invariant Haar measures on
the various groups: the F, and A-points of G, as well as any parabolic
subgroup P C G, as well as of any Levi factor M C P; and finally, on K,,
for every v. These measures should have the following properties:

1. The measures on adelic points should be the product of local mea-
sures;

2. The projection P(F)\P(A) — M(F)\M(A) corresponding to the de-
composition P = MN is measure-preserving (for the left Haar measures!)

3. For all v, the measure on K, has mass 1. For nonarchimedean v, it
is the restriction of the measure from G(F,).

4. The map P(F)\P(A)xK — G(F)\G(A) should be measure-preserving
(i.e., the preimage of any set has the same measure as the set).

It is not difficult to construct such measures; we shall make an ex-
plicit choice, in the case of G = GLy, in §3.1.5] It is worth observing that,
since we are only concerned with upper bounds in this paper, and not ex-
act formulas, precise choices are never of importance, so long as they re-
main consistent. With any such choice, it follows from that [|m|~° <
vol(K [m)])||m| 4™ < ||m||5; in fact, one can replace the upper and lower
bounds by constants in the case that G is semisimple.

Finally, put on X the corresponding quotient measure.

If H is any locally compact group, we define the modular character
dg : H — R* via the rule u(Sh) = dg(h)~'u(S), where p is a left Haar
measure on H, and S is any set with p(S) > 0. In other words, if d;h is a
left Haar measure, then dj(hh’) = dg(h') " d;h.

2.1.7. For g € G(F,), we define ||g|| = sup,; |pi;j(gy)]; in the adelic case,
we take the product over all places. We set ||[Ad(g)|| to be defined as |g||,
but with p replaced by the adjoint embedding. (The “functional” difference
between these two norms lies in the fact that ||Ad(g)|| is invariant under the

center, whereas ||g|| is not.)
For g € G(A), define the height by

-1 ._ : .
hi() ™= _nf H sup |(Ad(g).2)il-

This descends to a function on X, and — if the center of G is anisotropic —
the map ht : X — R, is proper.

Lemma. — Fixz o € X. For any x € X, there exists g € G(A) with
xog = = and [|Ad(g)| < ht(x)*.

Proof. — This is well-known; see e.g. [20], footnote 15 for a proof in
the case of real groups, from which the stated result is easily deduced. O
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2.1.8. Throughout this paper the phrase “m is a unitary representation
of the group G” will be understood to mean that the underlying space of 7
is a Hilbert space and G acts by isometries on that spaceﬂ

Let V' be a unitary representation of G(F,). The space of smooth vec-
tors V> is defined, in the case when v is nonarchimedean, as the subspace
of V' comprising vectors whose stabilizer is open; in the case when v is
archimedean, it is that subspace for which the map ¢+ g.v defines a smooth
map from G(F,) to V. It is always dense in V.

Let V be a unitary representation of G(A). It factorizes as a tensor
product of unitary representations of G(F,), and we define the smooth sub-
space V> as the (image in V of the) tensor product of the local smooth
subspaces.

2.2. Structure of adelic quotients and the Plancherel formula

In the present section we are going to recall the “Plancherel formula”
for L?(X), that is to say, its decomposition into irreducible G(A)-repre-
sentations.

2.2.1. Fisenstein series. — There is a standard parameterization of
the automorphic spectrum via the theory of “Eisenstein series” that we shall
now recall. See also [I] for a résumé of the theory, and [5I] for a detailed
treatment.

Let X denote the set of pairs (M, o), where M is a F-Levi subgroup
of a F-parabolic subgroup, containing T, and let ¢ be an irreducible sub-
representation of the space of functions on M(F)\M(A), which is “discrete
series” in the following sense: all f € o are square-integrable with respect to
the inner product

Fe AP = / P,
Zv(A)M(F)\M(A)

where Zy(A) denote the center of M(A).
We can equip X with a measure in the following way: We write

X =| | X,
M

9 In some contexts, unitary representation is used to mean “unitarizable”, i.e., such that there exists
some inner product. We shall always understand it to mean that we have fixed a specific inner product.
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indexed by Levis containing T. We require that for any continuous assign-
ment of x € Ay to f, in the underlying space of x,

2
/ / fudy| = / 172 dx.
M(F)\M(A) |/ x X

This uniquely specifies a measure dy on Xpp, and so also on X.

There exists a natural equivalence relation ~ on X declare (M, o)
and (M',0’) to be equivalent if there exists w in the normalizer of T with
Ad(w)M = M’ and Ad(w)o = ¢’. There is a natural quotient measure on
X/ ~.

For x = (M,0) € X, we denote by Z(y) the unitarily induced repre-

sentation Indg((;:))a, where P is any parabolic subgroup containing M. (Its

isomorphism class is — not obviously — independent of the choice of P.) It
consists of functions G(A) — V, (where V, is a vector space realizing the
representation o) satisfying the transformation property

fpg) = 6" (p)a(m,) f(g),

where ¢ is the modular character (cf. §2.1.6) and p — m, the projection
P — M. We define a norm on Z(x) by

110 = /K (k) 2, d,

where K is equipped with the Haar probability measure.

There exists a natural intertwiner (the “unitary Eisenstein series”, ob-

tained by averaging over P(F)\G(F') and analytic continuation):
I(x) B 0*(X).

The map Eis is an isomorphism away from a set of parameters y of
measure zero; we call the latter the set of singular parameters. For instance
in the case of GL, the parameters are pairs of unitary characters (x™,x7)
for M = GL; x GL; — B (the standard Borel) and the singular ones are
the ones for which x* = x7; for this reason, we shall define for this case a
variant Eis* of Eis which is non-zero (see §4.1.10])

In any case, to almost every x € X' is associated an automorphic repre-
sentation — the image of Z(x) — denoted Eis(y). The resulting automorphic
representation depends only on the class of y in X'/ ~. If Eis is an isomor-
phism — as is so away from a set of x of measures 0 — we equip Eis(y) with
a norm by requiring Eis to be an isometry. Whenever defined, we call this
norm the Eisenstein norm on the space Eis(x). [

10 The terminology may be slightly misleading; if 7 C L?(X) is, e.g., a cuspidal representation, then
(G, ) € X, and the Eisenstein norm on 7 is simply the restriction of the L2-norm.
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Theorem. — (Langlands). The map erX Z(x) = L*(X), defined by inte-
grating the map Eis, extends to an isometric isomorphism of the Hilbert space

[ Z(x)dx and L*(X).

For a slightly more precise formulation, we refer to [IJ.
We shall call any automorphic representation that occurs as an Eis(y), x €

X, a standard automorphic representation. Not every automorphic represen-
tation is standard. For example, every standard automorphic representation
is abstractly unitarizable. The standard automorphic representations are pre-
cisely those needed for unitary decomposition.

R The set of standard automorphic representations will be denoted by
G o and the push-forward of the measure dy on X to G4, will be denoted

Remark. — The Plancherel decomposition of a function in, e.g., C2°(X)
is pointwise defined; explicitly, for ¢ € C°(X), we have the equality of con-
tinuous functions,

o= [ 3 (o)) dy,

€Y reB(x)

where B(x) is an orthogonal basis for I(x), and the right-hand side is abso-
lutely convergent. This is not a triviality; it follows, for example, from the
results of W. Miiller [55]; it may be that there is a more elementary proof
also.

2.2.2. The canonical norm for GLs. — In the case of GL, for generic
standard representations — although not necessarily cuspidal — it is possible to
give a simple description of a canonical norm on the space of any standard
automorphic representation. We explain for GLs; the general case is obtained
by replacing the role of a(y) below with ¢ € GL,_; C GL, embedded as
usual.

Suppose 7 is generic. Let W, = ®,W,, be the Whittaker model of .
There are two natural inner products that one can equip W, , with, namely
— see for the measure normalizations —

W W) = [ W) WEal) s (e, W (2.2)

e Wola(y))Wi(a(y))d™y
G Lu(m, Ad, 1) /G(2)
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The latter inner product has certain good normalization properties, eg.
2
<qua Wv>7"eg - |W’U(1)|

for almost all v.
We define an inner product on W,, by its value on pure tensors W =

Hv WU'

reg *

W12, o= A"(m, Ad, 1) x [ [(Wo, Wo) e (2.3)

where

A*(m,Ad, 1) = lim Alr, Ad, 5)

s—1 (3 — 1)7’ ’

with A(m, Ad, s) =[], L(7,, Ad, s) denotes the completed L-function and r is
taken to be the largest non-negative integer for which the limit is nonzero.
The regularized value L*(w, Ad,1) satisfy ([24])

L*(m,Ad, 1) = C(m)°Y, as (1) = oco. (2.4)
Finally, we define the canonical norm on the space of m by the rule

s 28p(2)(discF)Y?

1llCan = &) Well; (2.5)

reg’

where ¢ — W,, is the usual intertwiner (4.2). The terminology is justified by

2.2.3. Lemma. — Suppose © generic and standard. Then, for ¢ € m,

lellean = olZ2x) o 7 is cuspidal; and || |12, = 28r(2)llll%:s if 7 is Eisen-

stein and nonsingular.

The verification of this equality for cusp forms is a consequence of the
Rankin-Selberg method (cf. §4.4.2)); the Eisenstein case is detailed in §4.1.7]

Remark. — One unfortunate consequence (perhaps unavoidable) is that
the canonical norm does not always behave continuously in families. It is
possible to have a family of automorphic forms ¢(s) belonging to standard
generic automorphic representations so that ¢(s) — ¢(0) pointwise on X, but
the canonical norms do not converge. This happens when the order of pole
of the adjoint L-function jumps, e.g. at singular parameters.
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2.3. Norms on adelic quotients

2.3.1. We shall set up two families of Hilbert norms, valid for any
d e R:

- A notion of “Sobolev norm” S} on any unitary G(A)-representation
V.

- A finer notion of “Sobolev norm” S¥ for functions on X.

We shall follow the following convention: If ¢ € V* is a functional
and we write [¢(f)] < SY(f), without a subscript d, it means there ezists
a constant d, depending on only the isomorphism class of G over F', so that
10(f)] < SY(f). In particular, ¢ is continuous in the topology defined by the
family of norms SY.

1. We would like to warn the reader that the constructions are not
totally formal. Namely, some of the subtler features of the norms rely on
Bernstein’s uniform admissibility theorem as well as Miiller’s theorem [3,
55]. Indeed, one of the properties of the norms is established only for the
group G = GL,. In fact, for the purpose of the present paper, none of
these deep results are important.

2. We observe that all our norms can take the value oco. (In precise
terms, we understand a norm N on a vector space V to be a function
N : V. — [0,00] that satisfies the usual axioms; equivalently, we could
regard N to be a pair consisting of a subspace W C V, and a (usual,
finite-valued) norm on W.)

Sy will always take finite values on V>°; S¥ will always take finite
values on the space of compactly supported smooth functions C°(X). We
shall sometimes refer to the completion of V* in the norm induced by SY
as the Hilbert space associated to S). Similarly for SX.

2.3.2. The Sobolev norms on a unitary representation. — Let V be a
unitary admissible representation of either G(F,) (some place v) or G(A).
We shall define, in both contexts, a generalized Laplacian operator A : V> —
V. This being so, we define the dth Sobolev norm via

S (f) = 1A% fllv- (2.6)

The Laplacian will have the property that A is invertible, and a suitable
power of A~! is trace class from V to itself.
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2.3.3. Local. — Let v be a place and V an unitary admissible rep-
resentation of G(F,). We shall make a certain (Hilbert) orthogonal decom-
position V' = @,,50V [m]; roughly speaking, vectors in V[m| have “higher fre-
quency” as m grows.

- If v is a finite place, we define V[m] to be the orthogonal comple-
ment of the K, [m—1]-invariants vectors inside the K,[m]-invariants vectors.

- If v is archimedean, fix a basis {X;} for the Lie algebra g, := gQrF,
and let C:=>",(1 — X?); let V[m] be the direct sum of all C-eigenspaces
with eigenvalue in [e™,e™!) (here e = exp(1) = 2.718...).

The space V[m] is finite dimensional. Write e,[m] for the projector onto

VIm]|, and put:
A, = Z qrre, m].
m=0

Note that > e,[m] is the identity.

2.3.4. Global. — 1In the global setting, we use, as before, the notation
m for a function v — m, from places to non-negative integers, and set

elm] = [ eulm.], Aa =) mllefm]

v

Note that one has }_ e[m]=1.

2.3.5. Sobolev norms on C*(X). — On C*>(X) we shall introduce
an increasing system of Sobolev norms S which will take into account the
noncompactness of the space X. Let H be the operation of “multiplication
by 1+ ht(z).” Put:

SE(f) = [IH AL L5

2.4. Properties of the Sobolev norms.

This section enunciates the properties of the Sobolev norms, defined in
the prior section.

2.4.1. Properties of the unitary Sobolev norms. — Write G for either
G(A) or G(F,).

Sla. (Sobolev inequality) For f € C(G) and a fixed smooth function
w: G — C of compact support with w(l) =1,

f(1)] <0 SEO(f - w).
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S1b. (Distortion property) There is a constant r, depending onlyﬂ on
(G, p), so that, for V a unitary representation of G,

S8i (gf) < [|Ad(g)[I*Sq (f).

Slc. (Embedding) For each d, there exists d' > d so that the trace of
SY wr.t. 8 is finite. (See [4]*Appendix for definitions; this means that
the inclusion from the Hilbert space associated to Sy, to the Hilbert space
associated to S}, is trace-class.

S1d. (Linear functionals can be bounded place-by-place.) Let m = ®m,
be a unitary representation of G(A); let ¢ =[], ¢,, ¢, € 7, be a factoriz-
able functional with the property that [¢(z,)] < 1 when z, € 7, is spherical
and of norm onel”] Then:

|6, < AS]Y for all v = |{| < A'S]

where d’ depends on d, and A’ depends on A,d.

2.4.2.  Properties of the X-Sobolev norms . —

S2a. (Sobolev inequality) There exists dy so that Sgg majorizes L°°-
norms.

S2b. (Distortion property) There exists a constant ks, depending only
on (G,p), so that

Si(af) < Ad(9)I™'ST(f), f € C*(X), g € G(A).

S2c¢. (Embedding) For each d, there exists d' > d so that the trace of
S¥ wor.t. 8 is finite.

2.4.3.  Relationship between unitary Sobolev norms on L*(X) and X-
Sobolev norms . —

S3a. We have a majorization
S « 8%
S3b. ix
SEN <8, Felly,
where d' depends on d, and L?, is the cuspidal subspace of L?*(X). B

cusp

L1 If the representation p contains the adjoint representation, one may take k = 1.

12 Tf this condition is satisfied not for all v, but for all v ¢ T, where T is some fixed finite set of
places, then the constant has to be replaced by AT

13 A stronger and more natural statement is: the truncation operator AT of Arthur is continuous from

the SLQ(X)—topology to the SX topology. This statement is actually a quantitative form of [2, Lemma 1.4],
which proves the same result but with the finite level fixed.
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S3c. Let ¢ a linear form on C*°(X). Suppose, for each standard auto-
morphic representation 7, we have |{|~| < 87, where the unitary structure
on 7 is the KEisenstein norm. Then

|£(v)] < 83 (v),

whenever both sides are defined; d’ depends only on d.

2.4.4. Other properties. — Suppose { is a linear functional on either
C>°(X) or a unitary G(A)-representation, and let A(d) be the operator norm
of ¢ with respect to Sy.

Sda log A(d) is convex with respect to d. []

S4b. Given d and j > 1, there exists d' > d and common orthogonal
bases ei,eq,... for Sy, Sy with the property that gj((z_)) < (1 +]d)).

S4c. 8 and 8Y, are self-dual;

S4d. If ¢:V — W is any linear functional from V' to another normed
vector space:

((v) < Al A%y (v a A-eigenfunction) (2.7)
—  |[((v)] < ASy(v), allveV, some d >d.

Sde. SX(fg) <a S¥()SX(9).

(S4d) is a consequence of the fact that a suitable power of A™! is trace
class.

2.5. Ezxamples.

We shall now discuss a number of examples of using the Sobolev norms
to quantify mixing or uniform distribution. The essence of all our examples
is well-known. We simply want to make the point that the axioms of Sobolev
norms make it simple to derive the results in great generality.

In the sequel we will use the following notation: for &7 one of the
families of Sobolev norms discussed previously, we will write A < S*(f)B to
mean that there is a constant d > 0 so that A < S}(f)B.

2.5.1. Bounds for matriz coefficients and canonically normalized func-
tionals: local bounds. — For any place v, we denote by =,(g) the Harish-
Chandra spherical function on G, := G(F,), i.e. Z,(g9) := (gv,v) where v is

14 This will be helpful in bounding operator norms when d is not integral, for, like the case of R,
the Sobolev norms are most accessible when d € Zx .
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the K,-invariant function in the representation of G, unitarily induced from
the trivial character of a minimal parabolic subgroup.

It follows from [I3] (as extended to reductive groups in [56]) that, if m,
is a tempered representation of G(F,) one has, for any xi,z5 € m,,g9 € G,
and some constant d > 0 depending on G only

(g1, m2)| < A8 (21)S]" (22) =0 (9),

where A, = [K, : K,[0] is equal to 1 for almost all v. [[¥

Indeed, [I3] implies, in fact, that |(gzi,z2)| < [K, @ K,[m]|=,(g) for
x1,x2 € V[m]. Now and (2.7)) establish the desired statement.

In the case of non-tempered representations, one has a corresponding,
but weaker, bound. In this paper we will only use the special case of G =
GLy; and moreover, m, will always be a local constituent at v of a generic
automorphic representation of G(A). In that case, one has

(g1, 22)| < ALST (11)ST (22) E0(9) %, (2.8)

for some absolute constant 6 < 1/2. This is due to Selberg for F' = Q, and
[25] in general. As of now, it follows from the work of Kim and Shahidi [41],
that (2.8]) holds for 6 > 3/26.

It will be convenient, for the purpose of this document, to allow 6 to
be any number in |3/26,1/4[. More precisely, any statement involving 6 will
be valid for any choice of # in this interval. This notational convention will
suppress es at a later point. The reader may safely substitute 3/26 + ¢ every
time he/she sees the symbol 6.

2.5.2. Bounds for matriz coefficients and canonically normalized func-
tionals: global bounds. — Let ¢ : G — G be the simply connected covering
of G. For f e C>*(X), set

Pf(x) = / O flg)a)dg (2.9)
geG(F)\G(A)

for z € X; here dg is the invariant probability measure on G(F)\G(A).
The endomorphism & realizes the orthogonal projection onto locally constant
functions on X, and is in particular L?- and L*-bounded; note also that it
commutes with the G(A)-action (cf. [67]).

Take g € G(A) and fi, fo» € C°(X). Then there exists § > 0 and d,
both depending only on the isomorphism class of G over F', so that

{g.f1, f2) = (9- 2 f1. Z )| < |Ad(9) |77 ST (F) ST (f2). (2.10)

15 Indeed, if 1,72 are both stabilized by a subgroup of K,[0] of index ©, the bound may be taken
to be Q||z1]|||z2||Zv(g); we shall use this later.
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This is a consequence of property (7), which has been established through
the work of many people; the proof was completed (together with the most
difficult case) by L. Clozel [14]. Property (7) was put in a quantitative form
in [28], and the quoted statement follows from Lemma 3.3 and Theorem
3.10 of loc. cit. Here we will need only for the case of G = GLa:
it follows from that the exponent § = 1/2 — 6 is admissible, any 6 as
above.

Remark. — Let us explain one of the reasons that is so useful
in the context of the present paper. It has been observed J.-L. Waldspurger
[69] and greatly extended by Ichino-Tkeda [321[33] that a wide variety of pe-
riod functionals can be expressed by integrating matrix coefficients; roughly
speaking, there exists a variety of pairs (H C G) so that, with suitable choice
of measure and suitable reqularization,

/ p dh
H(F)\H(A)

The right-hand side is usually divergent, and is interpreted by a suitable
regularization; in many situations, almost every local factor is equal to the
local factor of a suitable L-function, which suggests a regularization involving
a special value of that L-function.

In any case, was used in [I5] and [21] in order to reduce equidis-
tribution results for H(F)\H(A) — or translates thereof — to bounds for ma-
trix coefficients. We shall use the same technique in of the present
paper.

We note, however, that this technique is not universally applicable, and
in many instances the correct formulation of a result analogous to (2.11]
remains mysterious.

2

= /H(A)<h.<p, ©)dh. (2.11)

2.5.3. A quantitative form of the Ergodic principle II. — Next, let us
give a quantitative form of the Ergodic principle from §1.2]

Lemma. — Suppose H C G(A) is noncompact, and x : H — C* a
unitary character. Suppose that X has finite measure, i.e., that the center of
G is anisotropic[]

16 Tt should be noted that we could not follow the quantitative arguments of [28] in the case which
relies on Clozel’s work; however, their argument certainly furnishes a bound.

17 The lemma could be easily adapted to the general case by introducing a character; but we will only
use it for G = PGLo.
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Let v be a (possibly signed) x-equivariant measure on X, i.e. v = y(h)v
for h € H. Let u be the G(A)-invariant (Haar) probability measure, and
suppose that, for some d > 0, we have the majorization:

WI(f) < p(f) +eSE(f) (f =0).
Let o be any probability measure on H. Then, for any f with Zf =0,
v (f) = 1l NP < (ellolld + llox&ll—g) ST ().

Here 0y—1 is 1 if x is trivial and zero otherwise,

lolla = / JAd(h) |%do(R),

and similarly for ||o x|, & denote the pullback of o by g~ g%, B is as in
(2.10)), and d' depends only on d.

This is indeed a quantitative form of the Ergodic principle [I.3} if, e.g.,
e =0, we see at once that that the left-hand side may be made arbitrarily
small to choosing o to have large support.

Proof. — We may assume that u(f) = 0. For ¢ a probability measure
on H we set

Fovoi= [ x)h- Ddo(h).
We see:
(NP = w(f *y )P <1+ 0*) < eSF(f > o)+ 1 f xy all3,

The required bound now follows from (S2b), (S4e) and from the bounds for

matrix coefficients of §2.10| a
Remark. — In the context of the subconvexity problem for L-functions,

this amounts to the amplification method ([36]) and the measure o play the
role of the amplifier.

2.5.4. Uniform distribution of horocycles. — As a final example, we
discuss the uniform equidistribution of horospheres. A result of Peter Sar-
nak proves that a closed horocycle of length L on a hyperbolic surface be-
comes uniformly distributed as L approaches oo. What we present below is
an adelized version of the result for general groups, but only in the easiest
version: where “closed horocycle” is replaced by (in more explicit language
than what follows) “closed orbit of a maximal horospherical subgroup.”
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Let us fix N to be the unipotent radical of a minimal proper parabolic
subgroup B of G; for f e C>®(X) let

fulg) = /N oy, T

denote the constant term. Then for f € L3(X)N C>(X), and b € B(A)
Fn ()] < 3 (0)'28™(), (2.12)

here by L3(X), we mean the orthogonal complement of locally constant func-
tions (i.e. the kernel of (2.9)), and dg : B(A) — R~ is the modular charac-

ter (cf. §2.1.6).

Proof. — By Property (3c) of Sobolev norms, it is enough to verify
when f belongs to an standard automorphic representation 7 C L3(X).
The constant term is zero unless (notation of m = Eis(M, 0), where M
is a minimal Levi subgroup. Let B be a parabolic subgroup with unipotent
radical M. As an abstract unitary representation, 7 is isomorphic to the space
V. of functions from G(A) to the representation space of o, satisfying:

f(bg) = a(b)ds(b)f(9), becB(A),

equipped with the inner product [, ||f]|>. (Here K is the fixed maximal com-
pact subgroup of G(A).)

Let w be a smooth compactly supported bi-K-invariant function on
G(A) so that w(1) = 1. Consider res : V; — L*(G(A)) defined by f — wf.
Apply (Sla) to see |f(1)| < SF(GA)(wf). The map res is L>-bounded, and
commutes with the action of the finite part of K; moreover, if D is any
element of the universal enveloping algebra il of g, then Dw = ) w;D; for
various D; € 4 and w; smooth, compactly supported on G(A). It follows
SHEM (wf) < §*(f). 0

2.6. Proofs concerning Sobolev norms.

In this section, which can be safely skipped in the course of reading
the paper, we give the proofs that the Sobolev norms defined in have
the good properties indicated in that section.

The proof of the distortion properties, (S1b), (S2b) are elementary, and
we omit them. Similarly we omit the proof of properties (S4a) — (S4d).
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2.6.1. We will establish (Sla), from which (S2a) follows easily. We will
establish (Sla) in the adelic setting; the local setting is easier.

Let w be as in (Sla). Take f € L*(G)[m], where, as usual, m is a
function from places of F' to non-negative integers.

The function f factors through the dim(G)[F : Q]-dimensional manifold
G(A)/K|m]; this has around vol(K[m])™! connected components. We can ap-
ply the usual Sobolev inequality (for real manifolds) to the connected compo-
nent of the identity. It shows that f(1) is bounded by the L?*-norm, on the
connected component of the identity, of (e.g.) the first dim(G) derivatives of

fw.
From this it follows that:

()] < vol (K [m]) ™ T T | V™ G| feoll 2 < [l ]| £ 2

v]oo

where we take any dy > 2[F : Q]dim(G). This, in view of (2.7), implies
(Sla).
To deduce (S2a), take f € L*(X). Fix xy € X. By pull-back of functions,
2
we immediately deduce from (Sla) that |f(zo)| < SdLO X)(f). Now, by the
Lemma of §2.1.7, for any x € X, there exists ¢ € G(A) with zog = = and
|lg|l < ht(x)*. Therefore, the distortion properties imply that

F(@)] = [f9(x0)] < Sk P (f7) < ht(x)*SE X (f). (2.13)
Thus (S2a).

2.6.2. We prove (S3b). It suffices to check that for any m > 1 there
exists d so that

f(@)] < (hta) Sy X(f),  fe L2 (2.14)

cusp*

It suffices, by (S4d), to establish this estimate for f € L2, [m].

Let z € X. Let T be as in §2.1.4] It is a consequence of reduction the-
ory that there exists a compact subset 2 C G(A) and R >0 and a € T(A)
so that © = G(F).aw, where w € (2, and a € T(A) is so that there exists
at least one simple root a with |a(a)|a > ht(x)*. Let U be the unipotent
radical of the maximal proper parabolic subgroup associated to .

We choose a sequence Zg =7 C Z; C Z; = U where Z;,/Z; is central
in U/Z; for j > —1 (we interpret Z_; to be trivial). Now expand f in a
Fourier series along Z, i.e.

xr) = x), fulx) = ux)Y(u)du;
) = S folo) o) L, S0
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the measure is the invariant probability measure, whereas the ¢ sum extends
on characters of Z(A) trivial on Z(F).

Only those characters ¢ which are trivial on Z(A) N K[m] contribute
to this summation, and the number of such characters is bounded by <
|m||¥™%. Let u be the Lie algebra of Z(F ®q R). To any ¢ as above, we
may associate its differential dy € u*. Fix a norm on u*. Integrating by parts,
we conclude that for any n > 1,

> fula) < la(@)Flm]* sup  [Df(ux)],

v ue€U(A),DeD

where D is a finite set of G(A)-invariant differential operators. Applying

(2.13), we deduce that the sum is <, ht(x)*”||m||“(")SdL(i()X)(f).
It remains to estimate the term f, for 1) = 1. For this, we expand it in
a Fourier series along Z;/Zg. Proceeding in this way, we arrive inductively

at the conclusion.

g

2.6.3. We prove (S1d). First of all,
Lemma. — Let m, be an irreducible admissible representation of G(F,).
Then the image of e,[m] has dimension bounded above by A,qg 2™, where A,

depends only on the isomorphism class of G.

This follows (for v nonarchimedean) from Bernstein’s proof of uniform
admissibility [3] and (for v archimedean) since any irreducible representation
of a maximal compact subgroup occurs in 7, with a multiplicity bounded by
its dimension (a consequence of e.g. the subrepresentation theorem; recall we
interpret g, = e = 2.71828... for v archimedean). We give, for illustration,
Bernstein’s proof for PGLs; this, and the mild variant of GLy with a fixed
central character, is the only case in which we shall use the result later in
this paper.

Proof. — (in the case of G = PGLy). Let C the characteristic function
of K[w!"] (%”(1)) K[@w?] € GLy(F,). Then C acts on 75l the K[w™-
fixed vectors in 7, as does the finite group G = K,/K|[w@™]. Let C[G] be the
algebra of endomorphisms of 7%=l generated by G. Let (C) be the algebra
of endomorphisms of 7X[®'l generated by C. Then C[G] - (C) - C[G] must
be the whole algebra of endomorphisms of 7%=Vl because a corresponding
fact holds for the Hecke algebra of K[w!']-bi-invariant functions on GLy(F,),
which acts irreducibly on 7=l On the other hand, dim(C) < dim wX="],



36 PHILIPPE MICHEL, AKSHAY VENKATESH

Therefore, the dimension of C[G]-(C)-C[G] is at most |G|?. dim 7%=']; since
it acts irreducibly, its dimension is = (dim 75?2  yielding the result. O

Now, let m be as in (S1d) — i.e. a representation of G(A) — and let V
be the underlying vector space. The Lemma shows that any X € V[m] is a
sum X = ) . x; where where z; is a pure tensor, and the number of z;s is
at most Hmv;éo(Aqu)‘Qm’“) < ||m]|¢?, where Cy = Ag—l—%. For any such pure
tensor x; = [[, z;», we have (notation as in the statement of [S1d]):

)l = [T tin) T Oaio)l < Allm)*<l2].

My #0 my=0

Here we used the fact that [],, oA < A'|lm|, where A’ can be taken
to a function of A and e. Thus an application of Cauchy-Schwarz yields:

1/2
2 € d CQ €
(X)) < [lm]| /2 A ]| (E H%HQ) < A()|Ax X

(S1d) now follows from ([2.7)). 0

Remark. — It will be useful to apply (S1d) to multilinear functionals.
Suppose that we are given (e.g.) a bilinear functional B : m ® my — C, which
factorizes as B = [], B,, and, for every v, B(z1,,T2,) < AS¥(1,)S8%(x2,);
also |B,| <1 when both z,,zs, are spherical of norm 1.

Then B(z1,13) < A'SY (21)S8% (x5) (similar notation to (S1d)). This fol-
lows formally: apply (S1d) first to the linear functional = — B(z,y), for y
fixed; we see it is bounded in absolute value by A’S?(x)S%(y). Now apply
(S1d) to the functional y — B(z,y), for x fixed; note that the condition on
spherical inputs is satisfied not for all v, but only for those v where x, is
spherical, this being handled by the footnote to (S1d).

2.6.4. We prove (S2c). This proof is modeled on ideas from [4]. For

z € X, consider the linear form on C°(X) given by: ¢, : f — ht(z)" A, f. By
2

(S2a), ¢, is bounded with respect to Sfo X for some dy > 0 and uniformly

in x (at least after increasing dy as necessary). It follows that, for suitable

d > dy, the trace of |(,]*> with respect to the square of S¥ is finite and

independent of z. Integrate over x € X to obtain the desired conclusion.

2.6.5. We prove (S3c); however, some preliminaries are necessary. We
shall need to make use of an assertion substantively equivalent to the well-
known theorem of W. Miiller [55] that discrete automorphic spectrum is
trace-class. That fact, in turn is closely related to the fact that the Eisenstein
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series on a general group have finite order. We believe that to handle the
general case should be routine using the techniques of Miiller’s paper [55];
but we have not verified the detail, and this is why the proof is presently
only for GL,, where it is possible to give a direct proof of Miiller’s trace-class
theorem — using the work of Moeglin and Waldspurger.

For any automorphic representation, set

Csop(m) = inf A .
S0 (T0) et [ Aaf]l
It might be referred to as the “Sobolev-conductor” of the representation ;
as we shall see momentarily, it is bounded above and below in terms of the
analytic conductor in the case of GL,,.
We begin with:

The number of cuspidal © with Csep(7m) < X is at most polynomial in X
(2.15)

Proof. — There exists (by (S3a) and (S2c)) some d so that the inclusion
of L?(X) into the Hilbert space associated to SX is trace class. There exists

d' so that S& is majorized by SEO for cuspidal functions, by (S3b). Choose
er in each cuspidal representatio so that Sg(er) = Csob(ﬂ)d/He,,HQ. Then
SX(er) < Csob(m)¥||exll2. The trace-class feature forces Y Csop(m)™ < oo0.

Thus (2.15). O

With notation as in §2.2] we now claim:

There is d; > 1 so that/ Cson(Z(x)) Mdy < oo. (2.16)
XEX

For G = GL,, the classification of discrete spectrum (§2.2.1)) together with

the classification of discrete series ([51]) reduces this to (2.15|).

Finally, = (S3c). Let ¢ be a linear form as in (S3c). We
express an arbitrary f € L?(X) as an integral f = [ f,dx, where f, € Z(x)
(notation of §2.2} we have already remarked in that the Plancherel
decomposition is pointwise defined). Using and Cauchy-Schwarz,

()P = \ [1oa] < [csamorinra (2.17)

< [1agnirax < s,

18 Tt is not difficult to check, although it is in fact not essential, that the infimum which defines
Csob () is realized.
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Let us note the following corollary, which can also be proved in other
ways:

Corollary. — The number of cuspidal representations on GL,(F) with
fixed central character and conductor < X is bounded by a power of X.

It follows from the prior Lemma and the following Lemma due to W. T.

Gan [

2.6.6. Lemma. — As w wvaries through automorphic cuspidal representa-

tions of GL,(A),
log C()

—= 7 4s bounded above and below 2.18
10g OSob('ﬁ) ( )

It is of interest (from the point of view of the “Selberg-class”) to deter-
mine what the correct growth rate in this corollary is; among other things,
it is related to the question of the number of twists needed in converse the-
orems; in that connection:

Question. — Let N(X) be the number of cuspidal representations on
GL,(Q) with analytic conductor < X. Determine the asymptotic behavior of

N(X); for example, is it true that bi]g—g(x) approaches n+ 17

3. Integral representations of L-functions: local computations.

3.1. Notations

This part, comprising — §3.7, will be essentially of local nature; we
collate here some notations that will be used.

3.1.1. Local fields. — Throughout this part, we shall work over a local
field k. We shall always suppose k to be given as the completion of F' at a
place v; thus, we regard the place v and an isomorphism F, = k to be given
along with &7

We denote by |.| = |.|, the absolute value on k normalized so that
|z|gr = max{z, —z}, |z|]c = 2.Z and for v non-archimedean, |w| = ¢! for @

19 This statement was derived from a result sketched by Gan to one the authors (A.V.), namely, the
conductor of any representation of GLn(k) — for k a nonarchimedean local field — admitting a vector fixed
under the 7-th principal congruence subgroup is at most rn?

20 The reason for this is that it will be helpful in handling implicit constants.
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an uniformizer of k£ with ¢ the size of the residue field; in that later case
we denote by o the maximal order of k. If k is archimedean, we denote by
deg(k) its degree over R.

3.1.2. Additive characters. — We equip once for all each local field
k = F, with an additive character i) obtained as follows: we let eq : Aq —
C* be the unique additive character which coincides with = — exp(2miz) on
R and set ep = eq(trp/q). We denote by ¢ the restriction of ep to F, = k.
In the sequel any local considerations involving an additive character of k will
refer to that character 1 or its complex conjugate. If k is nonarchimedean,
we denote its conductor by dy,. We set dy, =0 if £ is archimedean.

3.1.3. Implicit constants. — Unless otherwise specified, given some pa-
rameter ¢ say, the implicit constant in <. will depend (of course) on the
parameter £ but may also depend on the quantity ¢% as k wvaries through
completions of F. Note that ¢% =1 for almost every k.

3.1.4. Subgroups. — We denote by Z, N, B the usual upper triangular
unipotent (resp. Borel) subgroup of GL; or PGLs; and by A the diagonal
subgroup with lower diagonal entry equal to 1. We denote G = GLy(k), G
the quotient of G by its center and Z, N, B, A the group of k points of
Z,N,B,A. For t,z,y in any ring R, we set

0= (gv) n@=(o7) a1=(31)-

We let K be the standard maximal compact subgroup of G, i.e. the group
of integral matrices if £ is nonarchimedean, and the stabilizer of the “stan-
dard” orthogonal form (z1,22) — 2% + x3 or the “standard” Hermitian form
(21, 22) V> 2121 + 2975 if v is real or complex.

For v non-archimedean and m > 0 we denote by K[m| C Ky[m] C K the
subgroups of matrices (CCL Z) € GLy(0) such that a=d=1, b=c=0 (@™),

or ¢=0 (@w™), or with no constraint on a,b,c,d, respectively.

3.1.5. Measure normalizations. — Fix an additive haar measure on k
which is self-dual with respect to the character 1. (Note that for £ = R, this
gives Lebesgue measure; for k = C, this gives the measure idzAdz = 2dx Ady;
and for k nonarchimedean, it assigns mass ¢~ %/? to the maximal compact
subring of k.)
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Transport it to the haar measure dn on N via z — n(x); we equip
A= {a( ):y € k*} and Z = {z(u) : uw € k*} with their Haar measures
Ce(1 )Iy\’ (1 )ﬁ respectively.

The product measure (j(1 ) da:Ck( ) defines the right Haar measure
drb on B = {z(u)n(x)a(y) : u,y 6 k’X S k} while the left Haar measure dpb
is |y|~'dgb. The left and right Haar measures on the Borel of G are defined
explicitely through the same parameterisations (with (x(1)du/|u| removed).
We denote by dk the Haar probability measure on K. The Haar measures
on G, G are then given by dpbdk.

The measure on G determines a Plancherel measure dup on the unitary
dual of G. This is normalized by the formula:

1) = / foxsd@dir, f € CAG)

where Y, is the character of 7 € G Aut
For k archimedean, we fix a norm, |.||; say, on g the Lie algebra of G.

3.1.6. A measure computation. — It will be of use, as a check, to
later compare dg to the measure d'g := d;bdn pushed forward from the map

BxN — G, (n,b) — nwb ( here w = denote the Weyl element; recall

0-1
10
that the image of that map is dense in G' by the Bruhat decomposition). The
later coincides with the measure pushed forward from dn X drb on N x B via
(n,b) — nwb, for both are invariant and have the same behavior near the

element w. In fact,
1
dg=udg, u=q ™" ng ; (3.1)
Indeed, let f € C.(G), and let f(g = Jyep f(bg)dr(b). Then

[ t@rg = [ Fwyan, whie /f 29 = [ fun()ds

The function f has the transformation property f(bg) = [b|~'f(g) where |b| =
[ f(k)

|n.a(y)| := |y|; so we are reduced to computing the ratio TFlwn(e)ds for a
single f with this property. We choose the square of the “height” function
flg) = H (‘S %;”2, where ||| is a K-invariant norm on k?, which we normalize so
that [|(0,1)]] = 1. We are reduced, thus, to evaluating «, = [ _, II(1,2)[|"*dz.

1. If k£ is nonarchimedean, with residue field of size g,

q*dw/2@

w=q "0+ (g- 2+ +..)) = L@
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2. If k =R, then Lk:f%:ﬂ-:FR(l)_

I'n(2)
dxAd o r dr I'c(1
3. If I{?ZC, then LkZQfW :47TfT:OT2)2 =21 = Fg&;.
3.1.7. Representations: convention. — In the sequel, the irreducible

admissible representations of GG that will occur are assumed to be local con-
stituents of unitary automorphic representations of GLy(A). In particular, by
the work of Kim and Shahidi [41], such representations will never be com-
plementary series with parameter > 6. (cf. (2.8)).

3.1.8. The local analytic conductor. — Given d = 1,2 and 7 an irre-
ducible admissible representation of GL4(k) acting on a vector space V say
we define the (local) analytic conductor of w, C(7), to be

- k non-archimedean: C(7) = ¢/™ where f(7) is the conductor of .
- k archimedean: the L-factor of 7 has the form
d
L(m,s) = H (s + prs)
i=1
with I'r(s) = 77%/2I'(5/2), I'c(s) = 2(27)~*I'(s) and p,; € C; the analytic
conductor is given by
d
C(m) = JJ(2+ a5,
i=1
In the sequel, the usual notation of Vinogradov A <, B will have the follow-
ing slightly more precise meaning: there are constants C,d > 0 (independent
of m) such that |A| < C.C(n)%.|B|; we will then say that A is bounded by
B, polynomially in 7.

3.1.9. We recall that we have defined previously ( a system of
Sobolev norms S} on any unitary representation V' of G; these norms have
the property, among others, that SY(v) = ||A%]| for a certain positive self-
adjoint operator A on V. As a complement to our earlier convention [3.1.3]
the indices of the Sobolev norms occurring in inequalities such as A < S*(f)B
will always be independent of the field k.

3.1.10. Principal series representations. — For (w,w’) a pair of char-
acters of k*, we denote by Z(w,w’) or wH w' the corresponding principal
series representation of G which is unitarily induced from the corresponding
representation of B: the L?-space of functions f on G such that

1) 9 = lafa tad @11 (0).
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with respect to the inner product

o f) = /K (k) Pk

If w,w" are unitary, the resulting inner product is G-invariant and Z(w,w’)
is thus a unitary representation. Such representation will be called a wunitary
principal series. In this case, for f € Z,

1= [ 1@ =t [ e P, (32)

where 1, = q_d¢/2gz—8 is as in §3.1.6
Even if w,w’ are not unitary, a principal series representation Z(w,w’)
may be unitarizable although not, in general, with respect to the above inner

product. In particular, in such cases, w*

=w'.

3.1.11. Deformation. — It will be of utility to deform induced repre-
sentations. To that end we introduce the following notation: Suppose that w
is induced from@ two unitary characters w,w’, i.e. m =Z(w,w’) and and s is
a complex number. We set

7 = w|. "B

it is realized in the induced space Z;. For f € Z, we define f; to be the
vector in Z, whose restriction to the maximal compact K coincide with that

of f.
The map [+ fs is K-equivariant from 7 to m,. It is not G-equivariant
in general.

3.1.12. v-factors. — 1If m is a unitary representation of GL,.(k), we
define the v-factor, as usual, as the ratio

(1, 8) = e, >%

We recall that, if 1 is unramified and k£ non-archimedean, then
e(m 1, s) = ¢ 2, (3.3)

where f, is the local conductor of 7 (in the sense of [39]). When r =1 and
7 is a character x of k*, we obtain the 7-factor of Hecke and Tate. Recall
that, for @ a Schwarz function on k£ and

Z(®,x.5) = / () ()| d*x

21 The choice of w,w is unique up to order.
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we have
Z(¢7X_171_S) :W(Xa@bas)z(@;Xa S)v (3'4)

where @ — @ is the Fourier transform; also y(x,,s) can be expressed for-
mally as [, 9(z)x(2)"'|z|"*dz, and it has poles only when R(xa®) = 1.

We shall use the following estimtes for the ~-factor: given 0 < e < 1/100,
one has for GLq,

05,0 =, 00 Cond() “ 2, (gele1/2—d),  (3.5)
and for GLo,
(¥, o) < o Cond(m)~ =12 (5 €[3/26 +¢,1/2 —€]) (3.6)

This follows from the prior remark, the dependence of e-factors on v, and
the fact that L(m,s) and L(7,1—s) are uniformly bounded above and below
in the stated region, if k is nonarchimedean; and by a direct computation
(see [38, Chap. 1, §5 & 6]) when k is archimedean.

For GL;, the same bound remains valid (with the same proof), so long
as 7 is unitary; we may even replace (3/26,1/2) by any compact subinterval
of [0,1].

3.1.13. Let f e C*(R;), and consider the integral

G(\t) = /000 f(x)|z|?e™ dx.

The method of stationary phase shows that the dominant contribution to
this integral comes from stationary points of the phase function Alog(z)+tz,
ie., when z = \/t. If f is fixed, it therefore follows that G(A,t) is small
unless A\ and t are of the same order of magnitude. Moreover, stationary
phase predicts that, when A ~ ¢, the magnitude |G(\,t)| ~ A7Y/2,

A similar phenomenon occurs when we replace R by a nonarchimedean
local field with residue field of size ¢; in that case, the pertinent integrals are
closely related to Gauss sums. If y is a character of conductor C' = ¢/x > 1,
and D = ¢% the discriminant of 1, then: for t € k*,

.o lul £ D/t
x r)d*xr = 3.7
[ {ncl/ﬂuﬁx dd=cpp @7

with |n| = 1.
The following general version will be helpful:
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3.1.14. Lemma. — Let A< B € R. Let k be a local field, ¢ € CX(k>)
a smooth function, and x a character of k of conductor C such that, writing
Ix(x)| = |x|, one has A< o < B.

Set, for t € k*,

Golx.t) = [ ola)lta) (o).

Then:

1. For every N > 0,e >0, we have:

1+ c\V
Gl )] w430 O/ max ( o ”H) |

2. Fiz € > 0. Then there exists t, satisfying
Go(x,b)| >y C7H272%

log [t]
oa(C1D) 1‘ < e, so that

Proof. — The statement (2) follows from statement (1) and Plancherel
formula:

/k G, 1)t = / 6(@)x(z) P,

noting that the volume of the set [t| < C is =< C. It suffices thereby to prove

(1).

We shall give the proof of the bound |Gy(x,t)| <snan (1+[t])/C)N.
Let us suppose, first of all, that k is archimedean, and fix a basis {D;}
of k*-invariant differential operators on k* of degree [k : R]|. Then x is an
eigenfunction of each D;, and there exists ¢ so that the eigenvalue \; satisfies

‘)\1‘ > C. N'OW7

|Go(x, 1) < C_N/DfV(QS(ﬂf)@b(tx))X(ﬂf) <gnan CTV (L)Y

If k£ is nonarchimedean, there exists a constant ¢ > 0, depending only on
¢ and the discriminant of ¢, so that ¢(z)y(tx) is invariant under x — zy
whenever |t(y —1)| < ¢. In particular, Gy(x,t) vanishes whenever [¢{|C™! < c.

The bound |Gy(x,t)| <snap ([t]/C)™N is similar; we replace the role
of multiplicative translations and multiplicatively invariant differential oper-
ators by additive translations and additively invariant differential operators.
We also reverse the roles of x and ¢ in the prior argument.
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As for the bound Gy(x,t) <gnap C7Y?*, we may assume that y is
unitary, after replacing ¢ by ¢|z|” suitable . Fix ¢ > 0 small. By (3.4),
applied to z +— ¢(x)|z|' " (tz), we may write G4(x,t) as

Ji (@) (@ + 1) (xa®) H(w)dw [, (o' ) (w)x " (z — )|z — t| " dx
Y ¥s€) Y9, €) ‘
Our assertion follows from the rapid decay of (gb/al:)(x) and (3.5]). 0

3.2. Whittaker models.

Let 1 be the non-trivial additive character of k described previously.
Given m a generic representation of G, m admits a unique realization in a
Whittaker model, which we shall denote by W(w, 1), and thereby in a Kir-
illov. model, which we denote by # (m,1). We equip the Kirillov model with
that inner product given by the L2-inner product on k*:

W) = [ wEay (3.8)

Unless otherwise specified, the inner product is always the one that we
will put on any Kirillov or Whittaker model.

Let us suppose, moreover, that 7 is unitary, i.e. equipped with a G-
invariant inner product. Then we may choose an intertwiner m — £ (m,1))
which preserves inner products. Such an intertwiner is unique up to a scalar
of absolute value 1, and we will regard it as having been fixed; thus we
will identify 7 with J¢ (7, ). Throughout this paper, since we are concerned
only with the size of various quantities, the scalar of absolute value 1 will
not prove a problem. Therefore — in the setting where 7 is equipped with
an inner product — we will regard the following statement, for example, as
meaningful:

Choose v € m corresponding to the element W € W(mr, ) ... (3.9)
3.2.1. Intertwiners from the induced model to the Whittaker model. —
It will be useful later to record these in somewhat explicit form. Notation as

in §3.1.10) let 7 = Z(w,w’). An explicit intertwiner m — IC(m,) is given by:

fHW%‘%@:%WAﬂWMMMWM%zﬁmk (3.10)

If w,w’ are unitary, then the map (3.10) is isometric by (3.2)); this was the

reason for the inclusion of 7.
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Taking ¢ = a(y), one has

Wyla(y) = ng "l (y) /ek flwn(z))y(zy)da.

In general, the right-hand integral is not absolutely convergent, but it is con-
ditionally convergent — interpreted as a limit of integrals over increasing com-
pacta |z| < R — if f is a smooth vector.

It follows from the above expressions, using the shorthand a(y) := |y|,
that:

77,1/2/Wf(y)x(y)dx,y = (/ f(wn(x))xf($)—1d$> DG, (3.11)

where Y := yw'a!/?.

Remark. — It is useful to discuss convergence. Suppose w,w’ unitary.
The left hand side of is holomorphic for R(x) > —1/2. On the other
hand, the right-hand side integral is absolutely convergent and holomorphic
in the range —1/2 < R(x) < 1/2.

We observe that the left-hand side of has poles precisely when
xw = a2 or yw' = a2, These poles arise from the asymptotics of W (y)
as |y| — 0. On the right-hand side, the integral involving f has poles at
xw' = al/?) arising from the behavior as |z| — 0; this pole is cancelled by
the zero of the y-factor y(x~'w'=! 1,1/2) at this point. Moreover, one has
poles at yw = a~/? (arising from the asymptotics of f as |z| — oo) and
xw' = a~'/? (arising from the pole of 7).

3.2.2. The Jacquet-Langlands functional equation. — Let m be generic,
not necessarily unitary. For y a character of F'* let Ry denote the real part
of x (|x()| =|.I™) and set for W € ¢ (x,),

(W) = W (w)x (u)d™ u; (3.12)
kX
This integral is absolutely convergent for $(x) = o > 0. By the theory of

Hecke and Tate, ¢X(W) admits a meromorphic continuation to k*; more pre-
cisely the ratio % is holomorphic; it satisfies the local functional equa-
tion

y(m @ x, 0, 1/2) (W) = <~ X (W) (3.13)

where W = m(w).W, and w is the central character of .

1

Note we regard W as belonging to the Whittaker model of 7; it would
also be possible to incorporate the w-twist into it and regard it as being in
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the Whittaker model of 7, bearing in mind that 7 = w(det)™ ® 7. In any

case, the Sobolev norms of W and W are the same, because the element w
belongs to K.

3.2.3. Proposition. — (Pointwise bounds for the Whittaker function.)
For any N >1, any € >0 and all W € IC, there ezists d = d(N) so that:

270y <1,

W(y)| <y SFTDmwyd o .
¢ =N,y =1

Proof. — The assertion for |y| > 1 is elementary; it is a quantification
of the well-known fact that Whittaker functions decay at oo. For example,
in the real case, one may use the fact that there exists an element of the
Lie algebra of G which acts on the Kirillov model by W(y) — yW(y). We
leave it to the reader (see also [7, (29)]). As a consequence for the assertion
with |y| > 1, we deduce that

|X(W)| < SH ™9 (W) (3.14)

whenever R(y) > 0.
By inverse Mellin transformf] and (3.13)) , we have

W(y)_/% . X' (y)dx . W (u)x (w)d*u

- / D
Rx=0>1 7(71— XX, 1% 1/2) .
. o (W)
1
= dy.
/mX:U/ X (y)ry(ﬂ- ® X ,;Z}? 1/2) X

At the last stage, we have shifted the contour to Ry = o’ for o’ € (£—-1/2,0):

under our convention, the contour shift does not cross any pole of the local

L-factor L(m x x,1/2), and therefore the integrand remains holomorphic.
We observe that in the nonarchimedean case

W (u)x ™ (w)w  (u)d u = 0

kx

as long as the conductor of yw is strictly greater than any r for which W is

e[r]-invariant. Applying then (S4d), (3.6), the previous bound (3.14]) in the

22 The measure on the space of x is obtained as follows: the x-space is a principal homogeneous space
for the dual group to k*, and we transport the dual measure to that space.



48 PHILIPPE MICHEL, AKSHAY VENKATESH

range R(x~') > 0 and the previous observations, we conclude that, for any
m =1,

W Coner o 77 =00) [ Oy mClr o
X
The inner integral may be expressed as fx C(x)""C(7®x)7 . Since ¢’ < 0 the
inner integral is bounded independently of 7 by taking m large enough. (This
is only for convenience; an implicit dependence on C(m) could be absorbed
into the Sobolev norm using the results of §2.6.5) In the archimedean case,
we reason similarly, replacing the statement “. .- =0 as long as the conductor
of x is strictly greater than ... ” by integration by partﬂ
g
We shall need later the following variant also. Its role in our proof will
be the following: we shall need, at certain points, to utilize non-unitarizable
representations, and this Proposition that follows allows us to maintain con-
trol on their Whittaker functions so long as they are “close enough” to being
unitary.

3.2.4. Proposition. — Notation as in so that 7 is a unitary
principal series, [ = fo € 1 = my, and fs € w5 a deformation as in §3.1.11]
Let Wy be the image of fs under the intertwiner . Then there exists
an absolute d >0 so that, for 0 <6 < 1/20, and |R(s)| <9,

[ Wal)) P max(lyl o)y < S5 (3.15)

Proof. — The Mellin transform [, Wo(z)x(z)d*z is absolutely conver-

gent for R(y) > —1/2, cf. Remark [3.2.1]

Fix any n € (0,1/2); we will use it to parameterize a compact subin-
terval of [0,1]. Take any 8 € (—=1+n,—n); by Mellin inversion and (3.11)),

1/2 Yo'~ lal/2
M, t (Wo)
fwn(@) = 2o [ xS T e @ae)
(1) Jwp=s y(x~19,0)
with the measure dy is as before. We now bound fo(wn(z)): we apply Propo-
sition [3.2.3] and (3.6)) to equation (3.11)), and use similar reasoning to Propo-
sition |3.2.3| to pass from a pointwise bound for the integrand in (3.16)), to
the integral.

23 in the archimedean case, there is an element Z € g (more precisely in the Lie algebra of a(k*)) of

bounded norm so that [, , W(u)xil(u)dxu <L C(x)t Jix Z.W(u)x’l(u)dxu.
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We arrive at the existence of d so that for x € k and 5 € [-1+n,—n):
[ folwn(@))| < 87 (fo)ll”. (3.17)

Observe that: f,(wn(z)) = folwn(x))q(z)®, where ¢(z) = ||(1,2)|| 2 (no-

tations of §3.1.6). Combining this with (3.17) and substituting into (3.11)),
we see that for n € (0,1/2) there exists d = d(n) > 0 so that, whenever

[ROO[ + [2R(s)] < 1/2 =,

‘ [ Wiy

Now fix 8 =1/20. Estimate [ |W,(y)|*|y|*?d*y by Plancherel, yet again
controlling the X-integration as in Prop081t10n 3.2.31 Thus, there exists d so

< S7(fo)C(x)".

/ W) 2 max((y], [y] 1) d"y < S5(fo)® (R(s)] < B) (3.18)

This is almost what we want; however, the “number of derivatives” in

the Sobolev norm in (3.15)) is “small,” whereas (3.18)) involves an unspecified

number of derivatives (i.e., we have no control of d). To get around this, we
interpolate.

Define for every complex s with R(s) € [0,] and 7 € [-1,1], a function
F, € L*(k*) via the rule

—4ds —1\s
Fy(y) = Wrg(A75° fo) - max(|y], [y| )/

Here A denote the local laplacian discussed in §2.3.3 and WTS(A_%S fo) de-
notes the result of applying the intertwiner (3.10) to the representation m, 4

and the vector whose restriction to K is that of A™5° fo- Also, d is as in
(3.18).

Then s — Fy is a holomorphic function from {s € C : |R(s)| < 8} to

L*(k*). Moreover, independently of 7, ||Fs||* < ||fo]|*> for R(s) = 0, while for

R(s) = 8, we have by (B.18)
|FIP? < SFAT3f0)2 = A B f 12 = |1 ol

hence we have |[|F,,||? < [|fo/|* in the region R(so) € [0,3] (independently
of 7) : for every sg, apply the usual maximum principle to the holomorphic
function s — (Fy, Fy,). We have shown that for all [R(s)| =9, all 7€ [—-1,1],

/ W, (f)2 max(lyl, [y ™) < SB/8(fo)2,

which implies the desired assertion. ad
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3.2.5. Computations in the Kirillov model. — Suppose that k is archi-
medean; the action of the Lie algebra of G, g, on J# (m,%) is well known [38|
Chap. 1 §5,6]. For instance, it follows from the explicit computations of [67,
§8.1.1] that given Zj,...,Z,, € g, a smooth compactly supported function
W e C2(k*) C H# (m, ) one has

12, Zo - .. Zoy - W| < C(m)™ des®) SE* (117,

where

SnW) = [ (ol + i S DV Ry,

and D; ranges over a basis of k*-invariant differential operators of degree
< 2m.

Remark. — This result is stated in [67, Lemma 8.4], except the expo-
nent of C(m) is given as 2m/ deg(k) rather than m/deg(k). however, the im-
proved statement follows from a simple computation: if A, denote the Casimir
eigenvalue, v, the eigenvalue for the action of the Lie algebra of diagonal
matrices and D := ydiy, then there are generators of the Lie algebra (inde-
pendent of 1) which act respectively as vy +D,y,y ' (Ar+(vr+D)— (v, +D)?).
Taking into account that both v, and A\, —v? are bounded by C(7), we are
done.

By the mean-value Theorem, we have, for 6 € R, 0 < < 1:

|lexp(6Z2). W — W||, <6 sup |exp(6'Z)-Z-W| =46 Z.W|
5'€[0,0]

< 6C ()Y des) SE* (177, (3.19)

Moreover, all the implicit constants in the above inequalities may be
taken to depend continuously on Z; or on Z. In particular, they may be
taken to be uniform when Z is restricted to a fixed compact set.

3.2.6. Some norms related to Whittaker models. — Let my, m3 be two
generic irreducible representations of G with 73 isomorphic to a unitary prin-
cipal series Z3 (see ; let x;, ¢+ = 2,3 denote their central characters.
Let L?(N\G;xaxs) be the L%space of N-equivariant functions on G which
transform by x2x3 under multiplication by the center, with respect to the
inner product

(P ) ma = /N\G|90(9)|2d9
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3.2.7. Lemma. — The GLy(k)-equivariant map
J = Jﬂ—mﬂ-g : (W, f) S W(ﬂ'g) X Ig — Wf

defines an isometry from my @ w3 into L*(N\G;x2X3)-

Proof. — It suffices to check that it preserves inner products of pure
tensors. Take (W, f), (W', f'), and observe that — using the Iwasawa decom-
position —

<J(W7f)7J(W/7f/)>N\G:/ekx keKW(a(y)/f)W’(a(y)k)f(/f)f’(/f)dXy (3.20)

Since the integral fyekx W(a(y)k)W’(a(y)k) equals the inner product (W, W’)
for any k € K, the right-hand side factors as a product (W, W), (f, ') rs-
We are done. ad

3.2.8. Lemma. — Suppose k non-archimedean. Let
Ty =X> BXy, T3 = X3 Bxz

be unramified principal series representations with w3 tempered (i.e. the char-
acters x5 are unitary). We assume moreover that the additive character v is
unramified.

Let W be a spherical vector, in the Whittaker model of my and f spher-
ical in the induced model of ms. Let mo(s), ms(t) and Wy € ma(s), fr € m3(t) be
deformations of respectively W, f parameterized by complex parameters s and
t. Here Wy is obtained, as before, by applying the intertwiner (3.10) to the
fa(s), where fo € mo is the preimage of W under the intertwiner (3.10)).

We denote the map Jr, r, by J and Jry(s)re by Jsp For 0 <6 < 1/10,
|s], |t| < &/2, and uw € G one has

(u.JW @ f), L. (Ws ® fi)) e
W 2[ £1I2

< |JAd(w)]|?T0 (3.21)

Proof. — We may assume that W(1) = f(1) = 1.
We shall reduce the bound (3.21)) to a bound where the representation

o, T3 are unitary, although o is not tempered. In fact, we claim that:
(. J(W @ f), Jos(W® fi))mial < 20w (We, 50 f°), J(Weys @ fO))mas (3-22)

where 7, replaced by the complementary series |.|?T9H|.|7~° with parameter
0+ 6 and 73 replaced by 181; Wy, f° denote the spherical vectors in the
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corresponding models of the respective representations, normalized as above.
Then by Lemma the latter integral factors as

(- J(Wes @ £7), JWos @ f)) e = (Wi, Wols) (u. £, f7)
< [JAd@) " THIWRSIPILF1P << [Ad @)= HIW P11

as follows from bounds for matrix coefficients and a computation of the norm
in the Whittaker model.

As for the claim: we note that by the Cartan decomposition and K-
invariance, we may assume that w is of the form a(ty) with 0 < |to] < 1;
again by the Cartan decomposition

(W IW @ ). 1eWe e = [ [ w (VDT eyl akd"y

Fix a unitary character y, and consider the space of functions F' on G sa-
tisfying F'(z(t)n(x)gk) = x(t)¥(z)F(g), k € K. This space is equipped with a
natural inner product, namely, that arising from L?(N\G). This inner prod-
uct is a Hermitian form in the values (F'(a(@w®)))acz. In particular, the ma-
trix coefficient (uFy, Fy) may be expressed:

<u'F1’F2>:/X/K“‘Fl(a(wk)E(a(y))\y!_ldkdxy
= Y chpaFia(@) Ela(@?)).

a,BEZ

Moreover the ¢, satisfy |c%, | < c% ;. It follows that if F; (i = 1,2) as
above, are invariant under the center and satisfy |Fj(a(¢®))| < Fj(a(p®)) for
every «, then also |(Fi, o) v| < (F1, Fa)ma.

We claim that [Js:(Ws ® fy)a(w®)] and |J(W ® f)(a(w®)| are both
bounded by 2Jp5(Wg. s ® fO(a(w®), the latter quantity being non-negative.
This will complete the proof of the claim (3.22]).

By choice of data, all quantities vanish when o < 0. When a > 0, they
may be explicitly evaluated. Our assertion amounts to the following:

< Z (]’l“((”‘s/m)q"‘;/2 < 2( Z qk(9+5)>,n >0, ¢q>2and 6,0 >0. (3.23)
]

k€[—n,n ke[—n,n]
2|(k—n) 2|(k—n)
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3.3. Bounds for the normalized Hecke functionals.

Let x be a character of £*, and 7 an irreducible unitary representation
of G with central character w. It is known that the space of functionals ¢X
on 7 satisfying

o ((3 2) v) — v(@)wy M (d) (o). (3.24)

is at most one-dimensional. Our goal is to normalize an element in this space
(using the unitary structure on 7) up to a scalar of absolute value 1. Once
this is done, we shall study the analytic properties of the resulting “normal-
ized” functional.

3.3.1. The normalized Hecke functional. — As before, we fix once and
for all an identification of m with & (mw,1) which carries the unitary structure
on m to the unitary structure on J¢ (w,v) given by (3.8). This being under-
stood, define a functional ¢X on the Kirillov model ¢ (7,1) — and therefore
on m — via the rule of (interpreted by meromorphic continuation in
general). In the case x is the trivial character, we denote ¢X simply as /;
thus ((W) = [, W(y)d*y. The resulting functional satisfies

We have thus normalized a functional in the one-dimensional space of
solutions to , up to a scalar of absolute value 1; this ambiguity arises
from the ambiguity in choosing the isometry between =« and its Kirillov
model.

Equivalently, the functional may be expressed in terms of matrix coef-
ficients: one has

CEFTW = [ tawn i

as follows from (3.8)). In particular, if x is unitary, the associated Hermitian
form wX := |¢X|* depends only on the unitary structure on 7 — i.e., there is
not even an ambiguity of absolute value 1 — and can be expressed thus:

WX (v) = / lalylo. o)y, vem (3.25)

3.3.2. Lemma ([67], Lemma 11.7). — Suppose k non-archimedean; let
v the new vector, and let r be the conductor of x. Then:

Lir®x,1/2) r=0
n r>0

Xn(w ") = {

where n has absolute value q~"/*(1 —q71).
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3.3.3. Lemma. — Suppose k archimedean. There is v € w, with the
property that S¥(v) <4 C(m)?? for every d, and so that, for any ¢ > 0 there

is T € k with lé;géa) €[l —¢1+¢] so that,

[X(n(T)w)] > Cx)™*.

Moreover, £Xs(n(T)v) <. C(x)~V?* for any s, the implicit constant uniform
when R(s) remains in a compact set.

Proof. — We take v = W to be (considered in the Kirillov model of
7) a smooth bump function supported in the ball of radius 1/10 centered at
y = 1. (For concreteness, fix once and for all such a function both in the
case of R and C. The implicit constants in the result will depend on this
choice.)

The bounds on Sobolev norms are a consequence of the comments in

93.2.5 Noting that,

WWH@IAW@MMM@W%

the assertions concerning upper and lower bounds for ¢X follow from Lemma

BIT14 O

3.4. Normalized trilinear functionals.

Let m;, for 1 < i < 3, be three unitary irreducible generic representations
of G, the product of whose central characters (x;, ¢ = 1,2,3) is 1. In the
sequel, we denote by w the product xixe. It is known ([59], [57], [45]) that
the space of trilinear invariant functionals

7T1®7T2®7T3—>C

is at most dimension 1. Again, we wish to normalize one up to scalars of
absolute value 1, and study the analytic properties of the resulting “normal-
ized” functional.

3.4.1. Integration of matrix coefficients. — We take the following nor-
malization (cf. [69], [32], [62]).
Lwlorasan)l = [ (gmm){gn o) (gos abdg. (3.20)
geG

By (2.8]) together with the convention §3.1.7 the integral is convergent, and,
indeed, bounded by a constant multiple of [[7_, ™ (x;). It is true, although
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not obvious, that the right-hand side is positive. By direct computation (see

132]),
|Lw|2 2L(7T1®7T2®7T3,%)
= G2 T
Hi || HizlL(Wi,Ad71)
if k is nonarchimedean and all vectors are unramified.
Another functional arises naturally from Rankin-Selberg integrals. Sup-
pose that m3 ~ x5 B x3, is a principal series representation (x4x; = X3
) realized in the model Z3, and that m; i = 1,2 are realized in the respec-
tive Whittaker models W(my, %) and W(my, ). (More precisely, we follow the
convention of fixing once and for all an equivariant isometry between m; and
their respective Whittaker models, equipped with the inner product ;
thus, for instance, we will regard a linear functional on the Whittaker model
W(m;) as a linear functional on ;. )
Then, for W; € W(m;), f3 € Z3, we put

(3.27)

Lps(Wi, Wa, f3) = G(D)Y2 [ Wil fs, (3.28)
NG

=G [ [ WalalWalalh) flalo)b)ly] '@y

If W;, f3 are spherical, and k& nonarchimedean, then
Lrs(W1, Wa, f3) _ Ck(1)1/2L<771 ® T ® X3,1/2)
Wi (1)Wa(1) f3(1) L(x3 /x5,1)
If we specialize to x3 = |-|*/2, Wy = W] then Lpg = Ce()Y2|WA12 [ f(k)dE,
giving in particular for spherical vectors

(3.29)

[Wi]” 1 _ L(m;, Ad, 1)
= (2 L(my x 7, 1) = ———=((1).
TABIE CGe(2)™ L(m ) &) Ge(1)
We conclude that, in the unramified case,

|Lgs|? L(m ® m @ 73, 3)
3 3 .
[Tz Nl IT—: L(mi, Ad, 1)
3.4.2. Lemma. — Let L = Lrs or Ly be defined as in either (3.26)
or (3.28). Then for x € my, x5 € m3:

H$1H2H$3H2=/ dpp(ma) Y |L(zy, 2, 23)[, (3.30)
m

xo€B(m2)

= (x(2)?

where dpp(ms) is the Plancherel measure on the unitary dual of G, and B(ms)
is an orthonormal basis for my. In particular, |Lrs|?> = |Lw|* whenever my is
tempered.
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The proof that follows is inspired by joint work of one of the authors
(A.V.) with Y. Sakellaridis.

Proof. — The validity of for L = Ly is an immediate conse-
quence of the Plancherel formula.

The validity of , where L = Lgg follows from the first
Lemma of together with the following: it is known (the Whittaker-
Plancherel theorem) that for F' € L}(N\G),

1Py = D) [ dupr) 3 PP (331

xeB(m)

where, for each m, we choose an orthonormal basis B, and a unitary inter-
twiner from 7 to its Whittaker model W(w). In fact, the key point in the va-
lidity of ( - ) is the equality , for W; € W(m) between fzekw(x)(n(x)Wl,Wg>
and (x(1)W;(1)W,(1). This follows from the usual Fourier inversion formula,
taking into account that the Haar measure on k was chosen to be self-dual
w.r.t. k.

The second assertion (the coincidence of the two definitions of |L|* when
7 is tempered) follows from uniqueness of unitary decomposition, applied to
m ® 73, together with the fact that the support of the Plancherel measure is
the full tempered spectrum, and from a continuity argument. a

Remark. — Tt may also be deduced that |Lgs|? and |Ly|* coincide
even when not all m; are tempered. To do this, write I[I = ®3_,7;. Both
|Lw|? and |Lgs|* are Hermitian forms on I and can be polarized to maps
Il ® I — C. These polarized maps vary holomorphically in parameters, and
therefore their coincidence may be extended from tempered representations
by analytic continuation.

Remark. — To give a trilinear functional on m ®my® 73 is equivalent to
describing an equivariant intertwiner m; ® w3 — mo. Dualizing, we denote by
I, the functional I, : m ® m3 — m that arises from the normalized trilinear
functional on 7 ® Ty ® m3. In explicit terms,

L(:z:l X Lo X :Eg) = <I7r2 (171 ® x:s), 362>7

and one has
ry(z1 @ 23)[IP = Y |L(z1 @ 22 @ 23) ] (3.32)
x2€B(m2)
It is often convenient to think or phrase arguments in terms of I,,, instead
of L. In the sequel, the notation I, will designate the intertwiner associated
with Lgs(*, 7, %) or Ly (x,m,*).
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It should also be noted that Bernstein and Reznikov made extensive
use of a local study of such trilinear functionals in their beautiful papers.

3.5. Bounds for trilinear functionals, I: soft methods

In this section we present some “soft” upper bounds on the normalized
trilinear functionals. In fact, the entire section is not strictly necessary for the
present paper, since we reprove the bounds by brute force in later sections.
However, under the Ramanujan conjecture, one does not need the brute-force
computations, so the reader may prefer to focus on this section at first.

Our main result is Lemma [3.5.3] It bounds the Sobolev norms of I, (z;®
x9) in terms of a certain norm | - ||z on the space of m and 7y, assuming
that all three representations are tempered.

For the rest of this section, we will assume that the local field £ is
non-archimedean; the proof in the archimedean case is similar.

3.5.1. Suppose V is any unitary G-representation. We deﬁne@

1/4
lally = ( / |<lm,x>|2> |
keK

where K is endowed with Haar probability measure.

Lemma. — ||x||% is a norm.
Proof. — Let v+ v® be the averaging operator over K. Then |z|2, =
|(z @ 2)X|lyov. Now, Cauchy-Schwarz demonstrates that
Iz @ )" [Frer < (2 @ 2) lvavli(y @ y) " lvey. (3.33)
Since (z+y)@(r+y)=rRr+2rQRQy+yRr+y®y, we conclude. O
Lemma. — There exists d < d <0 so that
Sy <l llw < Sy

on any unitary representation.
We omit the proof, for this is never used in the present paper.

Lemma. — Suppose g € G; then ||gz|z < C(9)||x||l%, where C(g) is a
continuous function of g; we may take C = [KgK : K]|'/4.

24 If K were a compact abelian group and z € L?(K), this coincides with the Gowers U%-norm.
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Proof. — Write U = gKg !N K; we equip it with the restriction of the
measure from K. Then [ |(ugz,gz)|* < |z[|. Thus

I(gz @ g2)"|I* < [K - U]l (3.34)

where, once again, w +— wY denotes the projection onto U-invariants. Clearly,
(92 @ gz)¥|| < ||(g9z ® gx)Y|| (averaging decreases norms!) and we are done

since [K : U] =[KgK : K]. 0
3.5.2. Lemma. — For xy,x9 € w1, 7y and for any d > 0 we have:
ST (Lr, (21 ® 2)) g Sy (21)S]7 (22). (3.35)

where d’ depend on d only.

Proof. — We have seen after (3.26] that there exists an absolute dy so
that

3

(Iny (11 @ 1), 23) < [ [ ST (), (3.36)

i=1

which shows, in particular, that ST&O(L@) is bounded by a quantity as in
the right-hand side of . However, we wish the same result where —d
is replaced by an arbitrary positive quantity. To establish this, observe first
that, by equivariance, that z; € m[m| = I.,(r1 ® x2) € m3[m|. It follows,
then, that a bound of the form (3.35)) is true when z; € m[j], zo € mylk| for
any j,k. Now apply (twice: first fix z7, and then fix x3) to conclude
the same result for arbitrary i, z». O

3.5.3. Lemma. — Suppose 7; are all tempered. For any n > 0, set
B, ={g9 € G:|=(g9)] = n}. Then there exists an absolute constant dy = 0
(independent of k) so that:

ST (Iny (11 ® 29)) < (vOlB,)* |2 Lol + 0t ES™ (21)S™ (5)

4

The reader should ignore the second term at a first reading; the content
is that I,(z; ® x2) is bounded “up to es” by |x1||#|||z2] -

Proof. — 1t is sufficient to show that there exists n > 0 so that, when-
ever xg is invariant under an open compact subgroup U C K, |L(z1,xe,x3)| <
[K : U]™- RHS, where RHS is the right-hand side of the stated bound.

We endow both U and K with Haar probability measure. By a mod-
ification of (3.33)), [|(z1 @ z2)Y||* < [K : Ul||21|% |z2]%,. Writing [],{(gz:, ;)

(g(x1 ® $2)U7 (11 ® $2)U><9$37 r3),
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we deduce from bounds on matrix coefficients (see §2.5.1) esp. footnote):

[Tlgzs) < {EW[K Ul

2|17 llws]l?,

Z(9)° I, 8™ (:)?,

To analyze |L(x1,22,x3)|, we split the g-integral into B, and its complement,
applying the former bound on B, and the latter on its complement. This

leads to the stated bound; the bounds on =(g) are obtained using only the
fact that

i

| 1zpe <
geG

Remark. — When w3 is not necessarily tempered, an analysis of the
prior argument shows that, if z; are invariant by subgroups U;, then |L(xy, zo,x3)|
is bounded above by

[ Uslg™ ||l | all ||| + T [ B < U220 D | floa | |5 (3.37)

3.6. Choice of test vectors in the trilinear form.

In this section, we estimate L and I, for specifically chosen test vec-
tors.

3.6.1. Proposition. — Let w1, 7o be the two generic unitary representa-
tions of Glo(k). Suppose that w3 is the principal series representation 1H xs,
where x5 ' is the product of central characters of my,ms.

Write the analytic conductors C; = C(m;). Then, for any € > 0, there
exists vectors x; € m; with the following properties:

Nzl =1 ;

-For d >0, S7*(v2) <dm, 1;
-For d >0, S7*(v3) <dmm 1;
Mlealle <o O

- |L(my, o, x3)| >0y e 01_1/2_6;

- If k is non-archimedean and all the m; are unramified, we may take
1, T2, x3 to be the new vectors. In this case,
L(m ® m ® 73, %)
H’i L(l,’/TZ,Ad)

|L(.Z'1, T2, l’g)’Q
[T ]

The rest of this section indicates the choice of test vector and the proof of
the assertions. The unramified case has already been noted.

= (x(2)°



60 PHILIPPE MICHEL, AKSHAY VENKATESH

3.6.2. Case of k nonarchimedean. — Write f to be the larger of the
valuations of the conductors of 7y, m. We set:

1. 1 € m to be the new vector in the Whittaker model W(my, 1),
normalized to have norm 1;

2. r9 € My to be the new vector in the Whittaker model W(?TQ,E),
normalized to have norm 1;

3. x3 € m3 to be the vector in the principal series representation cor-
responding to the function f3 € Z3 of norm 1 which upon restriction to K,
is supported on the compact subgroup Kj[f], and is a Ky[f]-eigenvector:
explicitly

VN (Ccl 2) — Vol(Ko[f])’l/zxg(d)lKo[f]. (3.38)
The ratio %VV[(}”)', when W is the new vector, is well-known (e.g. [66, §7]),
and in particular is absolutely bounded above and below at nonarchimedean
places; the assertion on Sy'(7;) (i = 2,3) follows from the fact that w; is
invariant under K|f;], with f; the conductor of ;.

Any K-translate of w3 is either orthogonal or proportional to x3, and
therefore

5]l = vol(Ko[f])/* <y C7 2.

The lower bound for L follows from ([3.28) taking into account that the
function k — Wi(a(y)k)Wa(a(y)k)f3(k) is supported on Ko[f] and is Ko[f]-

invariant:
Lavasay) = [ [ Wila@hWalelw)o a0yl ayak
K JEX

= vol(Kol /) | Wila(p)Wala()lyl "y > €7

Thus in the non-archimedean case, the proposition is valid with € = 0.

3.6.3. Case of k archimedean: the tempered case. — We assume that
mo is tempered. Let ¢ be a smooth function on k*, with (1) = 1, which
is supported in a fixed compact neighbourhood of the identity and so that
[lel?d*y =1 and [ |o|?|y|"/2d*y = 1. Fix §, M > 0; later, we will choose 4
to be “small”, to an extent depending on the parameter € chosen in Propo-
sition |3.6.1), whereas M will be a “large” but absolute constant.

We set

C := CY max(Cy, Cy)' . (3.39)
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Intuitively, the reader should think of C' as being “a tiny bit larger than
C,.” It will be convenient to define

Ke={9€K: |g—k|<C! for some k € KN B} (3.40)

where |g — k| simply denotes the largest absolute value of any matrix entry
of g — k. Thus K¢ is a small neighbourhood of K N B whose volume, with
respect to the Haar measure on K, is =< C~!.

If C' is large enough, a matrix g = <ZZ) € K belongs to K¢ iff

lc] < C7'; indeed, if this is so, |[b| = |c| and |a| = |d| = /1 —|c|?, from
where we see that |g—k| < C~', where k is the diagonal matrix with entries
a/lal, d/|d|.

The vectors x1,x9,x3 are as follows:

1.z € m is y = ¢(y) in the Kirillov model JZ (m,v): Wi(a(y)) =
©(y) in the Whittaker model.

2. x9 € mp is ¢(y) in the Kirillov model J& (mq,¥): Wa(a(y)) = $(y) in
the Whittaker model.

3. We give an explicit construction of z3 € w3 below: for the moment
it is sufficient to say that correspond to a function f3 € Z3 which upon
restriction to K is a smooth bump function around K N B, supported in
Ke.

We advise the reader to skip the details of the explicit construction below;
the properties just mentioned are all that is needed to follow the proof.

3.6.4. Definition. — (Construction of xs3). Let ¢ be a (non-negative)
bump function on R, taking value 1 at zero, and supported in |x| < dy. Set

Us(x,y) = d1(x)2(y), where
¢1(x) = o(Clz]), d2(y) = xs(y)-o(lyl - 1). (3.41)
Then, for sufficiently small (absolute) &y > 0, the restriction to K of

flg) = |det9|1/2/ (0, £)g)xs * (t)[t]d"t. (3.42)
k-)(
is supported in Kc, and has || f|lr2x) ~ C~V2. We take f3 = ”fo( ¥ and
L2(K

x3 € w3 the vector corresponding to fs.

Oclcbl> € K, we note that Ws(ct,dt) # 0 implies (for

sufficiently small &y) that |dt| > (9/10)? so |¢t| = (9/10)* (since |d| < 1) and

Proof. — For g = (
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then |c| < C~'. From this we deduce — for sufficiently values of d, — that
f3jx is supported in Kc.

Moreover, f(g) = C(1)x3(d) [, o(C|ct|)p(|dt| —1)dt. From this expression,
it is easy to verify ||f| ey ~ C~'/% later on, we shall also use the fact that,
at least if M is sufficiently large,

1 ~1
JRCES /K NCIEE (3.43)

The point in this inequality is that w(d) remains close to 1 so long as g €
Kc. It follows that corresponding inequalities hold for f3;, but with the last

expression replaced by C~/2. ad
We remark for later usage that, if v is nonarchimedean and we take
le - V01<K0[f]>_1/21wf07 ¢2 = w_1‘10><7 (3‘44)

then the function f3 defined by (3.42]) coincides with that defined in (3.38)).

The assertions concerning ||zi[|, ||z2|| are immediate; the assertions con-
cerning the Sobolev norms of x1,x, follow from discussion of §3.2.5|

By (B:28). we have
L(z1, 9, 73) = / (e W, kW) f () d (3.45)
K

where ((W, W’) denote the (Borel-equivariant) functional on W(my,¢)@W (s, )
given by

(W, W) = W (a(y))W'(aly))ly|~d*y.

yekX

Write

0k Wy, kW) = 6(Wy, Wa) + (W, k.Wa — Wa)
(R, — Wi, Wa) + LWy — Wi, kWs — W)

We need to bound the terms only for k& € K¢g; they are individually
bounded thus:

25 By construction, the integral belongs to Z3 so it is sufficient to check the equality for g = (z Z) € K.

In that case the right hand side equals
/ W (ct, dt)x3 *(t)[t|d*¢.
kX

Note that max(|ct|, |dt|) = |¢| since g € K; so the integrand is nonvanishing only when |t| = 1. In that case it
is nonvanishing only if d € 0% and ¢ € wfo, in which case the integral equals vol(Ko[f])~'/2x3(d) proving
our claim.
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1. We have set things up so that ¢(W;, W) > 0.9;
2. By Cauchy-Schwarz and (3.19)]
(W, k. Wo = Wa)| < |[WA[[|k. W2 — Wa
< ||W1||C—1/deg(k)cv21/deg(k)
o C—1/ deg(k)

3. Similarly we have |[((k.Wy — Wy, Wa)| < ||[Wa||C Y deatk) ¢}/ des(®)
4. As for the last term: set

W(y) = (kW1 —Wi)(a(y)), W'(y) = (k.Wy — W2)(a(y)).

Given € > 0 small enough, we have, since my is tempered, by Proposition

ma

_ . 1/2 Cl4e 1/2
[ W] < ([ wP-en) ([ e puees)
L S™(W) (W] +[[W ' =eesm™(w)©)
< (CI/C)(I—de)/dcg(k)Cii’s
for some d' > 0. Here, to bound [ |[W(y)|*ly|~*d*y, we split into |y| > 1,

where the bound ||| suffices, and |y| < 1, which gives — by Proposi-
tion and interpolation — a term ||[W||*=9©8™ ()9, we also used

Sm(W') <, 1, as well as (3.19)).
It follows by taking M large enough, we will have |((k.Wy, k.W;3)—1] <
L for all k€ K¢. On the other hand, |f’Cc fa(k)| = %ch | f3(k)|. Therefore,

100

L(ili'l, Ta, £C3) >

/ fg(k)‘ > 0171/275/2'
Ko

We choose § < € to conclude.

3.6.5. The non-tempered case. — 1If w9 is not tempered, then my is an
unramified principal series representation and may be written into the form
7d.[.|% with ¢ € R and C(n9) < 9. Let WY be the K-invariant vector in
the Whittaker model of 79, normalized to have L?-norm 1. Since the set
of possibilities for the isomorphism class of 70 is precompact, there exists a
finite set F of smooth non-negative function ¢, each compactly supported in
[1/2,2] and with ¢;(1) =1, with the following property:

26 using the fact that y ~— W;(a(y)) is supported on a fixed compact set of kX
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For any such my, there exists ¢ € F such that:

[ oW el > 1

where the constant implied is absolute.

Let 79 be as above, and let ¢ € F be the corresponding function. We
take x; to be the vector corresponding to y — ¢(y)y~* in the Kirillov model
of m; take x5 to be the vector corresponding to Wy(y)|y|" in the Kirillov
model of m = )| |*. In the previous notations, we have by definition

(W, W) > 1
Now for k € supp(fsx) we have by K-invariance of W,
kW, ke Wa) = 6(Wh, Wa) + (kWi — Wy, W)
Since the term ((kW;—W;, W) is bounded by O((Cy/C)Y des®k)Cin) | for some

m > 1, we deduce, just as in the prior argument, that

L(.Tl, 332,$3) > 051/276/2.

3.7. Bounds for trilinear functionals, II: computations

In this section we shall establish the following result, which can be re-
placed by the results of under the assumption of the Ramanujan-Petersson
conjecture. Indeed central bound follows from Lemma if 7 is tem-
pered. The reader may, indeed, wish to omit the present section at a first
reading, because it contains ‘“ugly” computations.

3.7.1. Proposition. — Let m be a generic unitary representation with
trivial central character.

Let my,m5 be two generic unitary representations and € > 0.

We denote the product of the central characters of mw,m by Xgl. Let
w3 = 1 H x3 be the corresponding unitary principal series representation.

Let x3 € w3 be the vector constructed in Proposition — applied to
1, T, M3, €; let X3 be the conjugate vector in in the contragredient representa-
tion T3 = 1B w (i.e., the vector representing the functional v — (v, x3)).

- For m,mj all unramified, and x € ™ the new wvector of norm 1, one
has
L(T{' ® 73 ® ’7}3, %)
L(m,Ad,1)L(ms, Ad, 1) L(73, Ad, 1)

|L((L’, I3, i’g)P
]2 [|zs] 2|25

= G(2)?
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- In general, there is an absolute constant dy > 0 (independent of k)
such that:
G
C(xs)

Averaging (3.46)) over an orthogonal basis B(m) of m we obtain

0—1/2
Lz, 53, 5)? € cfoecm)w( ) 83,(0). (v € ). (3.46)

Corollary. — With the previous notations, if m,m; are all unramified,
one has

H[ﬂ'(mi’) ® '%3)”2 _ g (2)2 L(T‘- ® T3 & T3, %)
[l s][?[|Z3]|? “7 L(m, Ad, 1) L(ms, Ad, 1) (75, Ad, 1)

In general, there is an absolute constant dy > 0 (independent of k) so that:

Cl )91/2
C(X3) '

We observe that the proof is parallel in nonarchimedean and archimedean
cases, and we could indeed have given an integrated treatment. The unram-
ified assertion has already been discussed.

S o (Ln (23 ® &3)) <emy CF°C(x3) "2 < (3.47)

Proof. — Let C = CM max(Cy,Cy)'™°, where M, are as in the prior
section (cf. ; recall that ¢ is chosen depending on e, whereas M is
an absolute constant) when k is archimedean, and C = ¢/ when k nonar-
chimedean; here f is the larger of the conductors of m; and ms. Let K¢ be
as in (3.40) when v is archimedean, and K;,[f] when v is nonarchimedean.

We realize m and w3 in their respective Whittaker models, i.e., fix iso-
metric intertwiners between m, 73 and these models. Similarly, we realize 73
in the induced model Z3. Denote by W, W3 and f3 the corresponding vec-
tors: Wj is obtained from f; € Z3 by means of the interwiner (3.10). By

and , we have
L(z,13,73) = / W(a<y)“)w3(a(y)ﬁ)f3(li)|y|_1/2dxyd/<;
K JEx

< " max / W (aly)m) Walaly))lly]~2d"y
k)(

KEK

< CTEST V) e [ Walalw)e)lll (1 + )",

reEKC

where we applied Proposition for the last inequality. In the nonar-
chimedean case, it suffices to specialize to x = 1, since W3 is in any case
K c-invariant.
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We now apply the bounds of the next Lemma to conclude. Loosely
speaking, it says that the Whittaker function Wj is peaked near y ~ C(x3)/C
and it takes a value of size ~ 1 there. The reason for this can already be
discerned from (3.10): Wjs(y) is, approximately, the Fourier transform of a
oscillating function restricted to an interval of the shape |y| > C. The “fre-
quency” of the function near the endpoints of this interval are approximately

C(xs)/C. 0

3.7.2. Lemma. — Notations as above, for any M,e >0, one has

1/2
Walal))] e (/W (gg) W20+ )™

The proof of Lemma [3.7.2] is, regrettably, an explicit calculation. Let us
note that

W Walo) = |detg? [ [ ()o@l () dza
kX

where ¥ is as in Definition [3.6.4] in the archimedean case; in particular

Ui (x,y) = ¢1(x)da(y), where ¢; are as in (3.41)); in the nonarchimedean case
the same is true with ¢; as in (3.44)); finally 7, is as in (3.10), and is a

harmless constant. In particular 7,/*Ws(a(y)) may be expressed as

)12 / / 61 (4262 (1) (2) [t 3 L (£ dd <.

Proof. — (of Lemma — nonarchimedean case.) It suffices to check

k= 1.

0 Wata(y) = vl ) 2o | s 0ltla*t [ xal)los (ta)i(a)da
= C'2Jy|"? d* dz.
v /t||y|C<1 d t/|95|t|=1 xaloployds

If 3 is ramified, this equals, in absolute value, <, (C/C})Y?|y|"/? when |y| <
%, where D = ¢%, and 0 otherwise (cf. E) On the other hand, if
X3 is unramified, it is zero for |y| > ¢D/C, and otherwise is bounded by
<y CY2|y|H2 log(l + \yI\C|> 0

Proof. — (of Lemma — archimedean case.) We prove the bound
first when k = Id as it is notationally more pleasant; we will comment on
the necessary modifications afterwards.
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We have

Walaly)) = Oyl | dto(Cllulie / Xs(@o(lte] ~ De(a)dz.  (3.48)

Set G(t) = [t] [, xa(@)o(|tz] — Dp(z)dr = x5 (t) [, (x| — Dp(z/t)xs(x)da;
then by Lemma one has for any N > 0 and € >0
C1/ome . 1+ t!
GO <xeo Clu ™2 min(Cll - )

We deduce that |[Ws3(a(y)| is bounded, up to an implicit constant, by

C )1/2 |y|1/275
(

C(xs 1+ o)V

7 [ GG e ( (3.49)
k-X

For general xk = (CCL Z) € K¢, replace ¥3 by the function k.W3 with

kW3 (x,y) = Y3((x,y)k) = U3(ax+cy, br+dy) = ¢(Clax+cy|)o(|bx+dy|—1).

In (3.48) we then need to replace ¢(Clt||y])|t] [, xs(x)o(|tz] — 1)ih(z)dz by

t / o(Claty + cta|)d(bty + diz] — 1)i(x)xs(x)da
— Gl / B(Claty + cal)g([bty + de| — 1)(a/t)xs(x)da

Observe that since |b],|c|] < C71, Ja| —1,|d| — 1 < C~!, the integral is zero
unless |ty| < C~!, while the x variable satisfies ||z| — 1| < dy+ O(C™Y).

The above proof carries on mutatis mutandis. At the first stage, we
compute the z-integral, noting that x +— ¢(Claty+cz|)p(|bty+dz|—1) satisfies
similar smoothness bounds to ¢(|z| —1), since ¢|C| < 1. Then uses in
addition only the fact that we may restrict to |ty < C~1, and so also goes
through. O

4. Integral representations of L-functions: global computations.

We now turn to global aspects of the analysis of standard L-functions

on GL(2) (§4.2) and of the triple product L-function (§4.4)).
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4.1. Notation

4.1.1. Subgroups. — Henceforth F' is a number field, A := Ar and we
often denote |.| for |.|a. For G = GLy or PGL,, we set Xg = G(F)\G(A).
We will often write simply X for Xpgp,.
For the various usual subgroups of G we adopt the notations and parametriza-
tions of §3.1.4f We denote by K the usual maximal open compact subgroup
of G(A).
We put H := A(A) =a(A*) and

HY = A(AY) = {a(y) -y € A" : |y|la = 1} C H.

H and HY are closed, non-compact subgroups of GLy(A). By an abuse of
notation, we regard them as closed, non-compact subgroups of PGLy(A). We
let Y be the H-orbit of the identity coset in Xpgr,. Then Y carries a H-
invariant measure of infinite volume.

4.1.2. Measures. — We adopt on each of the groups the product of
those measures specified in §3.1.5

Although not strictly necessary, it is a useful check to be aware of the
relation with a Tamagawa measure. A routine computation shows that, for
the measures on PGLo,

dg = (discF) *¢p(2)d" g, (4.1)

where d"¢g is the Tamagawa measure. In particular, the volume of the quo-
tient X is 2£7(2)(discF)'2,

4.1.3. Additive characters and Fourier expansion. — Let ¢ = ep =
®y1» be the non-trivial additive character of A/F given as ep(.) = eq(trp/q(.))
with eq the unique additive character of A whose restriction to R coincide
with e,

For f(g) a function on Xgp,, we denote its constant term fy and Whit-
taker function W; by

fn(g) = o (n(x)g)dz, Wy(g) = N () f(n(x)g)dx (4.2)

and one has the Fourier expansion

f9) = fn(g)+ D Wilaly)g). (4.3)

yeFx
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4.1.4. Representations. — In this section, m will be a standard auto-
morphic representation on GL(2), and C(w) will be its analytic conductor,
ie. if 7 = ®m,, then C(r) =[], C(m,), the right-hand quantities as in §3.1.§
If 7 is such, then 7 carries a canonical inner product, and we shall always
regard it as a unitary representation with respect to this inner product; we
fix moreover an inner product on each m, compatibly with this choice.

Therefore, if we say, “let f=®&f, € # = ®m,,” we always have

(1) =TT £o)-

(%

Remark. — Here is a note of warning in connection with this terminol-
ogy. Suppose ™ = ®m, is a standard automorphic representation. The map
f— Wy intertwines 7 with ®,V(m,). This map is not an isometry when 7
is endowed with the canonical inner product, and each Whittaker model is

endowed with the norm (3.8)). See §2.2.2

4.1.5. Infinite product notation. — We denote by A(m,s) resp. L(w,s)
the completed L-function of m, resp. the L-function omitting archimedean
factors.

Let us adopt the following notational conventions, to be held in force
through the rest of the paper:

- First of all, if w is an automorphic representation, we shall under-
stand the notation A <, B to mean “there exists absolute constants a,b
so that |A| < aC(m)°|B].

- We continue with the already established convention: if we write
[0(f)] < S(f), we mean that there exists a constant d, depending only on
[F:QJ, so that |[¢(f)] < Sa(f).

- (Regularizing products over places.) Suppose that A, As(s) are (com-

pleted) global L-function with local factors Li,(s), Lay(s); let sy be so that
Liy(s0) # 0 and Lo,(sg) # 0 for all v, and so that A; is holomorphic at
sg; and suppose that F, is a function on places of F' with the property
that E, = L1,(s0)/Lay(s¢) for almost all v.
Put A*(sg) to be Ai(sg)/A5(s0), where Ai(sg) is the first nonvanishing
Laurent coefficient of Ay at s = so. In particular, A*(sq) = A1(so)/A2(s0)
if A, is holomorphic and nonvanishing at s = so; we define L°*(sq) in the
same way, omitting the factors at v € S. We shall then write:

- def 4 *
1:[E _A SO Hle 50 /L2U(SU _LS HEHLlU 50 /L2v 30)

vES
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where the second equality holds for any finite set of places S; we shall
often use it with S the set of all archimedean places.

4.1.6. Fisenstein series. — Given two characters xT,x~ of F*\A*
whose product is unitary, we denote by Z(x*,x~) or xT B x~ the represen-
tation of GLy(A) unitarily induced from the corresponding representation on
B(A): the L?-space of functions f on GLy(A) such that

1(50) 9 =l @ @fa. (0= [ 15tRar

Given f in such a space, we denote by E(f) = Eis(f) the corresponding
Eisenstein series (defined by analytic continuation, in general), i.e.

Eis(f):= > f(v9).
B(F)\ GL2(F)
For s a complex parameter and m = Z(x",x~) we set
ms=m(s) = Z(x"[-la, X" |14 (4.4)

and for f € m we define f; = f(s) to be the unique function in m(s) whose
restriction to K coincide with f.

4.1.7. Fourier coefficients of Eisenstein series. — Given an Eisenstein
series, Eis(f), its constant term is given by:
Eis(f)lg) = f(9) + [ fuwn(z)g)ds (4.5
A
The Eisenstein series has a pole at the point xt/x~ = |- |a coming

from its constant term; the residue, with respect to the coordinate s as in
@A), is given by

- 1 (1
1T / Folwn(z))dz = —(discF)_l/QgF—() F(k); (4.6)
v 2 fF(Q) keK
with (1) :=ress—1€r(s); see (3.2]) and discussion thereafter.
The other Fourier coefficients of Eisenstein series are determined by the
Whittaker function:

(4.7) Wis(r) (9) = (wn(@)g)e(z)dz = [ [ W,

F\A

Wiolg) = folwn(z)g)b, (x)dz.

QSEF'U
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Wro(a(y)) = ly"*x ™ (y) folwn (@), (vy)d

zEeF,
Let us recall that in §2.2.1 we have discussed two possible norms on

Eisenstein series: the Eisenstein norm (Eis(f),Eis(f))mis = (f,f) and the
canonical norm (Eis(f), Eis(f))cn formed out of the inner products of the
local Whittaker functions Wy, (cf. and (2.3)). In view of and
the remark in we have the following relation — if A(w,Ad,1) has a

simple pole — (recall that n, = qv—dwvﬂ Co(1)2/6(2))
. . o 26p(2 dlsCF 1/2 fv,fv M
(Eis(f), Eis(f))ean = A* (7, Ad, 1) SF HCU A /)
(4.8) =26r(2)(f, f) = 28r (2 )(Els(f), ElS(f))m-

4.1.8. The mtertwmer operator. — The map M : f — [ EAf (wn(x)g)dz
that occurs in 1s the standard mterthmng operator. It is an isometry
on the ° unltary axis,” i.e. when the characters x* are unitary. We shall need
at several points to study its analytic behavior off the analytic axis.

+/y~,0) _ I e, 0V L /X7, 1

ANXT/XT [0, i1, = €0 /X » Yo, )_(XU Ry
eXT/x7 0 AT /X, 1) Lx$ /x5 0)

Here M, : Z(x;,x,) = Z(xu X4 ), [ = [,ep, f(wn(z)g)dz; the operator M,

has the advantage of being holomorphic in x;, x,. In view of the functional
At /x—,0)
e(xt/x7,DAXT/x 1)
(it is the ° scatterlng matrix”) although it may not be equal to 1.
By 8§ M, takes the spherical vector with value 1 on K, to the
spherical Vector with value 1 on K, for almost all v. More generally, it pre-

serves norms up to a scalar depending only on : [20, Section 4].

equation, the global correction factor has absolute value 1

Lemma. — Let f, GI(X ' Xo ) Suppose that |s| < 0y, and the deforma-
tion fus (s € C) is as in §3.1.11 Then there exists d so that:
sup |M, f, s(k)] < Si(f), / |vav,8(k)|2 < Saso(fo) (4.9)
ke K keK

~ Proof. — Because of D and with notation as contained there,
M,f(1) is proportional to KX( 1), where x' = o Y2/x~, and where (X is
the “normalized” functional f&é—@x for W € W(m, ). More precisely,
M,f(1) = X (f), where

T = (1) 1/2L (1 /X )0, ¥ X /X )G (1)

€(a,,0)




72 PHILIPPE MICHEL, AKSHAY VENKATESH
Applying the local functional equation shows that M, f,(1) is given by:

T

D) i

>X” _ a1/2/X+_

The local bound supyeg, | M, fs(k)| < S5 (f), now follows from Proposi-
tion together with the following observation: the smallest eigenvalue of
the local Laplacian A, on Z(x/,x,) is bounded below by a positive power
of (Cond,(x*)+ Cond,(x~)). This (a simpler form of Lemma allows us
to absorb dependencies on x* into the Sobolev norm.

To obtain the stated bound for [, _,. |M,f,s(k)|?, we interpolate, taking
into account the equality: || M, fosllr2(x,) <o [|follz2(x,) Whenever R(s) = 0.
This argument is analogous to the interpolation in the proof of Proposition

B2l O

We now give a global analogue of this statement:

4.1.9. Lemma. — Let f € I(x",x~). Suppose that |s| < &y, and the
deformation fs (s € C) is as in (4.4). Then there exists d so that

sup [M1,(k)| < SX(f). / ML < S, (1) (4.10)

keK

Proof. — An application of (S1d) to the previous Lemma gives the first
statement. From this, it follows that [, . |M fs(k)[*dk is bounded by S7 (f).

In order to deduce the second statement, we observe that [, _,. |M fi(k)|*dk =
|fI> when R(s) = 0, and then interpolate, as in the proof of Proposition

B8.2.4 O
4.1.10. The Fisenstein series at a singular parameter. — It will also
be of interest to consider the Eisenstein series associated to y™ = x~ = 1.

At this point, the map f — (g — fxeA f(wn(z)g)dx) is the negative of the
identity map, and accordingly the Eisenstein intertwiner vanishes to order
one. Write Eis® for the (normalized) intertwiner from Z(1,1) to C*(X), given
by:

f = &r(1 4+ 25)Eis(fs)]s=o-

For f =[], f, factorizable, let us define (Eis"(f), Eis*(f))can via (2.5 and
23)
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Then, if f € Z(1,1), then the constant term

(4.11) Eis*(f)n(a(y)g)

=5l ([ P (e b))
= J6 )T (0)ls] " togy — M F(g)ly]”)

where M*f is the derivative, at s =0, of f, + [ _, fo(wn(z)g)dr; as usual,
this needs to be interpreted by a process of analytic continuation.

Trivial bounds on M* follow from bounds on intertwining operators in
§4.1.8| (in particular, one may bound the derivative of an analytic function
by bounding its value on a small circle around the point of interest). This
shows that, for every ¢ belonging to the space of Eis*(Z(1,1)), we have

on(aly)g) < |y["*log|y|S™ (), (4.12)

Now take f = f° to be the spherical vector in Z(1,1), normalized so that
f°|K = 1. The function M*f9 is continuous, and thus bounded on compact
sets; it follows from (4.11)) that there exists X, so that

Eis*(f")(x) > ht(x)loght(x), ht(z) > X. (4.13)

4.2. Hecke integrals on PGLs

In this section we shall study the Hecke integral for the standard L-
function on GLs, and we shall give some bounds on the Hecke integral of a
translate of a given vector, using the method described in §2.5.2] Remark.

4.2.1. The Hecke-Jacquet-Langlands integral. — We recall in this sec-
tion the integral representation for the standard L-function on GLy, following
Jacquet and Langlands. Let x be a character of A*/F*; the integral

@)= [ ey (4.14)

defines a functional on the space of any standard generic automorphic rep-
resentation 7. Indeed, it is absolutely convergent if 7 is cuspidal, and, in
general, can be interpreted by analytic continuation in the x variable.

It was observed by Hecke, and generalized by Jacquet and Langlands,
that the period ¢X is very closely related to the standard L-function: if ¢ =
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®, is a pure tensor in 7, and we factorize the associated Whittaker function

(see (4.2)) as W, =[], W, , one has:
() =[] (W) (Z Arex,1/2) [ = 0 (W) ) , (4.15)

Ty ® Xos 1/2)
for ¢X*(W,,) the local Hecke functionals defined in §3.3] The verification of
(4.15) is “unfolding.” It is valid for 7 Eisenstein, even in the singular case.
We will use also use the following “canonically normalized” expression,
given in terms of matrix coefficients and which follows from and
(cf. the Remark in : for x a unitary character, and 7 standard,

-1 %

1) _ (2§F(2)(diSCF)1/2> H hX (o) (4.16)

(0, Q)ean &n(1) (Pus @)

. |LU(W®X71/2)|2
where almost all local factors in the last product are equal to B A GE)

Again, this formula is valid for 7 Eisenstein, even at singular points; of
course, at singular points, the regularization implicit in []* involves taking a
higher residue of L(s,m,Ad) at s =1.

It should be noted that the right-hand sides of and make
sense for all y, even when the left-hand sides must be interpreted by analytic
continuation.

4.2.2. Bounds for the Hecke integral of the translate of a function. —

Lemma. — Let m be a generic automorphic representation of PGLy. For
e em, any g € PGLy(A), and unitary x: there is an absolute constant d so
that -
[0(g-0)| <z dise(Yg)™ 5 Si(e),

Here disc(Yg) is the discriminant of the adelic torus orbit Yg as defined in
[21] — see below — and the unitary structure on w is the canonical norm.

The paper [21, 4.1-4.2] attaches to the adelic torus orbit Yg¢ local and
global discriminants, denoted, respectively, as disc,(Yg) and disc(Yg). Al-
though most of that paper deals with the case of adelic points of anisotropic
tori, the definition is perfectly applicable to the split adelic torus H. For our
purposes, it is enough to know that, for the special case go = n(T), |T]a =1
we have:

disc, (Y g) =< max(1,|T|?), disc(Yg) < Hmax(l, T3 > |T)A. (4.17)
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Remark. — The exponent —15—229 is certainly not best possible: it is

taken from the general computations of loc. cit., which are in no way optimal
for PGLy (see for instance [I5] for better bounds of similar integrals.) What

is important to us, in this paper, is that this exponent is negative.

Proof. — By (4.16) and (2.8)), we have:
(a2 = |

EN

(@(4)950, 9-00) X (y)d*y = / (2 a(1)g.00; 200 (1)d"Y

EN
< 8™ () / Zu(g " aly)g) "y

X
S™ (pw) 2.

1-26

< disc,(Yg) 1

The bound in the last step is carried out, in a more general setting in
[2T, Lemma 9.14], and we do not reproduce it here.

Write L, = L(m, ® Xu, 1/2)/L(7,, Ad, 1)1/2. We are going to apply Prop-
erty (1d) of Sobolev norms to [[ ¢, where £ is the “normalized” functional

' |2 _ | ]?
v [Lo]?

on 7, so that |¢ It enjoys the following properties:

1. For any place for which ¢, ® x, is spherical, [¢'(,)|> = (@, ) =
So" (pu)?.

2. There exists A,dy so that, for any v, the operator norm of ¢ w.r.t.
. . —20
S is < A|L,|disc, (Yg) 5.
3. There exists an absolute constant C' so that, for nonarchimedean
-1
v, |L,|7t < C.

Thus property (S1d) applied to ¢ :=]], ¢, shows that, for ¢ € 7,

1€ (¢) ] : 120 2

— < disc(Yg)~ % || |L,] 77
Si(p)? j };[o
for some d > 0. Applying trivial or convexity bounds for all local factors or
L-functions, we arrive at:

X(p)? -
lSTF((?)L K ye disc(Yg)™ = ’

as required. O
This Lemma admits the following mild refinement where we improve
the x-dependence at the implicit cost of weakening the w-dependence:
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4.2.3. Lemma. — Notation as in the prior Lemma, for any N > 0,
there is d = d(N) so that

10X(g.0)| < (Cond(x)) Vdise(Yg)~ 5 Sj(p),

Proof. — By ([2.7)), it suffices to prove such an assertion for ¢ € w[m|.
(One also verifies that the implicit dependence of A’ on A in (2.7) is inde-
pendent of m). The assertion for ¢ € mm| follows by integration by parts.
O

4.3. Regularization

In this section, we define a regularization process to define integrals of
non-necessarily decaying functions on Xpgr, = PGL2(F)\PGL2(A). Such a
regularization was given by Zagier [72]; for our purposes, an alternate way
of defining it using convolution will be of use.

4.3.1. For motivational purposes, we consider first a toy example, namely,
the corresponding situation on R (one could even consider the case of the
integers). We shall regard R-y as a multiplicative group in what follows.

A finite function on Ry is one whose translates, under the action of
the multiplicative translations:

Tyf(w) = f(xy)

span a finite dimensional representation; equivalently, it is a linear combina-
tion of functions z*(logx)?, for a € C and b € N.

We call a finite function admissible if the exponent a = 0 never occurs.
A more intrinsic and useful way of formulating this is: f is admissible if
the span (7,f) of all multiplicative translates does not contain the trivial
representation of R.g.

Let V. be the space of continuous functions on R.y of rapid decay
as © — oo (ie. |f(z)] <y |z|™ for all N); let V_ be the space of rapid
decay as x — 0; and let V, =V, NV_. Let V be the space of all continuous
functions f on Ry so that there exists admissible finite functions fi, fo so
that f— f1 € Vo, f — fo € V.. Clearly Vj C V. The following Lemma is
well-known:

4.3.2. Lemma. — There exists a unique functional (the “reqularized in-

tegral”) on V' which extends integration f — ff(a:)df on Vo, and is invariant

under multiplicative translation.
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This functional may be defined in multiple ways:

1. Given f € V, we may find finite collections y; € R~g, ¢; € C so that
=> 1, f € Vo, and so that > ¢; # 0. We then define the regularized

dz
mtegral of f to be ffz(:xc)v .

2. Consider fl/T ; this has the form ¢(T") + h(T"), where ¢(T) is
an admissible finite functlon, and h(7T) has a limit as T — oco. We define
the integral to be limTﬁOO h(T)

3. Consider Fy(w) = [~ f(z)z"%; define similarly F_(w). The func-
tions Fi(w) are convergent for 425)?( ) > 1; they extend to meromorphic
functions on the plane, and are holomorphic at w = 0. We define the
integral to be F(0) + F_(0).

The regularized integral of any admissible finite function is zero. This
follows, without computation, because of invariance under multiplicative trans-
lation. Thus, if there exists finite function fy so that f — fo € Vi, then the
regularized integral of f equals [(f — fo)(z)%

The remarks of this section adapt without change to define a regularized
integral on A*/F*.

4.3.3. Given a function @ on GLy(F)\ GLy(A), with unitary central
character x (i.e. which transform by x under translation by Z(A)), we say
that @ is of controlled increase if there exists a function

f:N(A)A(F)\GL2(A) — C,

spanning a finite-dimensional space under the translation action of GLy(A),
and with central character y, so that, for every N >0

& ((éf) <%1 ‘1)) k) _f ((yol (1)) k) +O(y| ™) as || — 00, (4.18)

In other terms, the difference is of rapid decay. In more explicit terms, there
must exist a finite collection of functions y; : A*/F* — C (i € I), each
finite under the left translation action of A*/F*, as well as a corresponding
collection of K-finite functions #; : K — C, so that the left-hand side is
well-approximated by > v;(y1) % (k).

A basic example to bear in mind is any sum or product of Eisenstein
series.

The expression f is uniquely determined. We denote it by @%; it need
not coincide with the true constant term of @. The set of exponents of @
(or of @) — denoted Sy — is the set of characters of A*/F* which are
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(generalized) eigenvalues for the translation action of A*/F* on the space
spanned by &% and its translates. Of course if &5 =0 (P is of rapid decay)
we set Sg = 0.

4.3.4. Ezample. — If xt # x~, the exponents of a (non-zero) Eisen-
stein series E € Eis(Z(xT,x7)) are {xT||V%, x"|.I"?}. If xT = x~ = x the
same is true for E € Eis*(Z(x,x)); the exponent x|.|'? is now a generalized
eigenvalue, i.e., has multiplicity. If E, denote the Fisenstein series on the
modular group with eigenvalue 1/4 — s*, the exponents of E, E,, E,, is the set
of characters |- |3/>75 where s = £, % 59 & s3.

/\In the sequel, we will identify the complex mbers C with a subset of
AX/F* via z — |.]*. For instance, given S C AX/F*, we say that “1 € S”
when S contains the character z — |z|. We will also use an additive notation:
given two such subsets S;, Sy we denote by S; + Sy the set of pairwise
products of the characters of S; and S,. Of course S; + 0 = 0.

The operation ¢ — &3 is multiplicative: given two functions &, P, with
exponents Sy, Sz, (0192)" = @} y@; y and @,P, has exponents in Sy +.55. Fi-
nally, the complex conjugate @ has exponents in S (i.e. the set of conjugates
of those characters in ).

The set of characters whose real part is 1/2 (the real part being defined

by |x(.)] = |.|§(X)) will be called the wnitary axis: this is the set of exponents
of the automorphic Eisenstein series.

4.3.5. Regularized integral and reqularized innerproduct. — Let Vs be
the vector space of smooth functions that are of controlled increase with
trivial central character and whose exponents belong to S; and V the union
of Vg, where S is taken through all finite subsets of characters that do not
contain any character of square |-|* (i.e., any quadratic twist of |-|).

Lemma. — There’s a unique PGLa(A)-invariant functional on V extend-
ing integration on L'(Xpar,).

Proof. — One definition, due to Zagier, is given as follows: let E =
Eis(®}) be the Eisenstein series induced from all exponents of ¢ that are of
real part > 1/2 (or suitable derivatives thereof) and define

reg
/ b= / (& —E).
XPGLyg XPpGLy

The right hand side makes sense, for @ — E lies in L!. Since it is clear on
representation-theoretic grounds that the regularized integral of E must be
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zero (because the exponents of @ do not contain 1), the uniqueness follows.
O
As a corollary of the previous Lemma, we can define the regularized

inner product for @1, P, of controlled increase with the same central character
and such that 1¢ S; + Ss:

reg .
<dj1a¢2>reg = / @1¢2-

XPGLy

4.3.6. Regularization via convolution with measures. — Here is an al-
ternate definition that will be, in fact, more suited for our purposes. (It also
works better in higher rank.)

For every place v, we may choose a compactly supported measure g,
on PGLy(F,) with the property that, for @ € Vg, @ * p, € L*. If [, # 0,
then @ — f@—;‘:”) defines a functional such as in the Lemma: this func-
tional is independent of v or pu,, as we see by choosing a different place w
and measure u, and noting that *u, and xu! commute. This functional is
[ 1.2, PGLa(F, )-invariant; since v is arbitrary, it is PGLy(A)-invariant. Other
definitions utilize truncation or related ideas; the disadvantage of these is
that the PGLy(A)-invariance is less clear.

4.3.7. FExplicit choice of a reqularizing measure. — The following spe-
cial case will occur:

Let v be a finite place with a residue field of size ¢,. Suppose that @
is of controlled increase and unramified at v, and all y € S have real part
1. Suppose that ¢ is a cusp form unramified at v.

Then one may choose a K,-bi-invariant (signed) measure g, so that
® % 1, has rapid decay, so that the total mass of |u,| is at most 4/5¢/, and
so that @ x p, = Ap, [N = (1 — %)'SQB'. In other words, we may “kill the
growth of @ whilst only wounding ¢;” it should be noted that here the set
|Sp| is counted “with multiplicity.”

Indeed, there exists a finite function f =3" o f, on N(A)A(F)\ GL2(A)
so that @ — f is rapidly decaying, as in . The standard Hecke operator
Ty := 1k, a(w,)k, acts on each f, by a (generalized) eigenvalue A,(x), satisfy-
ing g, +1>|\| = ¢, —1 in absolute value; on the other hand, T, acts on ¢
by an eigenvalue that is at most 2¢’.

The measure (1 — AUT(UX)) therefore annihilates f,, and has total mass
(1+ \/\Z—&l)l) € [2,4]. It acts on ¢ by an eigenvalue that is > 1 — qiqfl. Take

1, to be the convolution of these measures, for all x € Sg.
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4.3.8. Regularized IP formula. — A simple form of the Plancherel for-
mula is the following: if @;,®, are functions on Xpgr, with rapid decay then

@) = [ AT, Tda)dpr(x)
7ePGL2

where I, denote the orthogonal projection on the space of .

We describe now a version of that formula for functions @, %, on Xpqr,
of controlled increase. Let m be a standard automorphic representation of
PGLy, and @ € Vs. If S does not intersect the unitary axis and 7 is generic
(i.e. not equal to a quadratic character) then, for B(w) an orthonormal basis
of m, we set

o= Y (D )egp €. (4.19)
p€EB(m)

Likewise, we define similarly I7,® for any 7 which is nongeneric (i.e. one-

dimensional), so long as S does not contain any exponent whose square is
|2

Proposition. — Given @1 and P5 of controlled increase with exponents of
real part > 1/2. Let S1,S denote the respective sets of exponents . Suppose
that Sy, So are disjoint and that Sy U S, U Sy + Sy does not contain any
character whose square is |.|*, then:

<@17 @2>reg = /(Hﬂ¢17 HTr@Q)d,uP(ﬂ-) + <§Z31’ éaQ)reg + <éala gzj2>r6g (420)

where II; s the regularized projection onto the space of automorphic ©, and
&; = Eis((9:)y)

We will call the additional contribution, (@1, &3),eq + (61, P2)rey , in the reg-
ularized Plancherel formula the degenerate contribution.

Remark. — If &1 is of rapid decay, the formula continues to hold with

<(ga17 gp2>7"eg =0

Proof. — Firstly our assumptions insure that all the terms of are
well defined. Moreover since the exponents of @; and @, are > 1/2 and not
of the form y.|.| with x quadratic, the representations underlying &; have no
subquotient isomorphic to a standard automorphic representation, and thus
II.6 =0 for i =1,2 and all 7. Similarly (&1, &%), = 0 by our assumption
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that Si, Sy are disjoint and have real parts larger than 1/2. So it is enough
to check, with @; = &, — &;, that

(B, B)rey = / (v, .55 dpup ()

but then @; belongs to L?(XpaL,). 0

4.4. (Regularized) triple products.

In this section we establish the following: Suppose that m; are generic
standard automorphic representations, at least one of which is Eisenstein.
Then, for each factorizable vector ¢; = ®,¢;,, we have:

2
| [x e10203(9)dyg| B H o ’LW<901U>9021)7903U)‘ (4.21)
||S01 ||can ||S02 ||can ||S03 ||can dlSCF C Hi:l <S075,U> Spi,v>

where the local factors are equal at almost all places, to
. Cv(l) L(%, 1 X o X 73)
G(2) TI., L(1,Ad, )

If all m; are Eisenstein, the integration on the left-hand side is to be under-
stood by regularization.

Remark. — Let us compare this result with that in [32]. Recall first
the relation dg = (discF) '¢p(2)d"g between our measure and Tamagawa
measure. It follows that, if we replace dg by d"g, then (4.21)) holds with

a factor £[], 5”(21))4 In the work of [32], the (,(1)/¢,(2)* does not occur.

From this, we deduce — by summation through an orthogonal basis of
m, with respect to the canonical norm — the following:

1117, (P25 |I?

||S02||can||gp3||can

1 s v v
L diser)- | | Gl )3 1o (P20 @ P30 [° (4.22)
8 2) ‘;02 v SDQ v> <9037U7 ‘;03,v>

with a.e. local factor equal to L, above.

Before we embark on the proof, we note that it is sufficient — by a
continuity argument — to treat the case where no m; is a singular Eisenstein
series (i.e. of the form x H yx.) For instance, let us consider the case when
7, o are cuspidal, 73 = 1H 1 and let us take a family ¢3(t) € m3(t), where
m3(t) = |- |"B |- |" deforming 3 (i.e., ¢3(t) = p3(0) pointwise as t — 0).
Then the left-hand side and right-hand side of (4.21)), denoted L(t) and R(t)
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respectively, do not necessarily depend continuously on ¢ when ¢t = 0. How-
ever, both L*(1,Ad, m3(t))L(t) and L*(1,Ad, m3(t))R(t) extend to continuous
functions around t = 0, and are equal for ¢ # 0. If we denote by LR their
common limit, then L(0) and R(0) are both given by L*(1,Ad,n3)LR, and
are therefore equal.

4.4.1. Upper bounds. — Unfortunately, we shall use the beautiful for-
mula (4.21) only for upper bounds. We now explicate the bounds that are
derived from it.

1 s Us s
The local factors of (4.22) are equal, to L, := Ci“(%)s L(?i’l zi,ﬁm‘i; , at

almost all places. Observe that — taking into account bounds towards the
Ramanujan conjecture — L, is absolutely bounded above and below at nonar-
chimedean v. Let S be the set of places where the local factor is not equal
to L,, together with all archimedean places, and suppose we are supplied
with the estimate

ST (Iny, (11 @ 12))?

< B,
(1, 21) (T2, T2)

for v € S. We conclude — inserting AL® and applying the uniqueness of
trilinear functionals —

AR T @B g L @ M @ s, )
2 2 < A

H902||canH903”can H?:l L*(Adﬂri,l

)) I15. (4.23)

vES

where A is an absolute constant.
Let us note that: given d, there exists d’ so that:

| Sulllpaen)dun(n) < S(ea)Silon (4.24)

(the Sobolev norms are relative to the canonical inner product.) Note that
this is easy if my,m3 are cuspidal; in that case it can be deduced directly
from (S3b). In the remaining cases, by virtue of the bounds of it
suffices to check that for for m generic and any d > 0

Sa(IL(pap3)) < Sar(p2)Sar (p3) (4.25)

for some d’ depending on d only.

For this we appeal to the prior formula. The bound on B, is supplied
by (3.5.2); we use also the fact that L(m @ m ® m3,1/2) is bounded polyno-
mially in the C(7;) and that L(m;, Ad, 1) = C(m;)°™, i =1,2. This yields a
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bound as in (4.25), but only for factorizable ps = ®,p2.,, P35 = Qyps., and
where the bound on the right-hand side is instead

C(m) C(ma)* | [ Sa(2)Sal0s.)-

We now apply (S1d) (see also Remark [2.6.3), together with (2.18) to ab-
sorb C(m )4, C(m)? into the Sobolev norms. Since we did not prove (2.18)),

we draw attention to the fact that we do not need this last step in any
application; it would be fine to retain the factor C(m)AC ()%

4.4.2. The Rankin-Selberg integral. — In this section, we shall prove
the main results under the assumption that either m; or my are cuspidal. In
this case, we may proceed by the usual Rankin-Selberg method.

We recall here the definition and basic properties of the Rankin/Selberg
integral: let m;, i =1,2,3 be generic automorphic representations of GLgy(A)
such that the product of their central characters yix2xs is trivial. We assume
that 73 is Eisenstein, (say w3 = x4 B x; for a pair of characters satisfying
X3 -X3 = Xx3) and m; is cuspidal.

The (absolutely convergent) integral

L1, p2, p3) :=/ ©1p203(9)dg, @i € Vp,, i=1,...,3,
X

defines a linear functional on the space of the representation m ® m ® ;.
If the ¢; are factorisable vectors, so that W, = [[, Wi, and ¢35 = Eis(fs),
with f3 = ®,f3, the Rankin-Selberg unfolding method yield the following
factorization (if x5 # x3)

T Lrs(Wiw, W, f3
/solsows(g)dg:]_[ A5 (Wi Woy, fan) (4.26)
X

G (1)1
where (see (3.28)))
LrsoWiw, Wan, f30) _ /
Co(1)1/2 N(Fy)\PGLs(Fy)
and, for almost every v,
LrswWiw, Wau, f3.) — (1) Ly(m ® m ®3(§r, 1/2)-
Wi (1)Wa,(1) f30(1) Ly(x3 /x5, 1)

Taking residue at the pole point x3 = |.|'/2, ¢s = 3,, and using (4.6)),
yields:

v

Wl,vW2,vf3,v(9)d93

(4.27)

*

H(Wl,va Wl,v>

v

1/26F(2)

<901; <)01>X = Q(dISCF) f}(l)
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with (W, Wi,) = (1) L(m, Ad, 1)/(,(2) for a.e. v. This proves in the
cuspidal case.

From these remarks, , together with the definition of the canoni-
cal norm in we deduce that:

g9)d ; Lrso(Wi v, Was, f3)]?
| [x p102003(g 9’ dlSCF H G )2’ RS, g Lo Wa, fa0)]
HSD]-”CCLTLHQDQHCCLTL Hi:1<I/Vi,U7VVi,U>

L(ﬂ'l,v®7r2,v®7r3,va%)
G T T, LlmAd, D)
Eisenstein, the product would not converge without the inclusion of the (,(1)
factor. Now — in the case where one of 7, m is cuspidal, and w3 is
not isomorphic to 1H1 — follows, taking into account the equality between
Lprs and Ly, that was already established in together with the relation
between [[ (fy, fo) and the canonical norm on .

(4.28)

with almost all factors equal to Note that, since w3 is

4.4.3. A regularized triple product. — We discuss now the situation
when all m; are Eisenstein, i.e.

™ =Eis(Z(x;, x; ), ¢ = Eis(fi),
we the Xz-i are unitary. There are two equivalent definitions of the regularized

integral m ® m, ® m3 — C; we define them and prove their equivalence:
Set

reg

La 2 ® Y2 ® ©3 — P1¥92¥3, (4'29)

XPGLy
and set L.:m X m X m13 — C to be the value at s =0 of the meromorphic
continuation (from R(s) > 1) of the following expression:

Lyt o1 ® p2 ® Eis(f3) H/ AP A )((%s@)w— (L1)n(p2)n) f3(s)dg
o (4.30)

Note that the later expression is convergent for s > 1 due to the rapid
decay of (¢1p2)n — (¢1)n(p2)n and unfolds to

s+ / W, W, f3(s)dg (4.31)

A(A)\PGL:(A)

which extends to an holomorphlc function in a neighborhood of s = 0.

Lemma. — L, = L.. Moreover, if we write L for the common value of
these expressions,

|L((101 9027303)|2 — l diSCF —lﬁ C’U(l) |Lv(901,va902,v7<p3,v)|2 (4 32)
||901”canHSO?”canHSD?)”can 8 U<2)3 H?:1<90i,va90i,v>
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In this way, we have established (4.21) in the remaining case also.

Proof. — Considering the central characters y;, ¢ = 1,2,3 fixed, the
pairs of characters (x;,x;) i =1,2,3 such that x;x; = x; will be referred
as the parameters. The set of parameters has the structure of a 3-dimensional
complex manifold with infinitely many connected components.

The reasoning by which we derived (4.21)) in the “at least one m; cus-
pidal” case may be applied to L., at least on an open set of parameters
which intersects every connected component. By analytic continuation this
shows that |L.|* is indeed given by everywhere.

To establish L, = L., we consider the parameters in a given connected
component: in other words, assuming the characters Xf, 1t = 1,2,3 unitary,
we consider any analytic deformation

©1(51) @ p2(s2) @ w3(s3) € m1(51) @ ma(s2) @ m3(83)

indexed by the complex parameters (si,ss,s3) € C3. Clearly, the integral

(4.30|) extends (via (4.31)) to an holomorphic function on an open subset
of C? (containing (0,0,0))

(51,52, 53) / (or(s)@2(52)) — (1 (1)) (0a(52)) ) f(s3)d.
N(A)A(F)\PGLQ(AF)

(4.33)
Let E(sy,s2) be the Eisenstein series formed out of the exponents of the
product @ := @;(s1).¢2(s2) which are of real part > 1/2. Explicitly: let Sg
be the set of exponents of @; let DN o1 /2 be the part of @3 that corresponds
to exponents x € Sp with R(x) > 1/2, and let E(s1, s2) := Eis(P} ., »), inter-
preted by analytic continuation if there exists x € Sg with R(y) € (1/2,1).
The map (s1,$2) — E(s1,s2) defines a meromorphic function on an open
subset of C?; in an open subset of C3, one has

/:9 p1(s1)p2(s2)ps(ss) = /Teg(801(81)902(82) — E(s1,52))p3(s3).

Considering Fourier expansions, one see that, given any N > 1, one has
p1(s1)p2(52) (2) — E(s1, 59) () < ht(2) ™, 2 € Xpar,, (4.34)

as long as Rs; >y Rsy >y 1.
Therefore, there is an open subset of C*® (in which s3 > 1/2) so that
the previous integral is absolutely convergent. It unfolds to

/ ((p1(51)pa(s2)) v — E(s1, 50)n) f3(s3)dyg. (4.35)
N(A)A(F)\PGLs(A)
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Indeed, implies that the constant term ((¢1(s1)p2(s2))n — E(s1,52)n
is bounded, and from this one justifies the unfolding process.

The definitions and are a priori convergent in different
regions and they cannot be compared directly. Nonetheless, they coincide on
the intersection of their domains of holomorphic continuation. Indeed, there
exists a nonempty open set of parameters, intersecting every connected com-
ponent of either domain of holomorphic continuation, so that both and
(4.35]) can be defined by regularizing the integral over N(A)A(F)\PGLy(A);
this being done, their difference vanishes by invariance of the regularized in-
tegral.

To be more specific, we have, whenever |si| + |s2] < A, the bound

((s1)(s2))n(aly)k) < max(|yl, ly|~)

with bounds of similar nature for ¢(s1)yp(s2)ny and also E(sq, s2)y). There-
fore, if R(s3) >4 1, and we write out the integrals and (4.33) in the
Iwasawa decomposition, we obtain functions of a(y)k which are integrable
in the region |y| < 1. By contrast, in the region |y| > 1 they are asymp-
totic to sums of finite functions of y, i.e., functions whose translates span
a finite-dimensional vector space; these may be regularized as in §4.3.1] and
our conclusion follows. ]

1+A
)

O

4.5. An example: F = Q at full level.

For F' = Q, we have in particular (1) = discF = 1. Let us describe
some explicit consequences of the foregoing remarks. In particular, we elabo-
rate on the remark, contained in the introduction, that the “evident” identity
gives rise to an identity between families of L-functions.

4.5.1. Let M be the set of even Maass cusp forms on SLy(Z)\H. Let
£(s) = m/2I'(5/2)C(s). We shall use A to denote the completed L-function.
For ¢ € M define

No(T,y) = A, 1/2 + 2+ y)A(p, 1/2 + x — y),

the corresponding definition for an Eisenstein series E; € Eis(].]%, ].|7%) is:

n(s,z,y) =&(1/2+s+x+y)E(1/2—s+a+y)E(1/2+s+x—y)E(1/2—s+x—y);

27 The reader may wish to consider the following simpler example of this reasoning: the characteristic
function of [0,1] and the characteristic function of [1, c0] have Mellin transforms, respectively, % (s >0) and
f% (s < 0). However, the fact that the meromorphic extensions are negative to each other can be deduced
without computation: the sum of fi + f2 is the constant function, and its Mellin transform in any regularized
sense must be zero wherever defined, by invariance.
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The quotient of X by the maximal compact K may be identified with
the quotient of SLy(Z)\H, by z + —Z. The measure of the quotient is %,
i.e. it arises from dey—z,dy (but if we work on SLo(Z)\H, it is simply dxy#).

For s € C* let E; resp. EZ be the result of applying the Eisenstein
intertwiner to the vector f € |-|[*H|-|® whose restriction to K is 1 resp.
€(1+2s). Then E; and E? descend to functions on SLy(Z)\H; their constant
terms are

2
y1/2+s+ g( 3) )yl/?—s resp. 5(1+28)y1+25+§(1—25)y1_25.

)
For s € iR*, we have by (4.8), (E, Es)can = 2£(2) = 7/3 while
(B, EY) can = 28(2)6(1 +25)6(1 — 25) = 00, s — 0

By , if » € M or is an Eisenstein series,

N P U
i B V)" = 3805) (1, Ad,0)

For t; # +t, € iR:

- §(1+267)§(1 + 2t5)
EtlEtQ - Z é—(z 4 2t,1 + 2t/2) E1/2+t/1+t/2 (4'36>

t&:ﬂ:tl ,té::ttg

= Mg (L1, t2) o+ i/m (s, t,t2) .
2 VRDLAL 0 Dl pllean 27 Jumo E0+25)€(1 = 25)

The first and third term on the right-hand side are, of course, inti-
mately related, through a process of contour-shifting; indeed, if we compute
the constant term of the right-hand side, one finds that (after shifting con-
tours) the residues of the third term match exactly, and indeed cancel, part
of the constant term of the first term.

It is interesting to substitute the point i (“period over a non-split torus
with class number one”). Noting that,

Ex(i) = 2°726q) (1/2 + s),

the resulting formula relates {qiy(1/2 + t1)qe)(1/2 + t2) with &qu (1 £¢ £
to) and integrals over the critical line. The contribution of cusp forms may
be expressed in terms of Fourier coefficients of half-integral weight. In this
case, PARI/GP evaluates (with ¢; = 0.9i,t, = —1.3i) the noncuspidal part
of the right hand side to 0.10553970, whereas the left-hand side comes to
0.10554092.



88 PHILIPPE MICHEL, AKSHAY VENKATESH

4.5.2. The associativity formula. — expresses a ‘“multiplication
table” for forms; this is of course constrained by the associativity of multipli-
cation. These constraints lead (among other things) to identities generalizing
that of Kuznetsov:

Set

(1 + 2t3)€(1 + 2ty)
€(2+ 2t5 + 2ty)

and take A(tl, tg, tg, t4) = Ei,i(f(tb tQ, :i:tg, it4)+2i,i f(tg, t4, :i:tl, :i:tg) Then
the function Y defined by:

fi(ti, to, ts, ty) = n(ti,te,1/2 4+ t3 + t4)

+ A(tla t2a t37 t4)

5 /ioo ds n(s, 11, t2)n(s 753,t4 Z Ne(t1, t2)n,(ts, ta)
a0 2m (14 25)&(1 — 2s) Alp,Ad, 1)

is nwvariant under all permutations of coordinates. This is a spectral identity
between families of L-functions; a version was first discovered by Kuznetsov.

We tried to test this numerically. For (ty,t,t3,t4) = (1.24,1.54, 37, 44),
the difference between the noncuspidal parts of X(t1,to,t3,t4) — X (t1,t3, 12, t4).
This is estimated by PARI/GP to be 8.29x 107, (To get a sense of size, each
of the degenerate terms have size ~ —0.005, and the difference between the
two degenerate terms has size ~ 2.6 x 107°.) Nonetheless, this quantity —
while very small — is in fact substantially larger than the contribution of the
first Maass form. It is quite possible that error in the numerical integration
is responsible for most of the difference.

4.5.3. The Motohashi formula. — One may also take the period of

(4.36]) over a split torus, i.e., integrate fy€R+ Ei (a(y))Ey,(a(y))d*y; the in-
tegral does not converge, but can be regularized as in §4.3.1]
The resulting formula relates, on the left-hand side,

/ E/2+t1+v)E(/2 —t1+v)EL/2+ta+ XN —v)E(1/2 —ta + X —v)
veiR
to, on the right hand side,

S CAL/2 4t + @) A(L)2+ £ — by, 0) A(1/2+ X, )
M

+ Eisenstein and degenerate terms

This is an example of a formula of Motohashi [52]; it is perhaps most inter-
esting to let ti,t5, A = 0.

The possibility of thus deriving the Motohashi formula was remarked in
[50] in §4.3.3 together with the remark that the divergence of the resulting
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integrals would “cause considerable technical difficulty.” The method of using
regularized integrals thus settles that issue in a satisfactory way. We would
like to remark that it is necessary to be wary of the following point: the reg-
ularized integral cannot be interchanged naively with the continuous integral

over the Eisenstein series that occurs on the right of (4.36)). In “commuting”
(=1/2=M\t1,t2) + n(=1/24\t1,t2)
£(2+2)) £(2—2X)

the two, we obtain an extra factor of Z

4.5.4. Commentary. — For the purpose of analytic number theory the
above formulas, although beautiful, are insufficient; one needs a family with
more flexibility of “test functions.” This extra flexibility is provided by the
work of Motohashi and Kuznetsov. From the point of view of the method
above, this can be obtained by varying the choice of test vector in the rep-
resentations underlying FEj and Ef.

The associativity formula, and that of Motohashi, have played an im-
portant — though not always explicit — role in analytic number theory on
GL,. We invite the reader to see “shadows” of these formulas hiding in var-
ious other papers on the subject.

The primary advantage of the formalism above seems to be that it
generalizes immediately to ramified settings. One may, for instance, replace
E; by an Eisenstein series in the representation yH1 to get a new formula;
or one may replace Q by a number field. It is a very interesting question
to investigate more deeply the “test function” version of such formulas in a
general setting, and to study the integral transforms — both archimedean and
p-adic — that intervene.

Such general formulas would probably lead to, among other things, a
good exponent in the subconvexity theorem. In the present paper we have
taken a “short cut” to subconvexity.

5. Proof of the theorems.

5.1. Subconvexity of character twists.

In the present section we shall prove the following theorem which is a
special case of our main result, Theorem but which is also necessary in
its proof.

We continue with notation as in §4.1]

5.1. Theorem. — There are absolute constants 6, A > 0 such that for
F a number field, m an automorphic representation of GlLs(AF), and x a
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unitary (Hecke) character of F*\Ax,

1
L(m x X, 5) <pr C(x)"*,
where C' denotes the analytic conductor, and our conventions aboul < are
as in . In particular, L(X7%) Lp C’(X)l/4*5_

The proof follows the description of §I.2} we try below to give a “trans-
lation” of the adelic steps to the steps in §1.2

Let us recall that over Q, the first result in the direction of Theorem
are due to Good [27] (in the t-aspect) and to Duke-Friedlander-Iwaniec
in the conductor aspect [I7]. Over general number fields the conductor as-
pect was obtained by the second author [67] and Diaconu-Garrett for the ¢-
aspect [16]. The various methods used in these papers, although superficially
rather different and having different strengths and weaknesses, nonetheless
are closely linked; they are all, in various ways, related to versions of the
identity described in §4.5.3] In particular, it is possible to redo the proof be-
low in a way that is much closer to the proof of Theorem [I.1] i.e. removing
the ergodic theory and substituting explicit spectral expansions.

5.1.1. Notation. — Let H® = {a(y) : |y| = 1}. Given x a character as
in the Theorem, we define the following signed measure p, supported on a
closed orbit of HM on X:

o) = [ A = 5.1)

Let us note that makes sense for any function on B(F)\PGLy(A),
i.e. pu, has a canonical lifting fi, to that space. Given g € GL2(A), we denote
by pf the translate of p, by g (ie. pf(p) = p(g.)), and similarly define
fg. For t € Ryo, we pick y € A* such that |y|a =t.

We shall be primarily interested in the translates pJ when g is of the
form a(y)n(T), for T € A.

In trying to get some geometric intuition for these measures, we suggest
that the reader bear in mind the following simple example: F' = Q, T =
“p € Q, — A”, the projection of supp(,u‘ll(q_l)”(T)) to the space of lattices
is the set {A, : © € (Z/qZ)*}. Here A, are as in §l.2} recall in particular
that A, = n(z)A;. Therefore, in classical terms, the measures pi®™") will
correspond to certain orbits of the discrete horocycle flow; however, the signs
of the measure p, encode arithmetic information (e.g., whether or not z is
a quadratic residue).
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5.1.2. A sketch of the proof in the simplest case: F' # Q and 7w cuspidal.
—  Unfortunately, there are two cases which introduce extra notation and
small complexities: F' = Q, and 7w Eisenstein. Thus we advise the reader to
read carefully the present subsection, where we sketch the proof in the case
when neither of these complications exist.
The reasoning has the following three stages. Fix ¢ > 0 and x € (0,1)
and write, for typographical simplicity, @ = C(x).
Step 1. Theorem <= equidistribution result for pf, for suitable
g:
Claim 1: There’s ¢ € 7, T = (T,), € A with |T| > Q'° and t €
[Q—l—n’ Q—l—i—n]:

Q72 |L(m @ X, 1/2)| ey (120D ()| + Q2.

Step 2. §4.2.2 proves equidistribution of translates of pu, in the case
x = 1.
Claim 2: For some absolute 6 > 0, and ¢ as above

pwn D () « SX(f)(|t|XQ +|T1X0), f € L2(XpgL,) and smooth

Step 3. An application of allows us to bound ,u;(y‘)n(T) starting

from Claim 2.

Claim 3: [i""" ()| < Q77 SX(¢).

The utility of F' # Q comes in here: we take advantage of the fact that

we can find many pairs of distinct prime ideals with the same norm. We

use this to construct a suitable measure o with which to apply §2.5.3]
(T)28
HU

with ¢ supported entirely on the group H") and commuting with n
When F' = Q one can only make such a measure supported “near”

In terms of the discussion in §1.2] and in particular §1.2.4) Step 1
amounts to the remark that (C) or (C2) implies subconvexity and Step 2
amounts to the implication (B) = (C).

5.1.3. The general proof. — For T € A and h a smooth compactly
supported function on R-o we define the measure

W) = [ O

28 Let K be a parameter to be chosen as a fized positive power of Q. Consider all finite primes of Q
that are contained in [K,2K], are split in F' and above which x is unramified. The number of such primes
p is then >p K/log K. Above each such prime p, let vi(p),v2(p) be two distinct places. Let o be the
probability measure on H(1) which is the average of the Dirac measures at the a(w ) for all such

primes p € [K,2K].

-1
vl(p)w“2(17)
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5.1.4. Lemma. — (variant of Claim 1) Notation as in the theorem, set

C(x). For any ¢ > 0,k €]0,1], there exists a smooth wvector ¢ € m,
(Ty)» € A and a smooth, non-negative, bounded by 1, function on R,
hox say, supported in the interval [Q~ 7%, Q'] such that

Q722 |L(m © X, 1/2)| e 125 ()| + Q72 (5.2)
(if m is not cuspidal, replace p, (@) by fi, (¢ —©n)) and moreover:

Q =
T
h=

1.T, =0 unless v is archimedean or x s ramified at v;

2. IOIi‘gTC'QA €l—el+el if Q> 1;
3.85(p) Kan 1 for any d. In particular, if ™ is cuspidal, then, for

any d, S¥(p) <gx 1.

Proof — For finite v, we take W, , € W, to be the new vector and
T, = w,"”, where r is the conductor of m,, just as in Lemma [3.3.2] For
archimedean v, we choose W, , and T, € F, according to Lemma [3.3.3l Put
T = (t,), € A and let ¢ € 7 be the preimage of ®W,, under the canonical
intertwiner from 7 to its Whittaker model.

The third assertion S7(p) <4 1, follows since Sy(W,,,) < Cond(m,)N @,
for some N(d) depending on d — noted in Lemma 12.3 in the archimedean
case, and immediate in the nonarchimedean case — and from §2.2.2]

It follows then from Lemma [3.3.2] Lemma [3.3.3] and the results of
that

Urex1/2) < (CEQQ [ cewnMhmdy (33
We need to pass from this statement to the desired property (3) by truncat-
ing the range of the y-integral. That is carried out using similar reasoning
to [67, Lemma 11.9] ; it can be considered the geometric form of the ap-
proximate functional equation. Let h be a fixed smooth function on R.g
with values in [0,1], which is 1 on (0,1], 0 on [2,00). Take A= Q"' and
ha:t— h(t/A).
Write as a shorthand,

ft)y= x(yt)ui(yt)"m(so)

so that the integral on the right-hand side of (| is given by fo t)d*t,
and, more generally, the Mellin transform F(s) = f ftsd*t is glven by

F(s) = 07 (n(T)ep)
Given € > 0 small, we will need to bound F(s) for Rs=—1/2—¢. We
claim that

|F ()] <o (14 ]5)2QY2% when R(s) = —1/2 — e. (5.4)
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Crudely, the L-function in front contributes (), whereas the ramified factors
contribute Q~'/2, and the rest is of size 1.

To be more precise, let S denote the (finite) set of places where either
v is infinite or ¢, is not spherical, or T, # 0, or ¢ is ramified. Then F(s)
may be expressed as:

e (n(T,) Wy )
L(m, ® X, 1/2+ 8)

LO(r@x,1/2+ ) [ M (n(T,)We)
veS vgS

The product over v ¢ S is equal to 1. For v € S, each factor is bounded by

< Cond(y,) Y2+, as follows from Lemma and Lemma [3.3.3] Finally,
by the convexity bound together with bounds towards RamanuJ W

L@y, s) < (1+]s))2Clr @ x)V***  (Rs = —¢).

Noting that |S| = o(log(C(m ® x) + disc(F))) as C(r ® x) — oo, and since

C(r @ x) < C(m)C(x)?, we get (5.4).
By Mellin inversion (H being the Mellin transform of h),

x| g1/2+e _ ds
/| haf @t =|a / L HEIPOE

The effective content of this statement is that the range t < Q! con-
tributes very little to the integral fo t)d*t. A corresponding analysm yields
the same statement for the range t > Q” 1 namely:

/ (1 = hge1 ()X (y) i@ D ()t Koy QT
R>o

<<7r£hQ 2 e

We take h = hgs—1 — hg-=-1 to conclude.

The following will be useful later: If we replace h by any translate
y — h(yw), where w remains within (say) the set [1/4,4], then remains
valid. This is evident from the above proof, replacing e.g. Q*~!' by wQ@" .
O

5.1.5. Proposition. — (variant of Claim 2). Take g = a(t)n(T') for t €
R.o— A*,T=(T,), € A. For f € L:Xpcr,) and smooth, one has

wI(f) < SXrara (£)(t{* + |T12)

for some absolute o > 0.

29 More precisely, it is necessary to bound each factor L(my ® Xuv,1/2 + s)~1. Suppose v is finite and
that v is unramified at v. If 7, is tempered, this is bounded by (1+¢%)2. If 7, fails to be tempered, then 7,
is a twist of a spherical representation, as is m, ® xv. If the local L-factor is not identically 1, then necessarily
Ty ® Xo is spherical. Since v € S, it must be that 7, was ramified at v; the claimed bound follows.
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Proof. — By property (3c) of Sobolev norms, it is sufficient to prove
that for any automorphic representation 7 equipped with its canonical norm,
and f € m a smooth function, we have the inequality

()] < ST+ ITIR). (5.5)

We may decompose u9(f) as () + f4(f — i)
By (2.12) the first term is bounded by S”(f)]t\}f (and is even zero if
7 is cuspidal). The second term equals 5= [ £F°(g.f)ds, by inverse Mellin

2mi
Rs=0

transform; here ¢'°(f) is the linear functional given in and associated
with the character |.|%. Applying Lemma , together with (4.17)), we see
that (1 + [s|)*"°(f) is bounded above by S™(f)|T|4°, with § > 0 absolute,
and our result follows. ad

5.1.6. The cuspidal case. — We now prove Claim 3 and conclude the
proof of Theorem for 7w cuspidal. We advise the reader to first consider
§5.1.2] which gives a somewhat cleaner version of the proof in the case F' # Q.

Let t,T,¢,h be as in Lemma [5.1.4 We need to show that |,u;(;{)(gp)|

decays with (). The basic idea is this: since /“‘Z(f? is y-equivariant under the

subgroup of elements of H® which commute with n(T), we can reduce this
to the corresponding fact for y = 1 , already known by Proposition [5.1.5]
using the ergodic principle (§L.3).

Noting that p*@)™™) is orthogonal to all one-dimensional automorphic
representations on PGLy except the constants, Proposition [5.1.5 implies that
for f non-negative on Xpg,,

1) < / h / f+ eSXPena (f) with € <. Q°(Q™T +Q7),  (5.6)
XpPaL,y

for any € > 0. Here x is as in the statement of Lemma [5.1.4]

Let o be the averaged sum of the Dirac measures which are supported
at

a(w, Na(wy) € a(F,)a(Fy) C H

for (v,v") ranging over pairs of distinct non-archimedean places at which x is
unramified and for which ¢,, ¢, are contained in [K,2K] (to be choose later;
in any case K < @.) The number of such pairs is > K2/10g2 K; o is not
supported on HM but rather on

HOAD = {a(y), y e A%, |yl € [1/4,4]}.
Since ||Ad(a(w; Ya(wy))|| < K2, we see (notation of §2.5.3):
lolla < K2 o xdlls < (log K)*(K 2+ K72 + K.
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The measure p, ,(¢) is not exactly invariant under the substitution ¢ —
@+, 0 but almost: indeed since the support of ¢ commute with n(7") one has

NXJL(SO *x o) = Nx,h*n(90)7

where 7 denote the average of the Dirac measures at ¢,/q, on R.q for (v,?’)
as above. Therefore, the reasoning of §2.5.3 shows that:

i (9))? Ko QUEQ T + Q0+ K24 K172 4 K1) (5.7)

Note that |¢ %, o|* descends to Xpgr,, and so it was admissible to apply

(5.6) to it.

It follows from the (the last line of the) proof of Lemma that
(5.2) holds with h replaced by hxn (which is supported on [FQ~'7%,4Q~**])

QP EL(L/2,m ® X) Kegr [Hin ()| + Q7 (5.8)
Taking K to be a suitable small power of () and combining (5.7)) and (5.8)),
we conclude. O

5.1.7. The FEisenstein case. — In this section, we prove Theorem
for m noncuspidal by utilizing a simple regularization. By factorization, it
suffices to consider the case where # = 1H 1 is induced from two trivial
characters.

Let ¢ be as furnished by Lemma [5.1.4, Let k be a fixed smooth com-
pactly supported function on G(A) of integral 1. Fix a sufficiently large pa-
rameter X > 1 (to be a fixed power of @), and split ¢ = 1 + @9, where

pi(9) =N ok, @2 =(p— N @)k,

say. Thus ¢; is of rapid decay high in the cusp, whereas ¢y is supported
high in the cusp. Let us observe,

L. |pa(z)] < S™(v)ht(z)/?log ht(x).

2. | [x il K ST (@)X i=1,2.

3. For every d, there exists N(d) so that SX(p;) < XNDS™(¢p).
The first property follows from (4.12)). The second property follows from the
first, since ¢, is supported in ht(z) > X and [¢; + [ 2 =0. To verify the
third property, it suffices to check that (for any ¢ € 7 and any m > 1) we
have the bound

| AY p(2)] €m XA™ht(2)"™S™ (o).

By (4.3) together with (4.12)), it suffices to verify that for y € A*,
> Walalay)) < [yl "S™(9).

acFXx
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This follows from Proposition together with the definition of the norm
on 7 given by (2.5). It is necessary only to observe that

> [ max(ayle, )™ < 1yl

acF*x v

Now, let g = a(y;)n(T'), where t,T are as in Lemma [5.1.4, We need to
bound

(e —pn)=A+ B+ C+ D, where

- A= (gpl — ﬁ(x)fx gpl> is bounded as in the prior argument by
Q<K2d<Q +Q 5/2)_'_[( + K™ 1/2— 0+K 29)

vol f%) is bounded by S™(¢ ) 71/4.
h C = Mi(tpN) is bounded, in view of ’ by [t[1/287(p) =
QT—I—&SW(@).

- D= Mi(%)-

Now let us bound D. Let ¢° be the spherical vector of norm 1 in the
representation m. Decompose ¢° = ] + @5 just as above. By (4.13)), ¢35 > 0.
By loc. cit., it is also true that — for X sufficiently large — |¢2| < S™ ()¢5
Therefore,

D] < S™ (@) ()] + |7 (9)]) <e 87() (X4 XA + 1T12%)) (5.9)

for some absolute constant A; we applied (5.5) to the function ¢°, and

Proposition [5.1.5 to the function ¢$— fXPGL ¢9, observing that ‘ fXPGL 03
2 2
X~Y4 We conclude that:

Q'2L(x.1/2)* = Q" L(r @ x, 1/2)
<. QE(Q +X 1/4+K +XAK2d(Q +Q 5/2))

and we conclude by an appropriate choice of the parameters. O

5.2. Subconvexr bounds for Rankin/Selberg L-functions

In this section we prove Theorem [1.2} Let 71,7 be the two automor-
phic representations of GLy(A) considered there and let yi,x2 denote their
respective central characters.
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5.2.1. Fix a parameter z € iR whose modulus will be a non-negative
power of C(m) to be determined later. We shall prove our result on certain
slight constraints on the parameters of m; so as to stay away from singular
Eisenstein series. The general case will reduce to this constrained case, as we
explain now.

If w9 is not cuspidal, it will be sufficient to take m = 1H|.|*. Let 73 be
the Eisenstein series 18 x3 where y3 = (x1x2)"'; we shall suppose that x3 is
not of the form |.|** for [¢| < |z|/3. Under such constraints we will establish
the bound™)

1
L(’/Tl X T2 & T3, 5) <<71-2 C(Wl X 7T2)1/2_6‘Z‘_8,

for some absolute 6 > 0.

This implies our main result: from Theorem [5.1, we may assume that
m is cuspidal. In that case, we wish a subconvex bound for L(m ® ms,1/2)
with either my cuspidal or my = 1B 1 (which yield a subconvex bound for
L(m,1/2)). We take z such that |z| = C(m)~%?, and apply the previous
bound to a triple (my, 7, m3) where 7, equals 7o or m ® |.|* if my cuspidal,
and equals 18 |.|* if not, while 73 = 1H (x1x5)™", choices being made so
that (7, ), m3) fulfills the above constraints. A subconvex bound follows for
L(m ® mg,1/2) since, by convexity, we have, for any ¢ € [—1, 1],

|L(m1,1/2) = L(my, 1/2 4 it)| < C(my)/4oW]i]

|L(7T1 & T2, 1/2) — L(7T1 X T2, ]_/2 + Zt)| <<7r2 C(7T1)1/2+0(1)|t|.
5.2.2. Choice of the test vectors. — Factorize m; = ®,m;,, and choose
unitary structures on each m;, so that the product coincides with the canon-
ical norm on 7;. Given ¢ > 0 small and ¢« = 1,2,3, let ¢, € m, @Yo € To,

E € 13 be the tensor product of the test vectors (¢1.4)v, (¥2.0)v, (E34)y cOD-
structed in Proposition for each place v (applied with the parameter

€).

The canonical norm of ¢q,py, E are easy to estimate: they are, by
definition, the product of the norms of these local vectors, and are therefore
equal to 1; moreover we have for any d,

Sd(QDQ) <<7r2 1.
Applying (4.21)), we have, from the hypotheses made in the above section,

L(m ®m2,1/2) / pr1p2E(g)dg.
X

C(my)V/2+e
Lems [217Hp1, 02 B). (5.10)

<<E,7l’2 ‘L*<7T27 Adv 1)L*<7T37 Adv 1)|

30 of course the exponent 8 is not optimal for specific configuration (e. g. if w2 is cuspidal) but this

will be sufficient for our present needs
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Set Q := C(m)C(my). We want to check that (¢, g2 E) <, @~°. Roughly,
we use Cauchy-Schwarz to bound the square of this quantity by (p2F, poF).
The later equals (y%3, EE) which may be decomposed along the automor-
phic representations of PGLy(A). It turns out that the contribution of each
of these is small ezcept for one-dimensional representations. Naively speaking,
their contribution would be ||¢o||?||E||%,,; the truth is a little more compli-

cated because we need to use regularization. In any case, to reduce this
“large” term, we use Friedlander-Iwaniec’s amplification method.

5.2.3. The amplification method. — We choose a real signed measure
o compactly supported on GLj(Af) which satisfies

1. uw € supp(oc) = ||lu| < K where K >0 is some parameter which
will be chosen to be a small fixed positive power of ().

2. supp(o) commutes with GLg(F,) at all archimedean places v and
at all places v for which either m; or my is not spherical or the chosen
additive character 1 is ramified 1]

3. (p2F) %5 is of rapid decay on X.

4. Let |o| denote the total variation measure. Then the total mass
of |o] is bounded above by K?. for some absolute constant B. Moreover,
with |0|® = |o| x |G|, one has for any v > 1/2

/||Ad(u)||_“’d|a|(2)(u) < K7, for some n =n(y) > 0.

5. p1*x0 = )\1.@1 with )\1 >>F,a Qie for any € > 0.

The construction of such a measure (which is inspired by [I8/19]) is
given in [67, §4.1], except for the remark that (poF) x o is of rapid de-
cay. However, this follows by convolving with a measure as in the remark of
§4.3.7; one may choose the place v so that ¢, < (log Q)>.

By property of o, stated above and Cauchy-Schwarz, we have

- 2
M [(on, 2aB)|” = (o1 % 0, 2B —‘ o1, (p2.E) % )
< (2. E) x G, (p2.E) x 7);

Thus far, the integrals considered are convergent. However, we shall now ex-
pand the integral implicit in convolving with &; at this point, we need to
make use of regularized integrals. This is possible since, for u € supp(|o|?),

31 je. the places dividing the discriminant of F.
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the set of exponents of QUG E“E is either () (if 7, is cuspidal) or is com-
prised of characters with real part equal to 2. Noting that

(03 . B 3. E)eqg = <¢§@,WE>T69 (5.11)

we obtain that

_ 2 u— T
NP oL mE)f < / (0455, FTE) reg| o] @) () (5.12)

Now, applying properties and of 0 to (5.12)), we conclude that it
suffices to prove:

_5.2.4. Proposition. — For u € GL2(A), put Do, = phps and P3,, =
E“E. For u € supp(|o|?)

[(Pous P reg| Kmpie |21 A @) |77 + [l 4@

for some absolute positive constants v > 1/2 and 6, A > 0.

The proof will follow. Roughly, we evaluate the right-hand side via the
regularized Plancherel formula in §5.2.7; we handle the spectral sum (cuspidal
and Eisenstein) in §5.2.8] and we bound the “degenerate” terms that arise

in §5.2.9|

5.2.5. Good and bad places. — Fixing now u € supp(|oc|®), we make
the following definitions of “good” and “bad” places:

Let R be the set of finite places where ¢ ,, F3, are spherical and where
u, = 1; let S be the set of places where u, # 1: by the choice made in
S consists of finite places, and the data ¢s,, Ejs,,1%, are all unramified for
v € S; let T denote the complement of RUS.

Observe that |S|+|T| = o(log C(m)+log C(m2)), the bound on |S| arising
from property (1) of the signed measure ¢. This property will be used to
control a product, over v € SUT, of “implicit constants.”

5.2.6. Deformation. — In this section, we shall deform 79,73 in such a
way that we will be able to apply the regularized Plancherel formula. These
deformations will be parameterized by s € C (for m) and t € C (for m3).
We shall fix rather specific deformations of the vectors p, € my, £ € m3. We
shall also fix factorizations into local constituents of various vectors that will
arise.

Write 73 = 1H x3 and let mw3(t) = [.|' B x3].|™%, for t € C, be the
one-parameter deformation of 73 as described in §4.1.6, We choose f3 so
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that E = Eis(f;). We denote the corresponding deformation of E by FE(t):
E(t) = Bis(fs(£)).

If o = 1H|.|*, we consider the deformation (|.|*H|.|*~%, va(s)) of (w2, ¥2):
after choosing fy so that s = Eis(f2), we set pq(s) = Eis(f2(s)). (By conven-
tion, if my is cuspidal we regard (ma(s),¢(s)) as being constant.) Note that
|E(t)||can and ||p2(s)]|can are both constant by Lemma [2.2.3]

Factorizing fo = cor [, foo and f3 = c3 4[], f30, where [[fo,ll = [[fs0ll =
1 for all v; then

’CQJ' < 1, |Cg7f| < 1. (513)

Let W, be the image of ¢,(s) under the Whittaker intertwiner. We
may then factorize

Wes(s) = cow () H W, 0(5),

where we take W, ,(s) to be the image of fo(s) under the intertwiner
for v € SUT; and, for v € R, we normalize so that W,,,(s) takes the
value 1 at 1. In a similar way, we factorize W, = csw(t) [[, Wesw(t), the
normalizations being identical. Notice that |[W,,.(s)|| = [[Wes(t)|] = 1 for
v e SUT, the intertwiner being isometric.

The constant ¢y w(s) may be evaluated by computing norms. By

1
2 A%
02, P2)can < |Cow (s)]" A (m2(s), Ad, 1
(s ea)aan = leaw (A (ma(o) ALY 1] =55y 7e o)
and therefore, for any ¢ >0 |,
C(my) C ()"
P < 5.14
|C2,W<$)’ < L*(WQ(S),Ad,l)’ ( )
and similarly for csw(t).
5.2.7. Application of the regularized Plancherel formula. — We note

that &5, and @3, descend to function on PGLy(A). Throughout this sec-
tion we regard u as fixed; set (we have suppressed the dependence on u for
typographical simplicity)

Dy(s) = ypa(s), P3(t) = B E(t), &(s) = Eis(vaypan(s)), 6(t) = Bis(E En(t)).

- The set of exponents of @y(s) is So(s) = {|.[F5, [|15, [.|FF=F5, |. 125}
(or the empty set if my is cuspidal).
- The set of exponents of @3(t) is Sz(t) = {|.|*™ |-[**, xa]-[* 7, xz]- "}
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In particular, (s,t) — (P2(s), P3(t))re, defines an (s,t)-anti-holomorphic
function in a neighbourhood of (0,0) in C?. We will bound the function
(Do(s), P3(t))reg at the point (0,0) by analyzing it along a suitable non-empty
subset A/ C D containing (0,0) in its closure. The key point is that we should
choose N so that is applicable, and also so that my(t),m3(s) do not
equal 1H1 for (¢,s) € N. For explicitness, take

N ={(s,t) = (t/2,t), t €iR:0 < [t| < |z|/6}. (5.15)

By choice of N, we can apply the regularized Plancherel formula .
Moreover, for 7 belonging to the finite spectrum (7 =y, x> =1) and (s,t) €
N one has, again by invariance, II.(®3(t)) = 0. (In other words, there is
no G(A)-equivariant functional from the tensor product 73 ® m3(t) to a one-
dimensional G(A)-representation). Therefore, for (s,t) € N/, we have

(Pa(8), P3(t))reg = (Pa(s), E3(1))reg + (2(5), P3(t))reg (5.16)
w [ @) T @als)) o)
where II, is defined in (4.19]).
We have already observed that (s,t) — (@3(s), P3(t)),e, defines an (s,t)-

antiholomorphic function in a neighbourhood of (0,0), and, in particular, a
continuous function on N since the same is true of the function

(s,t) = (I (Po(t)), 1 (Ps(s))) dpe (),
T generic
it follows from ((5.16)) that
Lemma. — The degenerate term

(5,1) €N = (Da(5), E3(1)) reg + (62(5), P3(1)) reg

extends to a continuous function on N .

5.2.8. Bounding the generic term. —

Lemma. — For (s,t) € N, the last term of (5.16) is <, |[ul[*Q~°, for
absolute 6 > 0 and A.

In fact, we need this bound only for (s,t) = (0,0), and the reader is
welcome to make this substitution in what follows.
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Proof. — Let dy be the larger than any of the (absolute) Sobolev de-
grees occuring in Lemmata [3.5.3) and 3.7.1] as well as the degree of (3.36]).
For any generic standard automorphic representation of PGLs, the inner prod-
uct [(II(Py(s)), I-(P5(t)))| is bounded above by 87 (Pa(s))S™, (P5(t)) (as a
short cut we write S7(®) for S7(I1:(P))), by the duality between the Sobolev
norms in question . It will be sufficient to verify that

Sfdo (@3 (t)) Lrrgympe HUHBQ_(Sa

for absolute constants 0 > 0 and B; indeed, for any constant B > 0, one has

[ CPS3@5) < [ o (@ls) enn

the latter inequality following from (4.24]).

We shall apply the results of §4.4.1] especially (4.23). In the notations
of that section, we utilize the corollary to Lemma |3.7.1 E to see — since
C(x3) <mp, C(m) and t € 1R —

C(ﬂ'lﬂ))
C(X?:,v)

By ey C(m10)**Clx30) " ( )t (wen).

for some absolute § > 0, d’ > 0. Note that wu, does not contribute, since
u, =1 for v € T. On the other hand, we have

B, < ||uy||* for v e S (5.17)

and some unspecified constant A: this follows from the “trivial” bound (3.36)
(see the sentence following that equation).

We take into account also the global subconvex bound of Theorem [5.1}
it implies L(T3 ® m3 ® 7,1/2) < C(x3)'™°. Thus, by the results of §4.4.1

201
S @(0) Cean 0 (G ) I IE B Ol

Now, [|[E(t)|lcan = || E||lcan = 1. Using again that C(x3) <, C(m1), we conclude
the proof of the Lemma. O

32 if 7, is tempered, e.g., if 7 is Eisenstein or under the Ramanujan-Peterson conjecture we may, more

simply, apply Lemma “



THE SUBCONVEXITY PROBLEM FOR GLs. 103

5.2.9. Bounding the degenerate term. —

Lemma. — For (s,t) € N we have, for any € >0

[(Da(s), gS(t»reg + <@@2<S)7¢3<t>>mg| Lrgsepe Q€|z|_4||Ad(u)||_7 (5.18)

for some absolute v > 1/2.

Proof. — We start with the first portion of degenerate term: (@5(s), &5(t))eg-
Let us consider the linear functional on

11 = H(S,t) = 7T2®ﬁ2(§) & T3 ®ﬁ3(f) — C

defined by the rule

reg

H = Hg; : (2,05, 03, ¢5) — 205 Eis(@s N )

XpPaL,y

Thus, (Py(s),85(t)) = H(eY, ¢a(s), E*, E(t)); also, expanding the constant
terms 3, @5y, we may express H,, as a sum of four terms

§ ++
Hs,t = H,st )
:t)

where, if we realize my in its Whittaker model and 73 in the principal series
model,

HJ (95, ¢2(s), Bis(f3)", Eis(f3(1)) —cHH++ (5.19)

c= C2,WC2,W(S)|03,f|27 H;LJF = / W;:ZWZU(S)f;,;})f?),U(t)'
(Fu)\PGL2(F)

The other terms (e.g. H, H}~) are defined similarly, by introducing
standard intertwining operators M (see in front of the f3’s. The sec-
ond portion of the degenerate (&3(s),P5(t))rey, admits analogous expansion,
of the shape >, | J;7~ and the evaluation of each J;7" is entirely similar to
that of H fti. We Wlll examine in detail two terms: H™* and J~~. We then
complete the proof of the Lemma in §5.2.12]
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5.2.10. Local bounds for H. — We shall need bounds for HS* as well
as for its partial derivatives w.r.t. s,t on the unitary axes, ie. when s, t are
purely imaginary. In fact, bounds for the partial derivatives will be derived
from bounds for H" in a small neighborhood of the unitary axes; however,
for clarity, we begin by explaining the bounds for H"™ when s,t are on the
unitary axes.

The evaluation of HS T, for v € R, is the theory of local Rankin-Selberg

integrals for GLy (cf. (4.27)):

L(m @G @] |),1)

H++ — =
v Co(2 + 2t)

(5.20)

For v € S, the vectors are spherical and the additive character v, is
unramified; we apply Lemma to conclude:

|H ) < [Ad(w) |77, v =1-6>1/2. (5.21)
For v in T' we have again by Lemma [3.2.7]

[H < [ fsoWanllvoe 1 506 Waw(s)) G, (5.22)
= [WaollWao () faolll F5.0 (Ol = 1 ool W W (s)] = 1.

More generally, for any fixed 7,7 >0, v € SUT and any ¢ > 0, we have
also

020 H | <y Clrmay VA ) |7 (5.23)

It is to verify that we consider HT off the unitary axes. The
function H," being antiholomorphic in s,t, it suffices by Cauchy’s formula
to bound it in a small neighbourhood of (s,t) = (0,0). The required bound
follows, for v € S, from Lemma [(3.2.8 for v € T, it follows by a reasoning
similar to the previous one that for |R(s)| + |R(t)] < e/2,

(2 (s, 1) < /IWQ,U(S)(a(y))IQmaX(IyL [yl )7y <o 832" (Way)?

U

<. C(ma)™e,

where we applied Proposition [3.2.4] and d,d" are absolute constants; we also
used the bound for S(Ws,) given in Proposition [3.6.1]

The same bounds apply to all the terms HE*. We give an example of
how to handle the intertwining operators that intervene, in relation to the
J-term.
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5.2.11. The J terms. — For the corresponding terms JI* a bound
similar to applies. We shall study the term J = to make this rea-
soning clear; it will also give us the opportunity to explain the reasoning
involving intertwining operators.
The second degenerate term (&5(s), P3(t))rey is zero unless my is Eisen-
stein, so we shall suppose that my is Eisenstein. Corresponding to (5.19) we
have the identity:

Toi (98, ¢2(s), Eis(fs)", Bis(f3(t))) = ¢ HJ”

|| = |eaCzeswesw(t)],  J,~ = / e Wit W (£) M, £33 M, fo(5);
v 2 v

let us remind the reader that f, = ®Uf2U is so that o = Eis(fa), ¢a(s) =
Eis(f2(s)) and that M, is as defined in Recall also that Mv is iso-
metric for every v (at least up to a factor dependlng only on 1,).

The unramified evaluation is similar to the prior one.

For v € S, the vectors are spherical and the additive character v, is
unramified; we apply Lemma to conclude:

|7 < JAd(u)|| 7Y, v=1—-6>1/2. (5.24)
For v in T we have again by Lemma
[, <1

We need, again, a bound on derivatives. For fixed 7,57 > 0, v € SUT
and any £ > 0, we have also

10:07 7, | e (Cm1,0)C(m20))" | Ad(wo) [, (5.25)

For this, just as as before, we bound J, =~ for (s,¢) in a small neighbourhood
of (0,0); assuming that |R(s)|+|R(¢)| < /2, we find, for v € T, using Cauchy-
Schwarz and Lemma that

P [ Wl max(l i s )P i
FSxK
The bound (5.25)) follows the bounds for M, furnished in §4.1.8 and the

same reasonning as at the end of §5.2.10, For v € S the bound follows from
Lemma [3.2.8
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5.2.12. Putting it all together. — The degenerate term
(Pa(5), E3(1))reg + (62(5), P3(t))reg  (5,1) EN
is given by >, H: tji + J;tti and, although the individual terms HX* J;'fti

st
may not be regular in a neighbourhood of (s,t) = (0,0), we have seen in the

lemma preceding §5.2.8 that their sum is. In particular,
t = (Do(t/2), E5())reg + (€2(/2), P3(t))reg

defines an antiholomorphic function in the complex disc |¢| < 0.1.
Each quantity Hf;;t,Jf/Ei is the product of: a constant ¢ as in ([5.19));

a partial L-function at places outside SUT, given e.g. by (5.20); and local
factors at SUT.

- The constant c satisfies ¢ <, C(m)° by (5.13)) and (5.14].

- The local factors at SUT, for t € iR, |t| < 0.1, are bounded, along

with their derivatives by (5.21)), (5.22)) and (5.23)) and the corresponding

bounds for J. In particular, the product of such factors is bounded by
Qe[ Ad(w)|[F.

- The partial L-functions in question extend to meromorphic functions
of the t-variable with a pole at ¢t = 0 of order at most 4. For ¢t € iR
bounded away from 0 these L-functions are bounded by

<<5 ‘Z|74C(7T2>EC(7T3)6

for any € > 0, and at t =0 the terms of bounded order in their Laurent
expansion satisfies the same bound.

It follows that for (s,t) € N, the degenerate contribution is bounded
by
< Q7 Ad()[ 77, v > 1/2,

as required. a
This lemma together with the lemma of §5.2.8 conclude the proof of
Proposition [5.2.4] hence of Theorem [1.2]
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